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We investigate the thermodynamic properties of static, spherically symmetric anti–de Sitter (AdS) black
holes, focusing on the interplay between characteristic temperatures, as well as on the universality of
Ruppeiner scalar curvature at the Hawking-Page (HP) phase transition. In particular, we study the relation
between the minimum temperature and the HP phase transition temperature for static, spherically
symmetric AdS black holes in pure Lovelock gravity. For the electromagnetically neutral case in Einstein
gravity, the minimum temperature in (dþ 1) dimensions coincides with the HP transition temperature in d
dimensions, while in higher pure Lovelock theories this relation is modified by a dimension- and order-
dependent factor, reducing to the Einstein result in appropriate limits. For charged AdS black holes, in the
grand canonical ensemble, in general relativity, the two temperatures differ by a simple dimension-
dependent factor, whereas no universal relation persists in higher curvature pure Lovelock theories. We
further analyze the normalized Ruppeiner scalar curvature at the HP transition and show that it is a universal
constant depending only on the spacetime dimension for electromagnetically neutral black holes in pure
Lovelock theories. The normalized scalar curvature remains a constant, under appropriate conditions, even
for the charged static spherically symmetric black holes in the grand canonical ensemble for the Einstein
theory case, whereas in general pure Lovelock theories it depends on thermodynamic parameters such as
pressure and electrostatic potential, asymptotically approaching a constant in the large-pressure or
simultaneous large-potential and large-pressure limits.
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I. INTRODUCTION

Black hole thermodynamics provides a well-controlled
framework for probing the interplay between gravity,
quantum theory, and statistical mechanics. In anti–de
Sitter (AdS) spacetime, the Hawking temperature of
Schwarzschild-AdS black holes exhibits a minimum as a
function of the horizon radius, below which there is no
equilibrium AdS black-hole solution in the fixed temper-
ature ensemble [1]. Above this minimum temperature, two
branches of solutions appear: a small black hole branch with
negative specific heat (thermodynamically unstable) and a
large black hole branch with positive specific heat. The large
black hole branch remains metastable below a temperature
called the Hawking-Page phase transition temperature. The
Hawking–Page phase transition [2] describes a first-order
transition between the thermal radiation phase in an AdS
spacetime and a stable large black hole configuration. This
transition encodes the thermodynamic preference of geom-
etries in a canonical ensemble and acquires a deeper
interpretation within the gauge/gravity duality [3–5], where
it is mapped to a confinement-deconfinement transition in

the dual large-N gauge theory. Additional thermodynamic
and dynamical instabilities may arise depending on the
ensemble and the underlying gravitational theory [1,6–10].
A natural direction for exploring quantum gravitational
effects is to examine modifications of general relativity
involving higher-curvature and higher-derivative correc-
tions. Such terms generically arise in the low-energy
effective action of string theory [11,12] and can significantly
alter both the geometric and thermodynamic properties of
black hole solutions. In higher dimensions, these corrections
are systematically incorporated through Lovelock gravity
[13], the most general local diffeomorphism-invariant met-
ric theory whose Lagrangian is constructed solely from the
metric and the Riemann tensor and whose metric field
equations are second order. Black objects in higher dimen-
sions, such as black strings and black-branes, are often
constructed by extending lower-dimensional solutions along
additional flat directions. While this procedure is not
universally valid in arbitrary higher-curvature theories, it
has been shown to hold for a class of Lovelock theories
admitting (locally) unique constant-curvature vacua [14].
This observation has led to the formulation of pure
Lovelock gravity, in which only a single Lovelock term
of order n (along with a cosmological constant) is retained
in the action.
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Pure Lovelock gravity constitutes a particularly clean
and minimal extension of Einstein gravity to higher
dimensions. Unlike generic Lovelock theories, where
multiple curvature invariants contribute simultaneously
and lead to an intricate solution space, the pure theory
isolates the dynamical role of a single higher-curvature
term. Despite this simplification, it preserves key structural
features, including second-order field equations, absence of
ghostlike excitations around suitable backgrounds, and a
natural generalization of geometric properties familiar from
General Relativity [15–17]. Importantly, pure Lovelock
models are not merely effective corrections emerging from
an underlying theory; rather, they define consistent
classical gravitational theories in their own right [17].
This makes them particularly suitable for isolating and
studying the qualitative impact of higher-curvature inter-
actions on black hole physics. An additional motivation for
studying pure Lovelock black holes arises from the
remarkable universality exhibited by their thermodynamic
properties [18–22]. In particular, several thermodynamic
quantities exhibit scaling properties that can be expressed
in terms of an effective dimension determined by the
Lovelock order n [23]. In the static, spherically symmetric
sector, the corresponding black hole solutions remain
analytically tractable and closely parallel those of
Einstein gravity, facilitating a systematic comparison.
Pure Lovelock gravity also provides a useful setting for
examining the microscopic origin of black hole entropy. In
General Relativity, different approaches to entropy, such as
geometrical, thermodynamic, and semiclassical, converge
to the Bekenstein area law. In Lovelock theories, however,
these notions need not coincide trivially, and the higher-
curvature contributions can help distinguish between com-
peting interpretations and reveal the geometric origin of
black hole entropy more clearly [24].
Studies of Hawking-Page transition and related thermo-

dynamic phenomena provide an important background for
investigating phase structure of black holes in pure
Lovelock gravity. Reference [25] demonstrated that
charged asymptotically AdS black holes in Pure
Lovelock gravity exhibit behavior analogous to that of a
van der Waals fluid. It was found that the system undergoes
a first-order phase transition between small and large stable
black holes, reminiscent of the liquid-gas phase transition
in a conventional van der Waals fluid. Reference [26]
further investigated phase transitions in charged pure
Lovelock black holes, demonstrating correspondence
between thermodynamic-curvature singularities and heat-
capacity divergences, studying universal critical scaling,
and using Ehrenfest relations to characterize second-order
transitions; in extended phase space, the Gibbs free energy
exhibits the swallowtail structure associated with first-order
small/large black-hole transitions.
Related results in other gravitational settings provide

further context. Reference [27] studied the thermodynamics

of Lovelock black holes and found that Schwarzschild-AdS
black holes in even dimensions exhibit the conventional
Hawking-Page transition, whereas Chern-Simons black
holes in odd dimensions need not. However, in three
dimensions, [27] found a possible second-order transition
between the nonrotating BTZ black hole and the thermal
AdS space. Reference [28] studied thermalon-mediated
phase transitions between different branches of Lovelock
gravity, characterized by distinct effective cosmological
constants, and showed that above a critical temperature
such transitions can trigger a generalized version of the
Hawking-Page transition. Other approaches to black-hole
phase transitions have also been explored. For example,
Ref. [29] discussed a statistical-mechanical generalization
using isolated horizons and microcanonical entropy calcu-
lated in loop quantum gravity, while Ref. [30] proposed a
Maxwell equal-area construction for Schwarzschild-AdS
black holes that eliminates the negative-heat-capacity
branch and modifies the conventional Hawking-Page tran-
sition, yielding a transition temperature T� below the
standard Hawking-Page temperature, with pure radiation
favored for T < T� and stable black holes for T > T�,
without an intermediate unstable black-hole phase. More
broadly, thermodynamic properties, critical phenomena,
and phase transitions of Lovelock black holes have been
widely studied in the literature, including extended phase
space thermodynamics and holographic aspects [31–33].
The dynamics of pure Lovelock gravity itself also exhibits
interesting dimensional and background dependence,
Ref. [34] analyzed the local symmetries and propagating
degrees of freedom and showed that the number of physical
degrees of freedom depends nontrivially on the background
geometry, varying from zero to the maximal value allowed
by the theory. Reference [35] presents the principle of
corresponding states in black hole thermodynamics, and
numerically confirms the probe of thermodynamic geom-
etry of the RN-AdS black hole through nonlocal observ-
ables in the dual field theory.
A particularly relevant development for the present work

is the dimensional duality identified in AdS black-hole
thermodynamics. Reference [36] uncovered an intriguing
dimensional correspondence in terms of a novel dual
relation in AdS black hole thermodynamics in Einstein’s
gravity by showing that the Hawking-Page transition
temperature of a Schwarzschild AdS black hole in d
dimensions coincides with the minimum temperature in
(dþ 1) dimensions. Reference [36] also investigated asso-
ciated aspects of black hole phase structure and thermo-
dynamic geometry in AdS spacetimes in general relativity,
particularly through the Ruppeiner framework, where geo-
metric quantities were shown to encode critical behavior
and phase transitions. Such a dual relation was sub-
sequently studied in Gauss-Bonnet gravity and massive
gravity in Refs. [37,38], suggesting the dual relation may
extend beyond Einstein’s gravity. These developments
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motivate the study of analogous thermodynamic structures
in pure Lovelock gravity.
In particular, (i) the possible existence of a dimensional

thermodynamic duality relation, analogous to those
observed for Einstein and Gauss-Bonnet black holes, has
not been systematically investigated in the pure Lovelock
framework. Likewise, (ii) the role of thermodynamic
geometry and the behavior of the Ruppeiner scalar curva-
ture near the Hawking-Page phase transition remain largely
unclear in these theories. Since pure Lovelock gravity
exhibits several remarkable properties, such as the kin-
ematic nature of gravity in critical odd dimensions and a
universal characterization of static black hole solutions, it
provides a particularly natural arena to test the robustness
of such thermodynamic relations. Moreover, unlike generic
higher-curvature theories, pure Lovelock gravity isolates a
single Lovelock order, allowing one to identify genuine
higher-curvature effects without interference from lower-
order contributions. Understanding the thermodynamic
phase structure and geometric aspects of pure Lovelock
black holes may therefore provide further insight into the
universality of AdS black hole thermodynamics and the
microscopic interpretation of gravitational phase transi-
tions. The primary objectives of this paper are therefore to
investigate these two aspects of the thermodynamics of
pure Lovelock AdS black holes and to determine whether
the corresponding relations exhibit a universal character
across Lovelock order and spacetime dimension.
The extension to pure Lovelock gravity is not a straight-

forward generalization of the known Einstein or Gauss-
Bonnet results. In particular, the duality relation at the
Hawking-Page transition is governed by two distinct
conditions, corresponding to the global phase transition
and the minimum temperature. While the Hawking-Page
condition is determined by the competition between the
free energies of the black-hole and thermal-AdS phases, the
minimum-temperature condition is fixed by the extremiza-
tion of the black-hole temperature with respect to the
horizon radius. In pure Lovelock gravity, these two con-
ditions involve different n-dependent powers of the horizon
radius, thereby modifying the relation between the two
characteristic temperatures. Consequently, the dimensional
relation between the Hawking-Page temperature and the
minimum temperature is no longer expected to follow
directly from the corresponding Einstein or Gauss-Bonnet
results. This difference is particularly important because it
provides a natural setting to investigate whether a gener-
alized thermodynamic duality survives in higher-order
Lovelock theories and, if so, how it depends on the
Lovelock order and spacetime dimension.
In this work, we investigate the thermodynamics of

static, spherically symmetric AdS black hole solutions in
pure Lovelock gravity within the fixed electrostatic poten-
tial ensemble, commonly referred to as the grand canonical
ensemble [39–43]. This ensemble provides a natural setting

to investigate the thermodynamic phase structure of
charged black holes. In particular, Ref. [44] found that,
in the grand canonical ensemble with fixed potential, a
black hole undergoes a first-order phase transition as the
temperature increases when the potential is low, whereas no
phase transition occurs when the electrostatic potential is
high. The interplay between electric charge, higher-curva-
ture effects, and the AdS length scale gives rise to nontrivial
thermodynamic behavior, including the existence of multi-
ple black hole branches, Hawking-Page phase transition
[45,46], and potential instabilities. We analyze these
features in detail and elucidate how the presence of a
single higher-curvature term modifies the familiar thermo-
dynamic landscape of charged AdS black holes.
We begin Sec. II with a brief review of the black hole

solutions and thermodynamic quantities in general rela-
tivity and pure Lovelock gravity. In Sec. III, we first
consider chargeless spherically symmetric pure Lovelock
AdS black holes and show that the minimum temperature in
(dþ 1) dimensions differs from the Hawking-Page tran-
sition temperature in d dimensions just by a spacetime
dimension-dependent factor. In the case of Einstein gravity,
the extra factor becomes unity, and the minimum temper-
ature in (dþ 1) dimensions coincides exactly with the
Hawking-Page transition temperature in d dimensions. We
further extend our analysis to charged black holes in Sec. V,
where the presence of an additional scale leads to quali-
tatively different behavior. In particular, while a simple
dimension-dependent dual relation between the minimum
temperature and the Hawking–Page transition temperature
persists in general relativity, no such universality survives
in higher-order pure Lovelock black holes.
To gain further insight into the geometric aspects of the

Hawking-Page (HP) phase transition, we also study the
Ruppeiner scalar curvature evaluated at the HP phase
transition point. This provides a complementary probe of
the phase structure, enabling us to identify universal
features that are not immediately evident from thermody-
namic quantities such as the Gibbs free energy, temper-
ature, and pressure. Our analysis in Sec. V reveals that
while Einstein gravity exhibits a high degree of universal-
ity, a constant normalized scalar curvature at the HP phase
transition, the higher order pure Lovelock introduces
parameter dependence that enriches the structure, albeit
with simplifications emerging in certain limits. Most
importantly, we show that the HP phase transition does
not take place above a certain large electrostatic potential
for a fixed set of all other parameters. However, if one
increases both the pressure as well as the electrostatic
potential simultaneously, one gets a constant normalized
scalar curvature at the HP phase transition even for higher
order pure Lovelock black holes. We conclude in Sec. VI
with a discussion of the implications and possible future
directions. We adopt mostly plus signature and the natural
units where ℏ ¼ c ¼ GN ¼ 1.
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II. CHARGED BLACK HOLES IN PURE
LOVELOCK THEORIES

To investigate how higher-curvature terms modify the
physics of charged black holes, we consider d-dimensional
pure Lovelock gravity, in which the gravitational dynamics
are governed by a single nth order Lovelock term,
supplemented by a negative cosmological constant
[47,48]. The theory is minimally coupled to a Maxwell
field, thereby providing a natural framework for exploring
the interplay between higher-curvature gravitational
effects, electromagnetic charge, and the asymptotically
AdS geometry [49]. In particular, the nth order Lovelock
term encodes the higher-curvature contribution to the
gravitational dynamics, while the negative cosmological
constant introduces a cosmological length scale l. In
higher-order pure Lovelock gravity, the effective asymp-
totic AdS curvature radius is determined jointly by l and
the Lovelock coupling. The corresponding bulk action is

I½g; A� ¼ 1

16π

Z
M

ddx
ffiffiffiffiffiffi
−g

p ½αnLn − 2Λ − FμνFμν�; ð1Þ

where

Fμν ¼ ∂μAν− ∂νAμ; Λ¼−
ðd− 1Þðd− 2Þ

2l2
; ð2Þ

and Ln is the nth-order Lovelock density [47],

Ln ¼
1

2n
δμ1ν1���μnνnα1β1���αnβn

Yn
p¼1

Rαpβp
μpνp : ð3Þ

Variation of the action with respect to the metric and the
gauge potential gives, respectively,

αnG
ðnÞ
μν þ Λgμν ¼ 8πTðFÞ

μν ; ð4Þ

and

∇μFμν ¼ 0; ð5Þ
where

TðFÞ
μν ¼ 1

4π

�
FμρFν

ρ −
1

4
gμνFρσFρσ

�
; ð6Þ

and the nth-order Lovelock tensor is

GðnÞμ
ν ¼ −

1

2nþ1
δμμ1ν1���μnνnνα1β1���αnβn

Yn
p¼1

Rαpβp
μpνp : ð7Þ

The above field equations provide the general dynamical
framework of the theory. We now restrict to the static,
spherically symmetric sector relevant for the charged
black-hole solutions considered below. With this symmetry,

the Maxwell equation can be integrated to determine the
electric field in terms of the conserved charge. We begin by
specifying the spacetime ansatz and thermodynamic con-
ventions that will be used in subsequent sections to study
equilibrium black holes that are static and spherically sym-
metric in d-dimensional asymptotically AdS spacetime. In
this sector, one may employ the standard Schwarzschild-type
gauge, in which the geometry is completely characterized
by a single function fðrÞ [48,50]. This parametrization is
particularly convenient because the outer horizon location rþ,
defined by the largest positive root of fðrþÞ ¼ 0, provides a
natural convenient parameter for the thermodynamics. The
asymptotic branch is fixed by requiring that, for large r, the
metric approaches an AdS geometry, fðrÞ ∼ 1þ r2=L2

eff , as
r → ∞, where Leff denotes the effective AdS curvature
radius. In pure Lovelock gravity, Leff is in general deter-
mined by both the cosmological scale l and the Lovelock
coupling [51,52].
To solve the coupled system (4) and (5), we look

for static, spherically symmetric solutions ansatz of the
form [53,54]

ds2 ¼ −fðrÞdt2 þ fðrÞ−1dr2 þ r2dΣ2
d−2: ð8Þ

The angular part of the metric is taken to be the round line
element dΣ2

d−2 on the unit (d − 2) sphere. We can introduce
its volume as

Σd−2 ¼
2πðd−1Þ=2

Γðd−1
2
Þ ; ð9Þ

so that extensive quantities (mass, charge, entropy) carry
their standard normalization in an arbitrary dimen-
sion. Substituting the ansatz (8), together with the static,
spherically symmetric gauge potential Aμ ¼ ðΦðrÞ;0;…;0Þ
solving Eq. (5), into the field equation (4) reduces the
gravitational field equations to a single first-order differ-
ential equation, which can be integrated once to obtain an
algebraic relation for the combination ð1 − fðrÞÞ=r2.
Equivalently, the integrated equation may be written as

α̂n

�
1 − fðrÞ

r2

�
n
¼ 16πM

Σd−2ðd − 2Þrd−1

−
32π2Q2

Σ2
d−2ðd − 3Þðd − 2Þr2ðd−2Þ −

1

l2
;

ð10Þ

for d > 3. Solving this algebraic relation for fðrÞ yields

fðrÞ ¼ 1� r2
�

16πM
Σd−2α̂nðd − 2Þrd−1

−
32π2Q2

Σ2
d−2α̂nðd − 3Þðd − 2Þr2ðd−2Þ −

1

α̂nl2

�
1=n

: ð11Þ
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Here, M and Q denote the mass and electric-charge
parameters, respectively. Since Eq. (10) is an nth-order
algebraic relation in ð1 − fÞ=r2, taking its nth root requires
a choice of branch. The physically relevant branch is
chosen by demanding that the metric be real, possess the
desired event horizon, and approach the appropriate AdS
vacuum at large radius. We therefore define the physical
branch by the asymptotic condition

1 − fðrÞ
r2

→ −
1

L2
eff

; r → ∞; ð12Þ

rather than by assigning a universal sign to the root in
Eq. (11). The thermodynamic properties of interest are
encoded in the behavior of the metric function at the event
horizon, and therefore our analysis will focus on quantities
evaluated at r ¼ rþ. The effective coupling α̂n encodes
the strength of the pure Lovelock term of order n and is
defined by

α̂n ¼

8><
>:

−1=l2; n ¼ 0;

1; n ¼ 1;

αn
Q

2n
i¼3ðd − iÞ; n ≥ 2:

ð13Þ

Here, αn denotes the coupling constant multiplying the nth-
order Lovelock density in Eq. (1). For n ¼ 1 we have
adopted the standard Einstein normalization. For n ≥ 2, the
rescaled coupling α̂n absorbs the dimension-dependent
combinatorial factors arising from the Lovelock tensor in
spherical symmetry. In the vacuum limit M ¼ Q ¼ 0,
Eq. (10) gives

α̂n

�
−

1

L2
eff

�
n
¼ −

1

l2
: ð14Þ

Consequently, the effective AdS radius satisfies

L2n
eff ¼ ð−1Þnþ1α̂nl2: ð15Þ

Thus l, which is introduced through the cosmological
constant, need not coincide with the physical asymptotic
AdS curvature radius for n > 1. A real AdS vacuum
requires ð−1Þnþ1α̂n > 0, together with the choice of alge-
braic branch satisfying Eq. (12). Equivalently, α̂n > 0 for
odd n, whereas α̂n < 0 for even n. In Lovelock theories, the
nth-order term makes a nonzero contribution to the local
field equations only in dimensions d ≥ 2nþ 1; in d ¼ 2n it
is topological. In the absence of a cosmological constant,
pure Lovelock gravity has Lovelock-flat vacuum solutions
in its odd critical dimension d ¼ 2nþ 1, generalizing the
well-known three-dimensional Einstein-gravity result.
These vacua are not necessarily Riemann flat, except for
n ¼ 1. When a cosmological constant is introduced, the
Lovelock curvature is instead fixed by the cosmological

constant, and BTZ-like black-hole solutions can arise in
higher-order Lovelock gravity [55].
Before proceeding further, it is worthwhile mentioning

the units being used. Here and throughout the paper, l
denotes the cosmological length scale defined through
Eq. (2), with ½l� ¼ L, while Leff denotes the effective
asymptotic AdS curvature radius. The metric function fðrÞ
is dimensionless. For pure Lovelock gravity of order n ≥ 2,
the effective coupling has dimensions ½α̂n� ¼ L2n−2. In
geometrized natural units ℏ ¼ c ¼ Gd ¼ 1, the geometric
mass and charge parameters appearing in the metric scale as
½M� ¼ Ld−3 and ½Q� ¼ Ld−3, so that each term inside the
parentheses in Eq. (11) has dimensions L−2n. In particular,
½1=ðα̂nl2Þ� ¼ L−2n, and hence the quantity raised to the
power 1=n has dimensions L−2. The overall factor r2 then
ensures that fðrÞ is dimensionless.
Imposing the horizon condition fðrþÞ ¼ 0 (equivalently

grr ¼ 0) yields the mass parameter as a function of the
horizon radius and the electrostatic potential,

M ¼ Σd−2ðd − 2Þrd−1þ
16π

�
α̂n
r2nþ

þ 1

l2
þ 2ðd − 3ÞΦ2

ðd − 2Þr2þ

�
: ð16Þ

Here, Φ denotes the electrostatic potential, defined as the
difference in the electric potential between spatial infinity
and the event horizon, with the gauge chosen such that the
potential vanishes at infinity. It is given by

Φ ¼ 4πQr3−dþ
ðd − 3ÞΣd−2

: ð17Þ

In the Euclidean (finite-temperature) formulation Φ is
the boundary datum conjugate to electric charge Q.
Equivalently, Φ may be interpreted as the properly nor-
malized value of the gauge potential at the horizon relative
to infinity, ensuring regularity of the Euclidean solution
[39,56]. This identification makes explicit that variations of
the on-shell action at fixed Φ yield the thermodynamic
conjugate charge Q in the first law. In the grand-canonical
ensemble, Φ is held fixed. In what follows, the grand-
canonical ensemble will be used frequently, as it allows one
to treat families of black holes as parametrized by ðrþ;ΦÞ
and to track multiple solution branches at a given temper-
ature in a transparent manner.
The Hawking temperature follows from the regularity of

the Euclidean section (or, equivalently, from the surface
gravity at the outer horizon),

T ¼ f0ðrÞjr¼rþ

4π
¼ d − 2n − 1

4πnrþ
þ d − 1

4πnα̂nl2
r2n−1þ

−
ðd − 3Þ2Φ2

2πðd − 2Þnα̂n
r2n−3þ : ð18Þ

The first term in Eq. (18) represents the Schwarzschild-like
contribution, scaling as the inverse of the outer horizon
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radius; the second term represents the AdS curvature
contribution, which grows with the outer horizon radius;
and the last term represents the electromagnetic contribu-
tion, controlled by Φ, with a different power of rþ that may
increase or decrease depending on the Lovelock order n.
The competition among these terms can render TðrþÞ
nonmonotonic. When TðrþÞ develops a positive minimum
Tmin, temperatures above Tmin can correspond to two
solutions for rþ, representing the small- and large-black-
hole branches. This two-branch structure is not universal; in
particular, in the odd critical dimension d ¼ 2nþ 1, the
Schwarzschild-like term vanishes and the positive-temper-
ature branch may be monotonic. Where the two branches
exist, their local thermal stability at fixed potential may be
diagnosed from the slope of TðrþÞ, provided that T > 0
and dS=drþ > 0.
Finally, the entropy follows from the first law of black

hole thermodynamics. Using dM ¼ TdSþΦdQ and the
temperature above, one obtains [53,54]

S ¼
Z

M

0

T−1dM ¼ ðd − 2ÞΣd−2α̂nnrd−2nþ
4ðd − 2nÞ : ð19Þ

The above expression for the entropy can also be obtained
by the Wald entropy expression given in Eq. (23) of [24]
and exploiting the fact that the spatial cross-section of the
event horizon of a spherically symmetric black hole in d-
dimensional spacetime is a (d − 2)-dimensional maximally
symmetric manifold, whose Riemann tensor is given by

Rij
kl ¼

1

r2þ
ðδikδjl − δilδ

j
kÞ: ð20Þ

As expected in pure Lovelock theories, the entropy differs
from the area law and scales as rd−2nþ . However, in the
critical dimensions d ¼ 2nþ 1 and d ¼ 2nþ 2, the
entropy scales as S ∼ rþ and S ∼ r2þ, respectively, inde-
pendent of the Lovelock order n. This remarkable feature,
known as the thermodynamic universality of pure Lovelock
black holes, implies that the functional dependence of the
entropy on the horizon radius remains unchanged across
different Lovelock orders in the critical dimensions,
thereby exhibiting an Einstein-like universality in the
thermodynamic sector despite the underlying higher-cur-
vature dynamics. The denominator ðd − 2nÞ indicates that
the expression in Eq. (19) is valid in the dynamical regime
d > 2n, where the Lovelock term of order n contributes
nontrivially to the equations of motion and the associated
black-hole thermodynamic quantities are defined through
the resulting dynamical solutions; at d ¼ 2n, the Lovelock
density reduces to a topological Euler term and no longer
contributes to the local gravitational dynamics. Together,
TðrþÞ and SðrþÞ provide the basic input for the analysis of
stability and phase structure in the charged AdS pure
Lovelock black hole family.

Having discussed the required thermodynamic quantities
of static spherically symmetric pure Lovelock black holes,
we now discuss the Hawking-Page transition, the temper-
ature at which it happens, and how this temperature is
related to the minimum temperature. The corresponding
result for the case of general relativity was first observed in
[36], wherein it was referred to as a novel dual relation.

III. HAWKING-PAGE TRANSITION AND THE
NOVEL DUALITY

The interplay between different contributions to the
temperature in Eq. (18), arising from the Schwarzschild-
like, AdS curvature, and (when present) electromagnetic
sectors, generically induces a nontrivial structure in TðrþÞ,
allowing for the emergence of a minimum temperature. The
minimum temperature encodes a geometric obstruction to
the existence of equilibrium black hole solutions in a fixed
temperature ensemble. Using the temperature shown in
Eq. (18) for the electromagnetically chargeless case,
Φ ¼ 0, and the relation between pressure and AdS length
given by

P ¼ ðd − 1Þðd − 2Þ
16πl2

; ð21Þ

the minimum temperature is obtained as

T0 ¼
d − 2n − 1

2πð2n − 1Þ
� ð2n − 1Þ16πP
ðd − 2n − 1Þðd − 2Þα̂n

�
1=2n

: ð22Þ

The minimum temperature T0 signals a saddle-node bifur-
cation in the space of solutions. For temperatures T > T0,
the equations of motion admit two distinct black hole
branches: a small black hole with rh ≪ l, which has
negative specific heat and is therefore locally thermody-
namically unstable, and a large black hole with rh ≳ l,
which has positive specific heat and is locally stable. At
T ¼ T0, these two branches merge, and for T < T0, no real,
positive horizon radius exists, so the spacetime cannot
support an equilibrium black hole configuration in the fixed
temperature ensemble, and the only solution is thermal
AdS. The mere existence of black hole solutions does not
determine the dominant phase; instead, the Gibbs free
energy governs which phase dominates, as we discuss in
more detail below. In particular, at a higher temperature
THP > T0, the Hawking-Page phase transition occurs,
where the free energy of the large black hole equals that
of thermal radiation in AdS. For T0 < T < THP, thermal
AdS is globally preferred, while the large black hole is only
metastable and the small black hole is both subdominant
and unstable. For T > THP, the large black hole becomes
the globally dominant phase, whereas thermal AdS
becomes metastable; the small black hole branch continues
to exist but remains thermodynamically unstable.
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The structure of Eq. (22) reveals that T0 is governed
by a delicate balance between dimensionality d and the
pure Lovelock theory parameter n, with the combination
d − 2n − 1 playing a critical role. This factor effectively
measures how far the theory is from a degeneracy point
where the thermodynamic description itself breaks down.
As d → 2nþ 1, the minimum temperature is driven toward
zero or becomes ill defined, indicating that the notion of a
thermally stable black hole ceases to exist in that limit.
Thus, T0 is a diagnostic of the underlying gravitational
theory, and it encodes how higher-curvature interactions
constrain the very phase space of admissible black hole
geometries.
The thermodynamic behavior of asymptotically AdS

black holes reveals the rich phase structure, most notably
the HP phase transition, the phase transition between
thermal radiation in AdS and the stable large black hole
configuration [2]. The HP phase transition can be inter-
preted as a confinement/deconfinement transition in the
context of gauge/gravity duality, thereby enhancing its
physical significance. The sign and relative magnitude of
the Gibbs free energy determine the globally preferred
phase: thermal AdS or the black hole. Therefore, comput-
ing the Gibbs free energy of the system is a crucial step in
identifying the occurrence of the HP phase transition and
characterizing the associated thermodynamic stability. For
the electromagnetically neutral case, the Gibbs free energy
reduces to

G ¼ M − TS ð23Þ

¼ Σd−2ðd − 2Þrd−1þ
16π

�
α̂n
r2nþ

þ 16πP
ðd − 1Þðd − 2Þ

−
�
d − 2n − 1

nrþ
þ 16πP
nα̂nðd − 2Þ r

2n−1þ

�
α̂nnr1−2nþ
d − 2n

�
: ð24Þ

The HP phase transition is characterized by the vanishing
of the Gibbs free energy, G ¼ 0, which marks the phase
transition between thermal AdS space and a stable black
hole configuration. Solving the condition G ¼ 0 for the
horizon radius rþ and substituting back into the temper-
ature expression yields the Hawking-Page temperature. It
depends explicitly on the spacetime dimension d, the
theory parameter n, and the thermodynamic pressure P,
and is obtained as

THP ¼
ðd − 2nÞ

2πð2n − 1Þ
�

16πð2n − 1ÞP
ðd − 1Þðd − 2Þα̂n

�
1=2n

: ð25Þ

The above expression, Eq. (25), encodes how the onset of
black hole dominance over thermal radiation is controlled
by both geometric and higher-curvature contributions in
AdS spacetime. We postpone the discussion of other
features of the Gibbs free energy to the next Section.

A remarkable dual relation emerges when comparing the
HP phase transition temperature with the minimum temper-
ature T0 of the AdS black hole branch. By relating Eq. (25)
with the corresponding expression for T0, one finds that the
minimum temperature in (dþ 1) dimensions is directly tied
to the HP phase transition temperature in d dimensions
through

T0ðdþ 1Þ ¼ THPðdÞ
�
d − 2

d − 2n

�
1=2n

: ð26Þ

The above Eq. (26) suggests that in general relativity
(n ¼ 1), the minimum temperature in dþ 1 dimensions
is the same as the HP phase transition temperature in d
dimensions. In pure Lovelock gravity, the dual relation gets
a correction depending on the dimension of the spacetime
and the order of the Lovelock Lagrangian, but is still
independent of all thermodynamic parameters. What is
striking about this relation is that it does not merely
compare two temperatures within the same thermodynamic
ensemble, but instead ties together two different physical
thresholds across different spacetime dimensions. The HP
phase transition temperature THP encodes a global phase
transition (thermal AdS ↔ AdS black hole) determined by
the crossing of free energies, whereas T0 is the minimum
black-hole temperature [the cusp of TðrhÞ] so that for
T < T0 there is no equilibrium AdS black-hole solution in
the fixed temperature ensemble (and for T > T0 one
typically finds a small, locally unstable branch and a large,
locally stable branch). The fact that T0ðdþ 1Þ is algebrai-
cally determined by THPðdÞ suggests that the onset of black
hole existence in a given dimension is dual to the onset of
black hole dominance in a lower dimension. This implies
that the global phase structure in d dimensions already
“knows” about the stability edge of the theory in (dþ 1)
dimensions.
The HP phase transition temperature THP is fixed by an

off-shell comparison of Euclidean actions (or Gibbs free
energies) between two phases, while T0 is fixed by an on-
shell turning point condition along the black hole family,
ð∂T=∂rþÞr0 ¼ 0. The duality, therefore, relates an action-
level global criterion in d dimensions to a local geometric
criterion in (dþ 1) dimensions, indicating that the infor-
mation contained in the free-energy landscape of the lower-
dimensional theory is reorganized into the branch-structure
geometry of the higher-dimensional theory. In particular,
since T0 is the temperature at which the radiation and small/
large black hole branches meet (and the specific heat
changes sign), the map suggests that the HP phase
transition point in d dimensions is the dimensional pre-
cursor of the branch point at which the canonical black hole
branch nucleates in (dþ 1) dimensions.
Although both THP and T0 separately depend on the AdS

scale (or pressure) through the same overall scaling, that
dependence cancels out of the ratio implied by the above
relation, leaving behind a purely dimension-theoretic
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deformation controlled by n. The scaling factor ððd − 2Þ=
ðd − 2nÞÞ1=2n isolates the role of the pure Lovelock order n
in a way that is insensitive to the pressure and temperature,
indicating that this duality is geometrical. The independ-
ence from pressure, temperature, horizon radius, etc.,
indicates that the duality is not driven by the details of
the equation of state but rather by the symmetry of the pure
Lovelock theory Lagrangian and how the order n reorgan-
izes the radial dependence of TðrþÞ across dimensions.
The correction factor also encodes a consistency domain

that is physically meaningful. The condition d − 2n > 0 is
precisely the condition under which the pure Lovelock term
contributes dynamically, and an AdS black hole branch
with a genuine minimum temperature exists. Thus, the dual
relation automatically “knows” about the admissible
dimensional window of the theory: when d → 2n, the
factor diverges, signaling the breakdown of the standard
thermodynamic branch structure (and, correspondingly, of
the interpretation of T0 as an existence threshold). In the
Einstein limit n ¼ 1, the factor reduces to unity, and the
duality becomes exact, T0ðdþ 1Þ ¼ THPðdÞ, whereas for
n > 1 it measures the precise displacement between the
dimensional images of global and local thresholds induced
by higher-curvature interactions.
From a holographic perspective, the cross-dimensional

relation looks suggestive because THPðdÞ is the temperature
of confinement/deconfinement for the putative d-dimen-
sional boundary theory, while T0ðdþ 1Þ is a bulk obstruc-
tion temperature below which no black hole saddle exists in
the (dþ 1)-dimensional gravity theory. The map, therefore,
links a lower-dimensional boundary transition scale to a
higher-dimensional bulk existence bound, hinting at a
recursive structure in which the data controlling saddle
dominance in one dimension reappears as the data controlling
saddle availability one dimension higher. This interpretation
is reinforced by the fact that the mapping does not involve
any additional thermodynamic variables, but only d and n,
making it a candidate universality statement about AdS black
holes in pure Lovelock classes rather than an artifact.
In this sense, the shift d → dþ 1 paired with a rescaling

of temperature resembles a renormalizationlike flow in
dimension, but with an important refinement: the “flow”
exchanges the criterion G ¼ 0 (dominance) with the
criterion ∂rþT ¼ 0 (branch endpoint). This relation further
suggests that phase transitions and extremality/turning-
point bounds are different projections of a single, dimen-
sionally covariant principle governing AdS black hole
thermodynamics, with the pure Lovelock order n control-
ling how sharply these projections are separated as one
moves across dimensions.

IV. HP TRANSITION FOR PURE LOVELOCK
BLACK HOLES WITH ELECTRIC CHARGE

In the Euclidean formulation of black-hole thermody-
namics, the gravitational partition function is evaluated

semiclassically by a saddle-point approximation, ZðT;ΦÞ≃
exp ½−IrenE �, where IrenE is the renormalized Euclidean on-
shell action of the relevant saddle. The Euclidean time
coordinate is periodic with period β ¼ 1=T [57]. Imposing
Dirichlet boundary conditions on the gauge potential, so that
the electric potential Φ is held fixed at the boundary, defines
the grand-canonical ensemble. Here Φ is understood as the
gauge-invariant potential difference between the asymptotic
boundary and the horizon; in a regular Euclidean gauge one
conventionally sets AτðrþÞ ¼ 0. In this ensemble the cor-
responding thermodynamic potential is the grand potential,
commonly referred to as the Gibbs free energy in the black-
hole literature. For fixed gauge potential, no additional
electromagnetic Legendre boundary term is required. By
contrast, such a boundary term must be included when
passing to the canonical ensemble in which the electric
charge is held fixed [58,59].
The semiclassical relation between the Euclidean on-

shell action and the thermodynamic potential is a general
feature of gravitational thermodynamics. What is specific
to Lovelock gravity is the gravitational boundary term
required for a well-posed Dirichlet variational principle.
For the pure Lovelock theory considered here, the ordinary
Gibbons-Hawking-York term must be replaced by the
corresponding generalized Gibbons-Hawking-Myers boun-
dary term associated with Ln [60,61]. In asymptotically
AdS spacetimes, the resulting on-shell action must fur-
thermore be appropriately renormalized. In the Dirichlet
formulation, this may be accomplished by intrinsic boun-
dary counterterms [61,62]; alternatively, one may employ
the Kounterterm regularization prescription [63].
Once the variational principle and the asymptotic

regularization are properly implemented, the renormalized
Euclidean on-shell action yields the grand-canonical
thermodynamic potential through the quantum statistical
relation [64–66]

G ¼ IrenE

β
¼ M − TS −ΦQ; ð27Þ

where M is the renormalized conserved mass defined in
the same renormalization scheme as IrenE , S is the Wald
entropy, which in Lovelock gravity reduces to the
Jacobson-Myers entropy [67], and T and Φ are held
fixed. This agrees with the thermodynamic potential
obtained from the first law, provided that the mass and
Euclidean action are defined in the same renormalization
scheme. When the thermodynamic potential is recon-
structed by integrating the first law, an additive vac-
uum-energy normalization may remain. A Hawking-
Page transition, when present, may therefore be identified
by comparing the renormalized Euclidean actions of the
black-hole and thermal-AdS saddles subject to the same
boundary data [68]. Here thermal AdS is understood to
belong to the same asymptotic Lovelock-AdS vacuum

NITESH K. DUBEY and SANVED KOLEKAR PHYS. REV. D 114, 084077 (2026)

084077-8



branch as the black-hole solution [52]. The coexistence
condition is ΔG≡GBH −GAdS ¼ 0. If the Gibbs free
energy of thermal AdS is chosen as the reference value,
GAdS ¼ 0, this condition reduces to GBH ¼ GAdS ¼ 0.
In the ensemble with fixed Φ the phase transition of the

charged black hole, described by line element Eq. (8), the
Gibbs free energy, Eq. (27), becomes

G¼ Σd−2ðd− 2Þrd−1þ
16π

�
α̂n
r2nþ

þ 16πP
ðd− 1Þðd−2Þþ

2ðd− 3ÞΦ2

ðd− 2Þr2þ

�

−
�
d− 2n− 1

4πnrþ
þ 4P
nα̂nðd− 2Þr

2n−1þ −
ðd− 3Þ2Φ2

2πðd− 2Þnα̂n
r2n−3þ

�

×
ðd− 2ÞΣd−2α̂nnrd−2nþ

4ðd− 2nÞ −
Φ2ðd− 3ÞΣd−2

4π
rd−3þ : ð28Þ

The Gibbs free energy at fixed temperature and electro-
static potential provides a direct diagnostic of global
thermodynamic dominance in the grand canonical ensem-
ble. For illustration purposes, we show the plot for the
Gibbs free energy in Fig. 1. In each panel, lower branches
describe physically preferable and stable large black holes
in equilibrium, whileG ¼ 0 determines the HP temperature
THP at which the dominant saddle exchanges between
thermal AdS (taken to have vanishing Gibbs free energy)
and the AdS black hole. The plots exhibit the standard
picture of an HP-type transition: at sufficiently low temper-
ature, the relevant black-hole branch carries non-negative

free energy and is therefore subdominant, whereas increas-
ing T drives G downward and the black-hole free energy
becomes negative, signaling that the black hole becomes
the globally preferred configuration. Importantly, the multi-
branch structure visible in all panels indicates the presence
of competing black-hole saddles (typically interpreted as
small/large black-hole branches in AdS), and the cusp/
turning-point behavior corresponds to the boundary of local
thermodynamic stability, where the heat capacity changes
sign. Consequently, the HP transition identified byG ¼ 0 is
to be distinguished from intra–black-hole first-order tran-
sitions (swallowtail-like behavior); here, the principal effect
is the exchange of dominance with the thermal AdS
background, shaped by the existence and stability of
multiple black-hole branches.
Varying the theory parameter n produces a pronounced

deformation of the Gibbs free energy and a systematic
displacement of HP phase transition temperature, demon-
strating that the confinement/deconfinement-like transition
scale is strongly theory dependent. As n increases, the free-
energy curves generically shift leftward, and the descent of
GðTÞ with temperature becomes steeper, so that the cross-
ing G ¼ 0 occurs at a lower temperature; equivalently,
larger n enhances the thermodynamic preference for the
black-hole saddle once thermal excitations are turned on.
One can interpret this behavior to be originated from the
modified thermodynamic scaling introduced by higher-
order Lovelock curvature terms. As the Lovelock order n

FIG. 1. Above figure shows the plots for the Gibbs free energy vs temperature. In panels F1, F2, F3, and F4, the colors
fred; blue; greeng represent the potential Φ with values f0; 0.25; 0.7g. In figures F5 and F6, the colors forange; cyan; blackg represent
pressure values of f0.7; 0.5; 0.3g.
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increases, the relative balance between the mass term and
the thermal contribution TS in the Gibbs free energy
changes in such a way that the free energy decreases more
rapidly with temperature. Consequently, the condition
G ¼ 0 is reached at a lower temperature, indicating that
higher-curvature effects enhance the thermodynamic pref-
erence for the black-hole phase over the thermal back-
ground. Physically, this behavior reflects the stronger role
of higher-curvature interactions in pure Lovelock gravity.
As the Lovelock order n increases, the gravitational
dynamics near the horizon become increasingly governed
by higher-order curvature terms, which effectively lower
the thermodynamic cost of sustaining a black-hole geom-
etry in AdS spacetime. Consequently, the black-hole phase
becomes competitive with the thermal AdS background at
lower temperatures, leading to an earlier HP phase tran-
sition and a stronger thermodynamic preference for the
black-hole saddle once thermal excitations are introduced.
Turning on the electrostatic potential Φ further biases the
transition by lowering the temperature at which the
transition occurs, and changing the region in which charged
AdS black holes are globally stable/unstable. In particular,
the plots shift downward if we increase the electrostatic
potential. However, we see that if we keep the pressure
fixed and keep on increasingΦ, then after a certain value of
Φ, the HP transition becomes unlikely to happen as we
discussed above.
For general relativity, n ¼ 1, the Gibbs free energy

Eq. (27) vanishes at the Hawking temperature given by

TGR
HP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Pðd − 2 − 2ðd − 3ÞΦ2Þ

πðd − 1Þ

s
: ð29Þ

Here, we assume that d − 2 > 2ðd − 3ÞΦ2 to ensure the
reality of TGR

HP . In the case of a sufficiently large electric
potential such that d − 2 < 2ðd − 3ÞΦ2, we do not get any
real root of the equation given by the vanishing of the Gibbs
free energy. Therefore, the HP phase transition does not
occur in Einstein theory at a large electrostatic potential in
the grand canonical ensemble. We note from Eq. (18) that
the above HP phase transition temperature Eq. (29) is
related to the minimum temperature of the AdS spacetime
in dimensions d as

TGR
0 ðdÞ ¼ TGR

HP ðdÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd − 1Þðd − 3Þ

ðd − 2Þ2
s

: ð30Þ

The above relation, Eq. (30), remains valid independently
of the electric potential and pressure, provided that both
quantities are well defined. In the limit of large dimensions
the square root factor in Eq. (30) tends to 1. Therefore, the
minimum temperature and the HP phase transition temper-
ature are close to each other, and we have a very small
region of metastable black hole branch. The HP phase

transition temperature in (dþ 1) dimensions is related to
the minimum temperature of d dimension as

TGR
HP ðd;ΦÞ ¼ TGR

0

�
dþ 1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðd − 1Þðd − 3Þp
d − 2

Φ
�
: ð31Þ

The above generalized duality relation, Eq. (31), establishes
a mapping between thermodynamic quantities in adjacent
spacetime dimensions within the grand canonical ensem-
ble. In particular, it shows that the HP phase transition
temperature in d dimensions at fixed electric potential Φ is
equal to the minimum temperature in (dþ 1) dimensions,
provided the potential is rescaled by an appropriate
dimension-dependent factor. This demonstrates that a
change in spacetime dimensionality can be compensated
by a correlated transformation of the gauge potential,
leaving the thermodynamic threshold invariant.
Physically, this relation reflects an equivalence between
geometric degrees of freedom (spacetime dimension) and
gauge degrees of freedom (electric potential), indicating
that black hole stability is governed by a combined
parameter space rather than independent variables. The
duality, therefore, organizes black hole states into equiv-
alence classes characterized by invariant transition temper-
atures under this joint transformation. In the large-
dimension limit (d → ∞), the rescaling factor approaches
unity, implying that the distinction between the two
temperatures diminishes. In this regime, the duality
becomes asymptotically trivial, and the thermodynamic
behavior in successive dimensions converges, leading to a
simplified phase structure.

V. HP TRANSITION FROM THERMODYNAMIC
GEOMETRY

In the framework of thermodynamic geometry, one
equips the space of equilibrium states with a Riemannian
metric whose structure is determined by the underlying
thermodynamic potential. The thermodynamic geometric
formulation provides a powerful tool to probe phase
structure and critical phenomena, as geometric invariants
constructed from the metric can capture information about
the underlying interactions and correlations in the system. In
the grand canonical ensemble with fixed electrostatic
potential Φ, the appropriate thermodynamic potential is
the Legendre transform of the Helmholtz free energy,

GðT; V;ΦÞ ¼ FðT; V;QÞ −ΦQ; ð32Þ

whose natural variables are fT; V;Φg and which satisfies

dG ¼ −SdT − PdV −QdΦ: ð33Þ

In this formulation, the thermodynamic metric is con-
structed from the Hessian of G with respect to the variables
fT; V;Φg. In the following, we focus on the corresponding

NITESH K. DUBEY and SANVED KOLEKAR PHYS. REV. D 114, 084077 (2026)

084077-10



two-dimensional line element on the constant-Φ
hypersurface. Taking temperature and volume as fluctua-
tion coordinates, and G as the thermodynamic potential,
the thermodynamic line element on the hypersurface of
constant Φ,

Δl2 ¼ 1

T
ΔTΔS −

1

T
ΔPΔV ð34Þ

can be written as1 [69]

dl2 ¼ CV

T2
dT2 −

1

T

�
∂P
∂V

�
T;Φ

dV2; ð35Þ

where CV ¼ Tð∂TSÞV is the heat capacity at constant
thermodynamic volume V. The coefficient of dT2 is gov-
erned by the heat capacity, reflecting thermal fluctuations,
while the coefficient of dV2 involves the isothermal deriva-
tive of pressure at fixed electrostatic potential, encoding the
mechanical response of the system under volume fluctua-
tions. Consequently, the metric components are directly
related to thermodynamic response functions. The positivity
of CV and −ð∂P=∂VÞT;Φ for the large black hole branch
ensures that the metric components are positive, correspond-
ing to positive thermodynamic susceptibilities and hence
stability against local fluctuations.
We now turn to the thermodynamic geometry and

analyze the normalized Ruppeiner scalar RN, defined as
the heat capacity at constant volume multiplied by the
scalar curvature of the thermodynamic metric [69], for
charged, large AdS black holes in the extended phase
space. The normalized scalar curvature for the above
thermodynamic metric in Eq. (35), assuming CV to be
constant, is obtained as

RN ¼ 1

2
−

1

2

�
1þ ðd−2n−1Þr−1þ

2πð1−2nÞT − ðd−3Þ2Φ2r2n−3þ
nπα̂nðd−2Þð1−2nÞT

�
2
: ð36Þ

For the chargeless black hole case in the pure Lovelock
theory, the above relation, Eq. (36), at the Hawking-Page
temperature shown in Eq. (25) becomes

RN ¼ −
ðd − 2n − 1Þðd − 2nþ 1Þ

2
: ð37Þ

The above expression of the scalar curvature, Eq. (37),
depends only on the spacetime dimension and the order

of the theory considered. Therefore, the normalized
Ruppiener scalar is a constant of the HP phase transition
in pure Lovelock theories. The constancy of the normalized
Ruppeiner scalar at the HP phase transition indicates that,
despite the discontinuous change in the dominant thermo-
dynamic phase, from thermal AdS to a large black hole, the
transition occurs at a universal, dimension-dependent
value of the normalized microscopic interaction strength.
Since RN encodes both the nature and the effective strength
of microscopic interactions, its constancy across the tran-
sition also suggests that the underlying microstructure
reorganizes with an approximately universal correlation
scale or effective correlation volume. In particular, since
d ≥ 2nþ 1, the Ruppeiner scalar curvature at the HP phase
transition given in Eq. (37) is negative. The fixed negative
sign of RN , determined solely by ðd; nÞ, implies that the
interactions in the corresponding ensemble are dominantly
attractive throughout the transition, rather than being driven
by a change in interaction type.
The HP phase transition is understood as a global change

in dominance between competing saddles of the gravita-
tional path integral, rather than a local instability in the
fluctuation spectrum. The fact that RN depends only on
the discrete parameters ðd; nÞ further suggests a form of
universality governed by spacetime dimensionality and
higher-curvature theory. This reinforces the view that the
transition is controlled by global geometric features of the
underlying spacetime rather than by dynamical critical
behavior. Consequently, the constancy of RN provides
evidence that the dual field theory undergoes a confine-
ment/deconfinement transition with a universal normalized
curvature scalar at the phase transition and is consistent
with a first-order phase transition in the large-N limit. The
constancy of the normalized Ruppeiner scalar RN at the HP
phase transition further supports the interpretation that the
transition is first order rather than critical.
At the HP phase transition, Eq. (29), the normalized

Ruppeiner scalar at the HP phase transition in general
relativity (n ¼ 1) can be written from Eq. (36) as,

RN ¼ 1

2
−
ðd − 2Þ2

2
¼ −

ðd − 3Þðd − 1Þ
2

: ð38Þ

which is dependent only on dimensions of the spacetime
(see the Appendix C for a detailed calculation). It is
interesting to note that the above expression in Eq. (38)
is the same as the chargeless case of Eq. (37) with
n ¼ 1. Therefore, in general relativity, provided d − 2 >
2ðd − 3ÞΦ2, electrically charged static black holes in AdS
spacetime, too, have a constant Ruppeiner scalar at the
Hawking-Page transition in a fixed electric potential
ensemble. However, for a large electrostatic potential,
Φ → ∞, or when bothΦ → ∞ and P → ∞ simultaneously,
no HP phase transition occurs in general relativit [see
Eq. (29) above and Appendix B].

1Here we substitute

ΔS ¼ ð∂TSÞΔT þ ð∂VSÞΔV
ΔP ¼ ð∂TPÞΔT þ ð∂VPÞΔV

with S ¼ −ð∂TGÞV;Φ and P ¼ ð∂VGÞT;Φ in Eq. (34).
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We show the plots for the scalar curvature at the HP
phase transition, up to n ¼ 3 in Fig. 2, while in
Appendixes A and B we present an analytical calcula-
tion for all pure Lovelock theories. For n > 1, we find that
both the scalar curvature and the relationship between the
minimum temperature and the HP phase transition tem-
perature in AdS spacetime generally depend on the pres-
sure and the electrostatic potential. However, in the limit
of large pressure and fixed electrostatic potential, i.e.,
Φ2P−ð1−1=nÞ ≪ 1, the normalized Ruppeiner scalar asymp-
totically becomes a constant, the same as the normalized
Ruppeiner scalar shown in Eq. (37), which is independent
of pressure, temperature, or the horizon radius (see
Appendix A). Moreover, in the limit where both the
electrostatic potential and pressure tend to infinity, we
get the normalized scalar curvature to be dependent only on
the dimension of the spacetime and the theory considered
for n ≥ 2. It is given by the following:

RNðP → ∞;Φ → ∞Þ

≈
1

2
−

ð2n − 1Þ2ð8πC2 − ðd − 3Þ2Þ2
2ðð2n − 1Þð8πC2 − ðd − 3Þ2Þ þ 2ðd − 3Þ2Þ2 ; ð39Þ

where C is a constant that depends on only the spacetime
dimension and the theory considered (see Appendix B). For
the case of general relativity in the same simultaneous large

pressure and electrostatic potential limit, the Hawking-Page
phase transition remains improbable (see Appendix B).
In the large electric potential limit, for a fixed pressure, in

Eq. (28), the Φ2-enhanced terms given by

Σd−2ðd− 3ÞΦ2

8π
rd−3þ þΣd−2ðd− 3Þ2Φ2

8πðd− 2nÞ rd−3þ

−
2Σd−2ðd− 3ÞΦ2

8π
rd−3þ ¼ Σd−2ðd− 3ÞΦ2

8π

�
2n− 3

d− 2n

�
rd−3þ

ð40Þ

will dominate. Since for the pure Lovelock theory d > 2n,
and we work with d > 3, the prefactor is nonzero; there-
fore, for vanishing Gibbs free energy in Eq. (28) one needs

rd−3þ → 0 ⇒ rþ → 0: ð41Þ

Hence, in the strict limit Φ → ∞ with P fixed, the size of
the black hole should go to 0 in order to make the Gibbs
free energy vanish. Large black holes typically have rþ ∼ l,
it will be required for the AdS length also to go to 0.
However, l is related to pressure as shown in Eq. (21) that
we have kept fixed. This suggests that, similar to the case of
the Einstein theory, the Hawking-Page transition with large
black holes is improbable for a large electrostatic potential
even in higher pure Lovelock theories, if the remaining
terms are kept fixed. One can also understand this from the

FIG. 2. Above plots depict the dependence of the normalized Ruppeiner scalar curvature on the electric potential Φ and pressure P. In
panels F1, F2, F3, F4 the pressure is kept constant. Solid color plots with color fred; blue; greeng represent pressure f27; 23; 17g while
the dashed plots with color fred; blue; greeng have pressure f10; 7; 5g. In panels F5, F6 the electric potential is fixed with colors
forange cyan; blackg representing electric potential f0.03; 0.1; .15g. The pink dashed curves in F3 and F4 describe the constant
electrostatic potential at which RN of the red curves changes sign from negative to positive.
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expression for the temperature given in Eq. (18): if one
increases only the electrostatic potential, then beyond a
certain large value of the electrostatic potential, the black
hole can cross the extremal limit, beyond which no horizon
exists. Therefore, we restrict our analysis to sufficiently
small values of Φ for which the temperature remains
positive.
The equation governing the HP phase transition, i.e., the

vanishing of the Gibbs free energy, can be solved analyti-
cally up to n ¼ 4. For illustrative purposes, we present the
plots of the analytical expressions for the normalized scalar
curvature in Fig. 2. The plots are restricted to a certain range
of the electrostatic potential because, for a fixed pressure,
values of the electrostatic potential beyond a critical limit
render the temperature negative. Consequently, the HP
transition is not possible beyond that point. A robust fea-
ture common to all panels is that, for the HP phase
transition, the Ruppeiner curvature becomes essentially
constant after an initial variation, with each curve approach-
ing a nearly horizontal plateau. This suggests that the HP
transition selects a universal value of the fluctuation
geometry, reminiscent of an effective geometric “attractor.”
Although, for n ≥ 2, charge deformations modify RN at
small pressures, the large-P branch along the HP curve is
characterized by a universal interaction measure, RN ,
provided the electrostatic potential is sufficiently small.
In this sense, the microstructure of the charged large black
hole phase at the HP transition is effectively universal, even
beyond the Einstein theory, for the higher order pure
Lovelock black holes. This agrees with the discussion
around Eq. (39).
In contrast to the case of general relativity, where the

Ruppeiner scalar shown in Eq. (38) is always negative, we
find that it can also become positive in certain regions of the
parameter space for n ≥ 2. A positive Ruppeiner scalar
indicates that repulsive interactions dominate the effective
microstructure of the system. In such cases, black hole
formation can be understood as arising from a balance
between repulsive microscopic interactions and the overall
gravitational attraction, rather than purely attractive bind-
ing. This suggests a more intricate internal structure, where
the effective microscopic interactions repulsion is not
sufficient to prevent collapse but instead modifies the
thermodynamic behavior of the resulting black hole.
We note from panels F1 and F2 (both at d ¼ 8) that

increasing the theory parameter from n ¼ 2 to n ¼ 3
decreases the magnitude of the thermodynamic normalized
curvature scalar at low electrostatic potential. For n ¼ 2
(panel F1), the scalar curvature starts at a large negative
value at low Φ, and then the magnitude decreases toward a
small, near-zero plateau. For n ¼ 3 (panel F2), the low-Φ
scalar curvature value is a bit closer to zero, and increasing
Φ, it reaches a positive value with slightly greater slope.
Since negative RN is typically associated with dominantly
attractive effective interactions in the underlying degrees of

freedom, the systematic lower negative value of the scalar
curvature signifies a weakening of effective attraction when
higher-order corrections are turned on. Importantly, the
change is not a mere overall rescaling: the sharp low-Φ
variation visible for n ¼ 2 becomes milder for n ¼ 3,
suggesting that the higher-order parameter n damps the
sensitivity of microscopic correlations to charge-sector
deformations at the HP transition.
A complementary trend is revealed by comparing the

n ¼ 2 panels at different dimensions. In panel F1 (d ¼ 8),
the curvature is negative over a large fraction of the
displayed range and approaches a small magnitude plateau
from below. By contrast, in panel F3 (d ¼ 7), the curves
cross into the positive-curvature regime at a lower electric
potential and attain a maximum positive scalar curvature
that exceeds the corresponding value in F1. Thus, lowering
the dimension from d ¼ 8 to d ¼ 7 (at fixed n ¼ 2)
qualitatively reorganizes the thermodynamic geometry:
the HP large-black-hole branch moves from an attractive
(RN < 0) regime to a repulsive (RN > 0) regime at com-
parably lower electrostatic potential. Furthermore, the less
negative value of the scalar curvature in the lower dimen-
sion suggests that the decrease in dimensions also makes
the interactions less attractive. This again confirms that the
effective microinteraction encoded by the Ruppeiner geom-
etry is not determined by charge alone, but depends
crucially on the dimensionality of the underlying gravita-
tional phase space. In particular, the near constancy and
positivity suggest a repulsion-dominated, weaklyΦ-depen-
dent microstructure for the HP large-black-hole phase.
Panel F4 further demonstrates that the saturation behav-

ior persists even when the pressure is slightly decreased to
the lower-pressure set (dashed curves). However, if the
pressure is sufficiently large, then in the low electrostatic
potential regime, we observe a comparatively larger region
of negative normalized scalar curvature, indicating a larger
attractive correlation region. While the detailed onset of the
plateau is shifted (the crossover occurs at slightly lower Φ
for lower pressures), the qualitative pattern remains
unchanged: the curvature approaches an almost constant
value and does not exhibit any oscillation or additional
structure. This supports the interpretation that the HP phase
transition constraint organizes the fluctuation geometry into
a simple universal form: a short low-Φ dependence
followed by a pressure-robust positive value.
When the electric potential is fixed, and the cosmological

constant is varied through pressure, the Ruppeiner curva-
ture shows a different, yet equally systematic, behavior. In
both panels F5 (n ¼ 2, d ¼ 8) and F6 (n ¼ 3, d ¼ 8), RN is
negative throughout the plotted pressure range and its
magnitude is monotone increasing with P, approaching a
near-constant value at high P. This implies that along the
HP transition, the effective attraction in the microstructure
is strongest at high pressure and progressively becomes
stronger as the AdS pressure is increased. The emergence
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of a high-P plateau again signals a saturation regime in
which further tuning of the cosmological constant produces
only marginal changes in the fluctuation geometry.
The ordering of curves with respect to Φ is also

consistent across all panels: larger Φ yields a less negative
scalar curvature at fixed P. Thus, increasing electric
potential drives the system toward weaker effective attrac-
tion along the HP curve, while increasing pressure drives it
toward stronger effective attraction, and both do so in a
smooth, noncritical manner. Moreover, raising n from 2 to
3 (comparing F5 with F6) compresses the range of RN and
brings the curves closer together, indicating that higher-
order pure Lovelock black holes have a reduced sensitivity
of the microstructure to both P and Φ variations. In other
words, the n ¼ 3 theory exhibits a more “rigid” thermo-
dynamic geometry along the HP phase transition.
Taken together, the plots suggest that the HP transition

for charged large black holes selects a remarkably simple
thermodynamic-geometric structure: RN undergoes a short
variable response to the control parameter (Φ in F1–F4, or
P in F5–F6), and then settles into a nearly constant plateau.
The plateau value and even the sign of RN depend on ðn; dÞ,
revealing that the order of the pure Lovelock theory and
dimensionality can qualitatively alter whether the effective
microinteractions are attraction- or repulsion dominated,
but once this regime is reached, the interaction measure
becomes largely insensitive to further variations of the
intensive variables. Therefore, along the HP curve, the
charged large-black-hole phase exhibits an emergent uni-
versality, while the parameters ðn; dÞ control which uni-
versality class (attractive vs repulsive) is realized.

VI. CONCLUSION AND DISCUSSION

We investigated the thermodynamic structure of static,
spherically symmetric AdS black holes in pure Lovelock
theories of gravity, with particular emphasis on a novel dual
relationship between characteristic temperatures, as well as
on the universality of Ruppeiner scalar curvature at the HP
phase transition. The analysis reveals a remarkable inter-
play among spacetime dimensionality, the presence of
charge, and the order of the gravitational theory. In
particular, the emergence of universal features across
different Lovelock orders suggests the existence of deeper
geometric and thermodynamic principles underlying the
gravitational system. The main conclusions are summa-
rized below.
For electromagnetically neutral, static, spherically sym-

metric AdS black holes in pure Lovelock gravity, we have
established a duality relation whereby the minimum tem-
perature in (dþ 1) dimensions differs from the HP tran-
sition temperature in d dimensions only by a factor
determined by the spacetime dimension and the
Lovelock order. In the Einstein limit, this factor reduces
to unity, implying an exact equivalence between the
minimum temperature in (dþ 1) dimensions and the HP

transition temperature in d dimensions. This result points to
the existence of an underlying scaling structure governing
the thermodynamic phase behavior of AdS black holes
across dimensions. From a physical perspective, the rela-
tion may be viewed as encoding how the balance between
thermal AdS and black-hole-dominated phases reorganizes
under dimensional reduction. For pure Lovelock theories,
the deviation from unity captures the increasing influence
of higher-curvature interactions on the effective gravita-
tional dynamics. In the joint large-n, large-d limit, provided
that d − 2n > 1, the correction factor tends to unity,
thereby asymptotically recovering the Einstein-gravity
relation. This suggests that sufficiently high-order pure
Lovelock theories reproduce, in an asymptotic thermody-
namic sense, the Einstein-gravity duality relation between
the characteristic temperatures.
The inclusion of electric charge qualitatively modifies

the thermodynamic structure. In the grand canonical
ensemble of Einstein gravity black holes, the HP phase
transition temperature and the minimum temperature con-
tinue to exhibit a remarkably simple relation: they differ
only by a multiplicative factor determined solely by the
spacetime dimension. More precisely, the minimum tem-
peraturen (dþ 1) dimensions can be mapped to the
Hawking-Page transition temperature in d dimensions
provided the fixed electrostatic potential is simultaneously
rescaled by an appropriate dimension-dependent factor.
Thus, even in the presence of charge, Einstein gravity
retains a nontrivial remnant of the neutral-sector univer-
sality. This structure, however, does not extend to higher-
curvature Lovelock theories. Once higher-curvature
interactions are included, no universal, only dimension-
dependent mapping between the two temperatures survives.
The failure of such a correspondence reflects the nontrivial
interplay between electric charge and pure Lovelock order,
which introduces additional theory-dependent scales into
the thermodynamic system. Consequently, the phase struc-
ture becomes substantially richer, with the stability proper-
ties depending sensitively on both the Lovelock order and
the electrostatic sector. From a physical perspective, the
origin of this behavior can be traced to the competing
effects of electrostatic repulsion and higher-curvature con-
tributions to the gravitational dynamics. The electric field
tends to stabilize smaller black holes by counteracting
gravitational attraction, thereby shifting both the onset of
local thermodynamic stability and the HP transition point.
In Einstein gravity, these effects preserve an underlying
scaling structure, leading to the dimensionally related
temperatures described above. In contrast, higher-curvature
terms modify the effective gravitational interaction in a
nonuniversal manner, obstructing any simple scaling rela-
tion and yielding a considerably more intricate thermody-
namic landscape.
The distinction from the previously known results can be

seen at the level of the two defining conditions of the
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duality. The minimum temperature is fixed locally by the
turning-point condition ð∂T=∂rþÞΦ;P ¼ 0, whereas the
Hawking-Page temperature is fixed globally by the vanish-
ing of Gibbs free energy. In Einstein gravity, the radial
dependence of the gravitational, AdS, and electromagnetic
contributions to these two conditions is sufficiently com-
patible that the resulting expressions can be mapped into
one another by changing the spacetime dimension together
with a dimension-dependent rescaling of the electrostatic
potential, as in Eq. (31). For pure Lovelock gravity with
n > 1, this compatibility is lost: the Lovelock term changes
the powers of rþ entering the temperature and free energy,
while the electromagnetic sector contributes with powers
that combine differently in the turning-point and G ¼ 0
conditions. In particular, the HP condition contains a term
proportional to r2n−2þ in addition to the r2nþ contribution,
as made explicit in Appendix A. Thus, changing d and
rescaling Φ does not simultaneously reproduce the radial
structure of the two conditions. The absence of a universal
charged duality for n > 1 is therefore not merely the
absence of a relation that has yet to be identified; it is a
consequence of the incompatible scaling structures gen-
erated by the simultaneous presence of higher-curvature
and electromagnetic contributions.
In the neutral sector, the absence of the electromagnetic

scale allows the pressure dependence of Tmin and THP to
factorize in the same way, leaving a ratio controlled only by
d and n, as in Eq. (26). In Einstein gravity with fixed
potential, the additional electromagnetic contribution pre-
serves enough of this factorization to be absorbed into a
dimension-dependent redefinition of Φ. For n > 1, how-
ever, the charge-dependent terms remain entangled with the
Lovelock-dependent horizon-radius scaling. Consequently,
the ratio THP=Tmin retains dependence on the continuous
thermodynamic parameters P and Φ, rather than reducing
to a function of d and n alone.
Further insight into the phase structure can be obtained

from the framework of thermodynamic information geom-
etry, in which the Ruppeiner scalar curvature furnishes an
invariant characterization of the effective statistical inter-
actions underlying the black hole microstructures. In
particular, divergences, sign changes, and extrema of the
scalar curvature are known to encode critical phenomena
and phase reorganizations in a manner analogous to
conventional many-body systems. Evaluating the normal-
ized Ruppeiner scalar curvature along the HP coexistence
curve reveals a remarkably rigid and universal structure.
For electrically neutral black holes, we find that the scalar
curvature evaluated precisely at the HP transition assumes a
constant value fixed entirely by the spacetime dimension
and the Lovelock order, remaining completely independent
of all other thermodynamic parameters such as the temper-
ature, pressure, horizon radius, or coupling scales. This
demonstrates that the HP transition is not merely a
thermodynamic coexistence condition but corresponds to

a geometrically distinguished hypersurface in the equilib-
rium state manifold, characterized by an intrinsic curvature
scale determined solely by the underlying gravitational
dynamics. From a microscopic perspective, this universal-
ity suggests that the collective statistical interactions
governing the confined/deconfined transition are organized
by the geometric structure of the gravitational theory itself
rather than by state-dependent thermodynamic data. In
particular, the independence from continuous thermody-
namic parameters indicates that the effective correlation
volume at the transition is controlled entirely by the
fundamental higher-curvature theory. Such behavior
strongly parallels universality at ordinary phase transition
points, where macroscopic observables lose sensitivity to
microscopic details and become governed only by global
structural data such as symmetry and dimensionality.
Remarkably, the universality becomes even stronger in

the Einstein limit when the system is analyzed in the grand
canonical ensemble. In this case, the normalized scalar
curvature evaluated at the HP transition remains universal
even in the presence of electric charge, depending only on
the spacetime dimension if the electrostatic potential is less
than a critical value, expressed as d − 2 > 2ðd − 3ÞΦ2. In
this regime, the electric sector therefore does not deform the
intrinsic thermodynamic geometry of the transition point,
despite modifying the surrounding phase structure. This
suggests that the HP transition in the grand canonical
ensemble defines a genuinely geometric universality class
whose thermodynamic curvature is protected against
charge deformations. Such behavior provides further evi-
dence that the HP transition is encoded in a deep geometric
property of the equilibrium state space, potentially reflect-
ing an underlying universality in the dual holographic
description.
Such thermodynamic quantity independence of the

normalized scalar curvature is, however, not generic in
higher-order pure Lovelock black holes and therefore
points to a special property of general relativity. In such
cases, the scalar curvature at the HP phase transition
depends on multiple parameters, including the pressure,
electrostatic potential, spacetime dimension, and the spe-
cific Lovelock order. This dependence reflects the richer
geometric structure induced by higher-order theories,
where thermodynamic quantities are more sensitive to
the full set of physical parameters. Nevertheless, an
interesting universality emerges in the limit of large
pressure or in the simultaneous large electrostatic potential
and large pressure limit. In these regimes, the scalar
curvature asymptotically approaches a constant value at
the transition, indicating a form of emergent universality.
Physically, this suggests that at high energy scales (large
pressure) or in the presence of a strong electrostatic field
(large potential) together with large pressure, the system
effectively forgets the detailed structure of the underlying
theory and flows toward a universal behavior. Furthermore,
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we also find that, in the limit of a large electrostatic
potential, the HP transition becomes improbable for fixed
finite pressure and temperature.
Previous studies of Ruppeiner geometry in pure

Lovelock gravity have mainly investigated the curvature
over the thermodynamic state space and its behavior near
critical points. In contrast, our analysis focuses specifically
on the Hawking–Page transition surface defined by the
condition G ¼ 0. We find that this restriction leads to a
remarkable simplification in the neutral case, where all
continuous thermodynamic parameter dependence cancels.
In the charged case, this cancellation persists for Einstein
gravity but is broken for higher-order Lovelock theories,
where the normalized curvature retains dependence on the
pressure and electrostatic potential. We found regimes
where the scalar curvature asymptotically approaches a
constant value at the transition, indicating a form of
emergent universality. Thus, the novelty of our analysis
lies not merely in computing the Ruppeiner curvature,
but in revealing its special simplification on the Hawking-
Page surface and identifying how this universality is
precisely broken and restored in appropriate limits in
higher-curvature theories.
The special case of static, spherically symmetric, pure

Lovelock AdS black holes discussed in the manuscript
points to a hierarchy of universality in black hole thermo-
dynamics. General relativity exhibits the highest degree of
universality, with simple, dimensionally governed rela-
tions, while higher-curvature theories introduce corrections
that enrich the structure but often obscure simple scaling
laws. The recovery of universal behavior within certain
limits hints at deeper underlying principles, possibly
connected to holography or renormalization group flows
in the dual field theory. It would be interesting to further
explore these connections, particularly in the context of
extended phase space thermodynamics and their implica-
tions for dual strongly coupled systems.
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APPENDIX A: LARGE PRESSURE, FIXED
POTENTIAL LIMIT OF SCALAR CURVATURE

The vanishing of Gibbs free energy shown in Eq. (28) at
the Hawking-Page transition gives the condition,

A1 þ B1r2nþ þ C1r2n−2þ ¼ 0: ðA1Þ

Here,

A1 ¼
Σd−2ðd − 2Þα̂n
16πðd − 2nÞ ; B1 ¼

Σd−2ð1 − 2nÞP
ðd − 2nÞðd − 1Þ ;

C1 ¼
Σd−2ðd − 3Þð2n − 3ÞΦ2

8πðd − 2nÞ : ðA2Þ

We can rewrite Eq. (A1) as

r2nþ ¼ −
A1

B1

−
C1

B1

r2n−2þ : ðA3Þ

At C1 ¼ 0,

r2þ0 ¼
�
−A1

B1

�
1=n

: ðA4Þ

Now, writing r2þ ¼ r2þ0ð1þ uÞ in Eq. (A3) we get

ðr2þ0ð1þ uÞÞn ¼ −
A1

B1

−
C1

B1

r2n−2þ0 ð1þ uÞn−1 ðA5Þ

⇒ ð1þ uÞn ¼ 1 −
C1

B1r2þ0

ð1þ uÞn−1: ðA6Þ

Defining ϵ ¼ C1

B1r2þ0

, we note that

ϵ ∼
Φ2

Pr2þ0

: ðA7Þ

Using r2nþ0 ∼ 1
P, we obtain r2þ0 ∼ P−1=n, and hence

ϵ ∼Φ2P−ð1−1=nÞ: ðA8Þ

Thus, in the regime Φ2P−ð1−1=nÞ ≪ 1, we have ϵ ≪ 1. Set
y ≔ 1þ u and define

Fðy; ϵÞ ≔ yn−1ðyþ ϵÞ − 1: ðA9Þ

For ϵ ¼ 0, Fðy; 0Þ ¼ yn − 1 so the C1 ¼ 0 branch corre-
sponds to the root y0 ¼ 1 [i.e. u0 ¼ 0, see Eq. (A5)].
Moreover

∂yFðy; ϵÞ ¼ ðn − 1Þyn−2ðyþ ϵÞ þ yn−1

⇒ ∂yFð1; 0Þ ¼ n ≠ 0: ðA10Þ

Hence, by the implicit function theorem, there exists δ > 0
and a unique smooth function yðϵÞ for jϵj < δ such
that FðyðϵÞ; ϵÞ ¼ 0 and yðϵÞ → 1 as ϵ → 0. Therefore
uðϵÞ ¼ yðϵÞ − 1 → 0, i.e., u is small for jϵj ≪ 1 on this
branch. Differentiating FðyðϵÞ; ϵÞ ¼ 0 gives
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y0ð0Þ ¼ −
∂ϵFð1; 0Þ
∂yFð1; 0Þ

¼ −
1

n

⇒ uðϵÞ ¼ yðϵÞ − 1 ¼ −
ϵ

n
þOðϵ2Þ: ðA11Þ

We may therefore expand

ð1þ uÞn ≈ 1þ nu; ð1þ uÞn−1 ≈ 1þ ðn − 1Þu: ðA12Þ

Substituting into Eq. (A5) gives

1þ nu ¼ 1 − ϵð1þ ðn − 1ÞuÞ: ðA13Þ

Solving to leading order in ϵ, we obtain

u ≈ −
ϵ

n
; ðA14Þ

which is the same as Eq. (A11). Substituting into r2þ ¼
r2þ0ð1þ uÞ and expanding the square root, we get

rþ ¼ rþ0

ffiffiffiffiffiffiffiffiffiffiffi
1þ u

p
≈ rþ0

�
1þ u

2

�
¼ rþ0

�
1 −

1

2n
C1

B1r2þ0

�
:

ðA15Þ

Thus,

rþ ≈
�
−
A1

B1

�
1=2n

�
1 −

C1

2nB1

�
−
A1

B1

�
−1=n

�
: ðA16Þ

Substituting A1, B1, and C1, we see that the second term in
the parenthesis vanishes in the limit P → ∞, and we have

rþ →

�
−
A1

B1

�
1=2n

; ðA17Þ

which is the same as that for the chargeless black holes.
Taking the same limit in

RN ¼ 1

2
−

1

2

�
1þ ðd−2n−1Þr−1þ

2πð1−2nÞT − ðd−3Þ2Φ2r2n−3þ
nπα̂nðd−2Þð1−2nÞT

�
1=2 ðA18Þ

and substituting Eq. (A17) one gets

RN ¼ −
ðd − 2n − 1Þðd − 2nþ 1Þ

2
; ðA19Þ

at the Hawking-Page transition. Therefore, we conclude
that in the Φ2P−ð1−1=nÞ ≪ 1 limit, the scalar curvature is a
constant of the HP transition.

APPENDIX B: JOINT LIMIT Φ → ∞ AND P → ∞
WITH Φ2=P FIXED

We now consider the algebraic equation for the horizon
radius rþ, which follows from the condition that the Gibbs
free energy vanishes at the Hawking Page transition
[Eq. (28)], given by,

0¼ Σd−2ðd− 2Þrd−1þ
16π

�
α̂n
r2nþ

þ 16πP
ðd− 1Þðd− 2Þþ

2ðd− 3ÞΦ2

ðd−2Þr2þ

�

−
�
d− 2n− 1

4πnrþ
þ 4P
nα̂nðd− 2Þr

2n−1þ −
ðd− 3Þ2Φ2

2πðd− 2Þnα̂n
r2n−3þ

�

×
ðd− 2ÞΣd−2α̂nnrd−2nþ

4ðd− 2nÞ −
Φ2ðd− 3ÞΣd−2

4π
rd−3þ ; ðB1Þ

where Σd−2 is the volume of the unit (d − 2)-dimensional
space, P is the pressure,Φ is the electric potential, and α̂n is
the (rescaled) Lovelock coupling.
A physically relevant way to implement the joint limit is

to send Φ → ∞ and P → ∞ while keeping

λ≡Φ2

P
ðB2Þ

finite. We therefore adopt the general scaling ansatz

r2þ ∼ λγ; ðγ a priori undeterminedÞ: ðB3Þ

In the reduced large-ðΦ; PÞ equation, the leading contri-
butions are of the form Prd−1þ and Φ2rd−3þ . Using Φ2 ¼ λP
and rd−1þ ¼ ðr2þÞd−12 , rd−3þ ¼ ðr2þÞd−32 , we find the scalings

Prd−1þ ∼ Pλγ
ðd−1Þ
2 ; ðB4Þ

Φ2rd−3þ ∼ ðλPÞλγðd−3Þ2 ¼ Pλ1þγðd−3Þ
2 : ðB5Þ

For these two leading terms to compete at the same order in
the double-scaling limit, their λ powers must match,

γ
ðd − 1Þ

2
¼ 1þ γ

ðd − 3Þ
2

⇒ γ ¼ 1: ðB6Þ

Thus, we can consider

r2þ ∼ λ; i:e:; rþ ¼ C
ffiffiffi
λ

p
¼ C

Φffiffiffiffi
P

p : ðB7Þ

Keeping only the leading P and Φ2 contributions in
Eq. (B1) [i.e., dropping terms that areOð1Þ in the joint limit
compared to the OðPÞ pieces, since we consider r2þ ∼ λ]
yields
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0 ≃ Σd−2Prd−1þ

�
1

d − 1
−

1

d − 2n

�

þ Σd−2
ðd − 3ÞΦ2

8π
rd−3þ

�
d − 3

d − 2n
− 1

�
: ðB8Þ

Since d ≠ 2n and d > 3, dividing (B8) by Σd−2rd−3þ gives
a linear equation for r2þ,

Pr2þ

�
1

d− 1
−

1

d− 2n

�
¼ ðd− 3ÞΦ2

8π

�
1−

d− 3

d− 2n

�
: ðB9Þ

The right-hand side of the above equation can be written as

ðd− 3ÞΦ2

8π

�
1−

d− 3

d− 2n

�
¼ ðd− 3ÞΦ2

8π

�
2n− 3

2n−d

�

¼−
ðd−3Þð2n− 3Þ
8πðd− 2nÞ Φ2; ðB10Þ

so that the linear equation is more transparently expressed
as

Pr2þ

�
1

d − 1
−

1

d − 2n

�
¼ −

ðd − 3Þð2n − 3Þ
8πðd − 2nÞ Φ2: ðB11Þ

Solution for n ≥ 2. For n ≥ 2we have 2n − 3 > 0 and, in
the regime of interest (AdS pressure), P > 0 and

�
1

d − 1
−

1

d − 2n

�
¼ 1 − 2n

ðd − 1Þðd − 2nÞ < 0: ðB12Þ

Therefore Eq. (B11) admits a unique positive solution
for r2þ,

r2þ ≃
Φ2

P
ðd − 3Þ
8π

ð2n − 3Þðd − 1Þ
2n − 1

: ðB13Þ

Equivalently,

rþ ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd − 3Þðd − 1Þð2n − 3Þ

8πð2n − 1Þ

s
Φffiffiffiffi
P

p ;

⇒ C2 ¼ ðd − 3Þðd − 1Þð2n − 3Þ
8πð2n − 1Þ : ðB14Þ

Plugging the above expression of outer horizon radius
into the expression of scalar curvature, Eq. (36), we see
that, in the P → ∞;Φ → ∞ limit, RN depends only on
dimensions and the theory considered. It is given by

RNðP → ∞;Φ → ∞Þ

≈
1

2
−

ð2n − 1Þ2ð8πC2 − ðd − 3Þ2Þ2
2ðð2n − 1Þð8πC2 − ðd − 3Þ2Þ þ 2ðd − 3Þ2Þ2 :

ðB15Þ

Special case n ¼ 1. For n ¼ 1 the structure of the
reduced equation changes qualitatively. Working directly
with the exact large ðΦ; PÞ reduction of Eq. (B1) [before
dropping Oð1Þ pieces] one finds

0 ¼ ðd − 2Þ
16π

−
1

d − 1
Pr2þ −

ðd − 3Þ
8π

Φ2; ðB16Þ

so that

r2þ ¼ d − 1

P

�ðd − 2Þ
16π

−
ðd − 3Þ
8π

Φ2

�
: ðB17Þ

In the joint limit Φ2 ¼ λP with P → ∞ at fixed λ > 0, this
behaves as

r2þ ¼ ðd − 1Þ
�ðd − 2Þ

16πP
−
ðd − 3Þ
8π

λ

�

⟶
P→∞

− ðd − 1Þ ðd − 3Þ
8π

λ < 0; ðB18Þ

and hence there is no real positive horizon radius in this
double-scaling limit for generic fixed λ > 0. Equivalently,
for n ¼ 1 a necessary condition for a physical solution at
fixed P is

r2þ > 0 ⟺ Φ2 <
d − 2

2ðd − 3Þ ; ðB19Þ

which is incompatible with Φ → ∞. Therefore the double-
scaling joint limit with finite λ is physically sensible for
n ≥ 2, but does not yield a physical (real, positive) rþ
branch for n ¼ 1.

APPENDIX C: SCALAR CURVATURE FOR
GENERAL RELATIVITY

In general relativity (n ¼ 1) the scalar curvature at the
Hawking-Page transition temperature can be written from
Eq. (36) as

RN ¼ 1

2
−

1

2

�
1 − ðd−3Þ

d−2−2ðd−3ÞΦ2 þ 2ðd−3Þ2Φ2

ðd−2Þðd−2−2ðd−3ÞΦ2Þ

�
2
:

ðC1Þ
Let us simplify the expression inside the brackets. Define
A ¼ d − 2 − 2ðd − 3ÞΦ2 then the bracket becomes

1 −
d − 3

A
þ 2ðd − 3Þ2Φ2

ðd − 2ÞA : ðC2Þ
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Taking a common denominator ðd − 2ÞA, and substituting
A ¼ d − 2 − 2ðd − 3ÞΦ2, the numerator becomes

ðd − 2Þðd − 2 − 2ðd − 3ÞΦ2Þ − ðd − 3Þðd − 2Þ
þ 2ðd − 3Þ2Φ2 ðC3Þ

¼ ðd − 2Þ2 − 2ðd − 2Þðd − 3ÞΦ2 − ðd − 3Þðd − 2Þ
þ 2ðd − 3Þ2Φ2 ðC4Þ

¼ ½ðd − 2Þ2 − ðd − 3Þðd − 2Þ� þ ½−2ðd − 2Þðd − 3Þ
þ 2ðd − 3Þ2�Φ2 ðC5Þ

¼ ðd − 2Þ − 2ðd − 3ÞΦ2 ¼ A: ðC6Þ

Hence, the entire expression, Eq. (C2), reduces to

A
ðd − 2ÞA ¼ 1

d − 2
: ðC7Þ

Substituting back in Eq. (C1), we obtain

RN ¼ 1

2
−
ðd − 2Þ2

2
¼ −

ðd − 3Þðd − 1Þ
2

: ðC8Þ
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