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Abstract

RR Lyrae stars are pulsating variables crucial for distance determination and galactic
structure studies. Metallicities of fundamental-mode (RRab) RR Lyrae stars are commonly
derived from photometry using empirical relations involving the Fourier parameter ϕ31 and
the pulsation period. We present a new, calibrated G-band relationship between pulsation
period P, Fourier parameter ϕ31, and metallicity [Fe/H] for galactic RR Lyrae stars from
the Gaia survey. A set of 72 fundamental mode RR Lyrae stars were identified for deriving
the relation in the G-band after visual examination of their light curves. Unlike recent
large-scale calibrations, our relation prioritizes calibration purity by anchoring exclusively
to a homogeneously analyzed sample of high-resolution spectroscopic metallicities from the
literature. Our best fit relation is [Fe/H] = (−6.93± 0.58)− (6.04± 0.37)P + (1.65± 0.11)ϕ31.
We compare the [Fe/H] predicted by our relation for the stars in our calibration sample
with that obtained from previously established relations in the G-band using different
approaches. Our calibrated G-band P-ϕ31-[Fe/H] relationship demonstrates high reliability
when validated against spectroscopic data, achieving a negligible bias of 0.00 dex and
an empirical RMS scatter of 0.26 dex. Furthermore, by applying an Orthogonal Distance
Regression (ODR) routine that fully propagates parameter covariance, we establish a
mathematically strict empirical baseline whose theoretical uncertainties perfectly align with
this observed dispersion. We find that the inclusion of the R21 Fourier parameter offers no
significant improvement in metallicity estimation. Comparisons with literature confirm
that our linear relation aligns closely with other Gaia DR3-based studies, while offering
improved precision over older DR2-based relations.

Keywords: variable stars; data analysis of astronomical databases; metallicity; light curves

1. Introduction
RR Lyrae stars (RRLs) are low-mass (0.5–0.8 M⊙) Population II variables situated at the

intersection of the horizontal branch and the classical instability strip of the Hertzsprung-
Russell Diagram [1]. Exhibiting pulsation periods between 0.2 and 1.2 days with photo-
metric amplitudes of ≤2 mag, their variability is driven by the κ–mechanism, which arises
from opacity changes within the He II partial ionization zone [2]. Consequently, they serve
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as robust tracers of old stellar populations in the Milky Way (halo, bulge, and disc) as well
as in galaxies across the Local Group [3–8].

Accurate determination of metal abundances in stellar sources traditionally demands
spectroscopic analysis. However, acquiring such data requires significant observational
resources and time, with the resolving power of the instrument acting as a major limiting
factor [9]. While massive spectroscopic surveys utilizing instruments like the Large Sky
Area Multi-Object Fiber Spectroscopic Telescope (LAMOST; Cui et al. [10]) can collect
thousands of spectra in a single exposure, they still struggle to probe faint sources at very
large distances or in regions of high extinction. In contrast, photometric surveys offer a
significantly higher observational efficiency, yielding vast amounts of data across deeper
volumes in less time [11]. For fundamental-mode RRLs (RRab), photometric light curves
encode crucial information regarding their intrinsic metal abundances [12]. Therefore,
establishing a mathematical relationship between metallicity ([Fe/H]), pulsation period,
and light curve morphology offers a powerful, efficient alternative for estimating the
chemical properties of these pulsating variables.

Early work by Jurcsik and Kovacs [13] demonstrated that the shape of the light
curves of RRab stars at optical wavelengths can be related to their metal abundance.
Their work presents a linear relationship connecting the metallicity [Fe/H] of the star
with its pulsation period P and the lower-order Fourier parameters (ϕ31) obtained from
the Fourier decomposition of its light curve in the V-band. Subsequent studies by
Smolec [14], Nemec et al. [15], Martinez-Vazquez et al. [16], Ngeow et al. [17], Iorio and
Belokurov [18], Mullen et al. [19] extended this analysis to well-sampled RRab light curves
obtained from various survey programs, such as the Kepler Space Telescope (in Kp-band;
Borucki et al. [20]), the I-band Optical Gravitational Lensing Experiment [21], and the
R-band Palomar Transient Factory [22]. Building upon this legacy, recent studies by
Clementini et al. [23] and Muraveva et al. [24] have pioneered the application of these
photometric metallicity calibrations to the latest generation of broad-band, space-based
photometry from the Gaia mission.

Determining accurate metallicities for these stars is crucial because they obey well-
defined period–luminosity (PL) relations, especially at longer wavelengths [25–27]. As
metallicity effects introduce scatter into these PL relations, precise [Fe/H] estimates are
required to refine RRLs as distance indicators [28]. The most recent large-scale surveys pro-
vide massive, high-precision photometry in mission-specific passbands, most notably the
Gaia G-band. The European Space Agency’s Gaia space observatory was designed to pro-
vide unprecedented astrometric and photometric precision for over a billion sources [29]. Its
recent Data Release 3 (Gaia DR3; Gaia Collaboration et al. [30]) offers extensive epoch pho-
tometry collected in three primary passbands: the broad white-light G-band (330–1050 nm),
the blue GBP band (330–680 nm), and the red GRP band (630–1050 nm) [31]. The goal of
the present investigation is to perform a Fourier analysis of RRL light curves to derive a
new P-ϕ31-[Fe/H] relation specifically for the G-band using Gaia DR3 photometric data.
Although G-band and V-band magnitudes are closely correlated [32], a native calibration
is necessary to fully exploit the precision of Gaia photometry.

This paper is structured as follows: In Section 2, we give a brief description of the
database used and the procedure for obtaining the phased light curves from the raw
data. We present the Fourier decomposition followed by the P-ϕ31-[Fe/H] calibration in
Section 2.2. In Section 2.3, we present our newly derived relation for finding [Fe/H] in the
G-band and compare the predictions of our relation with the corresponding spectroscopic
[Fe/H] values. We further compare the reliability of our relation with that of previous
works within the range of our calibration data in Section 3 and 4, we present the conclusions
of our study.
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2. Input Data and Methods Applied
2.1. The Dataset

The RRLs analyzed in the present work were selected from Gilligan et al. [33],
comprising 108 galactic RRab stars. To visualize the spatial distribution of this sample
(Figure 1), we retrieved the Galactic coordinates (l, b) for all 108 stars via the SIMBAD
astronomical database using their respective Gaia source IDs. The absolute galactic latitude
(|b|) was then calculated directly from these queried latitude values. We obtained the raw
photometric data of these stars in the Gaia passbands G, GBP, GRP from Gaia Data Release 3
(Gaia DR3; Gaia Collaboration [29], Gaia Collaboration et al. [30]) and utilized exclusively
the G-band photometric time-series data for our light curve analysis.
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Figure 1. Galactic map of the 108 RR Lyrae (RRab) obtained from Gilligan et al. [33].

To account for the galactic dust extinction, we used the reddening (E(B − V)) values
from Gilligan et al. [33] for each star in our calibration sample. These were determined
from the 3D maps from Green et al. [34] and further compared with the 2D redden-
ings from Schlegel et al. [35]. To convert from E(B − V) to the total extinction in the
G-band (AG), we assumed RV = 3.1 and used the extinction reference model given by
Cardelli et al. [36] (CCM89).

Once the magnitudes are extinction corrected, the next step is to obtain the phased light
curves. While initial period estimates for these sources are available in the literature [33],
we re-derived the pulsation periods P directly from our data using the Lomb–Scargle
method [37,38]. This ensures maximum internal consistency and prevents phase smearing
during the subsequent Fourier decomposition. To calculate the phase, we need an epoch
reference time t0. For unevenly spaced photometric data, the time of first observation is
not an ideal choice. Therefore, we chose t0 to be the epoch at maximum brightness (or
minimum magnitude). We used Equation (1) to determine the phase at each epoch, t, to
obtain the final phased light curve:

Φ = fractional part of
(

t − t0

P

)
(1)

During the phase-folding process, anomalous data points were removed using an
iterative Interquartile Range (IQR) clipping method to ensure the fidelity of the light curves.
After cleaning, the final light curves contain an average of 47 photometric data points
per star.
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We visually examined the light curves and selected 86 out of a total of 108 stars,
rejecting those with significant gaps or insufficient data points. Figure 2 shows the example
light curves of 10 stars from our sample. To verify the robustness of our independent
frequency analysis, we compared our derived periods (PTW) against the automated period
estimates published in Gaia DR3 (PGaia). As shown in the left panel of Figure 3, the values
are in near-perfect agreement, exhibiting no measurable bias or scatter between the two
methods. This exact consensus is expected for classical pulsators, demonstrating that the
standard Lomb–Scargle algorithm yields highly stable primary frequencies regardless of
minor differences in pipeline implementation.
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Figure 2. Example light curves of RRab stars from Gaia DR3. The outliers were removed using IQR
clipping. The Fourier-fitted light curves (red solid line) are plotted over the phased light curves (blue
scatter plot).
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Figure 3. Comparison of the parameters derived independently in this work (TW) with the automated
estimates from Gaia DR3. (Left panel): Pulsation periods (P). (Right panel): Fourier phase differences
(ϕ31). The solid red line in both panels represents the 1:1 relation. The calculated bias and RMS scatter
are annotated in the upper left corner of each respective panel.

2.2. Fourier Decomposition of Light Curves

Fourier decomposition is a widely used tool to quantify the shape of a periodic light
curve. Previous studies have shown that the lower-order terms in the Fourier expansion
are sufficient to fully characterize the shape of a light curve [13,39]. The Fourier expansion
of the magnitude in terms of the phase is given as [40]:

m(Φ) = m0 +
n

∑
i=1

Ai sin[2πi(Φ) + ϕi], (2)
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where m(Φ) is the extinction-corrected apparent magnitude in G band, m0 is the mean
magnitude, n is the order of expansion, Φ is the phase obtained from the phased light
curve varying from 0 to 1. Ai and ϕi are the i-th order Fourier amplitude and phase
coefficients, respectively.

We determine the Fourier parameters by locally fitting Equation (2) to the phased
light curve. We use the curve_fit routine of the SciPy (https://docs.scipy.org/doc/scipy/
reference/generated/scipy.optimize.curve_fit.html, accessed on 1 May 2026) module,
which uses the Levenberg–Marquardt (LM) algorithm, widely used in the case of a non-
linear least squares fit. We found that a fourth-order (n = 4) fit was sufficient to reproduce
the shape of the light curve. Any order greater than n = 4 would overfit the curve. We
also compared our independently extracted Fourier phase differences (ϕ31,TW) with the
corresponding values from the Gaia DR3 automated pipeline (ϕ31,Gaia). As illustrated in the
right panel of Figure 3, the values follow the 1:1 relation but exhibit a small scatter of 0.13
rad and a minor bias of 0.03 rad. Although both approaches utilize Levenberg–Marquardt
non-linear fitting Clementini et al. [23], these subtle discrepancies are common when com-
paring a manually curated, sigma-clipped sample against a fully automated, survey-level
pipeline. The variations primarily stem from differences in light curve pre-processing
(outlier rejection) and the exact number of Fourier harmonics utilized in the fit model.
The impact of utilizing our independent Fourier parameters versus the literature values is
discussed in further detail in Section 3.2.

Simon and Lee [39] first demonstrated that a certain combination of these Fourier
parameters was directly related to somephysical parameters of the pulsating star. These are
defined either as a linear combination of the parameters or the ratios of Fourier amplitudes, e.g.,

ϕi1 = ϕi − iϕ1 , (3)

Ri1 =
Ai
A1

. (4)

We utilized ϕ31 for our analysis because its relation to the period offers the clearest
separation of metallicities with the least scatter (Figure 4; Jurcsik and Kovacs [13], Simon
and Lee [39]). This traditional feature selection is strongly supported by recent machine-
learning analyses of Gaia DR3 RRLs; notably, Muraveva et al. [24] concluded that ϕ31

remains the most influential parameter for predicting RRab metallicity, and that incorporat-
ing additional, higher-order Fourier parameters risks introducing unnecessary noise rather
than improving the predictive accuracy. Following Jurcsik and Kovacs [13], we corrected
for the 2π-periodic ambiguity by shifting phases closer to the mean. To ensure the reliability
of the derived physical parameters, we applied an empirical data-quality cut to remove
outliers with poorly constrained Fourier fits (σϕ31 > 0.3 rad). This specific threshold was
chosen to optimize the trade-off between minimizing the formal uncertainties of the derived
Fourier parameters and maintaining a statistically robust sample size. After applying this
cut, 72 stars remained for the final calibration (see Table 1).

The formal uncertainties for the individual Fourier coefficients (σϕi ) were derived from
the covariance matrix generated during the least-squares fitting process. The corresponding
uncertainty for the derived phase parameter, ϕi1, was then calculated using standard error
propagation, assuming the covariances between the parameters are negligible [41]:

σϕi1 =
√

σ2
ϕi
+ i2σ2

ϕ1
. (5)

https://doi.org/10.3390/galaxies14030051

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.curve_fit.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.curve_fit.html
https://doi.org/10.3390/galaxies14030051


Galaxies 2026, 14, 51 6 of 14

0.45 0.40 0.35 0.30 0.25 0.20 0.15
log(P[days])

1.5

1.6

1.7

1.8

1.9

31
[

 ra
d]

2.5

2.0

1.5

1.0

0.5

[F
e/

H
] sp

ec

Figure 4. Gaia G-band P-ϕ31-[Fe/H]. Period vs. ϕ31 plane with stars color-coded based on the
metallicity adopted from Gilligan et al. [33].

Table 1. The calibration dataset of 72 RRLs from Gaia DR3 along with the spectroscopic [Fe/H] and
their errors as obtained from Gilligan et al. [33].

Gaia DR3 Source ID l b AG [Fe/H]spec (Dex)

6226585956422527616 337.4 27.6 0.086 −1.61 ± 0.22
630421935431871232 208.4 53.1 0.039 −1.49 ± 0.10
6380659528686603008 311.2 −43.2 0.019 −1.79 ± 0.10
6483680332235888896 355.3 −43.1 0.012 −1.60 ± 0.14
6570585628216929408 1.0 −55.6 0.007 −2.13 ± 0.10
6573170751851975936 0.6 −54.2 0.008 −2.89 ± 0.10
6701724002113004928 340.6 −14.5 0.094 −1.70 ± 0.13
6730211038418525056 358.1 −15.6 0.058 −1.55 ± 0.13
6787617919184986496 15.7 −43.2 0.079 −1.65 ± 0.13
1009665142487836032 176.1 41.7 0.014 −1.64 ± 0.10

Note: Full table is available in machine-readable format as Supplementary Material .

2.3. The P-ϕ31-[Fe/H] Relation

We have fitted a linear relation between [Fe/H], period and ϕ31 of the form [13,14]:

[Fe/H] = a + b(P) + c(ϕ31) . (6)

We adopted the Orthogonal Distance Regression (ODR) routine, which is a part of
the SciPy (https://docs.scipy.org/doc/scipy/reference/odr.html, accessed on 1 May 2026)
module for multiple-variable linear regression. This method utilizes a modified trust-
region LM-type algorithm to estimate the best-fitting parameters. The primary reason
to choose ODR for fitting is because it minimizes the perpendicular distance to the fit
with no differentiation between dependent and independent variables. This is necessary
because metallicity here is estimated indirectly, and its measurements might have inherent
uncertainties. Also, it minimizes the sum of the squared perpendicular distances between
the data points and the fitted model. This approach considers both horizontal and vertical
deviations, ensuring a good fit not only along the x-axis (period) but also along the y-
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axis (ϕ31). The final predicted photometric metallicities ([Fe/H]TW) evaluated from this
regression are cataloged alongside the input parameters for each star in Table 2.

Table 2. The table consists of the Gaia IDs of stars in our calibration sample along with their derived
periods, Fourier parameters (ϕ31 and R21) and [Fe/H] predicted by our work ([Fe/H]TW Equation (7))
and the respective errors in each of the parameters.

Gaia DR3 Source ID Period (Days) ϕ31 (Rad) R21 [Fe/H] TW(Dex)

6226585956422527616 0.6985 5.69 ± 0.12 0.49 ± 0.03 −1.75 ± 0.88
630421935431871232 0.4524 4.84 ± 0.10 0.43 ± 0.02 −1.66 ± 0.79
6380659528686603008 0.5501 4.91 ± 0.18 0.48 ± 0.04 −2.13 ± 0.84
6483680332235888896 0.4796 4.94 ± 0.21 0.43 ± 0.06 −1.65 ± 0.86
6570585628216929408 0.5700 5.22 ± 0.18 0.43 ± 0.04 −1.75 ± 0.86
6573170751851975936 0.6687 4.89 ± 0.11 0.35 ± 0.03 −2.88 ± 0.82
6701724002113004928 0.5250 5.07 ± 0.09 0.42 ± 0.02 −1.72 ± 0.81
6730211038418525056 0.5893 5.76 ± 0.11 0.46 ± 0.03 −0.96 ± 0.87
6787617919184986496 0.5869 5.67 ± 0.06 0.45 ± 0.01 −1.10 ± 0.85
1009665142487836032 0.5974 5.45 ± 0.07 0.48 ± 0.02 −1.53 ± 0.84

Note: Full table is available in machine-readable format as Supplementary Material.

Our best-fit G-band P-ϕ31-[Fe/H] relation based on the Gaia DR3 light curves of 72
finally selected RRab stars is

[Fe/H] = −6.93 ± 0.58 − (6.04 ± 0.37)P + (1.65 ± 0.11)ϕ31; σ = 0.26 (7)

To determine the theoretical uncertainties in our predicted photometric metallicities,
we rigorously propagated the formal errors of the ODR fit parameters along with the intrin-
sic measurement uncertainties of the independent variables. Because the ODR algorithm
fits a multi-dimensional plane, the fitted coefficients are inherently correlated. Therefore,
we utilized the full covariance matrix (Cij) from the ODR output to properly account for
parameter anti-correlation. The total theoretical uncertainty for a given star is calculated as

σ2
[Fe/H] = C00 + P2C11 + ϕ2

31C22 + 2PC01 + 2ϕ31C02 + 2Pϕ31C12 + β2
1σ2

P + β2
2σ2

ϕ31
(8)

where β1 and β2 are the fitted coefficients for P and ϕ31, respectively, and σP and σϕ31 are
the measurement errors. Using this full covariance formulation, the average theoretical
uncertainty of our sample is equal to 0.26 dex. The calibration of our relation is done with
the spectroscopic metallicities of Gilligan et al. [33]. The empirical RMS dispersion in our
relation with respect to the calibration data is 0.26 dex, which is in excellent statistical
agreement with our theoretical error propagation.

3. Discussion
3.1. Comparison with Spectroscopic Metallicities

In order to test our G-band relation, we take metallicities within the calibration range
−2.88 ≤ [Fe/H] ≤ 0.13 (dex). We have plotted the spectroscopic [Fe/H] of these stars
with the corresponding [Fe/H] predicted using their respective ϕ31 and period from Gaia
DR3 G-band light curves. In Figure 5, we compare the spectroscopic [Fe/H] of these stars
with their corresponding estimated photometric [Fe/H] from this work. The error bars are
plotted to show the relative error in the [Fe/H] predicted by our relation.

The regression model achieved R2 = 0.80, indicating that it explains 80% of the
variance in the observed [Fe/H] values. This result suggests a good fit between the model
predictions and the spectroscopic metallicities. Furthermore, the negligible bias of 0.00 dex
demonstrates excellent alignment with the spectroscopic data, indicating that the model
exhibits no measurable systematic offset from the true [Fe/H] values. Finally, a scatter
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(σ) of 0.26 dex suggests that the predictions are reasonably clustered around the observed
values, with deviations of up to 0.26 dex in either direction.

These combined findings provide strong evidence that our G-band metallicity relation
is robust for estimating [Fe/H] in RRab stars.
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[Fe/H]spec

4

3

2

1

0

1

[F
e/H

] T
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R 2 = 0.80
Bias = 0.00
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Figure 5. Comparison of [Fe/H] predicted by our relation with that of the respective spectroscopic
[Fe/H]. The error bars for the predicted photometric metallicities are plotted with the relative errors
of [Fe/H] obtained considering errors in the fitting parameters a, b and c, and the Fourier parameter
ϕ31. The red solid line represents the R2 = 1 relation.

3.2. Comparison with Literature

We compared our G-band P-ϕ31-[Fe/H] relation (Equation (7)) with previous relations
found in the literature for similar passbands. In particular, we focus on the relations
found in Iorio and Belokurov [18] (hereafter IB21), Clementini et al. [23] (hereafter C23),
Li et al. [42] (hereafter L23) and Muraveva et al. [24] (hereafter Mv25) in Figure 6.
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Figure 6. Comparison of the [Fe/H] derived with our G-band P-ϕ31-[Fe/H] relation with that derived
using the relationship of IB21 (Iorio and Belokurov [18]) (top left), C23 (Clementini et al. [23]) (bottom
left), L23 (Li et al. [42]) (top right) and Mv25 (Muraveva et al. [24]) (bottom right), applied to the ϕ31

values derived in the Gaia DR3 dataset. The red solid line represents the R2 = 1 relation. Each plot
has its bias and scatter values mentioned separately.
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IB21 (Iorio and Belokurov [18]) introduced a G-band P-ϕ31-[Fe/H] relationship
for RRab stars, which were calibrated using a sample of 84 stars found by cross-
matching the spectroscopic sample of Layden [43] with the SOS (Specific Object Study;
Clementini et al. [44]) RRL catalog, which is based on Gaia DR2 light curves. To set the
coefficients on the same scale, an additional offset of π rad is subtracted from ϕ31 as the
SOS ϕ31 are reported in the Kepler photometric scale. Their P-ϕ31-[Fe/H] relation reads as

[Fe/H]IB21 = −1.68 − 5.08(P − 0.6) + 0.68(ϕ31 − 2.0) (9)

Metallicity in IB21 (Iorio and Belokurov [18]) was on the scale of Zinn and West [45]
(ZW84) and thus was converted using the following relation given by Carretta et al. [46]
(C09):

[Fe/H]C09 = 1.105[Fe/H]ZW84 + 0.160 (10)

C23 (Clementini et al. [23]) does not have an explicit relationship, but their cata-
logue (vari_rrlyrae) contains the photometric [Fe/H] determined by the SOS Ceph&RRL
pipeline for the Gaia DR3 light curves. We cross-matched the catalogue with ours to find
69 common RRab sources. We compare the photometric [Fe/H] derived from our relation
to that of vari_rrlyrae.

L23 (Li et al. [42]) built a linear P-ϕ31-R21-[Fe/H] relationship inspired by the com-
prehensive analysis of Dékány et al. [47]. They cross-matched the spectroscopic sample
of Liu et al. [48] with the photometric sample of C23 (Clementini et al. [23]) and derived
the following relation for 2046 RRab sources:

[Fe/H]L23 = −1.888 ± 0.002 − (5.772 ± 0.026)(P − 0.6) + (1.090 ± 0.005)(ϕ31 − 2)

+(1.065 ± 0.030)(R21 − 0.45)
(11)

To check if adding an extra R21 term to our relation improves the fit, we obtained a
plot of photometric metallicities derived from Equation (7) versus the one derived from the
following Equation (12)

[Fe/H] = −7.55 ± 0.63 − (5.81 ± 0.37)P + (1.57 ± 0.11)(ϕ31 − 2) + (1.96 ± 0.68)R21 (12)

Figure 7 shows that there is no significant difference in the photometric [Fe/H] with an
additional R21 term. While the inclusion of the R21 parameter does not yield a statistically
significant improvement in the overall metallicity estimates, we note that the correlation
coefficient between the predictions of the two models remains nearly 1 (R ≈ 1.0). Further-
more, our methodology and derived offsets can be contextualized alongside the recent
work by Jurcsik and Hajdu [49]. Utilizing Gaia DR3 data, they demonstrated that the raw
photometric metallicities for RR Lyrae stars can be highly unreliable and require revised cal-
ibrations. This aligns with our findings regarding the necessity of independent calibrations
and careful parameter selection to obtain robust metallicities.

We also compared our relation with that of Mv25 (Muraveva et al. [24]). They utilized
the ϕ31 and period values from vari_rrlyrae table of C23 (Clementini et al. [23]) and used
the Bayesian approach to derive their relation:

[Fe/H]Mv25 = (−5.55 ± 0.33)P + (0.94 ± 0.09)ϕ31 − (0.37 ± 0.20) (13)

It is to be noted that C23 (Clementini et al. [23]) uses a Fourier expansion in cosine
function so an additional π offset had to be subtracted from ϕ31 while comparing our
relation with that of L23 (Li et al. [42]) and Mv25 (Muraveva et al. [24]).
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Figure 7. Comparison of photometric metallicities obtained using Equations (7) and (12).

From Figure 6 it is clear that our G-band P-ϕ31-[Fe/H] relation aligns most closely
with those of L23 (Li et al. [42]) and Mv25 (Muraveva et al. [24]), both of which are based
on Gaia DR3 light curves and SOS-derived Fourier parameters. The small positive offset
seen relative to Mv25 (Muraveva et al. [24]) likely reflects differences in the construction
of their regression model rather than any intrinsic discrepancy in the underlying Fourier
quantities. Although C23 (Clementini et al. [23]) also utilizes DR3 photometry, their
metallicities originate from the non-linear SOS calibration inspired by Nemec et al. [15],
leading naturally to a systematic overestimation when compared to our linear relation. To
quantify this, the comparison for the 69 common stars shows a mean offset of only 0.03
rad (with a scatter of 0.13 rad) between our ϕ31 values and the SOS ϕ31 values (Figure 3
right panel). Because this phase difference is so small, it propagates to a metallicity shift of
only ∼0.04 dex. Therefore, we conclude that the systematic metallicity offset observed does
not primarily arise from differences in how the Fourier parameters were derived. Finally,
the comparison with IB21 (Iorio and Belokurov [18]) highlights the improvement in Gaia
photometry from DR2 to DR3, as indicated by the reduced scatter and smaller bias.

While recent large-scale studies (e.g., Clementini et al. [23], Muraveva et al. [24])
have similarly leveraged Gaia DR3 photometry to derive [Fe/H] relations, our work
distinguishes itself through its specific calibration methodology. The primary similarity
lies in the foundational use of the P-ϕ31 framework and the native Gaia G-band time-series.
However, the critical difference is our approach to the calibration sample. Whereas large-
scale surveys often rely on massive but heterogeneous calibration samples (incorporating
metallicities derived from varying spectroscopic resolutions and pipelines), our relation
is anchored exclusively to a highly curated, homogeneously analyzed sample of high-
resolution spectroscopic metallicities from Gilligan et al. [33].

The novelty of our work lies in prioritizing calibration purity and mathematical
rigor over sample size. By restricting our fit to this high-fidelity spectroscopic sample
and utilizing an Orthogonal Distance Regression (ODR) routine that fully accounts for
parameter covariance, our derived relation minimizes the systematic biases and zero-point
offsets that can plague heterogeneous datasets. Consequently, our calibration provides an
independent, mathematically strict empirical baseline for G-band [Fe/H] estimation that
complements the broader, machine-learning-driven relations currently in the literature.

4. Summary and Conclusions
In this work, we have presented a new, empirically calibrated G-band metallicity

relationship for fundamental-mode RRLs (RRab) using data from the Gaia Data Release
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3 (DR3). By combining high-quality photometry with robust spectroscopic metallicities, we
derived a linear relation linking the pulsation period (P), the Fourier parameter ϕ31, and
metallicity ([Fe/H]).

Our analysis was based on a carefully selected calibration sample of 72 RRab stars.
While recent literature often employs massive, structurally heterogeneous datasets to derive
photometric metallicities, our work establishes a complementary, high-purity empirical
baseline. These targets were identified through visual inspection of light curves to ensure
phase coverage and quality, and their metallicities were sourced exclusively from a homo-
geneously analyzed sample of high-resolution spectroscopic observations available in the
literature. By restricting our fit to this highly curated sample, we minimize the systematic
zero-point offsets that often affect results from large-scale surveys. The resulting P-ϕ31-
[Fe/H] relation yields a high correlation coefficient (R2 = 0.80), confirming the strength of
the correlation between the photometric parameters and metallicity.

We validated the accuracy of our relation by comparing the predicted metallicities
against the spectroscopic values of the calibration sample. By utilizing an Orthogonal
Distance Regression (ODR) fitting routine and rigorously propagating theoretical uncer-
tainties via the full covariance matrix, we ensured that our calibration is mathematically
robust. The residuals indicate a negligible bias of 0.00 dex and an empirical RMS scatter of
0.26 dex, which is in excellent statistical agreement with our theoretically derived errors.
This demonstrates that the relation provides precise metallicity estimates for stars within
the calibration range of −2.88 ≤ [Fe/H] ≤ 0.13 (dex). Furthermore, we investigated the
inclusion of the amplitude ratio R21 as an additional term in the regression model. Our tests
revealed that this added complexity did not yield a statistically significant improvement in
the metallicity estimation, justifying our adoption of the simpler period-ϕ31 formulation.
Although the addition of this parameter did not significantly alter the predicted [Fe/H]
values—yielding a correlation coefficient of nearly 1 between the two models—it ultimately
introduced unnecessary mathematical complexity without improving predictive accuracy.

Finally, we compared our results with existing relations in the literature. We found
the following:

• Excellent agreement with the recent relations of L23 (Li et al. [42]) and Mv25 (Muraveva
et al. [24]), which also utilize Gaia DR3 photometry. This consensus reinforces the
reliability of the Gaia G-band photometry for metallicity determination.

• An improvement in precision (lower scatter) compared to the relation of IB21 (Iorio
and Belokurov [18]), highlighting the superior quality of DR3 data over the preceding
DR2 release.

• A systematic offset when compared to C23 (Clementini et al. [23]), which we attribute
to their use of a non-linear calibration approach versus the linear regression model
employed in this work and other recent studies.

While our focus on calibration purity yields a robust and mathematically strict correla-
tion, we caution that these results are inherently constrained by the relatively small size of
our calibration sample (72 stars) and its limited metallicity coverage. Extrapolating these
relations to RR Lyrae stars with metallicities significantly outside the bounds of our current
sample should be approached with caution, as non-linearities may emerge in more extreme
metallicity regimes.

In conclusion, the updated G-band relation presented here offers a robust and straight-
forward tool for estimating the metallicities of RRLs. It is particularly well-suited for
large-scale studies of galactic structure and stellar populations in the era of Gaia.
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Supplementary Materials: The following supporting information can be downloaded at https:
//www.mdpi.com/article/10.3390/galaxies14030051/s1, Table S1: The calibration dataset of 72 RRLs
from Gaia DR3. Table S2: The table consists of the Gaia IDs of stars in our calibration sample along
with their derived periods, Fourier parameters (ϕ31 and R21) and [Fe/H] predicted by our work and
the respective errors in each of the parameters.
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