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The final equilibrium stage of stellar evolution can result in either a black hole or a compact object, such
as a white dwarf or neutron star. In general relativity, both stationary black holes and stationary stellar
configurations are known to be axisymmetric, and black hole rigidity has been extended to several higher
curvature modifications of gravity. In contrast, no comparable result had previously been established for
stationary stars beyond general relativity. In this work, we extend the stellar axisymmetry theorem to a
broad class of diffeomorphism-invariant metric theories. Assuming asymptotic flatness and standard
smoothness requirements, we show that the Killing symmetry implied by thermodynamic equilibrium
inside the star uniquely extends to the exterior region, thereby enforcing rotational invariance. This
demonstrates that axisymmetry of stationary stellar configurations is not a feature peculiar to Einstein
gravity but a universal property of generally covariant gravitational theories, persisting even in the presence
of higher curvature corrections.
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I. INTRODUCTION

Symmetry principles play a defining role in gravitational
physics, constraining both the dynamics and the possible
equilibrium configurations of self-gravitating systems.
Within general relativity, this structure is exemplified by
the famous uniqueness theorems, which demonstrate that
all asymptotically flat, stationary, and rotating electrovac-
uum black hole solutions of the Einstein equations must be
axisymmetric [1–3]. These results imply a remarkable
rigidity: once the global charges in a black hole spacetime,
such as mass, angular momentum, and electric charge are
fixed, the spacetime geometry is uniquely determined.
A parallel conclusion holds for self-gravitating matter

distributions. Assuming a viscous, heat-conducting fluid
interior in a stationary, nonsingular, globally hyperbolic,
asymptotically Minkowskian spacetime, the stationary
stellar configurations are likewise required to be axisym-
metric [4]. The close correspondence between these two
classes of results, one describing vacuum spacetimes with
horizons and the other extended matter configurations,
suggests a deeper universality in the structure of gravita-
tional equilibrium. Axisymmetry appears not as an inci-
dental property but as a manifestation of an underlying
geometrical constraint inherent to the dynamics of gravity.
Remarkably, in the black hole case, this aspect has also

been shown to persist, at least perturbatively, within several
higher curvature and modified theories of gravity [5]. Such
findings raise a natural but unexplored important question:
does an analogous result hold for a stationary stellar
equilibrium when Einstein’s theory is generalized? In other
words, is the axisymmetry of stationary stars a universal
feature of gravitational systems or a specific consequence
of the Einstein field equations?
From a broader theoretical standpoint, higher curvature

extensions of general relativity arise naturally in the effective
field theory description of gravity. Since the Einstein-Hilbert
action is perturbatively nonrenormalizable, quantum correc-
tions would generate an infinite tower of curvature operators
suppressed by the ultraviolet scale. These terms are therefore
not optional modifications but unavoidable contributions
obtained by integrating out short distance degrees of free-
dom, providing a systematic and diffeomorphism-invariant
parametrizationof deviations fromEinstein gravity. In higher
dimensional theories, the requirement of second-order field
equations uniquely selects the Lovelock class [6,7]. They
further appear as leading corrections in string theory, where
curvature scales approach the quantum gravity regime [8,9].
Phenomenologically, such terms offer a controlled arena to
test the robustness of classical results, including black hole
thermodynamics [10–14], andhelp identifywhich features of
gravitational dynamics are genuinely universal.
Modern approaches to quantum gravity, most notably

string theory and M-theory, naturally require additional
spatial dimensions and generically predict higher-curvature
corrections to the classical action. Likewise, braneworld
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constructions, such as the Randall-Sundrummodel, suggest
that our observable universe may be embedded in a higher-
dimensional bulk, leading to modified effective gravita-
tional dynamics on astrophysical scales. Although still
speculative, these frameworks can alter the strong-field
behavior of gravity and potentially leave imprints in the
structure and phenomenology of compact objects, as well
as in gravitational-wave signals detected by facilities like
LIGO and the Virgo Collaboration. Establishing (or refut-
ing) the persistence of axisymmetry in such generalized
settings is crucial for determining which features of sta-
tionary compact objects are truly universal and which
depend specifically on the special structure of four-dimen-
sional Einstein gravity.
The present study addresses the fundamental question of

the validity of the axisymmetry of equilibrium stellar
configurations beyond general relativity, particularly for
higher curvature frameworks. Our objective is to determine
the precise conditions under which axisymmetry remains
an inevitable feature of equilibrium and to clarify the extent
to which the geometric rigidity so intrinsic to general
relativity continues to hold in more general theories of
gravity. We demonstrate that the axisymmetry of stellar
equilibrium configurations is not a peculiarity of Einstein’s
theory alone but indeed extends to the entire Lovelock class
of gravities across arbitrary spacetime dimensions.
Furthermore, we establish that the result can also be
systematically generalized beyond the Lovelock family
to encompass a broad class of higher curvature gravitational
theories, thereby suggesting a remarkable universality of
geometric rigidity of stationary matter configurations even
in extended gravitational theories.

II. SUMMARY OF PREVIOUS WORK

To prepare the ground, we briefly summarize the
axisymmetry theorem for stellar configurations in general
relativity [4]. The proof crucially depends on Einstein’s
field equations, together with the assumptions of a fluid
with nonzero coefficients of heat conduction and viscosity
in a stationary, nonsingular, globally hyperbolic, asymp-
totically Minkowskian spacetime. The field equations
constrain the geometry strongly enough that any stationary
stellar configuration must admit an additional axial Killing
vector field. Thus, the dynamics of gravity combined with
the matter conditions impose a rigid constraint on the
symmetry of equilibrium states. Since the proof explicitly
relies on the Einstein equations, we revisit its key steps
before extending it to modified gravity theories.
Reference [4] begins with two central results concerning

relativistic fluids in stationary spacetimes. First, a non-
singular, asymptotically flat, stationary spacetime admit-
ting a Cauchy surface necessarily describes a fluid in
thermodynamic equilibrium. Stationarity implies the exist-
ence of a timelike Killing vector ηa along which all physical
fields, including the metric gab and entropy current sa, are

Lie transported. Defining the total entropy as an integral
over spacelike hypersurfaces generated along ηa, Gauss’s
theorem and ∇asa ≥ 0 together yield ∇asa ¼ 0, establish-
ing thermodynamic equilibrium.
The second result examines the implications of equilib-

rium for viscous, heat-conducting fluids. Starting with the
stress-energy tensor for the fluid as

Tab ¼ ρuaub þ ðp− ζθÞhab − 2ησab þ qaub þ qbua; ð1Þ

vanishing entropy production enforces σab ¼ 0, θ ¼ 0, and
qa ¼ 0, implying absence of shear, expansion, or heat flow.
Here, ρ denotes the energy density, p the pressure, and η
and ζ the coefficients of viscosity. By the Eckart theorem
[15], this leads to acceleration along the stationary flow
lines aa ∝ ∇aT, where T is the Tolman temperature, so that
ξa ≡ ua=T satisfies the Killing equation. Hence, the fluid
flow aligns with a spacetime symmetry, and the equation of
state becomes barotropic.
The next crucial step is to extend this Killing vector from

inside of the configuration to the outside. It is this step which
requires the use of Einstein’s field equations, particularly the
vacuum equationRab ¼ 0. Applying□ξa ¼ 0 and invoking
the Cauchy-Kowalewsky theorem [16], Ref. [4] uniquely
extended ξa beyond the stellar surface, showing via
Holmgren’s theorem [17] that it remains a Killing vector
in the exterior vacuum. After that, using asymptotic sym-
metry arguments associated with the Poincaré group as well
as the analyticity of the spacetime, this vector was identified
as the generator of azimuthal symmetry.
These results continue to hold in the presence of

electromagnetic fields under ideal magnetohydrodynamic
conditions, where the magnetization is advected with the
stellar four-velocity.

III. GENERALIZATION TO HIGHER-
CURVATURE THEORIES

Consider a local diffeomorphism-invariant metric theory
of gravity whose Lagrangian density is a scalar constructed
from the metric, the Riemann tensor, and its covariant
derivatives [18,19],

L ¼ Lðgjk; Rabcd;∇eRabcd;…;∇ðe1 � � �∇emÞRabcdÞ; ð2Þ

where parentheses denote total symmetrization with unit
weight. This symmetrization is imposed because any anti-
symmetric combination of covariant derivatives can be
rewritten using the commutator identity for covariant deriv-
atives, which merely generates additional curvature terms.
The vacuum field equations for a theory defined by the

Lagrangian (2) take the form [19]
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Eab ¼ −
1

2
gabLþ Pa

cdeRbcde − 2∇c∇dPcabd þWab ¼ 0:

ð3Þ

Here,

Pcdef ≡Xm
i¼0

ð−1Þi∇ðe1 � � �∇eiÞQ
e1���eicdef; ð4Þ

with

Qe1���eicdef ≡ ∂L
∂ð∇ðe1 � � �∇eiÞRcdefÞ

; i¼ 0;…;m: ð5Þ

The tensor Wab consists of terms built from covariant
derivatives of Qe1���eicdef together with curvature tensors. It
appears only when the Lagrangian depends explicitly on
derivatives of the curvature (m ≥ 1), and its full expression
can be found in the Supplemental Materials [20]. For purely
algebraic curvature theories (m ¼ 0), one has Wab ¼ 0.
With these preliminaries in hand, we now examine the

generalization of the stellar axisymmetry theorem and show
that the essential result continues to hold in such higher
curvature theories, in close parallel with the situation in
Einstein gravity.

A. Existence of the Killing vector

The first two results discussed in Sec. II, concerning a
general-relativistic fluid with nonzero viscosity and heat
conduction in thermodynamic equilibrium, remain valid in
any diffeomorphism-invariant metric theory of gravity for
which the stress-energy tensor is covariantly conserved,
∇aTab ¼ 0, and the Einstein equivalence principle holds.
This encompasses Einstein’s general relativity, Lovelock
gravity, metric fðRÞ gravity, and scalar-tensor theories with
minimal coupling. More generally, the theorem applies to
any minimally coupled diffeomorphism-invariant metric
theory of gravity described by a Lagrangian in Eq. (2) if it
obeys the Einstein equivalence principle. However, the
theorem may fail in theories with nonminimal matter
curvature couplings, such as fðR; TÞ models, or other
modified gravities where∇aTab ≠ 0. Throughout this work,
we restrict attention to theories inwhich this condition holds.
We therefore have an additional Killing vector inside the star,
which is proportional to the four velocity of fluid particles.
In Lovelock theories, the Lovelock action is polynomial in

the Riemann tensor and hence in ∂2g, so the principal symbol
of the field equations depends algebraically on both the
background curvature and the coupling constants. So multi-
ple solution branchesmayoccur, and on certain branches, the
principal symbol becomes degenerate [21–23]. To under-
stand the analyticity of the metric in such a theory, let us
consider a globally hyperbolic asymptotically Minkowskian
stationary spacetime ðM; gÞ and fixedp∈M. Let us choose

stationary coordinates ðx0; xαÞ nearp adapted to the timelike
Killing field η so that

η ¼ ∂x0 ; ∂x0gab ¼ 0: ð6Þ

In these coordinates, all x0-derivatives vanish, so the curva-
ture tensor depends only on spatial derivatives of g up to the
second order. Write u ¼ ðuAÞ ¼ ðgabÞ, viewed as functions
of the spatial variables xα only. On

Ω� ≔ fdetðgÞ ≠ 0g ∩ fg00 ≠ 0g; ð7Þ

the stationary Lovelock field equations can be written as a
second-order partial differential equations system in the
spatial variables

ΦAðxα; u; ∂u; ∂2uÞ ¼ 0: ð8Þ

Because g−1 is rational in g and the Riemann tensor is
polynomial in ðg−1; ∂g; ∂2gÞ, each ΦA is real-analytic in
ðxα; u; ∂u; ∂2uÞ on Ω�. The dependence on ∂

2u is generally
nonlinear. The above stationary reduction, with an appro-
priate coordinate choice, is elliptic only on those regions of
spacetime (and on those branches of the theory) where the
curvature-dependent principal symbol is uniformly invertible
and satisfies a quantitative positivity bound. At points of
degeneration, one expects the loss of well posedness of the
stationary boundary value problem, possible change of
partial differential equation type, and failure of analytic
elliptic regularity. From an effective-field-theory viewpoint
[5], this “elliptic region” hypothesis is natural on the Einstein
branch in the low-curvature regime where higher-curvature
corrections are perturbative since there the Lovelock princi-
pal symbol is a small perturbation of the Einstein principal
symbol and uniform ellipticity is stable under such pertur-
bations.We therefore restrict our analysis to a nondegenerate
(elliptic) branch/region where the stationary, gauge-fixed
operator has a uniformly invertible principal symbol with
respect to spatial covectors.
Let

PA
Bðx; ζÞ ¼

∂ΦA

∂ð∂α∂βuBÞ
ζαζβ; ζ∈ ðRD−1Þ�nf0g; ð9Þ

denote the principal symbol of (8) inMorrey’s sense [24,25].
After imposing a standard local gauge fixing that removes
diffeomorphism degeneracy (for example, a DeTurck modi-
fication), assume there exists a neighborhood U of p on
which PðζÞðxÞ is invertible for all ζ ≠ 0 and satisfies a
uniform strong ellipticity bound. Since g∈C3, we have
u∈C2þμ, with 0 < μ < 1. The system (8) is analytic and
uniformly elliptic on U. Hence, by Morrey’s analytic
regularity theorem for analytic uniformly elliptic second-
order systems, u is real-analytic on U. Therefore, the
stationary vacuum Lovelock metric components gab are
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real-analytic in the spatial variables near p and (by statio-
narity) independent of x0, like the case of Einstein theory
discussed in [26,27].
For the general case of the diffeomorphism-invariant

theories described by the Lagrangian in Eq. (2), in an
effective field theory setting, one can assume an expansion
of the metric about an analytic stationary Einstein back-
ground gð0Þab . At each order, the corrections satisfy an elliptic
equation with analytic coefficients and an analytic source
determined by lower orders. Inductively, each coefficient in
the expansion is analytic. While this argument establishes
only termwise analyticity of the perturbative solution, it
demonstrates that analytic regularity persists provided the
background lies in thenondegenerate elliptic stationary class.
Now, assuming that the stellar surface, say Σ, is com-

patible with the exterior geometry and constitutes a
noncharacteristic surface of the equation

□ξa ¼ −Ra
bξ

b; ð10Þ

the Killing vector can be extended to the exterior region by
means of this equation. Since ξa satisfies theKilling equation
throughout the stellar interior, continuity ensures that
Eq. (10) also holds on the stellar surface. Using the
analyticity of the metric discussed above, we can assume
that the coefficients in Eq. (10) are analytic on the surface of
the star, and we can take ξb and ∂aξb on the stellar surface as
analytic initial Cauchy data. The Cauchy-Kovalevskaya
theorem then implies the existence of a unique solution just
outside the surface of the star [17,28–30].

B. Properties of the extension beyond the surface

1. Lovelock theory

We begin with Lovelock theories of gravity. The field
equations of a general diffeomorphism-invariant metric
theory typically involve higher-order derivatives and may
exhibit various pathologies, including perturbative ghost
modes. A well motivated and distinguished subclass is
provided by the Lovelock theories, whose equations of
motion remain second order and are free from ghost
instabilities [6,31,32]. These theories correspond to
Lagrangians that depend only on the metric and the
Riemann tensor, that is, the case m ¼ 0 in Eq. (2), together
with the defining conditions

∇iPabcd ¼ 0; Wab ¼ 0; ð11Þ

where the index i may be any index of the tensor Pabcd.
To show that the vector field ξ, extended beyond the

stellar surface, becomes a Killing vector in the exterior
region, we begin with the vacuum field equation of
Lovelock theories, given in Eq. (3), which reduces to

Ra
b ≡ Pb

mcdRa
mcd ¼ 0: ð12Þ

The tensor Pb
mcd, defined in Eq. (4), results from differ-

entiating the Lovelock Lagrangian with respect to the
Riemann tensor. It incorporates the contributions of all
Lovelock densities up to the highest nontrivial order
permitted by the spacetime dimension and shares the
algebraic symmetries of the Riemann tensor. Despite being
derived from an action that includes higher curvature
invariants, the field equations (12) remain strictly second
order in the metric, thereby avoiding Ostrogradsky insta-
bilities and ensuring a well posed classical theory. The
tensorRa

b thus serves as a generalized Ricci tensor, whose
vanishing characterizes the vacuum sector of Lovelock
gravity.
Since LξRa

b ¼ 0, it leads to a differential equation of
the deformation tensor tab ≡∇aξb þ∇bξa. It characterizes
how the flow generated by ξa locally distorts the metric or
nearby worldlines. When tab ¼ 0, the vector field ξa is
Killing. More generally, tab describes the expansion and
shear of the associated congruence, with the antisymmetric
part removed.
Using the symmetries of the Riemann tensor together with

the Lovelock vacuum equations, we obtain the final equation
as [see Eq.(I.26) in the Supplemental Materials [20] ]

0¼Pbm
cdð∇d∇atcm−∇d∇mtacÞ

þ 1

2
Pb

mcdðRe
mdctae−Ra

edctemÞ

þRa
mcd

�
2
∂Pb

mcd

∂Ra0m0c
0d0 ∇d0∇a0tc0m

0 −
∂Pb

mcd

∂ga
0b0 ta

0b0
�
: ð13Þ

In the case of general relativity, we have Pb
mcd ¼

ðδcbgdm − δdbg
cmÞ=2; and the above identity reduces to the

Eq. (21) of [4].
The linear, second order, coupled system of partial

differential equations in Eq. (13) for the deformation tensor
tab constitutes a Cauchy problem whose initial data are
prescribed on a spacelike, noncharacteristic hypersurface
Σ. As we show below, Holmgren’s uniqueness theorem
[17,28] implies that the only solution compatible with
vanishing initial data is the trivial one, tab ¼ 0.
The tensor tab depends on the vector field ξa, the metric

gab, and their first derivatives. We assume the matter
configuration is regular in the sense that the stress-energy
tensor Tab is bounded in the stellar interior and vanishes
smoothly in the exterior such that the surface Σ of the star
remains compatible with the exterior geometry. Through
the higher-curvature field equations, this means that the
spacetime ðM; gabÞ is a nonsingular Lorentzian manifold
of sufficient differentiability for the field equations to be
well defined, with all curvature invariants remaining finite
throughout the region under consideration. At the surface Σ
of the star, we assume the pressure to vanish, while one can
allow a bounded jump in the density ρ across the surface.
From the junction conditions, appropriately generalized to

DUBEY, KOLEKAR, and SARKAR PHYS. REV. D 113, 104009 (2026)

104009-4



Lovelock theories [33–37], then the metric and its first
derivatives are continuous across Σ, and all second deriv-
atives are continuous, except for ∂n∂ngab, where ni is the
normal to Σ and where there could be a discontinuity. The
construction of the extension ensures that ξa and its first
derivatives are also continuous across Σ. Consequently, tab
is continuous across Σ, and since it vanishes in the interior
region, it must vanish on Σ itself. We next examine the first
derivatives of tab,

∂ctab ¼ ∂cðξd∂dgab þ gad∂bξd þ gdb∂aξdÞ: ð14Þ

In Eq. (14), the only term containing a second derivative of
the metric is ξd∂c∂dgab, which is continuous across Σ since
ξa is tangent to Σ. To show continuity of the relevant second
derivatives of ξa, we use Eq. (10). Expanding its left-hand
side in coordinates gives

∇a∇aξb ¼ gcd∂c∂dξb − Rb
cξ

c

þ ξd∂dðgceΓb
ceÞ þ Fbðg; ∂g; ξ; ∂ξÞ; ð15Þ

where the functionFb depends only on themetric, the vector
field, and their first derivatives, and is therefore continuous
acrossΣ. Combining Eq. (10) with Eq. (15) yields an explicit
expression for the second derivatives of ξb,

gcd∂c∂dξb ¼ −ξd∂dðgceΓb
ceÞ − Fbðg; ∂g; ξ; ∂ξÞ; ð16Þ

whose right-hand side is continuous at Σ. Thus, all terms
appearing in the first derivatives of tab are continuous across
Σ, and ∂ctab also vanishes on Σ.
The tensors tab and ∂ctab on Σ therefore supply Cauchy

data for Eq. (13). In a stationary vacuum spacetime, the
metric is analytic in suitable coordinates, and since Eq. (13)
forms a linear system with analytic coefficients, Holmgren’s
uniqueness theorem [17,28] guarantees that the vanishing
initial data lead to the unique analytic solution tab ¼ 0.
Hence, the extension defined by Eq. (10) must be a Killing
vector field in the exterior region.
Stationarity implies the existence of an additional Killing

vector field ηa. Denoting by lb the Lie derivative of ξb along
ηa, and using the fact that ηa commutes with the wave
operator, we obtain

□lb ¼ Lηð□ξbÞ ¼ −Rb
clc: ð17Þ

In the last step, we have used Eq. (10) and the fact that the
Lie derivative of the Ricci tensor vanishes along a Killing
vector field. The equation admits lb ¼ 0 as a solution, and
by the uniqueness result established above, with vanishing
Cauchy data on the stellar surface, this solution is the only
one. Therefore, the two Killing vector fields commute.

2. Gravity beyond the second order

The situation becomes more involved once one goes
beyond Lovelock’s theories. In general, in higher-curvature
or effective models, the field equations acquire additional
dynamical features. Setting LξEab ¼ 0 in Eq. (3) gives the
linear differential equation with at most (mþ 4) derivatives
of tab, with tab ¼ 0 as a solution (see Eq. (I.42) of the
Supplemental Materials [20]). In the generic situation—
absent Lovelock-type cancellations—this bound is satu-
rated, so the principal part of LξEab has the differential
order mþ 4 acting on tab.
To prove the uniqueness of the solution tab ¼ 0, we

proceed as in the preceding subsection. We assume that
the star has a bounded stress-energy tensor with at most a
finite jump across the surface Σ, and one can then have
g∈Cmþ3, and no components with differential order mþ 4
that appear are discontinuous except perhaps for the
nink∂ni∂nkgab, similar to the case in Lovelock theories.
Then∇rþ1ξ, and hence∇rt, are continuous across the stellar
surface Σ for all r ≤ mþ 3 (see the Supplemental Material
[20]). Since tab ¼ 0 inside the star, continuity gives

∇rtabjΣ ¼ 0 ð∀ r ≤ mþ 3Þ: ð18Þ

Equivalently, one may view LξEab as a linear differential
operator in tab ¼ Lξgab by replacing Lξg ↦ t and
LξΓ ↦ 1

2
g−1 �∇t, yielding a homogeneous equation

Gab½t� ¼ 0 with principal order mþ 4. On the spacelike,
noncharacteristic hypersurfaceΣ then, the normal derivatives
vanish up to order (mþ 3),

ðn ·∇ÞktabjΣ ¼ 0; ðk ¼ 0; 1;…; mþ 3Þ; ð19Þ

and the intrinsic constraints induced onΣ byGab½t� ¼ 0 hold.
This bootstrap provides the full vanishing jet∇rtjΣ ¼ 0 for all
r ≤ mþ 3, ensuring the sufficient initial data for the Cauchy
problem of order-(mþ 4) t-equations (see the discussion
below Eq. (I.42) of the Supplemental Materials [20]).
The uniqueness theorem of Holmgren, applied to higher-

order differential equations, again yields tab ¼ 0 as a
unique solution just outside the surface of the star, as
t ¼ 0 is a solution of system of partial differential equations
(PDEs) [17]. Therefore, ξa is a Killing vector field.
Furthermore, it commutes with the timelike Killing vector
field ηa, the proof of which is identical to the case of
Lovelock theory discussed in the previous subsection.
Furthermore, Eq. (17) holds, and lb is a unique solution
for the general theory. So, the Killing vector fields ξb and ηb

commute with each other.

C. Axisymmetry of the exterior spacetime

In the preceding subsections, we extended the Killing
vector field ξa into a small open neighborhood in the
exterior of the star in a regime where the metric, as well as
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the exterior geometry, is analytic. The analyticity of the
exterior geometry tells us that the components of ξa are also
analytic. Therefore, by analytic continuation, the Killing
vector fields discussed in the preceding subsections can be
extended to cover the full spacetime outside the star.
Consequently, the manifold admits two globally defined
Killing vector fields, which commute with each other. We
now ask: “What symmetry does the isometry generated by
these Killing vector fields encode?” To answer this, we
assume the spacetime to be asymptotically Minkowski. The
Minkowski spacetime possesses the full Poincaré group of
isometries; any Killing vector in the physical spacetime
must, in that asymptotic region, resemble one of the
Poincaré generators.
A spacetime containing a localized matter distribution,

such as a star, cannot admit spatial translation or Lorentz
boost invariance globally, as these would shift or deform
the matter distribution. Invariance under a continuous
symmetry requires the existence of a Killing vector field
that leaves both the metric gμν and the matter fields
invariant. For a localized star, the stress-energy tensor
Tμν is nonvanishing only within a finite spatial region and
decays outside the surface, thereby selecting a preferred
center and breaking spatial homogeneity. A spatial trans-
lation would displace the support of Tμν, producing a
physically distinct configuration, and thus cannot corre-
spond to an isometry of the spacetime. Similarly, Lorentz
boost invariance would require the absence of a preferred
rest frame; however, a star defines a natural frame. Under a
boost, the matter configuration acquires momentum density
and Lorentz contraction, altering Tμν and therefore the
associated geometry. Consequently, while such a spacetime
may admit time-translation symmetry (if stationary) and
rotational symmetry (if axisymmetric), it cannot possess
global spatial translation or boost symmetries, reflecting the
explicit breaking of Poincaré invariance by localized
gravitating matter. Thus, the only reasonable symmetries
are those of time translations and spatial rotations. The
globally timelike Killing vector field ηa accounts for the
time-translation symmetry. Consequently, the other Killing
vector field ξa must represent a linear combination of a
rotational generator and the timelike generator. Hence, the
spacetime admits rotational invariance about an axis; in
other words, it is axisymmetric.

IV. SUMMARY AND CONCLUSION

In this work, we have shown that the axisymmetry of
stationary rotating stars is not a special feature of Einstein
gravity but a robust property of a wide class of diffeo-
morphism-invariant metric theories, including Lovelock
gravity and higher-curvature extensions. The key ingre-
dients behind this result are the conditions of thermody-
namic equilibrium, conservation of the stress-energy
tensor, and the regularity of the stellar surface. These
ensure the existence of a Killing vector aligned with the

fluid flow inside the star and allow its unique extension into
the exterior vacuum.1 We justified that, for Lovelock
theories, the metric of a stationary vacuum spacetime is
analytic, provided appropriate coordinates and assumptions
are adopted, via the Morrey theorem. It then follows that
the extension into the exterior vacuum region is unique, as a
consequence of the second-order nature of the field
equations together with standard results on analytic unique-
ness. For higher derivative theories, the deformation
equations become higher order but remain sufficiently well
behaved to guarantee that the extended vector continues to
satisfy the Killing equation in the exterior.
The combination of this extended Killing vector with the

stationary Killing field leads to two commuting sym-
metries. Asymptotic flatness then plays a decisive role: it
restricts the asymptotic symmetry algebra to that of the
Poincaré group, leaving only time translations and spatial
rotations as compatible with a localized matter distribution.
Hence, the second Killing vector must generate a rotational
symmetry at infinity, enforcing axisymmetry of the full
spacetime.
In precise mathematical terms, we can write down the

following proposition:
Proposition 1. Let ðM; gÞ denote a globally hyperbolic

asymptotically Minkowskian stationary (nonstatic) space-
time having a viscous heat-conducting fluid confined to a
finite region of M. We assume that the coefficients of
viscosity and the heat conduction coefficients are positive,
and the pressure vanishes on the surface Σ separating the
exterior vacuum and the confined fluid. Furthermore, also
assume thatΣ is compatiblewith the exterior geometry. Then,
in a diffeomorphism-invariant metric theory of gravity, for
which the stress-energy tensor is covariantly conserved,
∇aTab ¼ 0, and the Einstein equivalence principle holds
if there exist an analytic atlas with respect towhich themetric
gab is an analytic tensor field in a stationary vacuum
spacetime then ðM; gÞ will be axisymmetric.
We allow the spacetime dimension D ≥ 4. The analysis

therefore applies to Lovelock theories in general dimen-
sions, where higher-curvature terms contribute nontrivially
to the field equations. In four spacetime dimensions,
however, the Gauss-Bonnet term is purely topological
and higher-order Lovelock densities vanish identically,
so the Lovelock theory reduces to ordinary general rela-
tivity. Consequently, in D ¼ 4 our results reproduce the
general-relativistic case, while for D > 4 they extend the
axisymmetry theorem to genuinely higher-curvature gravi-
tational dynamics.
The universal axisymmetry property leads to important

observational consequences. In any theory consistent with
our assumptions, a rotating star cannot remain stationary

1The theorem on axisymmetry will also hold for a nonvacuum
exterior if the matter distribution outside has sufficient decay
property and such that LξTab ¼ 0 in the exterior.
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while carrying nonaxisymmetric multipolar structure. A
robust detection of persistent violation of axisymmetric
would therefore signal new gravitational physics, suggesting
either a breakdown of metric theories or violations of the
equivalence principle. Such effects could manifest in gravi-
tational wave observations, where such asymmetries would
distort the quasinormal mode spectrum, or in high resolution
event horizon telescope images, where shadow or emission
features could indicate nonstandard exterior symmetries. In
addition, precise tracking of stellar orbits near the galactic
center black hole provides a further channel to probe possible
departures from axisymmetry. Thus, confirming axisymme-
try of stellar exterior along with the black hole results
reinforce confidence across awide class of effective theories,
while its violation would open a rare observational window
into nonmetric gravitational dynamics.
Finally, our results highlight natural directions for further

work. The role of boundary conditions deserves closer
examination in spacetimes that are not asymptotically flat.
In de Sitter space, the absence of spatial infinity and the
presence of cosmological horizons complicate the identi-
fication of rotational generators. In anti–de Sitter space, the

richer asymptotic symmetry group and the need for
boundary conditions at the conformal boundary may allow
or forbid different symmetry extensions. Extending the
analysis to these cases, and to more general matter models,
including strong magnetic fields or dissipative effects,
would help clarify how far the universality of axisymmetry
extends beyond the scenarios considered here.
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