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Precise measurements of the cosmological impact of dark sector relics can shed light on physics beyond
the StandardModel. In thisworkwepresent Fisher forecasts onnonthermal lightmassive relics (LiMR)models
for a CMB Stage IV-like experiment and the Simons Observatory—particularly focusing on a model of
inflaton/moduli decay giving rise to nonthermally distributed dark sector particles, and also comparing our
results with those for sterile particles following the Dodelson-Widrow distribution. Two independent
parameters, the effective number of extrarelativistic species ΔNeff and the effective mass Meff

sp of the relic,

influence linear cosmological observables.We findΔNeff to bemore tightly constrainedwithσðΔNeffÞ ∼ 10−3,
for a less abundant, heavier LiMR, which becomes fully nonrelativistic aroundmatter-radiation equality than a
more abundant, lighter LiMR, which becomes fully nonrelativistic just after recombination, for which
σðΔNeffÞ ∼ 10−2. The uncertainties onMeff

sp differ by a factor of ∼3 between the two cases. Our analysis also
reveals distinct parameter correlations: the phenomenological parameters fΔNeff ;Meff

sp g are found to be
negatively correlated for the former case and positively correlated for the latter. We obtain similar projected
uncertainties on the cosmological parameters (in either case) for both the inflaton/moduli decay and the
Dodelson-Widrow models when the first two moments of the LiMR distribution function, related to the
phenomenological parameters, are matched. Finally, by constructing a modified distribution that matches
the first two moments of the Dodelson-Widrow but deviates maximally in the third moment, we demonstrate
that CMB Stage IV data is not expected to be sensitive to higher moments of the distribution.

DOI: 10.1103/cyq6-hnl2

I. INTRODUCTION

The cosmic microwave background (CMB) provides a
snapshot of the Universe at the time of recombination—
when electrons and protons combined to form hydrogen
atoms—which occurred about 380,000 years after the end
of inflation. Post recombination, photons decoupled from
the cosmic plasma giving rise to the CMB. Likewise,
neutrinos decoupled from the plasma when the expansion
rate of the Universe exceeded the rate of weak interactions,
when the Universe was about a second old. This gave rise to
the cosmic neutrino background (CνB), which has not been
detected yet, but analysis of CMB anisotropies (e.g., [1–3])
and agreement between calculated and observed primordial
abundances of light elements indirectly establishes its
presence [4]. An important observable in any cosmological

model is the energy density in radiation at the time
of recombination. Within the Standard Model (SM),
photons and neutrinos are the sole contributors to this.
More generally, with beyond the Standard Model (BSM)
physics, there can be contributions from other species.
Observational results are usually reported by making use
of the quantity Neff, the effective number of neutrino
like species contributing to the radiation energy density
before photon decoupling, in addition to that of photons.
Current constraints on Neff from CMB measurements are
2.99� 0.17 (68% CL; Planck Temperature–Temperature
(TT), Temperature-E(electric) mode polarization (TE),
EEþ lensingþ BAO) [5] and Neff < 3.08 (one tail 95%;
P-ACT-LB) [6], which are consistent with the SM pre-
diction of Neff ¼ 3.044 [7–9]. However, there is still room
for ΔNeff ≡ Neff − 3.044 ≠ 0 once we include recent
Baryon Acoustic Oscillations (BAO) measurements from
Dark Energy Spectroscopic Instrument (DESI) DR2:
Neff ¼ 3.10� 0.17 (68% CL; DESIþ CMB) [10] and
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Neff ¼3.23�0.18 (68% CL; DESI BAOþCMB) [11]. So
the possibility of the existence of extra relativistic particles
is not ruled out yet. Furthermore, Neff will be probed with
even greater precision with future CMB experiments. For
example, an experiment with the specifications of the CMB
Stage IV (CMB-S4) survey will have far better sensitivity
to Neff , with a target of σðNeffÞ ¼ 0.02–0.03 for the ΛCDM
model extended by Neff [12]. A quantitative understanding
of possible constraints on theoretical models with the
expected data quality from CMB-S4 is timely.
The presence of new light relics that behave as “dark

radiation” and contribute to ΔNeff , is a generic feature of
many BSM proposals. Sources for dark radiation include
sterile neutrinos (e.g., [13–15]) and axions (e.g., [16–22]),
among others.1 Certain studies propose the existence of
sterile neutrinos [23–25] to address anomalies in neutrino
oscillation data [26,27]. In spite of the particle physics
motivation, a fully thermalized fourth sterile neutrino that
decoupled along with the standard neutrinos is ruled out
due to stringent constraints on Neff mentioned above [5].
Models with more complicated structures for the neutrino
sector have also been proposed (e.g., [28]), and possible
constraints from cosmological data have been investigated
[29]. However, hot thermal relics that decoupled from the
SM plasma at an earlier time than neutrino decoupling
could be exempted from the strong constraints on Neff .
Thermal relics with decoupling temperatures above the
top quark mass have the following minimal contributions:
ΔNeff ¼ 0.027 for a Goldstone boson, ΔNeff ¼ 0.047 for a
Weyl fermion, and ΔNeff ¼ 0.054 for a vector boson [30].
The cosmological impact of such massless light relics (or
relics with masses m ≪ eV) is completely captured by the
Neff parameter [17]. They primarily affect the expansion
of the Universe, causing a suppression of the damping tail
of the CMB power spectrum as well as a phase shift in the
baryon acoustic oscillations [1,17,20,31,32].
The other possibility is that of light massive relics

(LiMRs)—massive particles that contributed to the radia-
tion energy density in the early Universe and to the matter
energy density at late times. The LiMR mass is an
important parameter as it controls the time at which the
LiMR transitions to being nonrelativistic, after which it
behaves as a subcomponent of the total dark matter (DM)
component of the Universe. Increasing the effective mass of
the LiMR primarily affects the CMB power spectrum at
low multipoles through the late Integrated Sachs-Wolfe
(ISW) effect and CMB lensing [4,33,34]. In Ref. [35],
the authors combined CMB and LSS data to obtain
limits on the masses of thermally decoupled species X

[with a present day temperature of Tð0Þ
X ¼ 0.91 K]: mX ≤

11; 2.3; 1.6 eV for scalars, Weyl fermions, and vectors,

respectively. Fisher forecasts for such LiMRs, with masses
ranging from 10−2 eV ≤ mX ≤ 10 eV and temperatures
in the range ½0.91 K; 1.50 K�, have been performed in
Ref. [36] to predict constraints on gX, the number of
degrees of freedom of the LiMR, from the CMB-S4
experiment.
While much of the literature has focused on thermal

relics, this paper deals with LiMRs in nonthermal distri-
butions. Various well-motivated models have been pro-
posed to generate species with nonthermal distributions in
the early Universe. One of the familiar categories is through
mixing of active neutrinos [37,38], while another is through
the decay of heavy particles in the early Universe [39–44].
Belonging to the latter category is the perturbative decay of
the inflaton [45] or the decay of the moduli due to vacuum
misalignment (see, for instance, Ref. [46]). We focus on
two concrete examples of such distributions to draw out
the main features: the first arises from the inflaton/moduli
decay in the early Universe (e.g., [40,43]). The second
distribution we examine is the Dodelson-Widrow distribu-
tion [37,47], originally proposed for sterile neutrinos. We
perform Fisher forecasts for these models to quantify the
expected uncertainties on their parameters that are expected
from a survey with the specifications of the CMB-S4
experiment.2 We also investigate how features of the shape
of the LiMR distribution function can affect observables.
The paper is structured as follows: Sec. II gives a brief

review of some basic aspects of the LiMR models, Fisher
forecasts, and future experimental prospect. We discuss our
implementation in Sec. III. Our results are presented in
Sec. IV. In Sec. V, we discuss the effect of the shape of the
distribution function. We conclude in Sec. VI.

II. REVIEW

A. Light massive relics

We begin by discussing some general aspects of LiMR
models. The influence of LiMRs on linear cosmological
observables can be characterized by three parameters (see
Ref. [47] for details).

(i) ΔNeff : This parameter represents the contribution of
LiMRs to the Universe’s relativistic energy density
before photon decoupling. It is defined as (gs is a
degeneracy factor),

ΔNeff≡ρrelsp

ρν
¼ gs
7=4

�
1

π2

Z
dpp3f̂ðpÞ

���
7π2

120
ðT id

ν Þ4
�
;

ð1Þ

1See Ref. [12] (and references therein) for discussion of other
possibilities and their prospects for detection by the CMB-S4
experiment.

2The preparation of this manuscript was completed before the
descoping of the CMB-S4 project. Since then, we have revised
the manuscript and included forecasts for a cosmic variance–
limited experiment in addition to those of a CMB-S4–like
experiment. We have also included forecasts for the Simons
Observatory-Large Aperture Telescope (SO-LAT) in Sec. IV.

ARKA BANERJEE et al. PHYS. REV. D 113, 043506 (2026)

043506-2



where f̂ðpÞ is the momentum distribution
function of the LiMR, and T id

ν ≡ ð4=11Þ1=3Tγ is
the neutrino temperature in terms of the photon
temperature, assuming instantaneous neutrino
decoupling.

(ii) Meff
sp : This parameter represents the contribution

of the LiMR to the Universe’s current energy
density, and it is defined as (g0s is a degeneracy
factor),

Meff
sp

94.05 eV
≡ ωsp ¼

g0s
3=2

�
msp

π2

Z
dpp2f̂ðpÞ

��
h2

ρ0crit

�
;

ð2Þ

where h is the reduced Hubble constant and ρ0crit
denotes the critical density of the Universe today.

(iii) hvfsi: The typical free-streaming velocity of the
particles today, given by

hvfsi≡
gs
7=4

R
dpp2 p

msp
f̂ðpÞ

g0s
3=2

R
dpp2f̂ðpÞ

¼ 5.236 × 10−4
ΔNeff

Meff
sp

:

ð3Þ

Note that only two of the three parameters are indepen-
dent. In our study, we will utilize Meff

sp and ΔNeff as
phenomenological parameters to investigate the impact
of LiMRs. Also, the above described parameters are
determined by the first two moments of the distribution
function. We will examine the role of higher moments in
Sec. V. Note that the parameter gX of Ref. [35] is related to
our gs; g0s. But unlike in Ref. [35], where the uncertainties
on ΔNeff or Meff

sp (equivalently ΩX) were obtained by
translating the predicted uncertainty on gX, here we shall
find the uncertainties on these phenomenological param-
eters by varying the mass msp and a model specific
parameter (see below), which enters into the momentum
distribution function.
Next, we describe the two LiMR distribution functions

that we will consider in the paper.

1. Distribution function associated with production
via decay of the inflaton/moduli

During reheating after inflation or an epoch of
moduli domination, the early Universe can go through a
matter-dominated era with its energy density dominated
by heavy cold particles (ϕ). In addition to the decay
to the SM sector, the ϕ particle can decay to a LiMR
in the dark sector. This typically occurs via a 1 → 2
process,

ϕ⟶
Bsp

xx;

where x stands for the LiMR.3 The production rate of x is
controlled by the decay lifetime τ, the mass mϕ, and the
branching ratio Bsp. LiMRs produced via this mechanism
have the following momentum distribution (as given in
Ref. [43]; see Appendix A for further details):

fðqÞ ¼ 32

πÊ3

�
Nð0ÞBsp

ŝ3ðθ�Þ
�
exp ð−ŝ−1ðyÞÞ
jqj3Ĥðŝ−1ðyÞÞ : ð4Þ

Here Ê is the energy of the particles at production, Nð0Þ is
the initial number density of the ϕ particles, ŝðθÞ≡ aðtÞ is
the scale factor as a function of dimensionless time θ (with
θ� indicating the time by which all the ϕ particles have
decayed), ŝ−1 is the functional inverse of the scale factor
function, and Ĥ ¼ ŝ0ðθÞ=ŝðθÞ is the dimensionless Hubble
parameter. The argument of the distribution function is
q≡ p=Tncdm;0 where Tncdm;0 is the typical momentum of
the LiMRs today. Motivated by the expectation that most ϕ
particles decay well before θ�, the authors in Ref. [43] took
Tncdm;0 ¼ Ê

4

aðt�Þ
aðt0Þ, which leads to the following constraint

on jqj, when coupled with Eq. (A8),

4

ŝðθ�Þ < jqj < 4: ð5Þ

The model has four microscopic parameters: mϕ; τ; Bsp,
and msp. We will take the first two parameters to be
mϕ ∼ 10−6MPl and τ ∼ 108=mϕ (motivated by having ϕ to
be driving inflation at the GUT scale and decaying by GUT
scale interactions). The phenomenological parameters
fΔNeff ;Meff

sp g are related to the model parameters by the
following expressions [43]:

ΔNeff ¼
43

7

Bsp

1 − Bsp

�
g�ðTðtνÞÞ
g�ðTðt�ÞÞ

�
1=3

; ð6Þ

Meff
sp ¼ 62.1msp

g1=4� ðTðt�ÞÞ
Bsp

ð1 − BspÞ3=4
�
MPl

τm2
ϕ

�
1=2

; ð7Þ

where tν is the neutrino-decoupling time and g�ðTðtÞÞ is the
effective number of degrees of freedom at a temperature T
(corresponding to a time t).

3Here x behaves as a hot/warm dark matter candidate. Cold
dark matter production in an early matter-dominated era (EMDE)
has also been studied, for instance, in Refs. [48,49]. Several other
works have also examined how an EMDE modifies dark-matter
production, cosmological evolution, and particle constraints,
including studies of ultracold Weakly Interacting Massive Par-
ticles (WIMPs), gravitational heating, freeze-in and freeze-out
during EMDEs, 21-cm signatures, and related nonstandard
thermal histories [50–62]. Also see Ref. [63] for a minireview
of thermal and nonthermal DM production in nonstandard
cosmologies.
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2. The Dodelson-Widrow distribution

We also consider the Dodelson-Widrow distribution [37].
Nonresonant active-sterile neutrino oscillations in the early
Universe in the limit of small mixing angle and zero leptonic
asymmetry leads to the following distribution function for
the sterile neutrinos [47]:

fνðpÞ ¼
χ

ep=Tν þ 1
; ð8Þ

where χ is an arbitrary normalization factor and Tν is the
temperature of neutrinos today. With Tν ¼ T id

ν , the phe-
nomenological parameters are related to the model param-
eters via the following relations:

ΔNeff ¼ χ and Meff
sp ¼ msp × χ; ð9Þ

where msp is the mass of the sterile neutrinos.

B. Fisher forecast methodology

1. Formalism

Suppose we have a set of data fdg and a modelMwith a
set of parameters fθg. We want to find the probability
distribution of fθg, given the data fdg, i.e., PðθjdÞ, which
is obtained using Bayes’s theorem,

PðθjdÞ ∝ PðdjθÞPðθÞ: ð10Þ
Here PðθÞ and PðθjdÞ are called the prior and posterior
distributions, respectively, and PðdjθÞ is called the like-
lihood, usually denoted by L, and can be expressed as
follows [64]:

Lðd; θÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2πÞnjCðθÞjp exp

�
−
1

2
dTCðθÞd

�
; ð11Þ

where C represents the covariance matrix and n is the
dimension of the data vector d. The Fisher matrix is related
to the curvature of the log-likelihood function, evaluated at
the fiducial values of the parameters,

Fij ¼ −
�
∂
2 lnL
∂θi∂θj

	




θ¼θ0

; ð12Þ

θi, θj being the parameters of interest and θ0 being the
fiducial set of parameters [65]. Derived parameters. If we
have a Fisher matrix in terms of a set of parameters fθg,
we can obtain a new Fisher matrix in terms of a set of
derived parameters fθ0g as [66]

F0 ¼ JT · F · J; ð13Þ

where J stands for the inverse Jacobian matrix ∂θ=∂θ0. This
will be used, for instance, to translate the 1σ uncertainties
on fBsp; mspg to those on fΔNeff ;Meff

sp g.

Error estimate. After computing the Fisher information
matrix, we can derive the error covariance matrix by taking
its inverse

Covij ¼ ðF−1Þij: ð14Þ
The diagonal elements of the error covariance matrix
indicate the marginalized errors on the parameters. For
instance, the anticipated marginalized 1σ error on a
parameter θi, accounting for all degeneracies concerning
other parameters, is calculated as,

σðmarg:Þ
i ¼

ffiffiffiffiffiffiffiffiffiffiffi
Covii

p
: ð15Þ

The unmarginalized expected errors, or conditional
errors, can be determined by

σðcond:Þi ¼
ffiffiffiffiffiffi
1

Fii

s
; ð16Þ

representing the square root of the reciprocal of the relevant
diagonal element of the Fisher matrix.
Posterior probability or confidence regions. For the

form of the likelihood function (11), the posterior proba-
bility is Gaussian (under the Fisher assumption4) with the
1σ and 2σ intervals encompassing 68.3% and 95.4% of
the total probability, respectively. For Gaussian posterior,
the confidence regions are ellipses in the parameter space,
whose size and orientation are determined by the Fisher
matrix elements. Confidence regions correspond to regions
in parameter space in which the joint parameter values
are expected to lie with a certain probability—1σ region
corresponds to 39.35% probability and 2σ region corre-
sponds to 86.47% probability.

2. CMB experiments

In the context of CMB, the data vector is either the
CMB power spectra or spherical harmonic coefficients
represented as d ¼ faTlm; aElm; aϕlmg. The Fisher informa-
tion matrix takes the following form [67]:

Fij ¼
X
l

2lþ 1

2
fskyTr

�
C−1

l ðθÞ ∂Cl

∂θi
C−1

l ðθÞ ∂Cl

∂θj

�
; ð17Þ

where fsky is the fractional sky coverage, θ represents the
vector of parameters, and Cl is the total covariance matrix
of the relevant CMB observables (temperature, E-mode
polarization, and lensing potential) given by [68],

Cl ¼

0
BB@

CTT
l þ NTT

l CTE
l CTϕ

l

CTE
l CEE

l þ NEE
l 0

CTϕ
l 0 Cϕϕ

l þ Nϕϕ
l

1
CCA:

4One can have non-Gaussian posteriors in general even for a
Gaussian likelihood when priors are non-Gaussian.
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This includes the Gaussian noise NXX
l , where XX∈

fTT; EEg, given by [12]

NXX
l ¼ s2 exp

�
lðlþ 1Þ θ

2
FWHM

8 ln 2

�
; ð18Þ

where θFWHM is the resolution of the experiment in arcmin,
and s is the instrumental noise in temperature/polarization.

III. IMPLEMENTATION

The Cl’s appearing in the total covariance matrix Cl
above were obtained from the publicly available package
CLASS

5 [69], suitably modified to incorporate the non-
thermal distribution functions under consideration [70].
The noise properties for the experiments considered in this
work are listed in Table I [12,71,72], and the TT and
Electric-Electric mode polarization (EE) noise spectra were
computed using Eq. (18) with these noise parameters. For
the lensing convergence, we used the ORPHICS

6 code [73] to
calculate the noise spectrum Nκκ

l (subsequently converted
to Nϕϕ

l ) from a minimum variance combination of
TT; TE; EE; EB, and TB quadratic estimators, assuming
the CMB B modes undergo an iterative delensing pro-
cedure. Following the CMB-S4 Science Book [12] and
the Simons Observatory Science Book [74], we have set
lmin ¼ 30 (recovering large scales from the ground is
challenging), and lT

max ¼ 3000 and lP
max ¼ 5000 for

CMB-S4 and SO-LAT (due to foregrounds). For Planck,
we have considered 2 < lT < 2500 and 30 < lP < 2500.
For the lensing signal, we have considered 30<lϕ<2500.
We have assumed infinite noise outside these multipole
ranges [71] and have set the derivatives of the Cl’s to
zero outside the corresponding multipole ranges to
ignore their contribution to our analysis.7 When analyzing
CTT
l ; CTE

l ; CEE
l in combination with the lensing conver-

gence spectra Cϕϕ
l (which has been assumed to contain all

the lensing information), we have used unlensedCl’s in our
Fisher analysis in order to avoid double-counting lensing
information [71].
Measurements of CMB-S4/SO are usually considered in

combination with Planck data because the two experiments
are highly complementary. Planck, as a satellite mission,
provides a higher sky coverage and can also capture the
largest angular scales (low l’s). On the other hand, CMB-
S4/SO, being a ground-based experiment offers better
sensitivity and precision on smaller angular scales (high
l’s). So for the Planck and CMB-S4/SO joint analysis, we
added the corresponding Fisher matrices,

F ¼ FPlanck þ FCMB-S4=SO; ð19Þ

with the caveat that in the region of overlap between
the two experiments, which is 30 < l < 2500, we set
fsky ¼ 0.2 for Planck in order to avoid double counting
[71]. When considering SO in combination with Planck, we
set fsky ¼ 0.8 for Planck for 2 < l < 30 [74]. We used flat
priors for all parameters except τreio, for which we have
added a prior of 0.01 as follows [75]:

Fii → Fii þ
1

prior2i
: ð20Þ

We utilized the FISHCHIPS package8 to develop our code for
Fisher analysis.

IV. RESULTS

The fiducial model consists of the following six
ΛCDM parameters: the physical baryon density ωb, the
physical cold dark matter density ωcdm, the reduced
Hubble constant h, the amplitude of primordial scalar
perturbations As, the scalar spectral tilt ns, and the optical
depth to reionization τreio, and the two phenomenological
parameters fΔNeff ;Meff

sp g. The phenomenological param-
eters are however derived parameters—related to the

TABLE I. Experimental parameters for Planck, SO-LAT, and a particular configuration of the CMB-S4
experiment used for the Fisher analysis. We also considered a stand-alone, full-sky, cosmic-variance limited
experiment.

Experiment l range Noise s½μK − arcmin� fsky θFWHM [arcmin]

Planck T: 2–2500 T: ½145; 149; 137; 65; 43; 66; 200� 0.6 ½33; 23; 14; 10; 7; 5; 5�
P: 30–2500 P: ½−;−; 450; 103; 81; 134; 406�

SO-LAT T: 30–3000 T: ½61; 30; 5.3; 6.6; 15; 35� 0.4 ½7.4; 5.1; 2.2; 1.4; 1.0; 0.9�
P: 30–5000 P: ½86.2; 42.4; 7.5; 9.3; 21.2; 49.5�

CMB-S4 T: 30–3000 T: 1.0 0.4 1.5
P: 30–5000 P: 1.414

CV-limited T/P: 2–5000 0.0 1.0 N=A

5https://github.com/lesgourg/class-public
6https://github.com/msyriac/orphics
7See Appendix B for a discussion on numerical derivatives. 8https://github.com/xzackli/fishchips-public
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inflaton/moduli-decay-model parameters fBsp; mspg [via
Eqs. (6) and (7)] or the Dodelson-Widrow-model param-
eters fχ; mspg [via Eq. (9)]. For both these models, we
assume Standard Model neutrinos to be massless as in
Ref. [76], since the effect of neutrino masses is expected
to be subdominant for the cosmological observables of
interest. In Fig. 1, we plot the nonthermal (NT) distribution
along with the Dodelson-Widrow (DW) distribution for
the same values of the phenomenological parameters, viz.
ΔNeff ¼ 0.034 and Meff

sp ¼ 0.903 eV.
We have performed the Fisher analyses with two sets of

fiducial values:
(i) Set I: We used the best fit of Markov-Chain-

Monte-Carlo (MCMC) analysis with Planck 18
+S8 datasets performed in Ref. [76] for the inflaton
decay model. The fiducial values of the νNTΛCDM
model parameters, corresponding to the fiducial
values of the phenomenological parameters,
fΔNeff ;Meff

sp g ¼ f0.034; 0.903 eVg, are

Bsp ¼ 0.0118; msp ¼ 38.62 eV; ð21Þ

whereas for the Dodelson-Widrow model, we have

χ ¼ 0.034; msp ¼ 26.43 eV: ð22Þ

(ii) Set II: We used the mean values of the ΛCDM
parameters obtained from Planck TT, TE, EEþ
lowEþ lensing when the base-ΛCDM model is
extended by including Meff

sp and Neff [5]. In this
extension of the base ΛCDM model, the physical
mass of a thermal sterile neutrino is mth

sp ¼
ðΔNeffÞ−3=4Meff

sp . Assuming the prior mth
sp < 10 eV,

the Planck-2018 paper found the following 2σ
constraints on ΔNeff and Meff

sp from Planck TT,

TE, EEþ lowEþ lensingþ BAO:

ΔNeff < 0.246 and Meff
sp < 0.65 eV: ð23Þ

We chose ΔNeff ¼ 0.1 and Meff
sp ¼ 0.415 eV, which

corresponds to the following values of the model
parameters:

Bsp ¼ 0.0332; msp ¼ 6.20 eV; ð24Þ

χ ¼ 0.1; msp ¼ 4.15 eV: ð25Þ

We emphasize that both fiducial sets correspond to the
same phenomenological parametrization; they are simply
two benchmarks representing different parts of the param-
eter space—a heavier particle with a smaller contribution to
ΔNeff (set I) and a lighter particle with a higher contribution
to ΔNeff (set II). The fiducial values of the ΛCDM
parameters along with the phenomenological parameters
fΔNeff ;Meff

sp g are listed in Table II.
Various autocorrelation spectra obtained from CLASS

(and ORPHICS) using the parameter values of set I for the
inflaton/moduli decay model are plotted in Fig. 2, which
also shows the improvements in the noise levels for
CMB-S4/SO as compared to Planck. In Fig. 3 we show
the comparative plots of CTT

l , CEE
l , and Cϕϕ

l for the two sets
of fiducial values for the NT model. More ΔNeff leads to
more damping of the primary CMB spectra at higher l.
Although the free-streaming velocity of the LiMR is more
in the case of set II, the suppression of the lensing spectrum
Cϕϕ
l is less compared to set I. This is because, in set I,

the CDM component is reduced at the cost of the LiMR
component. The net effect is less clustering power and
hence greater suppression of Cϕϕ

l . For set II, structure
grows more efficiently, despite the fact that hvfsi is roughly
ten times greater than that for set I, leading to stronger
lensing potentials and hence Cϕϕ

l is less suppressed. We
will restrict our analyses to the linear regime since non-
linear matter power spectrum corrections (via HALOFIT or
HMCODE) are not appropriate for models where the dark

TABLE II. Fiducial values used for Fisher analysis.

Fiducial value

Parameter Set I Set II

ωb 0.02247 0.02242
ωcdm 0.111 0.120
h 0.6804 0.6711
109As 2.099 2.110
ns 0.9661 0.9652
τreio 0.0536 0.0560

ΔNeff 0.034 0.1
Meff

sp [eV] 0.903 0.415

FIG. 1. Comparative plot of the inflaton decay (NT) and DW
distributions for fΔNeff ;Meff

sp g ¼ f0.034; 0.903 eVg. The mo-
menta and the distribution function are both in units of Tncdm;0

which is calculated using Eq. (A11) with mϕ ¼ 10−6MPl;
τ ¼ 108=mϕ, and Bsp ¼ 0.0118 for the NT model.
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sector includes massive hot dark matter or warm dark
matter components.
Before analyzing these two sets, as a preliminarily study,

we will compare the two nonthermal models, with the
LiMR masses fixed to zero, with the ΛCDM model
extended by the Neff parameter, which we will refer to
as the νΛCDM model. We will perform the Fisher analysis
by marginalizing over the six ΛCDM parameters, along
with Neff for the νΛCDM model, or Bsp for the NT model,
or χ for the DW model, in order to find the projected
uncertainties on Neff around ΔNeff ¼ 0. To this end, we
use the following fiducial values for the seventh parameter:
Neff ¼ 0, Bsp ¼ 0, and χ ¼ 0 for the νΛCDM model,
the NT model, and the DW model, respectively.9 We use
the following fiducial values for the ΛCDM model
parameters [5]: ωb ¼ 0.02224;ωcdm ¼ 0.1179; h ¼ 0.663;
As ¼ 2.082 × 10−9; ns ¼ 0.9589, and τreio ¼ 0.05. The 1σ
projected uncertainties on Neff from CMB-S4 were found
to be as follows:

σðNeffÞ ¼

8>><
>>:

0.028 ðνΛCDMÞ
0.025 ðNTÞ
0.029 ðDWÞ

: ð26Þ

The fact that our forecasts for these three models (when
expanding around the same fiducial cosmology) are in
line with each other is consistent with the expectation that
these models would be indistinguishable since they have
the same phenomenological parameters ΔNeff ≈ 0 and
Meff

sp ¼ 0 eV.

A. Forecasts for inflaton-decay nonthermal
and Dodelson-Widrow models

Now we move on to the results of the Fisher forecasts for
the LiMRs with the fiducial values in Table II.

FIG. 2. Plots of various autocorrelation signal and noise spectra for the inflaton/moduli decay model with the parameter values from
Table II (set I).

FIG. 3. Comparison of the residuals of the TT, EE, and ϕϕ
spectra for the two sets of fiducial values. The progressively
darker shaded regions correspond respectively to the 1σ error bars
associated with the particular configurations of the SO-LAT
experiment, the CMB-S4 experiment, and to the CV-limited
experiment considered in this work (see Table I).

9For the numerical implementation, we set Bsp ¼ 10−6 and
χ ¼ 2.92 × 10−6.
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(i) Set I: The projected 1σ uncertainties on the fiducial
model parameters are reported in Table III. The
Fisher ellipses for the parameters fωm¼ωbþωcdm;
h;ΔNeff ;Meff

sp g are shown in Fig. 4(a). As expected,
combined analysis of Planck and CMB-S4/SO leads
to tighter constraints on the parameters. From
Table V, one can see that the NT model and the
DW model uncertainties are in close agreement with
each other. Of our particular interest are the phe-
nomenological parameters, whose 1σ uncertainties
from CMB-S4þ Planck are

1σðΔNeffÞ ¼
�
0.0038 ðNTÞ
0.0033 ðDWÞ ; ð27Þ

and

1σðMeff
sp Þ ¼

�
80 meV ðNTÞ
76 meV ðDWÞ : ð28Þ

(ii) Set II: The Fisher plots are shown in Fig. 4(b) and
the 1σ uncertainties are given in Table IV. We again
see from Table V that the DW model parameter

uncertainties agree quite well with the corresponding
uncertainties for the NT model. With this set of
fiducial values, we obtain the following 1σ uncer-
tainties from CMB-S4þ Planck,

1σðΔNeffÞ ¼
�
0.029 ðNTÞ
0.030 ðDWÞ ; ð29Þ

and

1σðMeff
sp Þ ¼

�
26 meV ðNTÞ
29 meV ðDWÞ : ð30Þ

We see that the relative uncertainties on Meff
sp are

8.9%ð8.3%Þ and 6.3%ð7%Þ, whereas the relative uncer-
tainties on ΔNeff are 11.2%ð9.7%Þ and 29%ð30%Þ, for
the NT(DW) model. So the relative uncertainties on Meff

sp

slightly worsen while there is a significant improvement in
the relative uncertainties on ΔNeff in going from set II to
set I. Note that the Fisher analysis has been implemented
via the fundamental parametrization—fBsp; mspg for the
NT model and fχ; mspg for the DW model—and then
projected uncertainties have been translated to those on
the phenomenological parameters [using Eq. (13)].

TABLE III. Projected 1σ errors for parameters θi, marginalized over all other parameters for the inflaton-decay
NT model with fΔNeff ;Meff

sp g ¼ f0.034; 0.903 eVg (set I).

Parameter 105ωb 103ωcdm H0 ln ð1010AsÞ ns τreio ΔNeff Meff
sp [eV]

1σ error (SO) 4.20 3.11 0.301 0.011 0.0022 0.0064 0.0061 0.249
1σ error (Planck þ SO) 3.99 3.05 0.281 0.011 0.0019 0.0061 0.0059 0.247
1σ error (CMB-S4) 2.84 1.29 0.270 0.010 0.0020 0.0059 0.0039 0.081
1σ error (Planck + S4) 2.74 1.25 0.254 0.010 0.0019 0.0057 0.0038 0.080
1σ error (CV limited) 0.798 0.302 0.092 0.0026 0.0008 0.0014 0.0013 0.0119

TABLE IV. Same as Table III with fΔNeff ;Meff
sp g ¼ f0.1; 0.415 eVg (set II).

Parameter 105ωb 103ωcdm H0 ln ð1010AsÞ ns τreio ΔNeff Meff
sp (eV)

1σ error (SO) 5.07 1.42 0.322 0.014 0.0029 0.0072 0.039 0.049
1σ error (Planck þ SO) 4.95 1.34 0.299 0.013 0.0026 0.0069 0.037 0.047
1σ error (CMB-S4) 3.53 1.04 0.285 0.013 0.0024 0.0067 0.030 0.028
1σ error (Planck + S4) 3.47 0.99 0.267 0.012 0.0023 0.0065 0.029 0.026
1σ error (CV limited) 0.978 0.277 0.093 0.0028 0.0008 0.0015 0.0066 0.0091

TABLE V. Comparison of the projected 1σ errors from CMB-S4 for parameters θi, marginalized over all other
parameters for the NT and DW models.

Model 105ωb 103ωcdm H0 ln ð1010AsÞ ns τreio ΔNeff Meff
sp (eV)

Set I NT 2.85 1.26 0.263 0.010 0.0019 0.0059 0.0038 0.080
DW 2.85 1.17 0.266 0.010 0.0020 0.0059 0.0034 0.073

Set II NT 3.53 1.03 0.285 0.013 0.0024 0.0067 0.030 0.028
DW 3.73 1.04 0.295 0.013 0.0026 0.0071 0.031 0.030
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In Figs. 5 and 6 we compare the Fisher ellipses and the
posterior distributions obtained from the CMB-S4, and SO-
LAT for the two sets of parameters considered in the text.

B. Discussion

Our results reveal the following noteworthy features
pertaining to the phenomenological parameters.

(i) There is significant difference in the relative un-
certainties on ΔNeff for the two sets analyzed [as
seen in Eqs. (27) and (29)].

(ii) The phenomenological parameters, ΔNeff and Meff
sp ,

are negatively correlated for the heavier particle but
positively correlated for the lighter one.

In this Section, we will discuss these features and provide
explanations for them.

FIG. 5. Comparative Fisher plots for CMB-S4. FIG. 6. Comparative Fisher plots for SO-LAT.

FIG. 4. Posterior distributions and Fisher ellipses for the parameters fωm ¼ ωb þ ωcdm; h;ΔNeff ;Meff
sp g (plotted using GETDIST) for

the CMB-S4 experiment. (a) Fisher plots for the NTand DWmodels with fiducial values set I. (b) Same as (a) with fiducial values set II.
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First, let us look at bullet point (i). We will argue that the
large difference in the forecasts on ΔNeff when considering
the two sets of fiducial parameter values within the same
model arises from the LiMR’s contribution to the energy
budget just prior to recombination, in particular their
relative contributions to the “matter” (with energy density
scaling as a−3) and “radiation” (energy density scaling as
a−4) components. The heavier particle (set I), owing to its
lower number density, has a relatively lesser contribution to
the relativistic energy density, compared to the lighter
particle (set II), but it contributes significantly more to the
matter density, as demonstrated in Fig. 7(a). Evolution of
the effective equation of state parameter of the LiMRs
are plotted in Fig. 7(b). The heavier particle becomes
nonrelativistic just before matter-radiation equality. By

recombination, it therefore contributes solely to the total
matter density. Contrast this with the lighter particle of
set II (contributing more to Neff ), which is caught in
transition at matter-radiation equality and becomes com-
pletely nonrelativistic only after recombination. As such,
the CMB becomes sensitive to the heavier relic almost
exclusively through its effect on the weak lensing signal.
When the lensing signal was excluded from the Fisher
computations, we obtained σðΔNeffÞ ∼ 0.01ð0.04Þ for the
heavier (lighter) particle. Even in the absence of lensing,
the smaller uncertainty for set I is due to the fact that the
particle contributes solely as extra matter by recombination.
Any shift in the total matter density at that epoch alters the
acoustic peak structure in a way that ΔNeff (being zero at
recombination) cannot mimic. Since ΔNeff has no freedom
to absorb these matterlike changes, the primary spectra pin
down its fiducial value to a higher precision. The effect of
lensing information is more pronounced in the case of set I
(as mentioned above) which leads to a greater improvement
in the uncertainty on ΔNeff (by a factor of ∼3) as compared
to set II (where there is a ∼30% improvement). The heavier
LiMR is more degenerate with ωm at recombination
compared to the lighter one—for a given total matter
content (baryonsþ CDMþ LiMR), replacing a fraction
of ωm with ωsp has negligible impact for the heavier
particle—this explains the slightly degraded relative uncer-
tainty on Meff

sp for set I as compared to set II.
Now we move on to bullet point (ii)—the correlation

between the phenomenological parameters. We have sum-
marized the physical origins of the correlations of ΔNeff

with Meff
sp , as well as with ωm and h in a schematic

flowchart (Fig. 8). The detailed explanations have been
relegated to Appendix C, where we also quantitatively
validate our qualitative arguments.

V. HIGHER MOMENTS

So far we discussed the impact of LiMRs in terms of two
phenomenological parameters Meff

sp and ΔNeff which are
proportional to the zeroth and first moments of the phase
space distribution function, respectively. We obtained
similar results for both the inflaton-decay model and the
Dodelson-Widrow model once Meff

sp and ΔNeff are
matched, in spite of the noticeably different forms of the
distribution functions (see Fig. 1). Reference [47] claimed
that different models with the same Meff

sp and ΔNeff would
be difficult to distinguish, especially using observables
at the linear perturbation theory level. To check how
well this claim holds up at the noise levels expected at
the CMB-S4 experiment, we consider two distribution
functions with matched zeroth and first moments—the
Dodelson-Widrow distribution f̂DWðqÞ and another distri-
bution f̂ðqÞ, which starts differing from the Dodelson-
Widrow distribution at the level of the second moment.
In order to include the effect of the second moment we

FIG. 7. Comparison of the evolution of the equation of state
parameter and the energy density of the LiMR for the two sets of
fiducial values (for the NT model). (a) Evolution of the energy
density ρsp of the particle, as a fraction of the total energy density
ρtot of the Universe, with the scale factor. (b) w vs a plot for the
LiMRs corresponding to the two sets of fiducial values. For
reference, we have also shown the behavior of massive standard
(degenerate) neutrinos with

P
mv ¼ 0.12 eV. The shaded re-

gions correspond to the 1σ uncertainties on w from CMB-S4.
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consider an Edgeworth-like expansion about the Dodelson-
Widrow distribution, which constitutes a continuous defor-
mation of the Dodelson-Widrow distribution,

f̂ðqÞ ¼ f̂DWðqÞ½α0P0ðqÞ þ α1P1ðqÞ þ α2P2ðqÞ�; ð31Þ

where f̂DWðqÞ ¼ χ½expðqÞ þ 1�−1. The functions PmðqÞ
aremth order polynomials in q, orthonormal with respect to
the measure q2=ðeq þ 1Þ [39],

Z
∞

0

dq
q2

eq þ 1
PmðqÞPnðqÞ ¼ δmn: ð32Þ

The modified distribution function in (31) can be
rewritten as

f̂ðqÞ ¼ χ

eq þ 1
½αþ βqþ γq2�; ð33Þ

where α, β, and γ are dimensionless constants, and its
nth moment computed as

QðnÞ ¼
Z

∞

0

dqq2þnf̂ðqÞ: ð34Þ

Setting Qð0Þ ¼ Qð0Þ
DW and Qð1Þ ¼ Qð1Þ

DW, i.e., matching
the first two moments, we can solve for α and β in terms
of γ to obtain

f̂ðqÞ ¼ χ

eq þ 1
½1þ 13.0551γ − 8.24864γqþ γq2�; ð35Þ

where γ is now a free parameter that determines how
much f̂ðqÞ deviates from f̂DWðqÞ. However, to be a valid
distribution function, f̂ðqÞ has to be non-negative every-
where. This requirement limits the value of γ to the range
0 ≤ γ ≤ 0.25, where γ ¼ 0 corresponds to the DW distri-
bution (see Fig. 9). That f̂ðqÞ goes to zero at large q values
is ensured by the 1=ðeq þ 1Þ factor, which goes like e−q

for large q.
The projected 1σ uncertainties on the six ΛCDM and

the two phenomenological parameters, obtained from our
Fisher analysis with the fiducial values set I, for the cases

FIG. 8. Schematic flowcharts summarizing the physical origin of parameter correlations for Set I (left) and Set II (right) based
(primarily) on (zeq; θ�). Labels on the arrows indicate the CMB primary and/or lensing contributions that govern the corresponding step.
See Appendix C for details.
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γ ¼ 0 and γ ¼ 0.25 are given in Table VI. The correspond-
ing Fisher ellipses and posterior distributions for the
phenomenological parameters are shown in Fig. 10.
To determine whether the CMB-S4 experiment will

be able to distinguish between these two models, we
performed Fisher forecasts by marginalizing over the six
ΛCDM parameters, the two phenomenological parameters
ΔNeff andMeff

sp , along with the γ parameter. In Table VII we
show the fiducial values and the projected uncertainties for
ΔNeff ;Meff

sp , and γ. Note that increasing the number of
parameters being varied worsens the projected uncertainty
on each parameter (compare with Table VI). We find that
for γ ¼ 0, the modified distribution with γ ¼ 0.25 is ∼1.4σ
away, and for γ ¼ 0.25, the DW distribution (γ ¼ 0) is
∼1.5σ away, when we consider the posterior probability
distribution of the γ parameter. This indicates that it is
unlikely that CMB-S4 would be able to distinguish
between the two distributions at a statistical significance.
We believe this generalizes to any two LiMR models
having the same values of ΔNeff and Meff

sp irrespective of
how much the higher moments differ. However, for the CV
limited experiment, the two models were found to be
distinguishable (see Table VII): when assuming the γ ¼ 0
case to be the true model, we found the model correspond-
ing to the γ ¼ 0.25 case to lie outside the ∼7.4σ CL,
whereas when considering the latter model to be the true
one, the former was found to lie outside the ∼3.9σ CL So a
future experiment with lower noise levels (i.e., better

sensitivity) than the CMB-S4 experiment, for instance
the CMB-HD experiment [77], can potentially differentiate
between two models with the same first two moments.
Note that the uncertainties on γ have been obtained using

FIG. 9. Plot showing the modified distribution function for
γ ¼ 0 (same as DW) and γ ¼ 0.25, with the momentum ex-
pressed in terms of the neutrino temperature today.

TABLE VI. Projected uncertainties on the parameters for the modified DW distribution with fiducial values set I.

Experiment Parameter → 105ωb 103ωcdm H0 ln ð1010AsÞ ns τreio ΔNeff Meff
sp [eV]

Planck + CMB-S4 1σ error (γ ¼ 0) 2.74 1.14 0.25 0.0099 0.0019 0.0056 0.0033 0.073
1σ error (γ ¼ 0.25) 2.76 1.41 0.23 0.0099 0.0018 0.0056 0.0036 0.110

CV limited 1σ error (γ ¼ 0) 0.802 0.291 0.093 0.0026 0.00083 0.0014 0.0013 0.0121
1σ error (γ ¼ 0.25) 0.806 0.292 0.085 0.0026 0.00083 0.0014 0.0011 0.0133

FIG. 10. Fisher plots of the two phenomenological parameters
for the modified distribution. (a) Planck + CMB-S4 forecast.
(b) CV-limited experiment forecast.
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Eq. (15), and we have not implemented the hard prior on γ,
i.e., 0 ≤ γ ≤ 0.25.
In order to incorporate the valid range of γ in our Fisher

analysis, we computed the covariance matrix by numeri-
cally sampling a multivariate Gaussian from the inverse of
the Fisher matrix and rejecting those realizations for which
γ lies outside the allowed range. We obtained the following
median values and asymmetric uncertainties (due to the
non-Gaussian nature of the posterior distribution induced
by the hard prior; see footnote 2):

γ ¼ 0.098þ0.088
−0.068 and γ ¼ 0.154þ0.066

−0.088 ; ð36Þ

corresponding to the fiducial values γ ¼ 0 and γ ¼ 0.25,
respectively. Even with the imposition of the hard priors,
which leads to more precise (asymmetric) forecasts, the
distribution with γ ¼ 0.25 is within the 3σ uncertainty
threshold of the γ ¼ 0 distribution and vice versa. This
shows that including the hard prior does not change our
conclusion above and moving on we shall use the one-sided
uncertainties on γ obtained previously. Figure 11 shows the
truncated posterior distributions, marginalized only over
the six ΛCDM parameters. We quantify the distinguish-
ability between the two cases by computing the overlap
fraction between the (un-normalized) posterior probability
distributions. The analysis reveals a ∼45% probability

mass overlap reaffirming that CMB-S4 data would not
be able to conclusively distinguish between these models.
The expected sensitivity of SO-LAT being less than that
of the CMB-S4 survey, this then implies that the Simons
Observatory would also not be able to distinguish between
these models.
The physical quantity related to the second moment

of the LiMR distribution function is the “pressure” of the
LiMRs. We define the quantity fP, the fractional pressure
of the LiMRs, as (g00s is a degeneracy factor)

fP ≡ Psp

Pν

¼ g00s
15=16

�Z
dpp4f̂ðpÞ

�
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

Qð2Þ

��
45ζð5Þ

2
ðT id

ν Þ5
�
: ð37Þ

While the fiducial values of all the ΛCDM parameters as
well as that of ΔNeff and Meff

sp are the same, the fiducial
values of fP differ between the cases γ ¼ 0 and γ ¼ 0.25.
This is a consequence of differing second moments as
mentioned above. The fiducial values of fP and the
projected uncertainties (one-sided) are given in the follow-
ing table: where we have translated the uncertainties
on γ to those on the second moment by using Qð2Þ ¼
Qð2Þ

DWð¼ 0.79325Þ þ 1.4865γ. The fact that fP þ σðfPÞ for
γ ¼ 0 exceeds 0.265 or fP þ σðfPÞ becomes negative for
γ ¼ 0.25 (in the first row in Table VIII), both of which are
unphysical, is partly due to the non-Gaussian nature
of the posteriors and mostly because of the inadequate
sensitivity of the CMB-S4 experiment. In Fig. 12, we plot
the equation of state parameter w as a function of the scale
factor for the modified distribution, for χ ¼ 0.034 and
msp ¼ 26.43 eV, with γ ¼ 0 and γ ¼ 0.25. The difference
between the two curves arises from the difference in the
pressures, or equivalently fP, and not from ρsp, which is the
same for both cases. The inset plot zooms in on a region of
the curves and shows the 1σ uncertainties on w, derived
from the uncertainties on γ. The overlap between the pink
and green shaded regions again indicates that CMB-S4 data
would not be able to rule out one model in favor of
the other.
If we include a δy3 term in the expansion (33) and match

the first three moments, we find that the new parameter δ
can lie in the range [0, 0.015], where the upper bound on
the free parameter δ is an order of magnitude lesser than

TABLE VII. Projected uncertainties on the parameters
fΔNeff ;Meff

sp ; γg for the modified DW distribution. Note that
the uncertainties on γ are one-sided.

Experiment ΔNeff Meff
sp ½eV� γ

CMB-S4 0.034� 0.0047 0.903� 0.097 0.00þ0.175

0.034� 0.0044 0.903� 0.129 0.25−0.168
CV-limited 0.034� 0.0014 0.903� 0.022 0.00þ0.034

0.034� 0.0013 0.903� 0.033 0.25−0.063

FIG. 11. Comparison of the (normalized) posterior distributions
of the parameter γ for the modified DW distribution.

TABLE VIII. Fiducial values and predicted constraints for the
quantity fP.

Experiment fP½γ ¼ 0� fP½γ ¼ 0.25�
CMB-S4 0.180þ0.260 0.265−0.301
CV-limited 0.180þ0.050 0.265−0.094
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that on the free parameter γ of the previous case. This
suggests that matching the first three moments essentially
fixes the form of the modified distribution function with
little room for deviation from the DW case. Similar to
Fig. 12, in Fig. 13, we plot the evolution of the equation of
state parameter w as a function of the scale factor a for the
new modified distribution with δ ¼ 0 and δ ¼ 0.015. We
find that the curves corresponding to δ ¼ 0 and δ ¼ 0.015
overlap. Thus we conclude that no future CMB experiment
would be able to distinguish between two LiMR models
which agree on the first three moments of the correspond-
ing LiMR distribution functions. This is likely to generalize
to the case of matching even higher moments. Note that this
conclusion may not extend to nonlinear scales, a matter that
is currently under investigation.

VI. CONCLUSION

The presence of LiMRs affects the evolution of the
Universe. When relativistic, they behave as dark radiation
and contribute to the relativistic energy density of the
Universe, whereas when nonrelativistic, they behave as
dark matter. The upcoming CMB experiments are expected
to measure various cosmological parameters with unprec-
edented precision. In the context of light relics, Neff is an
important parameter. If the measured value of Neff exceeds
the SM prediction of 3.044, it would indicate the presence
of dark sector light relics (or the need to modify the thermal
history of the Universe). SO is expected to achieve a
sensitivity of σðΔNeffÞ ¼ 0.045 [72] and conservative
configurations of the CMB-S4 experiment could reach
σðNeffÞ ∼ 0.02–0.03 [12]. For LiMRs, another important
parameter is the relic mass, or rather its contribution to
the nonrelativistic energy density of the Universe today,
captured by the parameter Meff

sp . Another important aspect
of particles contributing to Neff is their momentum dis-
tribution, which is often tied to interesting aspects of the
physics of the early Universe and particle physics such as
production mechanism and interaction rates. Therefore,
extracting the relation between distribution functions and
observables is an important question.
In this work, we performed Fisher analyses to check

how much future CMB data would be able to constrain
these parameters for nonthermal LiMR models. We pri-
marily concerned ourselves with a model of inflaton/
moduli decay giving rise to LiMRs of mass msp, with a
branching ratio Bsp. The LiMRs so produced follow a
nonthermal distribution, unlike thermalized LiMRs, which
follow Fermi-Dirac or Bose-Einstein distribution, depend-
ing on the statistics [35,78]. We also considered the

FIG. 13. Evolution of w with a for the DW and the modified
distribution when the first three moments are matched and the
fourth moment is made to differ by the maximum possible extent.
The exact overlap between the curves indicates the indistinguish-
ability of the two models.

FIG. 12. w vs a plot for the modified distribution (35) with γ ¼ 0ðDWÞ and γ ¼ 0.25. Shaded regions in the inset corresponds to the
one-sided uncertainties on w derived from the uncertainties on γ.
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Dodelson-Widrow distribution throughout. The main con-
clusions of our work are as follows:

(i) Our Fisher analysis predicts a tighter constraint on
ΔNeffð∼10−3Þ for a LiMR, which becomes non-
relativistic well before recombination, around the
epoch of matter-radiation equality. However, the
projected uncertainty so obtained might be mis-
leading owing to the fact that the LiMR does not
contribute to ΔNeff at recombination, which is a
measure for additional “relativistic” degrees of
freedom. The smaller projected uncertainty (fur-
ther enhanced by lensing) is owing to the fact
that changes in ωmð¼ ωb þ ωcdmÞ or ωsp cannot be
replicated by changes in ΔNeff , which is zero by
recombination. For a LiMR, which transitions in
the matter dominated era and becomes completely
nonrelativistic just after recombination, we ob-
tained a less precise forecast on ΔNeffð∼10−2Þ
in line with the expected uncertainty for light
relics [12,72].

(ii) Our analysis is Sec. IV B (see Fig. 4) also revealed
interesting correlations between model parameters
and observables. In particular, we obtained negative
correlation between the phenomenological parame-
ters for set I but positive correlation for set II. These
can be relevant in endeavors to connect cosmology
with particle physics model building.

(iii) We compared our results for the nonthermal model
with those of the Dodelson-Widrow model, and
found that CMB-S4 data would yield similar con-
straints on the parameters for these models once the
phenomenological parameters ΔNeff and Meff

sp (re-
lated to the first two moments of the distribution
function) are matched.

(iv) We also compared the Dodelson-Widrow distribu-
tion with a modified distribution (which can be
considered as a perturbed Dodelson-Widrow distri-
bution), artificially constructed so as to match the
first two moments but differing to the maximum
possible extent in the higher moments. We deduced
that CMB-S4 data would be unable to tell even these
two distributions apart. We believe this generalizes
to any two distribution functions with matching first
two moments.

LiMRs not only affect the CMB primary and lensing power
spectra but also affect the matter power spectrum due to
their free streaming/clustering effects. In fact, the effects on
the matter power spectrum feed back to the CMB lensing
power spectrum. As such, future galaxy surveys such as
LSSTand Euclid [Vera Rubin Observatory (VRO)] can also
probe the impact of LiMRs, and one can perform Fisher
analyses for such galaxy surveys. Combining CMB and
LSS information is crucial for obtaining optimal constraints
on LiMRs, particularly for those relics that are not fully
relativistic at recombination, as has been observed in

Ref. [35], for example. This we keep for future work.
Moreover, going beyond linear theory to the nonlinear
matter power spectrum unlocks new information about
LiMRs—chiefly through the distinctive, scale-dependent
damping they induce, which cannot be mimicked by simply
retuning the ΛCDM parameters [79]. This indicates that
degeneracies that exist on large (linear) scales can be broken
by using signatures on small (nonlinear) scales. In Ref. [79],
the authors also found that nonlinear effects can reveal
differences between LiMR models that appear identical at
the linear level. Remarkably, these distinctions arise from
differences in the momentum distribution functions of
LiMRs. Since these distributions are intimately connected
to the production mechanisms of nonthermal relics, the
resulting nonlinear signatures could provide valuable insight
into early Universe physics—insight that linear analyses,
including the present study, are inherently insensitive to.
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APPENDIX A: INFLATON/MODULI
DECAY MODEL

In this appendix, we discuss briefly the production
mechanism leading to the form of the nonthermal distri-
bution function (4) for the LiMRs. Further details can
be found in Ref. [43]. We start with a matter-dominated
Universe at a (dimensionless) “initial time”(θ≡ t=τ ¼ 0)
and evolve the Universe using the following equations up to
a time θ� which is large enough to ensure that almost all the
ϕ particles have decayed10:

ρ̇m þ 3Hρm ¼ −
ρm
τ
; ðA1Þ

ρ̇r þ 4Hρr ¼ þ ρm
τ
; ðA2Þ

and

H ¼ ȧ
a
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρm þ ρr
3M2

Pl

s
; ðA3Þ

10We choose θ� ¼ 15 in practice.
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where ρm ¼ ρϕ denotes the energy density in matter and
ρr ¼ ρsp þ ρSM is the energy density in radiation. As a
result of decays, the comoving inflaton/modulus number
density falls off as NðtÞ ¼ Nð0Þe−t=τ where

Nð0Þ≡ ρmð0Þ
mϕ

¼ 4αM2
Pl

3τ2mϕ
ðα ≫ 1Þ: ðA4Þ

Combining this with the fact that the energy of a particle
produced at t¼ td will evolve according to [with Ê¼EðtdÞ]

EðtÞ ¼ Ê

�
aðtdÞ
aðtÞ

�
¼ mϕ

2

�
aðtdÞ
aðtÞ

�
; ðA5Þ

one can get the physical number density spectrum of the
particles,

dNt ¼
1

a3ðtÞ
2Bsp

τ
Nð0Þe−td=τdtd

¼ 2Bsp

ŝ3ðθÞτNð0Þe−ŝ−1ðyÞ dE

EĤðŝ−1ðyÞÞ ; ðA6Þ

where we have introduced the variable y≡ EŝðθÞ=Ê.
The number density spectrum is nonvanishing when y
varies between 1 (corresponding to decays at the initial
time) and ŝðθÞ (corresponding to decays at θ). Using
isotropy we can write

dNt ¼ ñðEÞdE ¼ ñtðjpjÞ
4πjpj2 d

3p≡ ntðpÞd3p; ðA7Þ

where ntðpÞ ¼ nt� ð aðtÞaðt�Þ pÞ since the sterile LiMRs free

stream after production. The bounds on y translate to those
on jpj; nt0ðpÞ is nonvanishing if

Ê
aðt0Þ

< jpj < Êaðt�Þ
aðt0Þ

: ðA8Þ

One hence arrives at the following late-time momentum
distribution function by red-shifting the energy of the
particles from their time of production

fðqÞ ¼ 32

πÊ3

�
Nð0ÞBsp

ŝ3ðθ�Þ
�
exp ð−ŝ−1ðyÞÞ
jqj3Ĥðŝ−1ðyÞÞ ; ðA9Þ

where y ¼ ðjqj=4Þŝðθ�Þ and jqj is constrained so that

4

ŝðθ�Þ < jqj < 4: ðA10Þ

The argument of the distribution function is jqj≡
jpj=Tncdm;0 where [43]

Tncdm;0 ¼ 0.418

�
m2

ϕτ

MPl

�1=2 Tcmb

ð1 − BspÞ1=4
≡ ζTcmb ðA11Þ

is the temperature of the non-cold-dark-matter species
today, expressed in terms of the CMB temperature.
The expressions for the phenomenological parameters

are obtained as follows. ΔNeff is given by

ΔNeff ≡ ρsp
ρν






ν;dec:

¼ ρSM
ρν






ν;dec:

×
ρsp
ρSM






ν;dec:

¼ g�SM
g�ν






ν;dec:

×

�
g�ðTðtνÞÞ
g�ðTðt�ÞÞ

�
1=3 Bsp

1 − Bsp

¼ 10.75
1.75

�
g�ðTðtνÞÞ
g�ðTðt�ÞÞ

�
1=3 Bsp

1 − Bsp
; ðA12Þ

which is typical for models of inflaton/modulus decay to
dark radiation particles (see, for example, Refs. [40,80]).
Now ωsp (and hence Meff

sp ) can be obtained by taking the
ratio of the number density of LiMRs at t�, nspðt�Þ ¼
2BspNð0Þ=a3ðt�Þ, and the entropy density at t�, sðt�Þ ¼
4
3
ρ3SMðt�Þðπ

2

30
g�ðt�ÞÞ1=4, and using the fact that this ratio is

conserved after t�. The present day LiMR number density

nsp;0 ¼ nspðt�Þ
sðt�Þ s0 can in turn be expressed in terms of nν;0,

which upon substituting in

ωsp ¼ mspnsp;0

�
h2

ρ0c

�
; ðA13Þ

and multiplying the resulting expression by 94.05 eV
yields Eq. (7).

APPENDIX B: NUMERICAL DERIVATIVES

The numerical differentiation was done using the three-
point central difference formula with equal left and right
step sizes (for two-sided derivatives)

∂Clðθ0Þ
∂θ

¼ Clðθ0 þ ΔsÞ − Clðθ0 − ΔsÞ
2Δs

; ðB1Þ

or the two-point forward/backward difference formula (for
one-sided derivatives)

∂Clðθ0Þ
∂θ






þ
¼ Clðθ0 þ ΔsÞ − Clðθ0Þ

Δs
;

∂Clðθ0Þ
∂θ






−
¼ Clðθ0Þ − Clðθ0 − ΔsÞ

Δs
: ðB2Þ

Here θ0 is the fiducial value of the parameter θ
under consideration and Δs is the step size. We have
not accounted for the dependence of Nϕϕ

l on the
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parameters (through the Cl values) while computing the
derivatives—Nϕϕ

l ’s were kept fixed at their fiducial values.
Numerical derivatives play a crucial role in Fisher

analysis, and in the computation of numerical derivatives,
the choice of step sizes is important. Too large a step size
misses fine features and introduces systematic errors, while
derivatives are prone to numerical noise and round off
errors if the step size is too small. To check for the
convergence of the derivatives, we plotted the derivatives
with step sizes Δs (given in Table IX for the NT model),
Δs=2 and 2Δs. We first visually inspected the derivatives to
check that the curves overlap across multipoles, and then
computed two diagnostic quantities,

ϵ1 ¼
P

ljC0
lðΔsÞ − C0

lðΔs=2ÞjP
ljC0

lðΔsÞj
; ðB3Þ

ϵ2 ¼
P

ljC0
lð2ΔsÞ − C0

lðΔsÞjP
ljC0

lðΔsÞj
; ðB4Þ

and checked that ϵ1;2 ≲ 10−2. In Fig. 14, we show the
convergence of the derivatives of CTT

l ; CEE
l , and Cϕϕ

l with
respect to the model-specific parameters Bsp andmsp for the
NT model (set I). Although small oscillatory differences
are visible at low multipoles (l≲ 100) for some parameters
(like msp) we verified that excluding l < 100 has a
negligible impact on our results pertaining to the phenom-
enological parameters (and for most cases, we found
ϵ1;2 ∼ 10−3 when we excluded the l < 100 region). In
Fig. 15, we compare the numerical derivatives of CTT

l , CEE
l ,

and Cϕϕ
l with respect to two parameters, ωcdm and Bsp, for

both sets of fiducial values. We see that the derivatives with
respect to ωcdm are nearly identical for both parameter sets.
This observation holds for all sixΛCDM parameters, which
indicates that the direct effect of these parameters on the
CMB spectra is dominant and largely independent of
the specific LiMR properties. In contrast, the derivatives
with respect to Bsp (and also msp) are significantly different
between the two parameter sets, which highlights the
sensitivity of the CMB power spectra to the LiMR proper-
ties, like its branching ratio and its mass. Computationally,
this is the primary source of the difference in the uncer-
tainty values in ΔNeff and Meff

sp between the two sets of

FIG. 14. Convergence plots for the derivatives of the CMB primary and lensing power spectra with respect to Bsp (top) and
msp (bottom) for the NT model (set I).

TABLE IX. Fiducial values and step sizes (reported as per-
centage of fiducial value) for the six ΛCDM parameters and the
NT model parameters used in the Fisher analysis for the two sets
of fiducial values considered in the text.

Fid. val. Set I Fid. val. Set II

Parameter Fiducial Step Fiducial Step

ωb 0.02247 1.6% 0.02242 6%
ωcdm 0.111 4% 0.120 4%
h 0.6804 3% 0.6711 3%
109As 2.099 1% 2.110 1%
ns 0.9661 1% 0.9652 1%
τreio 0.0536 4% 0.0560 6.4%

Bsp 0.0118 1.6% 0.0332 5%
msp [eV] 38.62 8% 6.2 5%
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fiducial values for the NT model. Similar arguments hold
for the DW model.

APPENDIX C: EXPLANATION OF PARAMETER
CORRELATIONS

First, let us consider the heavier LiMR of set I. Increasing
the LiMR’s contribution to ΔNeff (by increasing Bsp or χ)
only adds to the matter content (through Meff

sp ) around
matter-radiation equality as well as at recombination.
This has the following consequences: (a) a greater decrease
in the angular diameter distance at recombination DA� as
compared to the sound horizon at recombination rs�, thereby
increasing θ� ¼ rs�=DA�, and (b) shifting zeq to an earlier
time. Both θ� and zeq are well constrained by observations
[5]. Because late-time LiMR abundance scales linearly with
the LiMR mass msp for a fixed comoving number density
(∝ Bsp or χ), decreasing Meff

sp (via msp) removes the extra
LiMRmatter introduced, leaving the early relativistic energy
density essentially unchanged. The increased radiation
content in the early Universe is offset by increasing ωm,
which restores 1þ zeq ∝ ðωm þ ωspÞ=ωr to its fiducial
value. Although changing only Meff

sp or ωm appropriately
could, in principle, keep zeq unchanged, such substitutions
are disfavored since LiMR cannot mimic CDM at early
times (for example, CDM tends to suppress early ISW

effect while LiMR tends to boost it). Even after compensat-
ing the ΔNeff -induced changes through Meff

sp and ωm,
the residual fractional shifts in DA� and rs� do not cancel.
This leads to a decrease in h (which does not affect zeq) in
order to keep θ� (almost) unchanged. Note that this
is contrary to what happens for standard (massless)
neutrinos—h and Neff are positively correlated [5]. Thus
we have explained the negative correlations between
ðΔNeff −Meff

sp Þ and between ðΔNeff − hÞ, and the positive
correlation between ðΔNeff − ωmÞ.
For the lighter particle of set II, the situation is

somewhat different. Now the epoch of matter-radiation
equality is set by

ρra−4eq þ feqρspa−4eq ¼ ρma−3eq þ ð1 − feqÞρspa−3eq ;

where feq ¼ 3wspðaeqÞ ≈ 0.15. Increasing ΔNeff again
leads to a decrease in msp, but nevertheless leaves Meff

sp

larger than its fiducial value because feq is nonzero. Hence
the (weakly) positive correlation between ðΔNeff −Meff

sp Þ
(degeneracy direction mostly along ΔNeff ). Although a
further decrease inmsp so as to offset the increase inMeff

sp is
allowed in principle, such a change is disfavored due to the
following reason. Further lowering msp would extend the
LiMR’s free-streaming suppression into scales probed by
CMB lensing in a way that cannot be fully compensated by

FIG. 15. Comparative plots for the derivatives of the CMB primary and lensing power spectra with respect to ωcdm (top) and Bsp
(bottom) for the NT model for the two sets of fiducial values.
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changes in ωm.
11 Similar arguments as used for set I also

explain the positive correlation between ðΔNeff − ωmÞ.
Without lensing, we found a weak positive correlation
between ðΔNeff − hÞ. Also the change in the sign of
correlation between Meff

sp and ωm (flips from slightly
negative to positive) is due to the inclusion of the lensing
effects, i.e., not influenced by prerecombination era phys-
ics. More ωm enhances lensing strength, compensating for
the suppression due to the relic’s free streaming. But this
again decreases DA� more than rs�; h then decreases to
restore θ�, i.e., lensing indirectly induces the negative
correlation between ðΔNeff − hÞ. Since a CV-limited
experiment is expected to reveal the intrinsic physical
correlations between different parameters (particularly
those whose degeneracies are not dominated by a low-l,
CV-dominated regime), we have tried to explain the
correlations seen in Fig. 17.12 In Table X and Fig. 16

we provide the quantitative validation of our qualitative
arguments. In generating the table and the plots, we
have considered the NT model (for concreteness) and
increased Bsp by 2σ followed by increasing/decreasing
fωb;ωcdm; msp; hg by ≤ 2σ.

FIG. 16. Quantitative validation of the degeneracies between the
set of parameters fΔNeff ;Meff

sp ; h;ωmg as they relate to θ�; h
affects θ� only through its contribution to DA�. (a) Effect of
increasing/decreasing the parameter values (with respect to the
fiducial values) on θ� ¼ rs�=DA� for set I. (b) Same as (a) for set II.

TABLE X. Quantitative validation of the degeneracies between
the set of parameters fΔNeff ;Meff

sp ;ωm ¼ ωb þ ωcdmg as they
relate to zeq (which is unaffected by changes in h). Fiducial values
are shown in italics, and changes are shown in bold font.

ωm h ΔNeff Meff
sp [eV] zeq % change

Set I
0.13347 0.6804 0.034 0.903 3421.85 � � �
0.13347 0.6804 0.037 0.972 3439.65 þ0.25
0.13347 0.6804 0.037 0.881 3415.82 −0.44
0.13387 0.6804 0.037 0.881 3425.36 þ0.10
0.13387 0.6797 0.037 0.881 3425.36 þ0.10

Set II
0.14242 0.6711 0.100 0.415 3478.92 � � �
0.14242 0.6711 0.113 0.449 3488.44 þ0.27
0.14242 0.6711 0.113 0.421 3474.04 −0.14
0.14268 0.6711 0.113 0.421 3480.14 þ0.03
0.14268 0.6709 0.113 0.421 3480.14 þ0.03

11For the same argument to hold for the LiMR of set I, its mass
would need to decrease approximately by an order of magnitude.

12In real experiments, low signal-to-noise ratio at higher
multipoles can reweight contributions and occasionally flip the
apparent sign of a correlation.
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