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We explore entanglement harvesting using two Unruh-DeWitt (UDW) detectors linearly coupled to the
scalar density of a massless spin-1=2 field in 1þ 1 Schwarzschild spacetime. We consider different vacua,
including the Boulware, Hartle-Hawking-Israel (HHI), and Unruh vacua, and investigate various
configurations of detector trajectories. We find that the transition rate of the static UDW detector exhibits
the expected Planckian behavior in the HHI state, while the Unruh state leads to the Helmholtz free energy
density of a fermionic thermal bath. We demonstrate that the near-horizon entanglement properties for
static detectors in the HHI state have similar behavior to those in Minkowski vacua for uniformly
accelerated detectors in Rindler spacetime. We further consider a different interaction Hamiltonian which
breaks local Lorentz symmetry and find that the transition rate of the static detector still exhibits Planckian
behavior in the HHI state, while in the Unruh state, it leads to the Helmholtz free energy density of a
bosonic or fermionic thermal bath corresponding to the static or conformal 2-bein in interaction,
respectively. We observe that the anti-Hawking effect enhances the entanglement between the two
detectors while the gravitational redshift and Hawking radiation decrease it. In particular, due to the
presence of the anti-Hawking effect, the mutual information and concurrence near the event horizon can be
non-zero even for static detectors with static 2-bein, which is in contrast with the case of the scalar field.
Conclusions are discussed.
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I. INTRODUCTION

The black hole information loss problem has been
explored from various perspectives, such as probabilistic
spacetime theory, transfinite set theory, quantum metrol-
ogy, quantum teleportation, relativistic quantum informa-
tion, the anti–de Sitter/conformal field theory (AdS/CFT)
correspondence, and more [1–4]. One of the crucial
elements in addressing the black hole information loss
problem is the quantum entanglement present in matter
fields. To have a deeper understanding of the entanglement
inherent in the field, one can consider the associated
algebra and its properties in the context of a freely chosen
tensor-product decomposition of the full state Hilbert
space [5]. The Hilbert space decomposition depends upon
the reference frames that one chooses. Furthermore, the
curvature of spacetime also plays a significant role by
affecting the derivatives in field equations that influence the
degree of entanglement within the field [6–8]. The entan-
glement dynamics of spacetime and matter are particularly
important in the framework of a information complete
quantum field theory, which may pave a way for unifying
quantum theory and general relativity [9,10]. Additionally,

entanglement and other vacuum correlations has also been
shown to be affected by other elements, such as the
Hawking and local Unruh effect [11–14]. These effects
are also used to explain the transformation between differ-
ent forms of vacuum correlations [15,16]. The expected
emergence of Hawking particles (or quasi-particles) also
carries substantial significance at various other places—
apart from black hole physics—in the natural phenomena
where quantum excitations propagate within a Lorentzian
geometry resembling black holes [17].
In the pursuit of harvesting the entanglement, [18]

initially and later [19–22] proposed a way to harvest the
entanglement using quantum probes. In particular, [19]
investigated the entanglement present in the vacuum of a
massless scalar field by using a pair of causally discon-
nected two-level detectors coupled to the field.
Subsequently, different types of probes were analyzed,
including quantum harmonic oscillators and qubits,
employing various coupling types, including both linear
and nonlinear couplings, in various spacetimes [23–31]. In
particular, [24,25] introduce the formalism and limitations
of a covariant model of smeared particle detectors. [29] use
a complex detector model to study the antiparticle sector
of a non-Hermitian field. The distinct entanglement-har-
vesting profiles due to minimal and conformal couplings
have been illustrated in [32]. [33] showed that vacuum
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entanglement harvesting is significantly more efficient for a
smooth switching mechanism than a sudden one, especially
for spacelike separations. Moreover, the performance of
measurements on quantum fields also affect entanglement
harvesting [34].
In the context of black holes, the entanglement harvest-

ing protocol described in [11,13,35], involving static
detectors coupled to a real massless scalar field, suggests
that the horizon inhibits any kind of correlation near it.
However, freely falling detectors coupled to the massless
scalar field do not experience such decay due to the finite
relative gravitational redshift [13]. Furthermore, at near
infinite acceleration of the quantum probes, the entangle-
ment of the fermionic field can be either zero or nonzero,
unlike that of the scalar field, depending on the choice of
the state in the Rindler spacetime as well in the near horizon
limit of a Schwarzschild black hole [36,37]. The generation
of entanglement between modes pair of a quantum field
within a single, rigid cavity undergoing nonuniform motion
in Minkowski space-time is also shown to be influenced by
the field’s statistics [38]. Moreover, the entanglement
tradeoff across horizons also depends on the statistics
[39]. The entanglement properties of fermionic fields differ
from those of bosonic fields in several contexts. Notably,
the manner in which fermionic fields become entangled
prompted [40] to suggest that fermionic field entanglement,
arising from the expansion of the universe, can be used to
reconstruct parameters characterizing the history of cosmic
expansion.
Despite the certain different entanglement properties of

fermionic and bosonic fields, studies on the entanglement
harvesting protocol involving a detector moving along a
specified trajectory and coupled to a fermionic field in a
black hole spacetime are limited. In particular, the roles of
gravitational redshift, the Hawking and anti-Hawking
effects, vacuum polarization, and similar phenomena
have not been extensively explored for fermionic fields.
Takagi [41] initially explored the detector response func-
tion of a Unruh DeWitt (UDW) detector coupled linearly to
the scalar density of a massless fermionic field in
Minkowski spacetime. Subsequently, [42,43] demonstrated
the similarities and differences between the UDW coupled
linearly to the scalar density of the massless fermionic field
and that coupled to a massless scalar field in flat spacetime.
Notably, while the numerical values of the entanglement
measures, harvested using detectors, depend on various
detector parameters—such as the energy gap and the
switching function—a systematic comparison can still be
made by keeping certain parameters fixed while varying
others. [29] studied an example of entanglement harvesting
from a fermionic field in flat spacetime. However, the study
of entanglement harvesting for fermionic fields in curved
spacetime is limited. This further motivates us to compare
an analysis of entanglement harvesting for a detector
coupled to the scalar density of the fermionic field with

that of a scalar field in the background of a Schwarzschild
black hole.
In Sec. II, we start with a concise review of quantum field

theory applied to fermionic fields within the context of
curved spacetime and then present the derivation of the
two-point functions needed in subsequent sections in
various vacuum states. The two-point function in a pure
global Gaussian state contains all information about the
correlations of the field. We further briefly review the
calculation of the relative entanglement entropy of a
massless fermionic field for disjoint intervals in the
Schwarzschild spacetime using the two-point function.
This yields various interesting properties and inequalities
associated with the mutual information of the field in
various states. Section III introduces the UDW formalism
for fermionic fields and calculates the transition rates of the
quantum probe in different vacua, as the transition prob-
ability is a competing term in the correlation measures. The
transition probability in the usual scenario is positively
correlated with temperature; however, it can also decrease
with an increase in temperature due to the anti-Hawking
effect [44]. We introduce the condition for the anti-
Hawking effect and later correlate it with results obtained
from entanglement harvesting. Section IV starts with a
discussion of the entanglement measures used in the later
subsections. We investigate entanglement harvesting with
two static detectors—one in close proximity to the horizon
and the other at some proper distance from it. We vary the
proper distance between detectors, keeping other parame-
ters constant, and perform entanglement harvesting. The
subsequent subsection explores the entanglement charac-
teristics of the vacuum relative to the distance from the
horizon, with fixed detector separation and other fixed
parameters. The same analysis is also repeated for both
detectors in free-fall trajectories in the following subsec-
tion. Finally, Sec. V provides a comparative analysis of the
near-horizon entanglement properties of the Hartle-
Hawking state with those of the Minkowski vacua in the
context of a uniformly accelerated detector in flat space-
time. Conclusions are discussed in the last section. Use is
made of natural units, namely ℏ ¼ c ¼ kB ¼ 1, throughout
the paper.

II. QFT IN SPHERICALLY SYMMETRIC
SPACETIME

We begin with a concise review of quantum field theory
applied to fermionic fields within the context of curved
spacetime and then present the derivation of the two-point
functions in various vacuum states.
We define spacetime as a pair (M, g), where M is a

connected 4-dimensional Hausdorff manifold and g is a
metric of signature þ2 onM [45]. If it admits an isometric
actionΦ∶SOð3Þ ×M → M such that the maximal dimen-
sions of its orbits are two, then we call the spacetime to be
spherically symmetric. Any spherically symmetric solution
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of the vacuum Einstein field equation exhibits local
isometry with the Schwarzschild solution [46]. In particu-
lar, a nonrotating body undergoing gravitational collapse
results in the formation of a Schwarzschild black hole. In
this paper, we focus specifically on the Schwarzschild
spacetime.

A. The classical Schwarzschild spacetime

The Schwarzschild spacetime possesses three globally
spacelike Killing vector fields, in addition to one more
Killing vector field that is timelike outside the horizon and
spacelike inside the horizon. The metric in (1þ 3) dimen-
sions, using Schwarzschild coordinates, can be expressed
as follows:

ds2 ¼ −
�
1 −

2GM
r

�
dt2S þ

1�
1 − 2GM

r

� dr2

þ r2ðdθ2 þ sin2θdϕ2Þ: ð1Þ

HereM is the ADMmass associated with the geometry, and
ftS; r; θ;ϕg represents the Schwarzschild coordinates.
Furthermore, one should also note that the above expres-
sion, denoted by Eq. (1), is a classical relation and does not
say anything about the quantum states of space-time.
However, one can take various matter fields and study
their quantum theory in a classical curved spacetime.
For ease of application in later sections, let us introduce

null coordinates v ¼ tS þ r�, u ¼ tS − r�, with r� ¼ rþ
Rs log jr=Rs − 1j and Rs ¼ 2GM. Essentially, the constant
value of any one of these coordinates describes null
geodesics corresponding to ingoing and outgoing direc-
tions, respectively. While certain entanglement properties
depend upon the angular components, the majority of these
properties remain valid when we confine our focus to radial
motion exclusively. The truncated Schwarzschild line
element, in (1þ 1) dimensions, in the new coordinates
becomes

ds2 ¼ −
Rs

r
e−r=Rseðv−uÞ=2Rsdudv: ð2Þ

The above metric, represented as Eq. (2), has a coordinate
singularity at Rs ¼ 2GM. Nonetheless, it is possible to
perform an analytic continuation of this metric, making it
regular at all points except for r ¼ 0. This can be achieved
by introducing new coordinates,U ≔ ∓2Rs exp ð−u=2RsÞ
and V ≔ 2Rs exp ðv=2RsÞ, which are commonly referred to
as the Kruskal coordinates. The line element corresponding
to Kruskal coordinates is

ds2 ¼ −
Rs

r
e−r=RsdUdV: ð3Þ

In terms of U and v one obtains,

ds2 ¼ −
Rs

r
e−

r
Rs
þ v

2RsdUdv: ð4Þ

B. Dirac field in Schwarzschild spacetime

There may exist a diverse variety of fields on M that
describe the matter content of the spacetime, adhering to
either tensorial or spinor equations, and are defined
using the metric g on M. For example, we can have
electromagnetic, neutrino, electron, Higgs, or pion field.
Metrics other than g or other connections can also be
understood as other physical fields. Spinors and spinorial
tensor fields arise as realizations of the representation of
ISLð2;CÞ. However, one can define the spinor fields only
if the spacetime manifold satisfies certain topological
properties [47]. The matter field we consider in the
Schwarzschild spacetime is the Dirac spinor, which com-
prises four components. One can understand it as the
combination of an SLð2;CÞ spinor and its complex con-
jugate SLð2;CÞ spinor counterpart. The action describing
the Dirac field is given by

A ¼
Z

d4x
ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p �
1

2
i½ψ̄ γ̃μ∇μψ − ð∇μψ̄Þγ̃μψ � −mψ̄ψ

�
;

ð5Þ

where ∇ represents the spinor covariant derivative and γ̃μ

are the curved space Dirac gamma matrices. One can get
the following Dirac equations by varying the above action,
denoted by Eq. (5) with respect to ψ̄ and ψ , respectively:

ðiγ̃μ∇μ −mÞψ ¼ 0;

i∇μψ̄ γ̃
μ þmψ̄ ¼ 0: ð6Þ

In n-dimensional spacetime, the above Eqs. (5) and (6)
exhibit conformal invariance in the massless limit as long as

FIG. 1. The above plot shows the Penrose diagram for a
Schwarzschild black hole. We study the correlation measures
of the massless Dirac field in region U. We show four disjoint
intervals on a constant Schwarzschild time slice to illustrate the
computation of the correlation measures between the red 1 and
black 1 intervals, and then between the red 2 and black 2
intervals, corresponding to various distances from the event
horizon, while keeping the proper distance between intervals
fixed.
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ψ → Ωð1−nÞ=2ðxÞψ under conformal transformation of the
metric, gμνðxÞ → Ω2ðxÞgμνðxÞ. Under the combined local
Lorentz and general coordinate transformations on Eq. (5),
by imposing the requirement of general covariance of the
Dirac equations, Eq. (6), one obtains a condition that is
identical to the requirement of covariance under Lorentz
transformations in flat spacetime. The key distinction is that
in this context, the transformations are local [48] while
analyzing quantum entanglement one has to look for
nonlocal correlations. Solutions of the Dirac equation form
a complete and orthonormal set of modes that can be
quantized by imposing anticommutation relations on the
field because quantizing the Dirac field using commutators
leads to issues with causality and the energy not being
bounded from below [48].
The Schwarzschild metric depends upon the radial

coordinate r, which becomes timelike inside the horizon
at r ¼ Rs ¼ 2GM. Furthermore, the Schwarzschild
spacetime exhibits time-reversal symmetry; however, the
quantum state imposed on it need not share the same time-
reversal symmetry. However, even with the time depend-
ence of the interior region of the Schwarzschild solution, it
is possible to define a globally stable vacuum state [49].
Since the manifold is time-oriented, one can also define the
Feynman propagator, which sandwiches time-ordered
quantum fields between the state, as follows:

iSFαβðx; x0Þ ¼ h0jTðψαðxÞψ̄βðx0ÞÞj0i
¼ θðt − t0ÞSþαβðx; x0Þ − θðt0 − tÞS−αβðx; x0Þ; ð7Þ

where Sþαβ and S
−
αβ are known as Wightman bidistributions.

The Wightman bidistributions have a Dirac delta form for
null-separated events.1 However, due to relativistic causal-
ity, since the Dirac field anticommutes for spacelike-
separated events, the time-ordered product does not exhibit
any discontinuity when x0 ¼ x00. The Feynman propagator
for the spin half field satisfies

½iγ̃μðxÞ∇x
μ −m�SFðx; x0Þ ¼ ½−gðxÞ�−1=2δnðx − x0Þ: ð8Þ

It can be seen by direct substitution that

SFðx; x0Þ ¼ ½iγ̃μðxÞ∇x
μ þm�Gϕðx; x0Þ; ð9Þ

where Gϕðx; x0Þ is a bispinor with each component satisfy-
ing the Green’s function equation for Klein-Gordon field in
curved space-time with a nonminimal coupling [50]. It can
be verified using the identity shown in Eq. (3.232) of [48].
In the subsequent sections, we will work with a spacetime

that has a zero Ricci scalar, so the Ricci scalar term will be
absent. Writing Gϕðx; x0Þ in terms of scalar Wightman
function, Wϕðx; x0Þ, we have [51–54]

iSFαβðx;x0Þ¼θðt− t0Þ½ðiγ̃μðxÞ∇x
μþmÞUðx;x0ÞWϕðx;x0Þ�αβ

þθðt0− tÞ½ðiγ̃μðxÞ∇x
μþmÞUðx;x0ÞWϕðx0;xÞ�αβ:

ð10Þ

Here, Uðx; x0Þ represents the spinor parallel propagator,
which ensures that the above equation, expressed in terms
of the scalar field Wightman function, transforms identi-
cally to Eq. (7) [52–54]. Again, relativistic causality
ensures that the Feynman propagator (10) is analytic at
equal times, and furthermore, the first time derivative is also
continuous at equal times. Comparing the above equation,
Eq. (10), with Eq. (7), we get the following expressions for
the Wightman function of the Dirac field:

Sþαβðx; x0Þ ¼ ½ðiγ̃μðxÞ∇x
μ þmÞUðx; x0ÞWϕðx; x0Þ�αβ;

S−αβðx; x0Þ ¼ −½ðiγ̃μðxÞ∇x
μ þmÞUðx; x0ÞWϕðx0; xÞ�αβ:

ð11Þ

In (1þ 1)-dimensional Minkowski spacetime, the
Wightman function for the Dirac field at two points x̃
and x̃0 on a constant time slice is given by

Sþðx̃; x̃0Þ ¼
Z

dp
2π

pμγ
μ þm

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p γ0e−ipðx̃−x̃0Þ; ð12Þ

which evaluates to the following expression in the massless
limit: [48,55–57]

Sþðx̃; x̃0Þ ¼ 1

2
δðx̃ − x̃0Þ1þ i

2π
P
�

1

x̃ − x̃0

�
γ0γ1: ð13Þ

Here, 1 is the identity matrix, and P represents that
the principal value regularization has been applied.
Using the property of conformal invariance, discussed
above, we get the following Wightman function for the
massless Dirac field in any spacetime which is conformally
related to the (1þ 1)D Minkowski spacetime by a con-
formal factor Ω [57]:

SþΩ2g
ðx̃; x̃0Þ¼Ω−1=2ðx̃ÞΩ−1=2ðx̃0Þ

×

�
1

2
δðx̃− x̃0Þ1þ i

2π
P
�

1

x̃− x̃0

�
γ0γ1

�
: ð14Þ

One can also get the above Wightman function,
Eq. (14), from Eq. (11) by using γ̃μ ¼ ΩðxÞ−1γμ,
Uðx; x0Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ΩðxÞ=Ωðx0Þp
UMðx; x0Þ where UMðx; x0Þ is

the 1þ 1 Minkowski spinor parallel propagator and
γμ∇μUðx; x0Þ ¼ 0.

1The Wightman bidistribution gives well-defined results when
one integrates over appropriate regions with well-defined boun-
dary conditions. Therefore, we use the term Wightman function
in the rest of the paper.
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C. Different vacua

One usually defines a vacuum state as a Gaussian pure
state. The term “pure” means that one cannot decompose
the state into a convex combination of other states, and the
Gaussian states are states that can be fully described by
their one and two-point correlation functions. Generally, it
is not anticipated that the vacuum should be devoid of
particles for observers following distinct worldlines.
Nevertheless, the symmetries inherent in spacetime dictate
the emergence of certain mode sets as natural choices for
specific observers. Guided by the principles of normaliza-
tion and equivalence, one opts for Hadamard states, which
are physical states that exhibit a resemblance to the
Minkowski vacuum in the high-energy ultraviolet (UV)
limit. In a stationary spacetime with a bifurcate Killing
horizon, one can identify at most one stationary Hadamard
vacuum (see Theorem 5.1 of [58]). One can refer [59] for
the detailed discussion of states using massless Dirac fields
in the Schwarzschild spacetime. For ease of application in
the later sections where we use the detectors coupled to the
scalar density of the massless fermionic field, this section
delves into an exploration of three distinct vacuum states
associated with the Schwarzschild spacetime2 and their
corresponding two-point functions

Wα
ψ ðx; x0Þ ¼ h0αj∶ψ̄aðxÞψaðxÞ∶∶ψ̄bðx0Þψbðx0Þ∶j0αi ð15Þ

¼ −NgμρðxÞΛν
ρðx0; xÞ∂xμWα

ϕðx; x0Þ∂x
0
ν Wα

ϕðx; x0Þ
ð16Þ

Here, :: denotes normal ordering, α labels different states,N
is the number of spacetime dimensions, Λν

ρ represents the
vector parallel transport, and Wα

ϕðx; x0Þ is the Wightman
function of a massless scalar field in the corresponding
vacuum. The above expression (16) is invariant under
general coordinate transformation as well as local
Lorentz transformation, and it has been derived in
Appendix A.
The local Lorentz invariance is crucial in defining

horizons and the notion of a black hole [60]. It has been
suggested in [61] that Lorentz symmetry violations could
allow perpetual motion machines of the second kind, and it
is proposed that Lorentz symmetry may emerge macro-
scopically from a microscopic second law of causal horizon
thermodynamics. Further, [62] suggests that the violation
of Lorentz invariance could allow processes violating the
second law of thermodynamics, which is related to the
unitarity of the underlying microscopic theory. One can
refer [63] for a brief study of fermions in the presence of
Lorentz violations. In our case of interaction Hamiltonian

giving the two-point function shown in Eq. (16), the
Lorentz invariance is preserved due to the presence of
the vector parallel propagator Λν

μ. In order to see the effect
of violating local Lorentz invariance, with a toy model
interaction, we consider a Lorentz symmetry-violating
interaction. By defining the decomposition of the spinor
parallel propagator as Uðx0; xÞ ¼ Āðx0ÞAðxÞ; Uðx; x0Þ ¼
ĀðxÞAðx0Þ at every spacetime point, and rescaling the
spinor fields as ψ 0ðxÞ ¼ AðxÞψðxÞ, ψ̄ 0ðxÞ ¼ ĀðxÞψ̄ðxÞ,
we get an interaction Hamiltonian, along with the fol-
lowing corresponding two-point function computed in
Appendix A:

W0α
ψ ;bðx; x0Þ ¼ h0αj∶ψ̄ 0

aðxÞψ 0
aðxÞ∶∶ψ̄ 0

bðx0Þψ 0
bðx0Þ∶j0αi ð17Þ

¼ −Nb:μδ ðxÞb:νβ ðx0Þηδβ∂xμWα
ϕðx; x0Þ∂x

0
ν Wα

ϕðx; x0Þ: ð18Þ

The index b represents the choice of the two being taken as
the two-point function (18) now depends on the choice of
2-bein b:μδ ðxÞ.
In the rest of the paper, we follow the notation that

Wα
ψ ðx; x0Þ without the prime is derived from the interaction

Hamiltonian Ĥint
j in Eq. (61) and is independent of the

choice of 2-bein whileW0α
ψ ;bðx; x0Þwith the prime is derived

from the interaction Hamiltonian Ĥ0int
j in Eq. (62) and is

dependent of the choice of 2-bein.

1. HHI vacuum

In the eternal Schwarzschild spacetime, there exists
exactly one stationary Hadamard vacuum state, which is
defined over the entire maximally extended spacetime,
known as the Hartle-Hawking-Israel (HHI) state [64]. One
understands the left and right exteriors of the event horizon,
in this state, to be connected by an Einstein-Rosen bridge,
which makes them entangled. To define this state, one
quantizes the field using modes in terms of positive
frequency with respect to both past and future horizon
generators ∂U and ∂V . The energy-momentum tensor here
has a relatively low magnitude [65], and the geometry
closely resembles the classical Schwarzschild solution.
Additionally, a static observer far from the event horizon
experiences both outgoing and ingoing fluxes of radiation
in thermal equilibrium.
The 1þ 1-dimensional Schwarzschild metric in terms of

U and V coordinates [see Eq. (3)] is related to the
Minkowski spacetime metric by a conformal factor as
gμνðxÞ ¼ Ω02ðxÞημνðxÞ. Therefore, one can always choose a
local orthogonal frame eaμðxÞ ¼ Ω0ðxÞδaμ and compute the
spin connection to yield the following vector parallel
propagator

Λμ
νðx; x0Þ ¼ Ω0ðx0Þ

Ω0ðxÞ δ
μ
ν : ð19Þ

2We note that only one is Hadamard over the maximally
extended Schwarzschild spacetime. Moreover, uniqueness does
not necessarily imply existence in a more general scenario [58].
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Substituting the above expression (19) of the vector parallel
propagator in the two-point function of the detector
coupled linearly to the scalar density of a massless Dirac
field, shown in Eq. (16), with the metric Eq. (3), we get the
following two-point function:

WHHI
ψ ðx; x0Þ ¼ −

ffiffiffiffiffiffi
rr0

p

2π2RS
eðrþr0Þ=2RS

1

ðΔU − iϵÞðΔV − iϵÞ :

ð20Þ

Now, using the invariance of Eq. (16) under the local
Lorentz transformations and the general coordinate trans-
formations, one can say that Eq. (20) is valid in all reference
frames. Since all two-dimensional metrics are related by
conformal transformation, imposing the condition of
conformal invariance of the action (5) for a massless
Dirac field (m ¼ 0), for which the field should transform
as ψ → Ωð1−nÞ=2ðxÞψ under a conformal transformation of
the metric, gμνðxÞ → Ω2ðxÞgμνðxÞ, also allows one to get
the same two-point function, Eq. (20), using the known
two-point function in Minkowski spacetime. One can also
get the same expression (20) for the two-point function
shown in Eq. (18) by substituting 2-beins3

bμ0 ¼

0
B@

eðv−uÞ=4Rsffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p
eðv−uÞ=4Rsffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA; bμ1 ¼

0
B@∓ eðv−uÞ=4Rsffiffiffiffiffiffiffiffiffiffiffi

1−Rs=r
p

� eðv−uÞ=4Rsffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA; ð21Þ

in Eq. (18).
Since the two-point function shown in Eq. (18) depends

on the choice of the 2-bein, we introduce a subscript b, i.e.,
W0HHI

ψ ;b , to indicate which 2-bein is being used, both here and
throughout. So, in this notation, W0HHI

ψ ;c ¼ WHHI
ψ , where c

denotes the conformal tetrad. The timelike component of

the 2-bein shown in Eq. (21) represents the four-velocity of
a reference frame that is neither freely falling nor static (see
Fig. 2). Converting the four-velocity in the t− r plane by
usual tetrad transformation and integrating one gets the
following trajectory:

r�
2Rs

¼ − ln

�
cosh

t
2Rs

�
þ C1; ð22Þ

with proper acceleration

a ≔
ffiffiffiffiffiffiffiffiffiffi
aμaμ

p ¼ � 1 − R2
s=r2

4Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r

p ; ð23Þ

where r� ¼ rþ Rs ln jr=Rs − 1j is the usual tortoise coor-
dinate and C1 is an integration constant. For illustration
purposes, we show the plots for trajectory and acceleration
for a particular C1 in Fig. 2.
However, the choice of reference frame at any specific

point in a curved manifold is entirely arbitrary. One can
apply a local, spacetime-dependent Lorentz transformation
to Eq. (21) to obtain a 2-bein describing the same geometry
but whose zeroth component represents the four-velocity of
a desired reference frame. The 2-bein corresponding to a
static observer in the metric Eq. (3) is given by

bμ0 ¼

0
B@

−U
2Rs

ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p
V

2Rs

ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA; bμ1 ¼

0
B@� U

2Rs

ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

� V
2Rs

ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA: ð24Þ

The above 2-bein is related to Eq. (21) by just a local
Lorentz transformation. Using the 2-bein, Eq. (24), in the
Eq. (18), we obtain the following two-point function for the
scalar density of the fermionic field in the HHI vacuum:

W0HHI
ψ ;s ðx; x0Þ ¼ 1

16π2R2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r0

p V 0U þ U0V
ðΔU − iϵÞðΔV − iϵÞ ; ð25Þ

where ΔU ¼ ðU −U0Þ and ΔV ¼ ðV − V 0Þ. The 2-bein moving with a freely falling detector is given by

bμ0 ¼

0
B@

−U
2Rsð1−

ffiffiffiffiffiffiffi
Rs=r

p
Þ

V
2Rsð1þ

ffiffiffiffiffiffiffi
Rs=r

p
Þ

1
CA; bμ1 ¼

0
B@� U

2Rsð1−
ffiffiffiffiffiffiffi
Rs=r

p
Þ

� V
2Rsð1þ

ffiffiffiffiffiffiffi
Rs=r

p
Þ

1
CA; ð26Þ

which, after substitution in Eq. (18), yields the following two-point function:

W0HHI
ψ ;f ðx; x0Þ ¼ 1

16π2R2
s

	
UV 0

ð1 − ffiffiffiffiffiffiffiffiffiffi
Rs=r

p Þð1þ ffiffiffiffiffiffiffiffiffiffiffi
Rs=r0

p Þ þ
VU0

ð1 − ffiffiffiffiffiffiffiffiffiffiffi
Rs=r0

p Þð1þ ffiffiffiffiffiffiffiffiffiffi
Rs=r

p Þ



1

ðΔU − iϵÞðΔV − iϵÞ : ð27Þ

3We refer to the (1þ 1)-dimensional counterpart of a tetrad as the 2-bein.
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2. Unruh state

In an astrophysical context, black holes are typically
formed through the collapse of massive stars, and they do
not possess a white hole region. Consequently, astrophysi-
cal Schwarzschild black holes do not have radiation coming
from infinity. Instead, they only emit outgoing Hawking
radiation, leading to a gradual decrease in their mass.
Nevertheless, due to their enormously long lifetimes, one
can effectively consider the situation to be nearly time-
independent. To describe such a scenario, one constructs a
state, namely the Unruh state, defined only by the black
hole and the universe region, and it reproduces the late-time
thermal radiation [66]. Furthermore, the energy density and
flux of outgoing radiation far away from the horizon are

numerically equal in this state [50]. One can understand the
Unruh state as a squeezed state of the initial state that
closely resemble the Minkowski vacuum on I−. Here, one
quantizes the field using positive frequency on the past
horizon with respect to the null generator ∂U of H−, and
positive frequency modes are derived with respect to the
null generators ∂v on past null infinity.
The 1þ 1-dimensional Schwarzschild metric in terms

of U and v coordinates [see Eq. (4)] is related to the
Minkowski spacetime metric by a conformal factor as
gμνðxÞ ¼ Ω002ðxÞημνðxÞ. Therefore, one can always choose
a local orthogonal frame eaμðxÞ ¼ Ω00ðxÞδaμ and compute the
spin connection to yield the following vector parallel
propagator:

10 15 20 25 30
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0.015
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0.025

d(rS,rA)

g(
r)

HHI

50 100 150 200 250
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- 50

0
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100

r( )

t(τ
)

Unruh

FIG. 2. The top panel shows the proper acceleration of a frame where the two-point function for the interaction Hamiltonian Ĥ0int
j

shown in Eq. (62) is the same as the two-point function for Ĥint
j shown in Eq. (61) i.e., Wα

ψ ¼ W0α
ψ ;c. The bottom panel shows the

corresponding trajectory with the integration constants C1 ¼ 1 and C2 ¼ 78.
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Λμ
νðx; x0Þ ¼ Ω00ðx0Þ

Ω00ðxÞ δ
μ
ν : ð28Þ

Substituting the above expression (28) of the vector parallel
propagator in the two-point function of the detector
coupled linearly to the scalar density of a massless Dirac
field, shown in Eq. (16), with the metric Eq. (4), we get the
following two-point function:

WUnruh
ψ ðx; x0Þ ¼ −

ffiffiffiffiffiffi
rr0

p

2π2Rs
eðrþr0Þ=2Rse−ðvþv0Þ=4Rs

×
1

ðΔU − iϵÞðΔv − iϵÞ : ð29Þ

Again, one can get the above Eq. (29) by imposing the
conformal invariance discussed in Sec. II C 1, with knowl-
edge of the two-point function in the Minkowski spacetime.

This is the same as substituting

bμ0 ¼

0
B@

e−u=4Rsffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p
e−u=4Rsffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA; bμ1 ¼

0
B@∓ e−u=4Rsffiffiffiffiffiffiffiffiffiffiffi

1−Rs=r
p

� e−u=4Rsffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA; ð30Þ

in Eq. (18) (i.e., W0Unruh
ψ ;c ¼ WUnnruh

ψ ).
Converting the timelike component of the above

tetrad (30), which represents the four-velocity of a frame
moving with tetrad, in the t – r plane by usual tetrad
transformation and integrating, one gets the following
trajectory:

r� ¼ −u=2 − Rse−u=2Rs þ C2 ð31Þ

with proper acceleration

a ≔
ffiffiffiffiffiffiffiffiffiffi
aμaμ

p ¼ � cosh ðu=4RsÞ − 2R2
s cosh ðu=4RsÞ=r2 þ sinh ðu=4RsÞ
4Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r

p ; ð32Þ

where C2 is an integration constant. For illustrative pur-
poses, we show the plots for the trajectory and acceleration
for a particular value of C2 in Fig. 2.
The 2-bein corresponding to a static observer in the

metric Eq. (4) are given by,

bμ0 ¼

0
B@

−U
2Rs

ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p
1ffiffiffiffiffiffiffiffiffiffiffi

1−Rs=r
p

1
CA; bμ1 ¼

0
B@� U

2Rs

ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

� 1ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA: ð33Þ

Using the above 2-bein, Eq. (33), in Eq. (18) yields the two-
point function for the scalar density of the fermionic field in
the Unruh vacuum

W0Unruh
ψ ;s ðx; x0Þ ¼ 1

8π2Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r0

p
×

U þ U0

ðΔU − iϵÞðΔv − iϵÞ ; ð34Þ

where ΔU ¼ ðU −U0Þ and Δv ¼ ðv − v0Þ. The 2-bein
moving with a freely falling detector, expressed in terms
of the coordinates used in metric Eq. (4), is given by

bμ0¼

0
B@

−U
2Rsð1−

ffiffiffiffiffiffiffi
Rs=r

p
Þ

1

1þ
ffiffiffiffiffiffiffi
Rs=r

p

1
CA; bμ1¼

0
B@∓ U

2Rsð1−
ffiffiffiffiffiffiffi
Rs=r

p
Þ

∓ 1

1þ
ffiffiffiffiffiffiffi
Rs=r

p

1
CA; ð35Þ

which, after substitution in Eq. (18), yields the following
two-point function:

W0Unruh
ψ ;f ðx; x0Þ ¼ 1

8π2Rs

	
U

ð1 − ffiffiffiffiffiffiffiffiffiffi
Rs=r

p Þð1þ ffiffiffiffiffiffiffiffiffiffiffi
Rs=r0

p Þ þ
U0

ð1 − ffiffiffiffiffiffiffiffiffiffiffi
Rs=r0

p Þð1þ ffiffiffiffiffiffiffiffiffiffi
Rs=r

p Þ



1

ðΔU − iϵÞðΔv − iϵÞ : ð36Þ

3. Boulware vacuum

The Boulware vacuum corresponds to the vacuum state
that replicates theMinkowski vacuumat both past and future
null infinity. In other words, in this scenario, there is neither
incoming nor outgoing radiation at infinity. Therefore, one
can describe the vacuum outside compact, spherically
symmetric objects like a static neutron star by Boulware
vacuum—given the absence of both past and future event
horizons in such objects. It exhibits nonregularity on both

past and future horizons. The modes corresponding to this
state are defined to be the positive and negative frequency
with respect to the Schwarzschild timelike Killing field,
denoted as ∂t.
Again, the 1þ 1-dimensional Schwarzschild metric in

terms of u and v coordinates [see Eq. (2)] is related to the
Minkowski spacetime metric by a conformal factor as
gμνðxÞ ¼ Ω0002ðxÞημνðxÞ. Therefore, one can again choose a
local orthogonal frame eaμðxÞ ¼ Ω000ðxÞδaμ and compute the
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spin connection to yield the following vector parallel
propagator:

Λμ
νðx; x0Þ ¼ Ω000ðx0Þ

Ω000ðxÞ δ
μ
ν : ð37Þ

Substituting the above expression (37) of the vector parallel
propagator in the two-point function of the detector
coupled linearly to the scalar density of a massless Dirac
field, shown in Eq. (16), with the metric Eq. (4), one gets
the following two-point function:

WBoulware
ψ ðx; x0Þ ¼ −

ffiffiffiffiffiffi
rr0

p

2π2Rs
eðrþr0Þ=2Rse−ðvþv0Þ=4Rseðuþu0Þ=4Rs

×
1

ðΔu − iϵÞðΔv − iϵÞ ; ð38Þ

which can also be obtained by assuming the conformal
invariance discussed in Sec. II C 1. This is the same as the
expression obtained by substituting

bμ0 ¼

0
B@

1ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p
1ffiffiffiffiffiffiffiffiffiffiffi

1−Rs=r
p

1
CA; bμ1 ¼

0
B@∓ 1ffiffiffiffiffiffiffiffiffiffiffi

1−Rs=r
p

� 1ffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p

1
CA; ð39Þ

in Eq. (18) (i.e., W0Boulware
ψ ;c ¼ W0Boulware

ψ ;s ¼ WBoulware
ψ ). The

above 2-bein corresponds to a static frame. The two-point
function shown in Eq. (38) can also be rewritten as

WBoulware
ψ ðx; x0Þ ¼ W0Boulware

ψ ;s ðx; x0Þ ¼ −
1

2π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r0

p 1

ðΔu − iϵÞðΔv − iϵÞ ; ð40Þ

whereΔu ¼ ðu − u0Þ andΔv ¼ ðv − v0Þ. While the 2-bein moving with a freely falling detector in terms of metric Eq. (2) is
given by

bμ0 ¼

0
B@

1

1−
ffiffiffiffiffiffiffi
Rs=r

p
1

1þ
ffiffiffiffiffiffiffi
Rs=r

p

1
CA; bμ1 ¼

0
B@ � 1

1−
ffiffiffiffiffiffiffi
Rs=r

p

∓ 1

1þ
ffiffiffiffiffiffiffi
Rs=r

p

1
CA; ð41Þ

which, after substitution in Eq. (18), yields the following two-point function

W0Boulware
ψ ;f ðx; x0Þ ¼ −

1

4π2

	
1

ð1 − ffiffiffiffiffiffiffiffiffiffi
Rs=r

p Þð1þ
ffiffiffiffiffiffiffiffiffiffiffi
Rs=r0

p
Þ þ

1

ð1 −
ffiffiffiffiffiffiffiffiffiffiffi
Rs=r0

p
Þð1þ ffiffiffiffiffiffiffiffiffiffi

Rs=r
p Þ



1

ðΔu − iϵÞðΔv − iϵÞ : ð42Þ

D. Relative entanglement entropy
of the massless Dirac field

We briefly review the calculation of the relative entan-
glement entropy of a massless fermionic field for disjoint
intervals in the Schwarzschild spacetime using the two-
point function. We shall see that it yields various interesting
properties and inequalities associated with the mutual
information of the field in various states.
The vacuum states defined in the last section are pure.

However, if one considers a restriction to a certain region of
spacetime, the reduced state will generally not be pure. The
Reeh-Schlieder theorem implies that the reduced state is
mixed [67]. From an algebraic point of view, all von
Neumann algebras associated with local observables of
well-behaved QFTs are isomorphically related. However,
algebras associated with local observables in different
regions of spacetime can be related in a completely different

manner for different QFTs. The entanglement is a kind of
quantum correlation between local observables, and it is a
property of the algebra of observables. However, observers
restricted to certain regions of spacetime and following some
specified trajectories can observe different correlations due
to their different natural choices of Hilbert space decom-
position. In the next section, we will discuss entanglement
using localized quantum probes. The entanglement proper-
ties studied by the detector depend on several factors,
including the choice of detector model. To understand what
the quantum probes observe and to compare it with the
existing literature on entanglement using various conformal
field theory methods, in this section, we first study the
relative entanglement entropy—a measure of total correla-
tion—of the field in different states using the resolvent
technique [57,68,69]. The von Neumann/entanglement
entropy associated with a region having reduced density
matrix ρA ¼ TrBjψihψ j—which is obtained by tracing out
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degrees of freedom outside that region—is defined by

SA ≔ −TrðρA log ρAÞ: ð43Þ

The entanglement entropy of the real massless fermionic
field in terms of theWightman function, Eq. (13), is given by
[55]

S ¼ −Tr½ð1 − SþÞ log ð1 − SþÞ þ Sþ logSþ�: ð44Þ

Using the integral representation of the logarithm, the above
expression can be written as

S ¼ −
Z

∞

1=2
dβTr

	
ðβ − 1=2ÞðRðβÞ − Rð−βÞÞ − 2β

β þ 1=2



;

ð45Þ

whereR is the resolvent of theWightman function,Sþ, and it
is given by

R ¼ ðSþ − 1=2þ βÞ−1: ð46Þ

Using the definition of functional inverse

Z
dz̃Rðβ; x̃; z̃ÞR−1ðβ; z̃; ỹÞ ¼ δðx̃ − ỹÞ ð47Þ

we get

Z
dz̃Rðβ; x̃; z̃Þ½Sþðz̃; ỹÞ þ ðβ − 1=2Þδðz̃; ỹÞ� ¼ δðx̃ − ỹÞ:

ð48Þ

For the case ofmasslessDirac field inMinkowski spacetime,
the use of the correlator shown in Eq. (13) in the above
equation yields

βRðx̃; ỹÞ − i
2π

Z
Rðx̃; z̃Þ
z̃ − ỹ

dz̃ ¼ δðx̃ − ỹÞ: ð49Þ

Assuming the region over which the integration is being
performed to have n disjoint spatial intervals, (pi, qi), one
gets the following solution of Eq. (49):

Rðβ; x̃; ỹÞ ¼ ðβ2 − 1=4Þ−1
�
βδðx̃ − ỹÞ þ iγ0γ1

2πðx̃ − ỹÞ exp
�
−

i
2π

γ0γ1 log

�
β − 1=2
β þ 1=2

�
ðfðx̃Þ − fðỹÞÞ

��
; ð50Þ

where

fðx̃Þ ¼ log

�
−
Q

n
i¼1ðx̃i − piÞQ
n
i¼1ðx̃i − qiÞ

�
: ð51Þ

Substituting above resolvent into Eq. (45) and performing integrations with x̃ → ỹ [57,68,69] one gets

S ¼ 1

3

�X
i;j

log jqi − pjj −
X
i<j

log jqi − qjj −
X
i<j

log jpi − pjj − n log ϵ

�
: ð52Þ

The above expression of entropy is dependent on the UV
cutoff ϵ, which appears because of the presence of high-
energy vacuum fluctuations. However, assuming ϵ to be a
constant, the relative entropy of different regions will be
independent of ϵ.
By repeating the above calculation for the correlator

Eq. (14) for an interval in a spacetime conformal to (1þ 1)
dimensional Minkowski spacetime, i.e., gμν ¼ Ω2ημν,
one gets the following expression of entanglement entropy,
in terms of null coordinates (u, v), for a massless Dirac
field [70–72]:

S½A;B� ¼
1

12
log

�ðv1−v2Þ2ðu1−u2Þ2Ω2ðv1;u1ÞΩ2ðv2;u2Þ
ϵ2

�
;

ð53Þ
with (u1; v1) and (u2; v2) being null coordinates of the
corners of the interval. The above expression, apart from ϵ,

is simply one-third of the natural logarithm of the
conformal distance between two corners.4 Using
Eq. (52) again for the two disjoint regions ½A; B� and
½C;D� one can obtain S½A;B�∪½C;D�. The substitution of the
resultant expression along with Eq. (53) in the definition of
mutual information

I ≔ S½A;B� þ S½C;D� − S½A;B�∪½C;D� ð54Þ

we get5 [74–79],

4The conformal distance transforms covariantly under all
conformal isometries of the conformally flat spacetime [73].

5This is valid for a massless fermionic field of Dirac type with
central charge c ¼ 1 in 1þ 1 dimensions.
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I ¼ 1

12
log

�ðv1 − v3Þ2ðu1 − u3Þ2ðv2 − v4Þ2ðu2 − u4Þ2
ðv3 − v2Þ2ðu3 − u2Þ2ðv1 − v4Þ2ðu1 − u4Þ2

�
:

ð55Þ

Here, ðu1; v1Þ and ðu2; v2Þ are the null coordinates of the
corners of the spacelike interval [A, B], and ðu3; v3Þ and
ðu4; v4Þ are those of the spacelike interval [C, D]. All
corners are ordered by increasing or decreasing spatial
coordinates, similar to how they are shown in Figs. 1 and 5.
The above expression of mutual information between two
disjoint intervals is Weyl invariant. In particular, it remains
invariant under any single transformation or any combi-
nation of the following transformations:
(1) u1 → 1=u1, u2 → 1=u2, u3 → 1=u3, u4 → 1=u4.
(2) v1 → 1=v1, v2 → 1=v2, v3 → 1=v3, v4 → 1=v4.
(3) u1 → 1=u3, u2 → 1=u4, u3 → 1=u1, u4 → 1=u1.
(4) v1 → 1=v3, v2 → 1=v4, v3 → 1=v1, v4 → 1=v1.
(5) u1 → 1=v1, u2 → 1=v2, u3 → 1=v3, u4 → 1=v4,

v1 → 1=u1, v2 → 1=u2, v3 → 1=u3, v4 → 1=u4.
One can observe from Eq. (55) that the mutual infor-

mation I reaches its maximum when the separation
between ðu1; v1Þ and ðu4; v4Þ, or between ðu2; v2Þ and

ðu3; v3Þ, is null. Conversely, it reaches its minimum when
the separation between ðu1; v1Þ and ðu3; v3Þ, or between
ðu2; v2Þ and ðu4; v4Þ, is null. However, since we take the
intervals to belong to nonintersecting causal domains, these
conditions are not satisfied, leading instead to a finite and
nonnegative mutual information.6 Nevertheless, by keeping
both intervals nonintersecting while bringing ðu2; v2Þ and
ðu3; v3Þ close to null, one can observe a peak in the mutual
information plots (see Figs. 3 and 8). This point acts as a
phase transition point of the entanglement. One can refer to
[80] for a discussion of the phase transition of the mutual
transition by varying the separation between adjacent
intervals. Furthermore, the relation of the mutual informa-
tion with entanglement negativity between adjacent disjoint
intervals has been discussed in [81,82].
The properties of mutual information outlined above are

applicable to all three vacua discussed in the previous
section. To study different other properties, we first write
down the mutual information explicitly. Using Eq. (55),
one gets the following expressions of the mutual informa-
tion for respective vacua:

IHHI ¼
1

12
log

�ðV1 − V3Þ2ðU1 −U3Þ2ðV2 − V4Þ2ðU2 − U4Þ2
ðV3 − V2Þ2ðU3 −U2Þ2ðV1 − V4Þ2ðU1 − U4Þ2

�
; ð56Þ

IUnruh ¼
1

12
log

�ðv1 − v3Þ2ðU1 − U3Þ2ðv2 − v4Þ2ðU2 − U4Þ2
ðv3 − v2Þ2ðU3 − U2Þ2ðv1 − v4Þ2ðU1 − U4Þ2

�
; ð57Þ

IBoulware ¼
1

12
log

�ðv1 − v3Þ2ðu1 − u3Þ2ðv2 − v4Þ2ðu2 − u4Þ2
ðv3 − v2Þ2ðu3 − u2Þ2ðv1 − v4Þ2ðu1 − u4Þ2

�
: ð58Þ

We have used Eq. (13) to derive the expression for the
entanglement entropy in Eq. (52), which holds on a
constant time slice. Therefore, the expressions given in
Eqs. (56)–(58) for IHHI, IUnruh, and IBoulware are defined for
a constant Schwarzschild time slice. These expressions, can
be interpreted by rewriting U and V in terms of sinh and
cosh, and noting that the Hartle-Hawking-Israel state is
thermal in both the outgoing and ingoing modes, while the
Unruh state is thermal in the outgoing modes and in the
vacuum state for the ingoing modes.
The Kruskal coordinates U and V are given by: U¼

−2Rse−u=2Rs ;V¼2Rsev=2Rs , with u¼ t−r�, v ¼ tþ r�.
Let us introduce the dimensionless variables ηs ¼ vs=2Rs
and ξs ¼ us=2Rs. The difference between the Boulware
and Hartle-Hawking-Israel mutual information is then
expressed as

IBoulware − IHHI ¼
1

12
log

�
hðξ4Þ
hðξ3Þ

gðη4Þ
gðη3Þ

�
; ð59Þ

where the functions gðηsÞ and hðξsÞ are defined in
Appendix E. Taking ξ1 > ξ2 > ξ3 > ξ4 (or, ξ1 < ξ2 <

ξ3 < ξ4), the monotonicity of the function hðξsÞ, under
the assumptions given in Appendix E, implies
hðξ4Þ > hðξ3Þ. Furthermore, taking η1 < η2 < η3 < η4
(or, η1 > η2 > η3 > η4), the monotonicity of the function
gðηsÞ, under the considerable assumptions in Appendix E,
implies gðη4Þ > gðη3Þ. Therefore, IBoulware > IHHI.
Repeating the procedure outlined above, one can see that

IBoulware > IUnruh > IHHI ð60Þ

for sufficiently separated regions A and B. For illustration
purposes, we show the plots for the mutual information in
different vacua from the perspective of a static observer in
Fig. 3 and, from the perspective of a freely falling observer
in Fig. 4. Therefore, the total correlation between the two
disjoint intervals is minimal for the HHI vacuum compared

6At this point, it is important to recall that the mutual
information of a bipartite system is always non-negative. How-
ever, the tripartite mutual information of two extended intervals
can be negative [76].
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FIG. 4. The above plots show the mutual information between two disjoint intervals in a freely falling frame computed using the
resolvent technique discussed in Sec. II D. In the plots, the black line represents the Unruh state, the red line represents the HHI state, and
the purple line represents the Boulware state. We keep the proper distance between two disjoint intervals at a fixed Painleve-Gulstrand
time slice constant and vary the distance from the event horizon.

FIG. 3. The above plots show the mutual information between two disjoint intervals, ½A; B� and ½C;D�, in a static frame, calculated
using the resolvent technique described in Sec. II D. In the plots, the black line represents the Unruh state, the red line represents the HHI
state, and the purple line represents the Boulware state. We choose the intervals such that they are at a constant Schwarzschild time slice,
and have a spatial extent determined by δL. In the top panel, we keep the proper distance between two disjoint intervals, dðrA; rBÞ,
constant, and vary the distance from the event horizon, dðrS; rAÞ. In the bottom panel, we keep the proper distance from the event
horizon, dðrS; rAÞ, fixed and vary the proper distance between the two disjoint intervals, dðrA; rBÞ.
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to the other two vacua, while it is maximal for the Boulware
vacuum. This difference can be attributed to the presence of
Hawking radiation in the HHI and Unruh states, as opposed
to only vacuum polarization in the Boulware state. It
suggests that the presence of Hawking radiation for a static
observer reduces the total correlation. We will defer a
detailed analysis of the shapes of the plots in Figs. 3 and 4
until Sec. IV, where we will also explore the mutual
information derived from entanglement harvesting using
detectors.
Having described various vacua and the corresponding

entanglement properties, we now proceed to the protocol of
entanglement harvesting in the next section.

III. INTRODUCTING UNRUH-DEWITT
DETECTOR FORMALISM

Entanglement harvesting is a protocol where one couples
certain quantumprobes, initially prepared in a joint separable
state, to a shared environment. The probes interact locally
with the common environment, and after a certain time, we
observe that the probes become entangled with each other
due to the entanglement inherent in the environment. This
protocol can extract the entanglement within the field, even
when we do not allow direct communication between the
probes [19,33]. The forecasts made by widely employed
particle detectors with spatial smearing, coupled to quantum
fields, typically lack general covariance beyond the pointlike
limit. The degree of violation of covariance is contingent

uponvarious factors, including the state of the detectors-field
system, the configuration and motion status of the detectors,
and the characteristics of the spacetime geometry [83]. The
absence of covariance becomes evident through an ambi-
guity in the time-ordering operation. Additionally, the
quantum field theories lack well-defined position observ-
ables. Nevertheless, the Unruh-DeWitt detector models play
a crucial role as a theoretical framework for extracting
localized spatiotemporal information from quantum fields.
Here, we use a point like the UDW detector a two-level
system, as a useful theoretical tool for extracting entangle-
ment from the field in Schwarzschild spacetime that admits a
Wightman function.
Let the interaction between the field and the jth detector

be governed by the following interaction picture
Hamiltonian, which is the closest spinor field equivalent
to the scalar field UDWs [41–43,84,85]:

Ĥint
j ðτjÞ ¼ λjχjðτjÞμ̂ðτjÞ∶ψ̄ðxðτjÞÞψðxðτjÞÞ∶: ð61Þ

Here τj is the proper time in the frame of the jth detector, λj
is a dimensionless coupling constant, χjðτjÞ represents the
switching function and μ̂ðτjÞ is the monopole coupling of
the jth detector. Since the Gaussian switching is widely
used in the literature on scalar fields [11,13], we have
chosen to employ the same Gaussian switching profile,
denoted as χjðτjÞ ¼ exp ð−ðτj − τj;0Þ2=2σ2jÞ. One can
restore the most common form of switching function
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FIG. 5. The left panel shows the disjoint intervals for static observers, while the right panel shows those for freely falling observers.
The blue dashed lines represent the event horizon. Correlation measures are computed between the disjoint intervals: red 1 with black 1,
red 2 with black 2, and so on.
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exp ð−ðτj − τj;0Þ2=σ̃j2Þ by rescaling σ → σ̃=
ffiffiffi
2

p
. Since the

Gaussian switching function dies down rapidly, for the sake
of numerical simplicity, we do our numerical integrations in
the interval ½−5σj þ τj;0; 5σj þ τj;0� [11,13].
The above monopole coupling shown in Eq. (61) can be

viewed as a simplified version of the Hamiltonian describ-
ing the coupling of an electron with a photon, which is
proportional to Aμψγ

μψ [86]. The calculation of two point
function in Appendix A, for the interaction Hamiltonian
Ĥint

j shown in Eq. (61), involves a spin parallel propagator
Uðx; x0Þ. Since we are working in 1þ 1 dimensions, the
local Lorentz group is Abelian and its spinor representation
is one-dimensional. So, the spin connection reduces to a
single one-form, and we can decompose the spinor parallel
propagator as Uðx0; xÞ ¼ Āðx0ÞAðxÞ, Uðx; x0Þ ¼ ĀðxÞAðx0Þ
at every spacetime point. We then define a transformed
spinor field as ψ 0ðxÞ ¼ AðxÞψðxÞ, ψ̄ 0ðxÞ ¼ ĀðxÞψ̄ðxÞ. In
subsequent subsections, we will also discuss the UDWs
coupled to the transformed field with the following
interaction Hamiltonian:

Ĥ0int
j ðτjÞ ¼ λjχjðτjÞμ̂ðτjÞ∶ψ 0ðxðτjÞÞψ 0ðxðτjÞÞ∶: ð62Þ

The spin parallel propagator Uðx; x0Þ transforms under a
local Lorentz transformation as Uðx; x0Þ → D½LðxÞ�
Uðx; x0ÞD½Lðx0Þ�−1, where D½LðxÞ� is the spinor represen-
tation of the Lorentz transformation at point x. Factorizing
Uðx; x0Þ as Uðx; x0Þ ¼ ĀðxÞAðx0Þ requires the combination
ĀðxÞAðx0Þ also to transform as ĀðxÞAðx0Þ → D½LðxÞ�
ĀðxÞAðx0ÞD½Lðx0Þ�−1. However, individually Aðx0Þ
and ĀðxÞ do not transform as Aðx0Þ → D½Lðx0Þ�
Aðx0ÞD½Lðx0Þ�−1, ĀðxÞ → D½LðxÞ�ĀðxÞD½LðxÞ�−1 since this
does not yield the required transformation property for
Uðx; x0Þ. So, this makes the two-point function W0α

ψ ;bðx; x0Þ
shown in Eq. (18), and derived in Appendix A, dependent
on the choice of local Lorentz frame through its depend-
ence on the 2-bein.
The following discussions for Ĥ and Ĥ0 will be similar,

so we will not repeat them for both. The time evolution of
μ̂ðτjÞ in the interaction picture, governed by the unper-
turbed Hamiltonian, is expressed as

μ̂ðτjÞ ¼ σþj e
iΩjτj þ σ−j e

−iΩjτj : ð63Þ

The operators σ� in the above expression represent the
SU(2) ladder operators, and Ωj denotes the energy gap
between the detector’s ground state j0i and excited state
j1i. The ladder operators acts as: σþ j0i ¼ j1i, σþ j1i ¼ 0,
and σ− j1i ¼ j0i, σ− j0i ¼ 0. The proper time in the frame
of each detector is different. Therefore, we use coordinates
based on the proper time of a freely falling test particle from
infinity, known as the Painlevé-Gullstrand coordinate
system, and relate all other times to Painlevé-Gullstrand
time, denoted as tPG. We set the origin of our Painlevé-
Gullstrand time such that the detector starts at rest from
infinity at tPG ¼ −∞ and reaches the singularity at r ¼ 0
at tPG ¼ 0.
The total interaction Hamiltonian for the system of two

detectors, A and B, coupled to the background Dirac field,
can be written as

Ĥint
totðtPGÞ ¼

dτA
dtPG

Ĥint
A ðτAðtPGÞÞ ⊗ 1B

þ 1A ⊗
dτB
dtPG

Ĥint
B ðτBðtPGÞÞ: ð64Þ

Here Ĥint
A and Ĥint

B represent interaction Hamiltonians of
detectors A and B, respectively and we have employed the
fact that both the reparametrized and initial Hamiltonians
satisfy the Schrödinger equation, which can be expressed as
follows: ĤðtPGÞjψi ¼ i d

dt jψi and ĤðτÞjψi ¼ i d
dτ jψi. For

simplicity, we consider the detectors to be identical;
therefore, we have ΩA ¼ ΩB ¼ Ω. We also assume that
both the field and the detector are initially in their
respective ground states at the moment when we switch
on the detector. Therefore, we can write the initial state as

ρ̂ABðtPG¼0Þ ¼ j0Aih0Aj ⊗ j0Bih0Bj ⊗ j0αih0αj: ð65Þ

The evolution of the state can be described by the time
evolution operator ÛI ¼ T tPG exp ð−i

R
R dtPGĤ

int
totðtPGÞÞ,

where T tPG represents the time ordering symbol.
Taking the coupling constant λ to be small and tracing
over the field degrees of freedom, one obtains the following
reduced density matrix in the standard basis (i.e.,
j00i; j01i; j10i; j11i) to the lowest order in λ [13,19]:

ρAB ¼

0
BBB@

1 − LAA − LBB 0 0 M�

0 LBB LBA 0

0 LAB LAA 0

M 0 0 0

1
CCCAþOðλ4Þ: ð66Þ

The matrix elements are specified as follows:
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Lij ¼ λ2
Z

∞

−∞
dτi

Z
∞

−∞
dτ0jχiðτiÞχjðτ0jÞe−iΩðτi−τ

0
jÞWα

ψðxiðτiÞ; xjðτ0jÞÞ; ð67Þ

M ¼ −λ2
Z

∞

−∞
dτA

Z
∞

−∞
dτBχAðτAÞχBðτBÞeiΩðτAþτBÞ½ΘðtPGðτAÞ − tPGðτBÞÞWα

ψðxAðτAÞ; xBðτBÞÞ

þ ΘðtPGðτBÞ − tPGðτAÞÞWα
ψðxBðτBÞ; xAðτAÞÞ�: ð68Þ

Here, i and j represent detectors A or B, Θð…Þ represents
the Heaviside step function, and Wα

ψð…Þ denotes the
pullback of the two-point functions discussed in Sec. II C
along the detector’s trajectory. We note that the local
contributions, i.e., i ¼ j in Eq. (67), depend on the pullback
of the two-point function along the detector trajectory. In
contrast, Eq. (68), which governs the nonlocal contribution,
depends on the corresponding Feynman propagator, rep-
resented by the term in parentheses.

A. Transition rate

As a preliminary to entanglement harvesting, in this
subsection, we first analyze the transition rate of the
detector for different states.
The elements LAA and LBB in the density matrix ρAB

represent the standard expressions for the detector
responses of detectors A and B, respectively, along a given
trajectory. In contrast, the nonlocal term M contains the
information about entanglement between two detectors.
In order to understand what a static detector detects, we
define the response rate to linear order in perturbation
theory as [50]

Ḟ ¼
Z

∞

−∞
dΔτe−iΩΔτWα

ψðxðτÞ; xðτ0ÞÞ; ð69Þ

where we have switched on the detector smoothly for an
infinite time.7 The above expression is just the Fourier

transform of the pullback of the two-point function along
the detector’s trajectory. For a static detector, due to the
timelike Killing symmetry, the two-point functions dis-
cussed in Sec. II C depend only on the proper time interval
Δτ ¼ τ − τ0 and the Schwarzschild radial coordinate r.
Using the two-point function given in Eq. (40), it can be
seen that the transition rate of a static detector with a
sufficiently large energy gap, and kept initially in the
ground state, in the Boulware vacuum is 0. In contrast, the
transition rate of a static detector in the Hartle–Hawking
state, for both two-point functions W0HHI

ψ ;s defined in (25)
and W0HHI

ψ ;c ¼ WHHI
ψ defined in (20), is given by

Ḟ ðΩÞ ¼ Ω
πðe4πκRSΩ − 1Þ ð70Þ

(see Appendix B for detailed calculations), which describes
a thermal bath of a bosonic field [42]. The factor π in the
above expression would not be present if we express
it in terms of frequency rather than angular frequency.
It is worth emphasizing that this transition rate for spinor
fields in (1þ 1) dimensions is twice that of Hawking
radiation associated with a massless scalar field in
(3þ 1) dimensions, as we are working with a spin-1=2
field [50]. The computation of the transition rate of the
static detector in the Unruh vacuum is detailed in
Appendix C, and the result is

Ḟ ¼ 1

2

	
2 ×

1

4π2RSκ
log

e4πκRSΩ

ðe4πκRSΩ � 1Þ



ð71Þ

¼ 1

4π2RSκ

	
1

e4πκRSΩ � 1
−
1

2

�
1

e4πκRSΩ � 1

�
2

þ 1

3

�
1

e4πκRSΩ � 1

�
3

þ……



: ð72Þ

Here, the plus sign corresponds to the two-point function in
the conformal frame tetrad, W0Unruh

ψ ;c ¼ WUnruh
ψ , as given in

Eq. (29), while the minus sign corresponds to the two-point
function in the static frame tetrad, W0Unruh

ψ ;s , presented in

Eq. (34). We write Eq. (71) in this form to remind that there
is only an outgoing flux of particles, and we are dealing
with the spin-1=2 Dirac field. Remarkably, this is not
proportional to the number density of fermions/bosons at
frequency Ω in a thermal bath. Nevertheless, one can
understand it by looking at the Helmholtz free energy of
fermions/bosons in length L at temperature T [87], which is
given by

7We have dropped a factor that depends only on the structure of
the detector.
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H ¼ 2L
Z

∞

0

dΩ
2π

	
−Ωþ T log

�
eΩ=kBT

eΩ=kBT � 1

�

: ð73Þ

Here, the first term in Eq. (73) represents the zero-point
energy. Hence, the transition rate of a static detector far
from the black hole in the Unruh state, Eq. (71), is
proportional to the Helmholtz free energy density of
fermions/bosons at a temperature of 1=ð4πκrSÞ.
This contrasts with the findings in [43], where it was
observed that the response of UDW for fermions in
Minkowski spacetime with a moving wall boundary ex-
hibits Helmholtz free energy density with fermionic sta-
tistics. Here, the difference in statistics arises from the
dependence on bμαðxÞbνβðx0Þ in the two-point functions for
different tetrads in the Unruh vacuum. Due to the depend-
ence on bμαðxÞbνβðx0Þ if one does not restrict the 2-bein to
move with the detector, one would obtain fermionic
statistics using the conformal 2-bein. Thus the nature of
the statistics is dependent on the 2-bein chosen. We can
further compare the transition rates of a static detector
coupled to both types of interaction Hamiltonians, namely,
the one associated with the tetrad moving with the detector
and the other associated with the conformal symmetry-
preserving frame, in both the Unruh state and the HHI state.
The corresponding plots are displayed in Fig. 6, which
clearly show that the transition rate in both of these vacua
decreases as we move away from the horizon. and in the
Unruh state, the magnitude for high frequencies is con-
sistently lower than that in the HHI vacuum. However, the
transition rate at low frequencies is greater for the Unruh
state.

B. Presence of anti-Hawking effect

The expressions for the transition rate of the detector in
HHI and Unruh states, obtained in Eqs. (70) and (71),
and further illustrated in Fig. 6, show that the transition

rate of a static UDW detector increases as the distance
from the horizon decreases. This is consistent with the
fact that the KMS temperature for static observers,
TKMS ¼ ð64π2M2ð1 − 2GM=rÞÞ−1=2, also increases with
a decrease in r. However, the detector can cool with an
increase in temperature, an effect called the anti-Hawking
phenomenon [44,88]. The anti-Hawking phenomenon can
be quantified by the negative sign of the partial derivative of
transition probability (or the excitation to deexcitation
ratio) with respect to KMS temperature. The effective
temperature function for the radially infalling observer,
with velocity −

ffiffiffiffiffiffiffiffiffiffiffiffi
2M=r

p
and zero proper acceleration at r, is

given by [89–93]

Teff ¼
1

1 −
ffiffiffiffiffiffiffiffiffiffi
Rs=r

p �
1

2Rs
−

Rs

2r2

�
; ð74Þ

which is the sum of the Hawking and local Unruh
components, namely

1

2Rsð1 −
ffiffiffiffiffiffiffiffiffiffi
Rs=r

p Þ and −
Rs

2r2ð1 − ffiffiffiffiffiffiffiffiffiffi
Rs=r

p Þ :

The temperature perceived by the observer is given by
Teff=2π. Therefore, a negative sign of ∂Lii=∂Teff should
also indicate the weak anti-Hawking effect. Since the
transition probability of the detector is a competing term
in the entanglement measures, as we shall discuss below in
Sec. IV, here, we first investigate the anti-Hawking effect in
the present subsection.
Substituting the two-point functions corresponding to

the static frame tetrad, Eqs. (25) and (34) discussed in the
previous section, in Eq. (67) for Lij and using the saddle
point approximation (Appendix D) one obtains the follow-
ing transition probability of a static detector

FIG. 6. The right plot illustrates the transition rate of a Unruh-DeWitt detector held static in both HHI and Unruh vacua, varying with
the energy gap of the detector. Meanwhile, the left plot displays the transition rate as a function of the Schwarzschild radial coordinate.
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LHHI
AA;s ≈

λ2σ2

16πR2
sð1 − Rs=rÞ

e−Ω
2σ2

cos Ωσ2

Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−Rs=rÞ

p

sin2
�

Ωσ2

2Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−Rs=rÞ

p
� ð75Þ

and

LUnruh
AA;s ≈

λ2

8πRsΩ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − Rs=rÞ

p e−Ω
2σ2 cot

Ωσ2

2Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − Rs=rÞ
p :

ð76Þ

Whereas, the two-point functions corresponding to the
conformal symmetry preserving frame tetrad, W0HHI

ψ ;c ¼
WHHI

ψ shown in Eq. (20), and W0Unruh
ψ ;c ¼ WUnruh

ψ shown in
Eq. (29), yield the following transition probability

LHHI
AA;c≈

λ2σ2

16πR2
sð1−Rs=rÞ

e−Ω
2σ2cosec2

�
Ωσ2

2Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1−Rs=rÞ
p �

ð77Þ

and

LUnruh
AA;c ≈

λ2

8πRsΩ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1−Rs=rÞ

p e−Ω
2σ2cosec

Ωσ2

2Rs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1−Rs=rÞ
p :

ð78Þ

Here, the superscript represents the corresponding state;
subscript c stands for conformal, and Ωσ2=2κRs < π has
been assumed to make sure that the contribution from the
residue term vanishes [94]. Furthermore, we have also
assumed the sign of Ω to be positive in the above
expressions. In the other case Ω < 0, one would have to
shift the contour in the opposite direction, which will force
the contour to cross one pole even in the approximation
Ωσ2=2κRs < π, and will bring an exponential factor
obeying the detailed balance form of KMS thermality in
the case of the HHI state.
The form of Eqs. (75)–(78) for the transition probabil-

ities, apart from a factor of cosine in the numerator, is
similar to what has been found in [94] for the scalar field in
various cases. From the transition probability expressions
(75)–(78), one can further compute ∂Lii=∂TKMS, which
determines the presence of the weak anti-Hawking effect.
One can also do the same by computing the transition
probability integrations numerically without using the
saddle point approximation. We compute ∂Lii=∂TKMS
numerically8 without using saddle point approximation
and plot the graphs in Fig. 7. We find the plots obtained

using the numerical integrations and the saddle point
approximations in (75)–(78) are consistent with each
other.9 It can be observed from the first plot of Fig. 7 that
the derivative of transition probability for a static detector,
coupled with two point functionsW0HHI

ψ ;s defined in (25) and
W0Unruh

ψ ;s defined in (34), becomes increasingly negative as
one approaches the event horizon. Therefore, the weak
anti-Hawking effect for a static detector becomes more
prominent as one approaches the event horizon [44,88].
However, for a freely falling detector [with the two-point
functions W0HHI

ψ ;f and W0Unruh
ψ ;f defined in (27) and (36)], the

top right plot shows that the anti-Hawking is dominant far
from the horizon for HHI and Unruh states. In contrast, the
bottom left plot of Fig. 7 shows that a static detector
with interaction Hamiltonian corresponding to conformal
symmetry preserving two-point function W0HHI

ψ ;c ¼ WHHI
ψ

defined in(20) andW0Unruh
ψ ;c ¼ WUnruh

ψ defined in (29), for the
range of parameter space considered throughout the paper,
does not encounter any anti-Hawking effect.
This property remains valid for a freely falling detector
in HHI and Unruh states with W0HHI

ψ ;c ¼ WHHI
ψ and

W0Unruh
ψ ;c ¼ WUnruh

ψ , respectively.

IV. ENTANGLEMENT HARVESTING USING UDW

We discussed above the transition rate and the anti-
Hawking effects experienced by the UDW detector. In this
section, we introduce the entanglement measure, put two
such detectors along a given trajectory, and perform the
entanglement harvesting protocol.

A. Entanglement measures

For a state ρAB in the space of states in the Hilbert space
of the combined system, an entanglement measure, denoted
as EðρABÞ, is defined as a mapping from the space of
states to the set of non-negative real numbers (Rþ). The
entanglement measure must satisfy the following condi-
tions: EðρABÞ ¼ 0 if ρAB represents a separable state.
Additionally, EðρABÞ should not, on average, increase
under local operations and classical communications
(LOCC). Measuring entanglement is a broad and dynamic
area of research in its own right, with many different
approaches suggested for quantifying it. The entanglement
of formation, intended to assess the resources needed for
creating a particular entangled state, is recognized as one of
the most fundamental measures [95]. Since the entangle-
ment of formation rises monotonically with the concur-
rence, determining the concurrence C of the detectors’ final
state suffices to measure the amount of entanglement

8Here and throughout the paper, we employ the numerical
integration techniques described in [11], ensuring stable integra-
tion by setting the MinRecursion value to 3 while retaining other
parameters at their default settings.

9We note that, for the numerical evaluation of the integrals, we
truncate the integration limits at 5σ from the peak of the Gaussian
switching function. Since the Gaussian switching decays rapidly,
this yields results consistent with the Gaussian switching having
an infinite tail used in analytical expressions.
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between them [95]. It provides a bound on the entangle-
ment. The concurrence is defined by

C½ρAB� ≔ max½0; λ1 − λ2 − λ3 − λ4�; ð79Þ

where the λs are the square roots of the eigenvalues of
ρABρ̃AB in decreasing order. Here, ρ̃AB is defined as
ðσy ⊗ σyÞρ�ABðσy ⊗ σyÞ, and σy represents the usual
Pauli matrix. Substituting the λs for the reduced density
matrix ρAB, shown in (66), in Eq. (79) one obtains [11,13]

C½ρAB� ¼ 2max
�
0; jMj −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LAALBB

p �þOðλ4Þ: ð80Þ

Other forms of quantum correlations, such as quantum
discord, which quantifies the overall quantumness of
correlations, also play an important role in relativistic
quantum information. We also compute the quantum
mutual information, which measures the total correlation
between two probes. For a quantum bipartite system,

it is defined to be the relative entropy between ρAB and
ρA ⊗ ρB [11,13,96]

I½ρAB� ≔ SðρABjρA ⊗ ρBÞ ¼ SðρAÞ þ SðρBÞ − SðρABÞ:
ð81Þ

Here S(…) denotes the von Neumann entropy, and it
is given by the following expressions: SðρABÞ¼
−TrABðρAB logρABÞ, SðρAÞ¼−TrAðρA logρAÞ, and SðρBÞ ¼
−TrBðρB log ρBÞ. By expanding Eq. (81) for mutual infor-
mation to the leading order in terms of the coupling
strength λ, one gets

I½ρAB� ¼ Lþ logLþ þ L− logL− − LAA logLAA

− LBB logLBB þOðλ4Þ ð82Þ

where,

FIG. 7. The above figures show the numerical plots of the partial derivative of the transition probability with respect to the KMS
temperature as a function of the proper distance from the event horizon on a constant Painleve-Gullstrand time slice (x-axis). In the plots,
the black line represents the Unruh state and the red line represents the HHI state. The top panels display the results for the 2-bein
comoving with the detector coupled with the interaction Hamiltonian Ĥ0int

j shown in Eq. (62), while the bottom panels show the results
for the interaction Hamiltonian Ĥint

j shown in Eq. (61). The UDW in the left panel plots are static while freely falling in the right panels.

NITESH K. DUBEY and SANVED KOLEKAR PHYS. REV. D 112, 025019 (2025)

025019-18



L� ¼ 1

2

�
LAA þ LBB �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLAA − LBBÞ2 þ 4LABLBA

q �
:

ð83Þ

In the next subsection, we compute the mutual information,
and the concurrence for two UDW detectors kept along a
given trajectory.

B. Vacuum correlations outside the horizon

In the context of a free scalar field in Minkowski
spacetime, when we choose to decompose the state space
into plane-wave modes, the overall Hilbert space takes the
form of a direct product of infinitely countable harmonic
oscillator state spaces, each corresponding to a distinct
mode k. Consequently, the resultant state appears as a
product state rather than an entangled one. However, an
alternative approach involves utilizing a tensor product of
two-mode squeezed (TMS) states in pairs of Rindler
modes, which gives rise to entangled Rindler wedges.
Additionally, one can also represent the quantum field’s
state as a path-ordered or time-ordered exponential oper-
ator, acting on local degrees of freedom at each point in
space, using variational Ansätze like continuous matrix-
product states (cMPS) and the continuous multiscale
entanglement renormalization ansatz (cMERA) [97,98].
Such an approach allows for the interpretation of the
vacuum state as a multipartite entangled state [99].
There could be multiple possible choices based on the
natural choice for the Hilbert space decomposition, which
depends upon the reference frame. Hence, the entangle-
ment harvested by the detector is also expected to depend
upon trajectory. In this section and the subsequent ones, we
delve into the entanglement characteristics of the

multipartite entangled state, employing the assistance of
two UDW detectors positioned at distinct locations and
following various trajectories.

1. Two static detectors at various separations

To initiate our investigation, we position two static
detectors, labeled A and B, with detector A kept at a radial
coordinate of rA and detector B kept at rB. Due to their
differing radial coordinates, these detectors experience
distinct redshift effects. We switch on detector A with
the peak of the Gaussian switching function centered at a
constant time slice tPG, while the other detector B is
activated with its corresponding Gaussian switching func-
tion peak delayed by a parameter δ from the constant time
slice tPG. The corresponding proper times in terms of tPG
and δ are given by

τA0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Rs

rA

s 0
B@tPG − 2Rs

ffiffiffiffiffi
rA
Rs

r
− Rs log








ffiffiffiffi
rA
Rs

q
− 1ffiffiffiffi

rA
Rs

q
þ 1








1
CA;

ð84Þ

τB0 ¼ δþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

Rs

rB

s 0
B@tPG − 2Rs

ffiffiffiffiffi
rB
Rs

r
−Rs log








ffiffiffiffi
rB
Rs

q
− 1ffiffiffiffi

rB
Rs

q
þ 1








1
CA:

ð85Þ

The tail of Gaussian switching makes it difficult to arrange
both detectors to be purely spacelike separated. However,
one can define a communication estimator [13,100]

E ≔
λ2

2
Im

�Z þ∞

−∞
dτA

Z þ∞

−∞
dτBχðτAÞχðτBÞh0αj½∶ψðxÞψðxÞ∶; ∶ψ̄ðx0Þψðx0Þ∶�j0αi

�
; ð86Þ

whose magnitude broadly characterizes how timelike/
spacelike our detectors A and B are. The entanglement
harvested by detectors gets contributions both due to the
communication as well as due to the intrinsic entanglement
present in the field [13,101]. We choose the constant
parameter δ such that the communication estimator, defined
in Eq. (86), is minimized. However, taking a very large δ
also reduces the magnitude of correlation measures. Hence,
we need to optimize a minimum value of δ for which the E
is close to zero. This makes the contribution received due to
the communication minimal. We calculate the mutual
information and concurrence for this configuration and
then repeat the process for various values of the separation
between detectors dðrA; rBÞ while keeping Rs and other
parameters constant.

A static observer at infinity does not experience any flux
of radiation in the Boulware vacua. However, at a finite
distance from the horizon, due to the curvature of space-
time, the vacuum polarization contributes to the stress-
energy tensor [65,102]. In contrast to the scenario with an
infinite switching duration, Δτ, or large energy gap Ω
where the excitation rate is zero, a static detector in the
Boulware vacuum during a finite proper time Δτ experi-
ences transient excitations resulting from the switching
process [103]. Therefore, one can also get a nonzero
transition rate in the Boulware vacuum. By substituting
the pullbacks of the two-point functions WHHI

ψ shown in
(20), WUnruh

ψ shown in (29), and W0Boulware
ψ ;s ð¼ WBoulware

ψ Þ
shown in (38) along the trajectory of a static detector in
Eqs. (67) and (68) for Lij and M, and further using (80)
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and (82) for concurrence and mutual information, we
obtain the numerical plots of the correlation measures
displayed in Fig. 8, where we have considered the case
when one detector is positioned in close proximity to the
horizon, and we undertake entanglement harvesting with
the second detector held static at various proper separa-
tions. Analyzing the results in plots shown in Fig. 8, it is
observed that the mutual information, as well as the
concurrence in all three vacua, follow the same trend for
smaller separation between detectors. One can understand
it as all three vacua have similar entanglement properties at
small scales. However, for larger separation between
detectors, the mutual information as well as the concur-
rence becomes maximum at a substantial proper separation
in the Boulware vacuum state, while it is minimum in the
HHI state. The absence of Hawking radiation for a static
detector in the Boulware state, coupled with the fact that we
are comparing the vacuum correlations of different states at
the same proper distance, where the gravitational redshift,
as well as other parameters, remain identical, implies that at
sufficiently large distances between detectors, the presence

of Hawking radiation in the Unruh and HHI states diminish
the total vacuum correlation as well as the entanglement as
observed from the vantage point of static detectors.10 As we
decrease the proper distance between the UDW detectors,
A and B, while keeping detector A fixed near the horizon,
the mutual information in all three states increases in such a
way that, at smaller separations, all states follow the same
trend. Additionally, if detector A is placed at a different
radial coordinate, the difference in mutual information
between the states—for a given separation between the
UDW detectors—changes accordingly. These observations
suggest that in the vicinity of the black hole horizon, the
energy flux and energy density of Hawking radiation have a
detrimental effect on vacuum correlations, causing their
degradation.

FIG. 8. The above figures show the numerical plots of the mutual information (the top panels) and the concurrence (the bottom panels)
with two static UDWs as a function of the proper distance between two UDWs on a constant Painleve-Gullstrand time slice (x-axis)
while keeping the distance of detector A from the event horizon and all other parameters fixed. In the plots, the black line represents the
Unruh state, the red line represents the HHI state, and the purple line represents the Boulware state. Here, the two-point function
corresponding to the interaction Hamiltonian shown in Eq. (61), W0α

ψ ;c (= Wα
ψ ), is taken.

10Here, one should recall that the Unruh state has only
outgoing flux of Hawking radiation, while HHI state has both
outgoing as well as ingoing radiation. This explains why the
Unruh state correlations are in the middle.
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The observations made in the preceding paragraph,
based on UDW formalism, are also consistent with the
resolvent technique prediction in Sec. II D (see the bottom
panel of Fig. 3). In particular, the relative ordering of
mutual information in all three states matches. We noted in
Sec. II D (and Fig. 3) that as we decrease the separation
between disjoint intervals, there exist specific points where
the correlation measure reaches its maximum and then
decays again. This feature can also be seen in the
entanglement harvesting with UDW in Fig. 8. We observe
a peak in the mutual information plots displayed in the
bottom panel of Fig. 3. This can be understood as the two
disjoint intervals reaching a minimum separation. The
standard width of the correlation plots in Fig. 8 increases,
indicating a sharper decay near the horizon. This behavior
is consistent across all three states, suggesting that these
features are primarily due to vacuum polarization and the
gravitational redshift effect, as there is no Hawking
radiation for a static observer in the Boulware state.
The results in the present subsection indicate that the

presence of a horizon has a substantial impact on the
vacuum correlations of a quantum field. Nonetheless, we
expect other factors, such as the separation distance
between detectors, the energy gap, relative velocity, the
proper distance from the horizon, and spacetime curvature,
to be relevant as well. To examine the dependence of this
effect on the distance from the horizon, the following two
subsections focus on positioning two Unruh-DeWitt detec-
tors at a fixed separation distance at the time of the peak of
switching, denoted as dðrA; rBÞ, and explore the entangle-
ment dynamics across various distances from the black hole
horizon along various trajectories.

2. Keeping the difference of radial coordinate fixed—both
detectors are static (SS)

In this subsection, we maintain all configurations iden-
tical to those in the previous subsection, with the exception
that we now vary the distance of detector A from the
horizon while keeping the difference in radial coordinates
between both detectors, denoted as dðrA; rBÞ, fixed at a
fixed Painlevé-Gullstrand (PG) time slice. This would
correspond to the fixed proper distance between detectors
in PG coordinates. The corresponding correlation measures
with conformally coupled two-point functions W0HHI

ψ ;c

(=WHHI
ψ ) defined in (20), W0Unruh

ψ ;c (=WUnruh
ψ ) defined in

(29), andW0Boulware
ψ ;c ð¼WBoulware

ψ Þ defined in (38), as plotted
in Fig. 9, exhibit the same relative ordering of correlation
measures as in the preceding subsection, as well as in
Fig. 3; i.e., the mutual information and the concurrence are
maximal for the Boulware state and minimal for the HHI
state. This again suggests that the presence of Hawking
radiation in HHI and Unruh states diminishes the vacuum
correlations. Furthermore, near the event horizon, the
correlation measures are close to zero for the HHI and
Unruh states, suggesting the gravitational redshift also

leads to diminishing the vacuum correlations. In Fig. 10,
we have plotted the graphs for concurrence and mutual
information for the two-point functions W0HHI

ψ ;s defined in
Eq. (25), W0Unruh

ψ ;s defined in (34), and W0Boulware
ψ ;s defined in

(40). It can be observed that at any separation scale, the
concurrence in all three states demonstrates a similar
pattern, which remains nonzero and finite close to the
horizon. Moreover, the mutual information is also nonzero
near the event horizon for the Unruh and the HHI states.
This behavior differs from that observed in the case of
scalar fields, as analyzed in [13], where all forms of
correlations vanish near the horizon for static detectors
in both the Unruh and HHI states. The discussion in the
current paragraph suggests that the vanishing of fermionic
field entanglement near the horizon depends on the choice
of the interaction Hamiltonian. One can choose an inter-
action Hamiltonian such that the anti-Hawking effect takes
place, enhancing entanglement, as opposed to the Hawking
effect, which degrades it. One can refer [104], for the state
dependence of the decay of the entanglement in the
fermionic field under the infinite acceleration limit, which
is the case near the horizon.
It can be seen from the bottom-right and top-right plots

of Figs. 9 and 10 that, apart from the decreasing behavior of
correlation measures near the horizon, the total correlation,
as well as the concurrence, exhibits a local maximum away
from the horizon. This behavior is not evident from the top
left plot because the mutual information for large-scale
separated detectors varies slowly in comparison to the
small-scale separated detectors. This contrasts with the
bottom left plot, which shows that the concurrence for
large-scale separated detectors decays rapidly and goes to
zero as one moves away from the horizon. Near the
horizon, both mutual information and concurrence for
the Unruh vacuum closely resemble those of the HHI
state, while farther from the horizon, these measures align
more closely with the Boulware state. The plots in Fig. 10
also suggest that, far from the horizon, the concurrence is
minimized for the Boulware state and maximized for the
HHI state. However, Fig. 9 show that mutual information
and concurrence are minimized for the HHI state and
maximized for the Boulware state. This reversal suggests
that the anti-Hawking effect, observed for the two-point
function used in Fig. 10 (see Fig. 7), enhances entangle-
ment. The HHI state’s correlation measures for the case
considered in Fig. 10 are maximized due to the dominance
of the anti-Hawking effect far from the horizon, whereas for
the case of the two point function corresponding to
conformal symmetry preserving frame tetrad in Fig. 9,
Hawking radiation diminishes correlations in the HHI state.
One also observes that for smaller separation between

detectors, all plots of Fig. 9 follow a similar pattern, which
is consistent with the observation in the previous
Sec. IV B 1 that the entanglement properties on a small
scale follow a similar trend in all vacua. Additionally,
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as the detectors are positioned at greater separations, the
concurrence diminishes, especially at larger distances from
the horizon. Here, by diminishes, we mean that the
concurrence becomes small enough to implement a harvest-
ing protocol with this energy gap. The observations of this
section imply that the anti-Hawking effect, in conjunction
with Hawking radiation and the gravitational redshift, plays
a pivotal role in determining the entanglement properties in
the vicinity of a black hole. To explore whether the decay of
all correlations in the plots near the horizon is due to the
high gravitational redshift and to investigate the role of the
anti-Hawking effect further, we consider two freely falling
detectors in the next subsection.

3. Two freely falling detectors (FF)

In the realm of quantum physics, a unique characteristic
emerges, where the structure of the Hilbert space can
undergo substantial variations among different observers,
and the nature of entanglement is contingent upon how one
decomposes the state space. The process of black hole

evaporation is a physical phenomenon, and, as such, the
mass of the black hole must diminish from the perspective
of any observer. Consequently, a freely falling timelike
detector in the HHI and Unruh states will also perceive the
presence of radiation (which need not be thermal) from the
black hole [13,91,105,106]. Additionally, a freely falling
detector will also perceive a time-dependent vacuum
polarization in all three vacua. These facts also motivate
us to envisage both detectors as being in free fall from
infinity, with Gaussian switching function peaked at differ-
ent times. We choose detectors to be initially at rest at
spatial infinity so that the adapted coordinate system is the
Gullstrand-Painlevé coordinates. In this scenario, both the
proper distance between the detectors and the gravitational
redshift are subject to change over time. Additionally, the
local temperature perceived by detectors, defined in
Eq. (74), also changes due to the combination of
Hawking and anti-Hawking effects.
We consider an ensemble of pairs of radially freely

falling detectors and perform entanglement harvesting
when the separation between the two detectors approaches

FIG. 9. The above figures show the numerical plots of the mutual information (the top panel) and the concurrence (the bottom panel)
with two static UDWs as a function of the proper distance of the detector A from the event horizon on a constant Painleve-Gullstrand
time slice (x-axis) while keeping the distance between two detectors and all other parameters fixed. In the plots, the black line represents
the Unruh state, the red line represents the HHI state, and the purple line represents the Boulware state. Here, the two-point function
corresponding to the interaction Hamiltonian shown in Eq. (61), W0α

ψ ;c (=Wα
ψ ), is taken. We keep Ω ¼ 2σ in all cases.
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a proper separation dðrA; rBÞ ¼ rB − rA (at constant
Painleve Gulstrand time slice), where, rA and rB are related
to the time of peak τA0 and τB0 of the respective Gaussian
switching function, as defined in Eq. (87). The Gaussian
switching is centered at the proper times of the individual
detectors, given by

τA0 ¼ −
rA
3

ffiffiffiffiffiffiffi
4rA
Rs

s
; τB0 ¼ −

rB
3

ffiffiffiffiffiffiffi
4rB
Rs

s
ð87Þ

which is precisely the time taken by a freely falling test
particle to arrive at rA or rB, respectively, starting from
infinity with zero initial velocity. The entanglement har-
vesting is repeated with this setup multiple times, varying
the distance of the switching function peak of the nearest
detector from the horizon, while keeping dðrA; rBÞ same for
all pairs. The results are shown in Figs. 11 and 12.
It is worth noting that in the case of the Boulware

vacuum, we refrain from conducting measurements very
close to the horizon, as the freely falling detector must
inevitably cross the horizon, and the state is not well

defined in that region. Hence, we can compare entangle-
ment measures at locations far away from the horizon for
the Boulware vacuum.
We have employed a pointlike detector, which means

that in the case of free fall, it does not locally experience
any gravitational field. This characteristic allows us to
collect entanglement data very near the black hole horizon.
Furthermore, in the reference frame of the freely falling
detector, the effective temperature, defined in Eq. (74), at
the horizon remains finite [91], as the observer in this frame
is not subjected to acceleration locally. Therefore, we do
not expect the correlations to decay near the horizon when
observed from the perspective of freely falling detectors in
any of these vacuum states.
From Figs. 4, 11, and 12, it is evident that the qualitative

behavior of mutual information and concurrence in each of
these three vacuum states are quite similar. In particular, we
do not observe any decay in correlation measures near the
horizon. This observation suggests that the decay near the
horizon, observed in Sec. IV B 2, is due to high gravita-
tional acceleration.

FIG. 10. The above figures show the numerical plots of the mutual information (the top panel) and the concurrence (the bottom panel)
with two static UDWs, coupled to the field with interaction Hamiltonian Ĥ0int

j , shown in Eq. (62), with static 2-bein, as a function of the
proper distance of the detector A from the event horizon on a constant Painleve-Gullstrand time slice (x-axis) while keeping the distance
between two detectors and all other parameters fixed. In the plots, the black line represents the Unruh state, the red line represents the
HHI state, and the purple line represents the Boulware state. We keep Ω ¼ 2σ in all cases.
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In Fig. 12, we have plotted the mutual information and
concurrence with two-point functionsW0HHI

ψ ;f defined in (27),
W0Unruh

ψ ;f defined in (36), and W0Boulware
ψ ;f defined in (42). One

observes in Fig. 12 that both the mutual information and the
concurrence are maximum for the HHI vacuum, while they
attain their minimum values for the Boulware vacuum. This
ordering can be understood by the enhancement of correla-
tions due to the dominance of the anti-Hawking effect in the
HHI state far from the horizon (see Fig 7). This ordering
differs to that observed in Figs. 4 and 11 with conformal
symmetry obeying two-point functions W0HHI

ψ ;c (=WHHI
ψ )

defined in (20), W0Unruh
ψ ;c ð¼WUnruh

ψ Þ defined in (29) and
W0Boulware

ψ ;c ð¼WBoulware
ψ Þ defined in (38). The ordering pattern

is the same for both small and large-scale initial separations.
Such a behavior can be attributed to the fact that the freely
falling detectors need to traverse through the field “bath”
(need not be a thermal bath), and in the case of the Unruh
vacuum, there is only an outgoing flux of radiation [13,91].
Meanwhile, in the HHI vacuum, there are both ingoing and

outgoing fluxes of radiation (need not be thermal). This
difference in radiation fluxes immediately leads to more
entanglement disruption in theHHI vacuum. It is important to
highlight that, while keeping the peak of detectorAvery close
to the horizon, the detector does spend some time beyond the
horizon due to the long tail of the Gaussian switching
function. However, as evident from the plots for both the
Unruh and HHI vacua, they exhibit smooth behavior near the
horizon. This suggests that the detectors do not experience
any sudden or abrupt changes as they cross the black hole
horizon. We also note that both the mutual information and
the concurrence are finite and smooth as one approaches the
event horizon in all cases. We next explore the near-horizon
entanglement properties in the next section.

V. NEAR HORIZON ENTANGLEMENT OF HHI
VACUUM

The proper distance between two Schwarzschild coor-
dinates at a fixed Schwarzschild time slice and constant θ

FIG. 11. The above figures show the numerical plots of the mutual information (the top panel) and the concurrence (the bottom panel)
with two freely falling UDWs as a function of the proper distance of detector A from the event horizon on a constant Painleve-Gullstrand
time slice (x-axis) while keeping the distance between two detectors at the peak of Gaussian switching and all other parameters fixed. In
the plots, the black line represents the Unruh state, the red line represents the HHI state, and the purple line represents the Boulware state.
Here, the two-point function corresponding to the interaction Hamiltonian shown in Eq. (61),W0α

ψ ;c (=Wα
ψ ), is taken. We keepΩ ¼ 2σ in

all cases.
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and ϕ is given by

z ¼
Z

rB

rA

1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs

r

q dr: ð88Þ

In terms of the proper distance z defined above, the
truncated Schwarzschild metric near the event horizon is
given by

ds2 ≈ −z2dt2S þ dz2: ð89Þ

In terms of κ ≡ ð1=2Þf0ðr ¼ RsÞ and l≡ ðr − RsÞ, with
fðrÞ ¼ ð1 − Rs=rÞ, the above metric in Eq. (89) is
expressed as

ds2 ≈ −2κldt2S þ
dl2

2κl
: ð90Þ

This is precisely the metric of a Rindler observer in flat
Minkowski spacetime. The stress-energy tensor for the
Unruh vacua exhibits divergences near the past horizons.

While the stress-energy tensor for the Boulware vacuum has
divergence on both future and past event horizons. The
divergence underscores the significance of considering the
influence of the matter sector in shaping the spacetime
geometry, signaling a deviation from the semiclassical
regime in the vicinity of the horizon. In contrast, there is
no such divergence for the HHI state. In a flat spacetime
scenario, the expectation value of stress energy in the
Rindler vacuum is divergent near the horizon, whereas no
such divergence is present for the expectation value in the
Minkowski vacuum. The equivalence principle implies
that the local gravitational effect felt by a static
detector is equivalent to an acceleration in Minkowski
spacetime. Furthermore, a uniformly accelerating detector
in flat space experiences Unruh radiation, analogous to the
Hawking radiation encountered by a static detector in the
HHI state. These observations prompt us to draw a com-
parison between the near-horizon properties of the
HHI vacuum for a static observer and the Minkowski
vacuum for a uniformly accelerated observer, i.e., a
Rindler observer.

FIG. 12. The above figures show the numerical plots of the mutual information (the top panel) and the concurrence (the bottom panel)
with two freely falling UDWs as a function of the proper distance of detector A from the event horizon on a constant Painleve-Gullstrand
time slice (x-axis) while keeping the distance between two detectors at the peak of Gaussian switching and all other parameters fixed. In
the plots, the black line represents the Unruh state, the red line represents the HHI state, and the purple line represents the Boulware state.
The interaction Hamiltonian Ĥ0int

j shown in Eq. (62) is used with the freely falling 2-bein, and we keep Ω ¼ 2σ in all cases.
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From Eq. (55), the mutual information between two disjoint intervals in the HHI vacuum is given by

IHHI¼
1

12
log

�ðV1−V3Þ2ðU1−U3Þ2ðV2−V4Þ2ðU2−U4Þ2
ðV3−V2Þ2ðU3−U2Þ2ðV1−V4Þ2ðU1−U4Þ2

�
: ð91Þ

In the limit, when the interval A is very close to the future event horizon U1 → 0 and U2 → 0. Therefore, Eq. (91) becomes

IHHI ≈
1

12
log

�ðV1 − V3Þ2ðV2 − V4Þ2
ðV3 − V2Þ2ðV1 − V4Þ2

�
: ð92Þ

In the same limit V ¼ 2Rsev=2Rs → 2R1=2
s etS=2rs

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r − Rs

p
. Considering intervals on a tS ¼ constant hypersurface, Eq. (92)

can be rewritten as

IHHI ≈
1

12
log

�ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1 − Rs

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3 − Rs

p Þ2ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − Rs

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4 − Rs

p Þ2
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3 − Rs
p

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − Rs

p Þ2ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1 − Rs

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4 − Rs

p Þ2
�
: ð93Þ

The mutual information between two disjoint intervals ½ðUM1; VM1Þ; ðUM2; VM2Þ� and ½ðUM3; VM3Þ; ðUM4; VM4Þ� for a
Rindler observer in Minkowski vacuum, with ðUMs; VMsÞ being the Minkowski null coordinates, is given by

IMink ¼
1

12
log

�ðVM1 − VM3Þ2ðUM1 −UM3Þ2ðVM2 − VM4Þ2ðUM2 − UM4Þ2
ðVM3 − VM2Þ2ðUM3 −UM2Þ2ðVM1 − VM4Þ2ðUM1 − UM4Þ2

�
: ð94Þ

In the near horizon limit, UM1 → 0, UM2 → 0 and
VMs →

ffiffiffiffiffiffi
2ls

p
egτ=

ffiffiffi
g

p
. Here g is the acceleration parameter

of the Rindler observer. Furthermore, taking both intervals
on τ ¼ constant hypersurface Eq. (94) becomes

IMink ≈
1

12
log

�ð ffiffiffiffi
l1

p
−

ffiffiffiffi
l3

p Þ2ð ffiffiffiffi
l2

p
−

ffiffiffiffi
l4

p Þ2
ð ffiffiffiffi

l3
p

−
ffiffiffiffi
l2

p Þ2ð ffiffiffiffi
l1

p
−

ffiffiffiffi
l4

p Þ2
�
: ð95Þ

Identifying ls ¼ r − Rs we get IMink ≈ IHHI. Therefore,
near the horizon, the mutual information between two
nearby disjoint intervals in both situations is equivalent.
To see the equivalence of the entanglement properties

from the point of view of an UDW detector, let us consider
two UDW detectors, namely A and B, along the following
trajectories in the Minkowski vacuum.�
Detector A∶ tA ¼

1

gA
sinhgAτA;xA ¼

1

gA
coshgAτA

�
ð96Þ

�
Detector B∶ tB¼

1

gB
sinhgBτB;xB¼

1

gB
coshgBτB

�
ð97Þ

where τA and τB are proper time in the frame of detectors A
and B, respectively, x’s and t’s are their Minkowski
coordinates, and gA and gB are their accelerations. We
take events’ common line of simultaneity in both detector
frames to pass from the origin of chosen coordinates,
namely

tA
xA

¼ tB
xB

ð98Þ

Imposing the above constraints on trajectories Eqs. (96)
and (97) we get

tanh gAτA ¼ tanh gBτB ð99Þ

Now, since the arguments are real, we can utilize the fact
that hyperbolic functions are one-to-one to write
gAτA ¼ gBτB. Therefore, the trajectory becomes

�
Detector A∶ tA ¼

ffiffiffiffiffiffiffi
2lA
g

s
sinhgAτA;xA ¼

ffiffiffiffiffiffiffi
2lA
g

s
coshgAτA

�

ð100Þ

�
Detector B∶ tB¼

ffiffiffiffiffiffiffi
2lB
g

s
sinhgAτA;xB¼

ffiffiffiffiffiffiffi
2lB
g

s
coshgAτA

�

ð101Þ

where ls describe the Rindler coordinates and
gs ¼

ffiffiffiffiffiffiffiffiffiffiffi
g=2ls

p
. The proper distance between detectors,

say, at tA ¼ tB ¼ 0, is given by

−
ffiffiffiffiffiffiffiffiffi
2glA

p
g

þ
ffiffiffiffiffiffiffiffiffi
2glB

p
g

:

We choose lA ¼ 1=2g and fix lB such that the above proper
distance corresponds to the same proper distance between
detectors in the Schwarzschild metric. Therefore, equating
this with Eq. (73) we get,
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lB ¼ 1

2g

0
B@1þ g

Z
rB

rA

1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs

r

q dr

1
CA

2

ð102Þ

The parameter g is fixed by taking the following local
acceleration felt by detector A at rA in Schwarzschild
spacetime:

g ¼ Rs

2r2A
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs

rA

q : ð103Þ

With the above parameters and the two point functionWHHI
ψ

shown in Eq. (20), we repeat the entanglement harvesting
protocol discussed in Sec. IV B for two static UDWs in
HHI and two uniformly accelerating UDWs in the
Minkowski vacuum. The result is displayed in Fig. 13.
One observes from Fig. 13 that the total correlation near the
horizon in both of these situations, namely the HHI state for
a static observer near the horizon and the Minkowski
vacuum for a uniformly accelerated observer follows a
similar trend. It is also apparent that as we move farther
from the horizon, the disparity in correlations between the
two scenarios increases. This observation suggests that the
similarity in correlations between the two situations is
primarily limited to the vicinity of the horizon.

VI. DISCUSSION

We investigated the entanglement features of a massless
fermionic field outside a Schwarzschild black hole in
various states, namely the HHI, Unruh, and Boulware
states. The entanglement observed by an observer using a
detector depends on several parameters and in order to
understand what an observer measures, we employed the
entanglement harvesting protocol to study the correlations
present in a massless fermionic field, the results of which
are summarized below.

As a preliminary to entanglement harvesting, we first
analyzed the transition rate of the detector. Specifically, for
a static UDW detector coupled to the scalar density of a
massless fermionic field—even when it is coupled to the
rescaled Hamiltonian Ĥ0int

j shown in Eq. (62)—the tran-
sition rate in the HHI state is found to follow a Planckian
distribution, as expected. A similar analysis for the UDW
detectors coupled with the scalar density of the fermionic
field in the Unruh state yields the Helmholtz free energy of
a thermal bath of fermionic fields. However, the same with
detectors coupled with rescaled interaction Ĥ0int

j shown in
Eq. (62) for the Unruh state yields the Helmholtz free
energy of a thermal bath of fermionic or bosonic fields,
depending on whether the 2-bein of the chosen interaction
Hamiltonian represents 2-velocity of the local Lorentz
frame preserving conformal symmetry or is selected based
on the requirement that its 2-velocity match the UDW
detector’s velocity respectively. The presence of the anti-
Hawking effect is found to be dependent on the choice of
the interaction Hamiltonian through the 2-bein. If con-
formal symmetry is broken by the choice of the 2-bein of
the interaction Hamiltonian to move with the detector, the
anti-Hawking effect arises, reaching its maximum for the
HHI state. In particular, for static detectors, the weak anti-
Hawking effect intensifies as one approaches the horizon,
while for freely falling UDW detectors, the anti-Hawking
effect occurs away from the horizon and vanishes near it.
In contrast, we found that detectors coupled to the
scalar density of the field—whether through the interaction
Hamiltonian Ĥint

j shown in Eq. (61), or the rescaled

interaction Hamiltonian Ĥ0int
j with a conformal-preserving

2-bein—do not experience any anti-Hawking effect.
Using the resolvent technique, we demonstrated that for

two sufficiently separated, disjoint regions, the mutual
information is minimized in the HHI state and maximized
in the Boulware state, provided that the separation between
the intervals satisfies specific conditions stated in

FIG. 13. Plots for the comparison of Minkowski and HHI states mutual information near the horizon with two static detectors having
coupling Ĥint

j shown in Eq. (61).
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Appendix E. The mutual information between two disjoint
regions is known to be invariant under an arbitrary Weyl
transformation. If we vary the proper distance between two
disjoint intervals, dðrA; rBÞ, outside the horizon, then we
get a peak in the mutual information calculated using the
resolvent technique. The peak corresponds to the position
where both regions are almost null-separated. One can
control the distance between peak and horizon by varying
δL, which determines the spatial extent of intervals chosen
in the resolvent technique calculation. With these two
disjoint intervals, when we compare two UDWs which
peak around these intervals approximately and perform
entanglement harvesting, we get a single broad peak in the
mutual information. This can be interpreted as, although the
detector is spatially point-like, it is switched on with a
Gaussian switching, and hence the temporal extent in the
case of UDW and resolvent technique intervals is not the
same. The width of the peaks in all three states is larger
when detector A is far from the horizon compared to when
it is near the horizon. This can be interpreted as the effects
of vacuum polarization and gravitational redshift being
large near the horizon, and as a result, the peak dies down
quickly. The relative ordering of observed correlations in
the UDWs for the three vacua, which matches with those in
resolvent technique calculations, suggests that Hawking
radiation diminishes entanglement.
Next, we fixed the distance between two detectors and

varied the proper distance from the horizon of the detector
closest to the horizon at a fixed Painleve-Gullstrand time
slice. The relative ordering of correlation measures for
different states for the case of rescaled interaction
Hamiltonian Ĥ0int

j with a 2-bein moving with the static or
freely falling UDW is also found to be the reverse of that of
both the conformal symmetry-preserving case with Ĥ0int

j as

well as the scalar density Hamiltonian Ĥint
j . These obser-

vations can be interpreted as the anti-Hawking effect
enhances entanglement, since the anti-Hawking effect is
absent in the conformal symmetry-preserving case. While
the relative ordering of the correlation measures for the case
of a 2-bein moving with the static or freely falling UDW
suggests that the Hawking radiation diminishes the entan-
glement. More interestingly, for static detectors with static
2-bein, although some decay of entanglement measures is
found near the horizon for all states,we do not get a complete
death of entanglement near the horizon. However, the decay
is larger, with the conformal symmetry obeying the two-
point functionWState

ψ ;c , and the system of UDWs, in this case,
harvests no entanglement near the horizon inHHI andUnruh
states. We further confirm that the freely falling detectors do
not suffer the phenomenon of entanglement decay near
the horizon. In contrast, the harvested entanglement

monotonically increases as one moves toward the horizon
in the case of freely falling detectors. This behavior is shown
to match the resolvent technique calculation. This suggests
that another cause of the entanglement decay for the static
detectors near the horizon is the local gravitational accel-
eration felt by the detectors.
We further showed that the near-horizon entanglement

features of the HHI vacuum for a static observer, using both
the resolvent technique inQFTaswell as theUDWdetectors
numerical calculations, are identical to those for a uniformly
accelerating observer in the Minkowski vacuum in 1þ 1
dimensions. Entanglement features beyond the event hori-
zon shall remain a topic for future investigation. Here, we
restricted our analysis to 1þ 1 dimensions throughout this
manuscript. However, it would be interesting to extend our
study to higher dimensions and explore spacetimes beyond
Schwarzschild. Notably, the presence of the anti-Hawking
effect, which enhances entanglement, depends on the choice
of the interaction Hamiltonian. The explicit role of the
effective potential, curvature, and kinematics in the anti-
Hawking effect remains an open possibility.
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APPENDIX A: COMPUTING THE TWO POINT
FUNCTION Wα

ψ

In this appendix, we aim to compute the following
normal ordered two-point function for the scalar density
of the fermionic field in the (1þ 1) dimensional
Schwarzschild spacetime

Wα
ψ ðx; x0Þ ¼ h0αj∶ψ̄aðxÞψaðxÞ∶∶ψ̄bðx0Þψbðx0Þ∶j0αi; ðA1Þ

where each repeated spinor index is summed over [42,85].
The index α is used to denote vacua which is being used. It
is known that in two dimensions, the conformal anomaly, as
well as Hawking flux, are identical for fields with spins
of 0 and 1=2, as discussed in Ref. [50]. Also, there is no
gravitational anomaly for the fermionic field in 1þ 1
spacetime dimensions [48]. Decomposing the field into
positive and negative frequency parts and using normal
ordering [42,85], we get
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Wα
ψðx; x0Þ ¼ h0αjψ̄þ

a ðxÞψþ
a ðxÞψ̄−

b ðx0Þψ−
b ðx0Þj0αi

¼ h0αjψ̄þ
a ðxÞψ−

b ðx0Þψþ
a ðxÞψ̄−

b ðx0Þj0αi
¼ h0αjfψ̄þ

a ðxÞ;ψ−
b ðx0Þgfψþ

a ðxÞ; ψ̄−
b ðx0Þgj0αi

¼ iS−baðx0; xÞiSþabðx; x0Þ
¼ −Tr½Sþðx; x0ÞS−ðx0; xÞ�
¼ −Tr½γ̃μðxÞUðx; x0Þγ̃νðx0ÞUðx0; xÞ∇x

μWα
ϕðx; x0Þ∇x0

ν Wα
ϕðx; x0Þ� ðA2Þ

Here, we have used h0αjψ−
b ¼ 0;ψþ

a j0αi ¼ 0 in the third line and Eq. (11) with m ¼ 0 in the in the 6th line. Furthermore,
we assume throughout that γ̃μ∇μUðx; x0Þ ¼ 0 for the parallel transport along the geodesic. Using
Uðx; x0Þγ̃νðx0ÞUðx0; xÞ ¼ γ̃ρðxÞΛν

ρðx0; xÞ, where Λν
ρðx0; xÞ represents the vector parallel propagator [51–54] one gets

Wα
ψðx; x0Þ ¼ −Tr½γ̃μðxÞγ̃ρðxÞΛν

ρðx0; xÞ∇x
μWα

ϕðx; x0Þ∇x0
ν Wα

ϕðx; x0Þ�
¼ −Tr½b:μδ ðxÞγδb:ρβ ðxÞγβΛν

ρðx0; xÞ∇x
μWα

ϕðx; x0Þ∇x0
ν Wα

ϕðx; x0Þ�
¼ −Tr½b:μδ ðxÞb:ρβ ðxÞηδβ1Λν

ρðx0; xÞ∇x
μWα

ϕðx; x0Þ∇x0
ν Wα

ϕðx; x0Þ�

Here, bð…Þ denotes the 2-bein, which has been used to express the curved spacetime Dirac gamma matrices γ̃μ in terms of
the flat spacetime gamma matrices γδ in the second line. In the third line, we have used the anticommutator relation of Dirac
matrices fγδ; γβg ¼ 21ηδβ. Since all indices are contracted, we can write everything else other than 1 as C to give the
following:

Wα
ψðx; x0Þ ¼ −Tr½C1�

¼ −Nb:μδ ðxÞb:ρβ ðxÞηδβΛν
ρðx0; xÞ∂xμWα

ϕðx; x0Þ∂x
0
ν Wα

ϕðx; x0Þ: ðA3Þ
¼ −NgμρðxÞΛν

ρðx0; xÞ∂xμWα
ϕðx; x0Þ∂x

0
ν Wα

ϕðx; x0Þ ðA4Þ

Since Wα
ϕ represents the Wightman function of a scalar

field in the corresponding vacuum, we can write the spinor
covariant derivative as a partial derivative, and use the
identity Tr½C1� ¼ NC, where N is the dimensionality of the
spacetime, to evaluate the trace and get the second line. In
the final expression, (A4), we use b:μδ ðxÞb:ρβ ðxÞηδβ ¼ gμρðxÞ.
The Wightman function of a real massless scalar field in

different states are given by [50]

WBoulware
ϕ ¼ −

1

4π
ln ½−ζ2ðΔu − iϵÞðΔv − iϵÞ� ðA5Þ

WUnruh
ϕ ¼ −

1

4π
ln ½−ζ2ðΔU − iϵÞðΔv − iϵÞ� ðA6Þ

WHHI
ϕ ¼ −

1

4π
ln ½−ζ2ðΔU − iϵÞðΔV − iϵÞ� ðA7Þ

where, ζ > 0 is an IR cutoff. Since the two-point function
for the scalar density of the massless spin-1=2 field is
infrared-safe, we can ignore the parameter Λ for further
calculations. By repeating the above calculation for the two
point function shown in Eq. (17) one gets

W0α
ψ ;bðx; x0Þ ¼ h0αjψ 0þ

a ðxÞψ 0þ
a ðxÞψ 0−

b ðx0Þψ 0−
b ðx0Þj0αi

¼ h0αjψ 0þ
a ðxÞψ 0−

b ðx0Þψ 0þ
a ðxÞψ 0−

b ðx0Þj0αi
¼ h0αjfψ 0þ

a ðxÞ;ψ 0−
b ðx0Þgfψ 0þ

a ðxÞ;ψ 0−
b ðx0Þgj0αi

¼ −Tr½ĀðxÞAðx0ÞSþðx; x0ÞAðxÞĀðx0ÞS−ðx0; xÞ�
¼ −Tr½ĀðxÞAðx0Þγ̃μðxÞUðx; x0ÞAðxÞĀðx0Þγ̃νðx0ÞUðx0; xÞ∇x

μWα
ϕðx; x0Þ∇x0

ν Wα
ϕðx; x0Þ�

¼ −Tr½Uðx; x0Þγ̃μðxÞγ̃νðx0ÞUðx0; xÞ∇x
μWα

ϕðx; x0Þ∇x0
ν Wα

ϕðx; x0Þ�
¼ −Tr½Uðx; x0Þb:μδ ðxÞγδb:νβ ðx0ÞγβUðx0; xÞ∇x

μWα
ϕðx; x0Þ∇x0

ν Wα
ϕðx; x0Þ� ðA8Þ
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Here, we have used the relations AðxÞĀðx0Þ ¼ Uðx0; xÞ and Uðx0; xÞUðx; x0Þ ¼ 1 in the second last (sixth) line. Comparing
the second last equation in Eq. (A8) with the last equation in Eq. (A2), one can check that the ordering of the Uðx; x0Þs and
the γ̃μðxÞ are different which leads to the 2-bein dependence in the final expression. Using Tr½XY� ¼ Tr½YX� and then again
Uðx0; xÞUðx; x0Þ ¼ 1 one can get rid of the spin parallel propagator as follows.

W0α
ψ ;bðx; x0Þ ¼ −Tr½b:νβ ðx0ÞγβUðx0; xÞUðx; x0Þb:μδ ðxÞγδ∇x

μWα
ϕðx; x0Þ∇x0

ν Wα
ϕðx; x0Þ�

¼ −Tr½b:νβ ðx0Þγβb:μδ ðxÞγδ∇x
μWα

ϕðx; x0Þ∇x0
ν Wα

ϕðx; x0Þ�
¼ −Tr½b:νβ ðx0Þb:μδ ðxÞηδβ1∂xμWα

ϕðx; x0Þ∂x
0
ν Wα

ϕðx; x0Þ�
¼ −Tr½C01�
¼ −Nb:νβ ðx0Þb:μδ ðxÞηδβ∂xμWα

ϕðx; x0Þ∂x
0
ν Wα

ϕðx; x0Þ: ðA9Þ

In the third line, we have used the anticommutator
relation of the Dirac matrices, fγδ; γβg ¼ 21ηδβ. Since all
indices are contracted, we can again express everything
other than 1 asC0 and again use the identity Tr½C01� ¼ NC0,
where N is the dimensionality of spacetime, to obtain the
final expression, Eq. (A9). One can notice that the
Eq. (A9) is now dependent on the 2-beins at x and x0,
because of the presence of A and Ā in the transformed
field ψ 0 which cancels with the spin parallel propagator
term.

APPENDIX B: RESPONSE RATE OF A STATIC
DETECTOR IN THE HHI STATE

The pullback of the two-point function shown in Eq. (25)
along the trajectory of a static detector is given by,

W0HHI
ψ ;s ðxðτÞ;xðτ0ÞÞ¼−

1

4π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−Rs=r0

p
× ½eðv0−uÞ=2Rs þeðv−u0Þ=2Rs �

×
1

ðΔU− iϵÞðΔV− iϵÞ

¼−
1

32π2R2
S

�
1−RS

r

�coshðt0S− tSÞ=2Rs

sinh2
�
t0S−tS−iϵ

4RS

� :

Here, we have used U ¼ −2Rse−u=2Rs and V ¼ 2Rsev=2Rs ,
where u ¼ tS − r� and v ¼ tS þ r� with r ¼ r0 in the
second line. For a static detector, dτ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − Rs=r
p

dtS ¼
κdtS (say). Therefore, the above expression becomes

W0HHI
ψ ;s ðxðτÞ; xðτ0ÞÞ ¼ −

1

32π2R2
Sκ

2

coshΔτ=2κRs

sinh2
�
Δτ−iϵ
4RSκ

� ðB1Þ

Using the periodicity in the imaginary time of the above
expression one can see the KMS thermality of the HHI
state. Substituting for W0HHI

ψ ;s from Eq. (B1) in Eq. (69), we
get the following transition rate

Ḟ ¼ −
1

32π2R2
Sκ

2

Z
∞

−∞
dΔτe−iΩΔτ

coshΔτ=2κRs

sinh2
�
Δτ−iϵ
4RSκ

�

¼ −
1

32π4R2
Sκ

2

Xk¼∞

k¼−∞

Z
∞

−∞
dΔτ

e−iΩΔτ coshΔτ=2κRs�
Δτ−iϵ
4πRSκi

− k
�
2

¼ 1

2π2
Xk¼∞

k¼−∞

Z
∞

−∞
dΔτ

e−iΩΔτ coshΔτ=2κRs

ðΔτ − iϵ − i4πkRSκÞ2
;

where we have used cosec2πx ¼ π−2
P

k¼∞
k¼−∞ðx − kÞ−2 in

the second line. By choosing contour in the lower half plane
to do this integration, we get

Ḟ ¼ Ω
π

Xk¼∞

k¼1

e−4πkκRSΩ ¼ Ω
πðe4πκRSΩ − 1Þ : ðB2Þ

APPENDIX C: RESPONSE RATE OF A STATIC
DETECTOR IN THE UNRUH STATE

The pullback of two-point function in Eq. (34) along the
trajectory of a static detector is given by,

W0Unruh
ψ ;s ðx; x0Þ ¼ −

1

4π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Rs=r0

p ½e−u=2Rs þ e−u
0=2Rs � 1

ðΔU − iϵÞðΔv − iϵÞ

¼ −
1

8π2Rs

�
1 − Rs

r

� cosh
�
t0S−tS
4Rs

�
sinh

�
t0S−tS−iϵ

4Rs

�
ðt0S − tS − iϵÞ

: ðC1Þ
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Substituting the above expression in Eq. (69), we get the
following transition rate:

Ḟ ¼ −
1

8π2Rsκ

Z
∞

−∞
dΔτe−iΩΔτ

cosh
�

Δτ
4Rsκ

�
sinh

�
Δτ−iϵ
4Rsκ

�
ðΔτ − iϵÞ

¼ 1

4π2Rsκ

X∞
k¼1

e−4πκRsΩn

n
: ðC2Þ

Here, we have used the contour in the lower half plane and
summed all residues to write the second line. Summing the
infinite series one obtains

Ḟ ¼ 1

4π2Rsκ
log

e4πκRsΩ

ðe4πκRsΩ − 1Þ : ðC3Þ

Using expansion of logðxþ 1Þ about x ¼ 1 we get the
following series for the transition rate,

Ḟ ðΩÞ ¼ 1

4π2Rsκ

	
1

e4πκRsΩ − 1
−
1

2

�
1

e4πκRsΩ − 1

�
2

þ 1

3

�
1

e4πκRsΩ − 1

�
3

þ……



: ðC4Þ

Repeating the above calculation with the 2-bein (30) one
gets similar expression in Eq. (C2), without cosh factor in
the nominator. Therefore, we get the transition rate

Ḟ ¼ 1

4π2Rsκ

X∞
k¼1

ð−1Þnþ1e−4πκRsΩn

n
: ðC5Þ

Performing the series sum in the above expression, we get

Ḟ ðΩÞ ¼ 1

4π2Rsκ
log

e4πκRsΩ

ðe4πκRsΩ þ 1Þ : ðC6Þ

APPENDIX D: COMPUTING TRANSITION
PROBABILITY

In this appendix, we apply the saddle point approxima-
tion to compute the diagonal terms of ρAB, known as the
transition probability [94,107]. The transition probability is
given by the following type of integration

L ¼ λ2
Z þ∞

−∞
dτ

Z þ∞

−∞
dτ0χðτÞχðτ0Þe−iΩðτ−τ0ÞWα

ψðxðτÞ; xðτ0ÞÞ

¼ λ2
Z þ∞

−∞
dτ

Z þ∞

−∞
dτ0e−

ðτ−τ0Þ2
2σ2 e−

ðτ0−τ0Þ2
2σ2 e−iΩðτ−τ0ÞWα

ψ ðxðτÞ; xðτ0ÞÞ

¼ λ2e−σ
2Ω2

Z þ∞

−∞
dτ

Z þ∞

−∞
dτ0e−

ðτ−τ0þiΩσ2=2Þ2
2σ2 e−

ðτ0−τ0−iΩσ2=2Þ2
2σ2 Wα

ψðxðτÞ; xðτ0ÞÞ:

Now we use the fact that in the case of static detector Wα
ψðxðτÞ; xðτ0ÞÞ is a function of τ − τ0 viz, it depends only on the

interval of time. Changing variables from τ; τ0 to x̃ ¼ τ þ τ0 and ỹ ¼ τ − τ0 one gets

L ¼ λ2e−σ
2Ω2

Z þ∞

−∞
dx̃

Z þ∞

−∞
dỹe−

ðỹþi2Ωσ2Þ2
4σ2 e−

ðx̃−2τ0Þ2
4σ2 Wα

ψ

�
x

�
x̃þ ỹ
2

�
; x

�
x̃ − ỹ
2

��
:

Shifting the contour in an imaginary direction for ỹ by 2Ωσ2 makes the exponential factors real. Now, the saddle point
approximation on the resulting expression gives [94,107]

L ≈ 2πσ2λ2e−σ
2Ω2

Wα
ψðxðτ0 − iΩσ2Þ; xðτ0 þ iΩσ2ÞÞ þ residue terms: ðD1Þ

The residue term that comes from shifting the contour vanishes if one restricts to Ωσ2=2κRs < π, as no pole is being
crossed.
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APPENDIX E: MONOTONICITY
OF hðxÞ AND gðxÞ

Let us define a function hðxÞ as

hðxÞ ¼ x2 − x
e−x2 − e−x

e−x1 − e−x

x1 − x
: ðE1Þ

The sign of the denominator of the first derivative of the
above function is positive since we get a square after
differentiation. Therefore, the overall sign is determined by
the numerator, which is given by

signðh0ðxÞÞ ¼ sign½ðx2 − x1Þðe−x1−x2 þ e−2xÞ þ ðx1x2 − ðx1 þ x2Þxþ x2 þ x1 − x2Þe−x−x2
− ðx1x2 − ðx1 þ x2Þxþ x2 þ x2 − x1Þe−x−x1 �

¼ sign½ðx2 − x1Þðex−x1 þ e−xþx2Þ þ ðx1x2 − ðx1 þ x2Þxþ x2 þ x1 − x2Þ
− ðx1x2 − ðx1 þ x2Þxþ x2 þ x2 − x1Þex2−x1 �: ðE2Þ

Assuming the points x1 and x2 are close together, we can ignore quadratic and higher-order terms in the expansion of ex2−x1 .
Keeping terms linear in x2 − x1, we obtain

signðh0ðxÞÞ ¼ sign½ðx2 − x1Þðex−x1 þ e−xþx2 − x2 þ ðx2 þ x1Þx − x1x2 − x2 þ x1 − 2Þ�:

If x1 > x2 > x and if x1 and x2 are sufficiently larger than x,
then e−xþx2 will be dominant and we will have

signðex−x1 þ e−xþx2 − x2 þ ðx2 þ x1Þx
− x1x2 − x2 þ x1 − 2Þ > 0: ðE3Þ

This implies h0ðxÞ < 0. In other words, under these
assumptions, hðxÞ is a monotonically decreasing function
of x. Furthermore, one can see that if x1 < x2 < x, and x3
and x4 are sufficiently larger than x2, then the ex−x2 term
will be dominant. The terms in the second bracket, Eq. (E3),
as well as the first term, will be positive, which implies that

h0ðxÞ > 0. In this case hðxÞ will be a monotonically
increasing function of x.
Further, let us define another function gðxÞ as

gðxÞ ¼ x2 − x
ex2 − ex

ex1 − ex

x1 − x
: ðE4Þ

The sign of the denominator of the first derivative of the
above function is also positive since we get a square after
differentiation. Therefore, the overall sign is determined by
the nominator, which is given by

signðg0ðxÞÞ ¼ sign½ðx2 − x1Þðex1þx2 þ e2xÞ þ ð−x1x2 þ ðx1 þ x2Þx − x2 þ x1 − x2Þexþx2

þ ðx1x2 − ðx1 þ x2Þxþ x2 − x2 þ x1Þexþx1 �
¼ sign½ðx2 − x1Þðex1−x þ ex−x2Þ þ ð−x1x2 þ ðx1 þ x2Þx − x2 þ x1 − x2Þ
þ ðx1x2 − ðx1 þ x2Þxþ x2 þ x1 − x2Þex1−x2 � ðE5Þ

Once again, assuming the points x1 and x2 to be close together, we can ignore quadratic and higher-order terms in the
expansion of ex2−x1 . Keeping terms linear in x2 − x1, we obtain

signðg0ðxÞÞ ¼ sign½ðx2 − x1Þðex−x2 þ e−xþx1 − x2 þ ðx2 þ x1Þx − x1x2 − x1 þ x2 − 2Þ�:

If x1 < x2 < x and if x is sufficiently larger than x1 and x2, then ex−x2 will be dominant and we will have

signðex−x2 þ e−xþx1 − x2 þ ðx2 þ x1Þx − x1x2 − x1 þ x2 − 2Þ > 0: ðE6Þ

This implies g0ðxÞ > 0. In other words, under these assumptions, gðxÞ is a monotonically increasing function of x.
Furthermore, one can see that if x1 > x2 > x, and x1 and x2 are sufficiently larger than x, then the e−xþx1 term will be
dominant. The terms in the second bracket, Eq. (E6), will be positive while the term in the second bracket will be negative,
which implies that g0ðxÞ < 0. In this case, gðxÞ will be a monotonically decreasing function of x.
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