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Isentropic processes for axisymmetric black holes

Nitesh K. Dubey®" and Sanved Kolekar®'

Indian Institute of Astrophysics Block 2, 100 Feet Road, Koramangala, Bengaluru 560034, India
and Pondicherry University R.V. Nagar, Kalapet, Puducherry-605014, India

® (Received 23 July 2025; accepted 24 September 2025; published 7 October 2025)

We demonstrate that the isentropic absorption of a classical charged test particle is classically forbidden
for all (3 4 1)-dimensional stationary, nonextremal, axisymmetric black holes in any diffeomorphism
invariant theory of gravity. This result is derived purely from the near-horizon geometry and thermo-
dynamic properties of the black hole spacetime, independent of the specific gravitational theory. We further
consider the Kerr-Newman black hole in general relativity and analyse, using the quantum tunneling
approach, the conditions under which isentropic absorption may be allowed. Broader implications for the

second law and extremality bounds are discussed.
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I. INTRODUCTION

Beginning in the 1970s, several independent universal
entropy bounds were proposed for arbitrary physical
systems. Among the earliest was the Bekenstein bound,
formulated using semiclassical arguments to suggest that
the maximum entropy of an object with finite energy and
spatial extent is bounded from above [1-4]. This result can
also be interpreted as an upper limit on the information
content of such a system [2]. Since then, the Bekenstein
bound has been explored and extended in a variety of
directions. In particular, [5] examined how it constrains the
communication capacity of quantum channels, while [6]
analyzed its validity for bound states of interacting fields
and showed that, once interactions are properly included,
the bound remains intact. From a scattering perspective, [7]
demonstrated that for a self-sustained quantum field object
of size R, unitarity implies S < 1/a, where a is the running
coupling evaluated at the scale 1/R. Black holes, in turn,
are known to saturate this bound, with their entropy taking
the form S = 1/a, where « = G/R%? and G is Newton’s
constant in d dimensions [7,8]. Additional derivations
further reinforce the universality of this limit. For instance,
[9] showed from a holographic perspective that the
Bekenstein bound holds for any strength of the gravita-
tional coupling under certain assumptions, while a wide
variety of generalized forms have also been proposed,
including the causal entropy bound [10], the Unruh—Wald
bound [11,12], generalized Bekenstein bounds [13], covar-
iant entropy bounds [14,15], and their generalized covariant
versions [16,17].
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Alongside various formulations mentioned in the pre-
vious paragraph, different interpretations of the Bekenstein
bound have also been explored. We recall some of them
below. For instance, [18] argued that it arises naturally from
the Pauli exclusion principle if the fundamental degrees of
freedom of a black hole are finite and fermionic. Related
studies of such fermionic degrees of freedom are found
in [19,20]. Other works emphasise the implications of the
bound for information dynamics: [21] showed that the
entropy bound governs the redistribution of degrees of
freedom in generic systems and implies an average infor-
mation loss due to entanglement between geometry and
fields, while [22] used it to constrain the information
capacity of black hole remnants, arguing against remnants
as a resolution of the information paradox. The interplay
between entropy bounds and negative energy has also
been highlighted. Since quantum fields admit regions of
negative energy density provided they are compensated
elsewhere, [23] showed that the Bekenstein bound requires
such negative-energy regions to be localized near positive-
energy ones. The consequences of negative energy
densities for black hole dynamics have been further
examined in [24-26]

All the considerations highlighted above are directly
relevant for the black hole information loss paradox, which
reveal tensions among fundamental principles: unitarity,
local quantum field theory, general covariance, the iden-
tification of Bekenstein—Hawking entropy with Boltzmann
entropy, and the existence of a semiclassical observer
retrieving information from Hawking radiation cannot all
simultaneously hold [27-30]. One possible resolution is
that nonperturbative effects—though negligible in the early
stages of evaporation—can accumulate and become sig-
nificant over the black hole’s lifetime. Such effects may
depend on spacetime dimensionality [31], memory burden

© 2025 American Physical Society


https://orcid.org/0009-0000-0435-5739
https://orcid.org/0000-0001-7238-8807
https://ror.org/01msc1703
https://ror.org/01a3mef16
https://crossmark.crossref.org/dialog/?doi=10.1103/731x-38lt&domain=pdf&date_stamp=2025-10-07
https://doi.org/10.1103/731x-38lt
https://doi.org/10.1103/731x-38lt

NITESH K. DUBEY and SANVED KOLEKAR

PHYS. REV. D 112, 084018 (2025)

phenomena [32,33], fluctuations in gravitational degrees
of freedom [34], or critical instabilities [33,35]. Although
the nonperturbative mechanisms operate through distinct
physical channels, they share a common capacity to
accumulate effects gradually and ultimately perhaps domi-
nate the entropy dynamics, thereby breaking the semi-
classical predictions. Importantly, while the identification
of Bekenstein-Hawking entropy with Boltzmann entropy is
semiclassical [2], it has been argued in [28] that non-
perturbative contributions can break this equivalence and
allow the Boltzmann entropy to exceed the Bekenstein-
Hawking value. In particular, [28] analyzed the isentropic
absorption of charged particles by a Reissner-Nordstrom
black hole within the WKB approximation, suggesting that
such a process may serve as a nonperturbative channel for
exceeding entropy bounds.

Motivated by the findings mentioned above, in the
present article, we extend the analysis of the isentropic
absorption of charged particles to stationary, axisymmetric
black holes. We first demonstrate in Sec. II that, for
nonextremal axisymmetric black holes, the absorption of
a charged particle without changing the Bekenstein-
Hawking entropy is classically forbidden: a classically
forbidden region exists outside the horizon. The result of
the existence of the classically forbidden region is rooted in
the near-horizon geometry and thermodynamic laws—it
holds across all diffeomorphism-invariant gravitational
theories. We then turn, in Sec. III, to the quantum regime,
where tunneling across the barrier becomes possible. Using
the saddle-point approximation, we compute tunneling
probabilities and show how they depend on both the
particle’s and the black hole’s parameters. Finally,
Sec. 1V, delves into the broader significance of these
processes: small, highly charged black holes emerge as
more susceptible to isentropic absorption, potentially
allowing entanglement (hence Boltzmann) entropy to
grow—raising subtle questions regarding entropy bounds
and information accumulation. We use units 7 = ¢ = kz =
G =1 and adopt a mostly positive metric signa-
ture (—+ ++).

II. CHARGED PARTICLE IN STATIONARY
AXISYMMETRIC SPACETIME

We consider the following general stationary axisym-
metric black hole in 3 + 1 dimensions [36,37]

ds* = g,,(r,0)dt* + 20,y (r, 0)dtdep + gpp(r, 0)d¢?
+ g (1, 0)dr* + goo(r,0)d0>. (1)

The metric functions are assumed to be smooth and
continuous, at least C2-differentiable, independent of the
t and ¢ coordinates, and thus adapted to the Killing
symmetries of stationarity (d,) and axisymmetry (d,).
The spacetime is assumed to be circular and asymptotically

flat. Further, the black hole spacetime is assumed to possess
a Killing horizon at r = r, such that ¢""(r,,0) = 0. The
black hole is described by its mass M, charge Q, and
angular momentum J.

The trajectory of a particle of mass m and charge g can
be described by the following Lagrangian:

1
L= Emg,w)'c”x” + A, (2)

where A, = (=A,(r,6),0,0,A,(r,0)) is the electromag-
netic 4-vector potential arising from the stationary and
axisymmetric black hole [38]. Since ¢ and ¢ coordinates are
cyclic, the corresponding canonical momenta, say £ and L,
respectively, will be conserved. They are given byl

oL . y
E= = —mg,t — mg,, + qA, (3)
oL . y
L= % = mgyt +mgp,d + qAy (4)

where dot denotes the derivative with respect to an affine
parameter, say A. Solving the above equations (3)-(4), one
gets the following equation of motion:

- E'gyp+L'gy

5
D (5)
: Elgdn +L'g,

— DT =T 6
p= -0 ©

where, D =g}, —9u9pp, E' =E—qA,, L'=L—qA,.
Now, for the classical test particle motion, one can rewrite
Eq. (1) as

dr? dtd do\ 2

—€ = gy(r,0) (d—/t1> +2g,4(r, 6>d_/t1d_(/l1§+g¢¢(r’ 0) (d_f)
dr\? 4O\ 2

+grr(r,9) <d—;> —|—g99(l’,9) <E> s (7)

where ¢ is 1 for a massive particle. Taking € to the right-
hand side and using Egs. (5)—(6), one gets

dr\? do\?
(5) + 77000 (%) + Va0 =0, ®
where
rr E/2 +L/2 +2 L/E/
Vo (r.0) = =2 (E” g 9 +29,4L'E') regr. (9)

m2D

'At some places in literature, the canonical momentum
conjugate to the cyclic coordinate ¢ is denoted by L,. We write
L,=L.
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The first and second terms in Eq. (8) are positive, which
implies that the third term, denoted by V. must be
negative for the expression to be valid for a classical test
particle. Further, we stress that Eqgs. (8)—(9) are valid for
any diffeomorphism invariant theory of gravity that admits
a black hole solution of the form described in (1).

A. Isentropic absorption of the charged particle

For an isentropic process, the second law of black hole
mechanics leads to

TdS =0=dM - ®,dQ — QdJ. (10)

The change in mass dM, charge dQ, and angular momen-
tum dJ of the black hole, when the charged particle enters
the horizon, is given by E, g, and L, respectively. The
spacetime under consideration is stationary, so the event
horizon will be a Killing horizon [39,40]. One can consider
the Killing horizon to be generated by the Killing vector

1 =0, +Qpoy. (11)

Here, Qp denotes the angular velocity evaluated at the
outer horizon of the black hole, which is interpreted as the
angular velocity of the black hole itself. The electric
potential on the horizon is defined by ®, = —x"A,|,.
[41]. Using our convention in the Lorentz gauge for the
gauge field, A, = (—A;,0,0, A¢), the contraction gives
®, = A, —QpuA,, so that the change in electromagnetic
potential energy of the black hole due to absorption of a
particle of charge g is ¢®, = qA, — QpqA,. Therefore, the
above Eq. (10) gives

which is E' = QyL’, at the event horizon. Therefore, the
effective potential at the horizon can be written as

grerz(Q%IgM + G+ 29:2)
m?D

Veg(r=r,,0) = —

(13)

The above expression for the effective potential at the
horizon in terms of the Killing vector y* can be rewritten as

+ €grr

r=r+

grr L/2 ){;4 }(/4

Veff(r = r+,9) = — sz

rr 14
L teg (14)

r=r

r=r+

The effective potential given above in Eq. (14) is
independent of the sign of L’. One can use the property
of axisymmetry of the spacetime and the zeroth law of
black hole mechanics to show that y*y,, ¢"", and D all
vanish linearly at the Killing horizon of a stationary
axisymmetric nonextremal black hole [42], i.e., as follows:

Zﬂ)(y ~ —2K‘<I‘ - I‘+) + O((r - r+)2);
D2k(r—ry)ggp + O((r=ry)?);g" & (r—ry).
(15)

Here, « is the surface gravity which is constant over the
Killing horizon from the zeroth law of black hole mechan-
ics.” Hence, the above effective potential Ve (ry, 0)
vanishes at the horizon for an isentropic absorption of
the test charged particle. Taking the derivative of Eq. (9)
with respect to r one gets after some manipulation

dVeff o D’

dr 9" Grr Vet — D (Vetr — g'"€)

grr
— sz (Eag;ﬁtﬁ + leg;t + 2L,E’.¢;¢)a

(16)

where prime on D and the metric components denote the
derivative with respect to r. Evaluating the above expres-
sion on the horizon for an isentropic process with
E' = QL’, one gets,

dVeff - €D/grr
dr r=ry B D r=ry
L2g" D% 9% "
(17)

Now, using L'Hospital rule for taking limit near horizon
and the property that D, y*y,, and ¢g'" all go to zero near
horizon linearly as shown in Eq. (15), for the nonextremal
case, one gets

dveff _ g/rr € — le()(”)(ﬂ).r
dr r=r, sz/ r=ry
L/2
_ g/rr [€_|_ . :| > 0, (18)
m g¢¢ r=ry

since ¢"" >0 and g5 >0 at the horizon. Since
Veir(ry,0) =0 and dV(ry,0)/dr > 0, we necessarily
have V. > 0 outside the horizon and hence, classically, it
is not possible to absorb the charged particle isentropically.

At a large distance from the black hole, the electromag-
netic 4-vector potential vanishes, i.e., A,(r - 00,6) — 0,
Ay(r = 00,0) — 0. Therefore, E' — E,L’ — L at spatial
infinity. Further, ¢ — 1, g, = —1, 9, = 0, g4y — oo at
spatial infinity. So, the effective potential shown in Eq. (9)
takes the following form:

%One can refer to [43] for a proof of the zeroth law of black
hole mechanics that does not depend on any assumptions about
the dynamics of the theory, but only assumes the existence of a
Killing horizon with a nonzero «.
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E2
Ve (r = 00,0) — - + €. (19)

The above asymptotic expression for the effective potential is
consistent with that expected for a flat spacetime. For a
particle at rest at infinity, Eq. (19) gives V(1 — o0, 6) — 0,
while it becomes negative for a moving particle.
For the isentropic absorption, the conserved energy
E=QL+qA,(r=r+.,0)—QqA,(r=r+,0)>m?  which
is possible for an appropriate choice of parameters
{g,m,L,0Q,M,a}. So, the effective potential at infinity is
negative for this set {g, m, L, Q, M, a}, which implies that
there also exists a classically allowed region for r > r, for
some r, > r, apart from the classically forbidden region
forr, <r<mn,

B. Kerr-Newman black holes in general relativity

So far, our discussion regarding the isentropic absorption
of a charged particle by a stationary axisymmetric non-
extremal black hole was quite general. For the sake of
definiteness, we now restrict to the nonextremal Kerr-
Newman black hole in general relativity.3 In general
relativity, the Kerr-Newman black hole in 3 + 1 dimen-
sions, in Boyer-Lindquist coordinates, is described by the
metric [36,38]

PR A — a*sin’6 e 2asin0(r* + a®> — A) drdi
z z
(r* + a2)2£ Aa’sin?0 Sin0d?
z o5 2
+ Kdr + Xdo?, (20)
with
2(r,0) = r* + a®cos? 0, (21)
A(r) =r* =2Mr + a* + Q% (22)

Here, a is the specific angular momentum, M > 0 is the
Arnowitt—Deser—Misner mass, and Q is the electric charge
of the black hole. Assuming a vanishing magnetic charge,
the electromagnetic 4-vector potential of the black hole is
given by A, = (—0r/%,0,0, Qarsin? §/%). So, the sign
convention is such that a positive value of Q means a
positively charged black hole. By substituting the metric in
Eq. (20) into Eqgs. (13) and (16), one obtains, respectively,
for the isentropic absorption of a charged particle,

Vefflr:nr =0 (23)

3Since the surface gravity, k, is zero in the extremal case, the
discussion in the previous section may not be true for the extremal
Kerr-Newmann black hole.

dV . _2Mry —a* = Q%)
dr r=r, B ri
L™ (r% + a*cos?0)
x [1 D

The positivity of dV./dr at r =r, in Eq. (24) follows
from the fact that the term inside the square brackets is
strictly positive, while the prefactor is also positive, since

Mr, = M* + M+\/M? — a®> — 9%, and the nonextremality
condition requires M> > a* + Q2. Therefore, the isentropic
absorption of the charged test particle is not possible
classically.

III. QUANTUM TUNNELING

We saw in the previous section that the effective potential
vanishes at the event horizon and that its derivative
becomes positive for the isentropic absorption. We plot
the effective potential in Fig. 1, from which it can be seen
that for certain values of charge, mass, and angular
momentum, the effective potential can become negative
again at some distance from the event horizon. The region
between the event horizon at r = r, and the point outside,
say r =r, > r,, where the effective potential vanishes
again, is classically forbidden. We see from Fig. 1 that
increasing the angular momentum of the particle increases
both the width of the classically forbidden region and the
height of V.. However, the increase in charge reduces
both. Further, we see that the change of mass of the test
particle does not change the width of the classically
forbidden region, but the height of the potential barrier
experienced changes. So, the massive charged test particles
with low angular momentum experience a small, but
nonzero, potential for the isentropic absorption.

Feynman’s path integral formulation expresses the tran-
sition amplitude for a radial degree of freedom r(4),
evolving in an effective potential Vg, as

K /Drexp (%s) (25)

where S is the action. The quantum dynamics is found by
summing over all admissible trajectories r(1), each
weighted by the phase factor exp(iS/f) determined by
the action. In the classically forbidden region, where
Ve > 0, the path integral is dominated by the steepest-
descent contour obtained via a Wick rotation to imaginary
time, A — —ilg. Under this transformation, the
action becomes Euclidean, S — iSg, and the amplitude
reduces to

K~ e_SE/h, SE = /dﬂ‘ELE’ (26)
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The above plots show the effective potential experienced by a charged particle for isentropic absorption by a Kerr-Newman

black hole in general relativity. The expression for the effective potential is given in Eq. (9), with E'(r) = E — qA,(r) = gA,(ry) +
Q(L — gAy(ry)) — qA,(r) for the isentropic absorption. The unit of @ is taken to be radians, so the plots are near the equator.

where L is the Euclideanized Lagrangian. The dominant
contribution comes from the Euclidean classical trajectory
—the solution of the Euler-Lagrange equations in imagi-
nary time—connecting the turning points of the potential
barrier. Since the amplitude acquires a factor e~5¢/" the
tunneling probability is obtained by taking the modulus
squared of this amplitude,

[ o |K|? ~ e 256/, (27)
So, setting 72 = 1, the probability through the forbidden
region [ry, r, | can be expressed as [28]

[~ e 25, (28)

Here, the Euclidean action Sg is given by

Sy = / " Lpdiy (29)
vl
T+ 1
_ (L 30
[2 drjdag " (30)

I 1
- ——dr
[2 V Ve (r) o

(32)

r 1
/ L a
LSSV Veff(r)

Here, we have assumed df/dJ = 0 for simplicity and have
used Eq. (8). We choose the negative root in dr/di; =
+/V because the particle is being absorbed by the black
hole. It is difficult to evaluate the integral in Eq. (32)
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FIG. 2. The above plots show the Euclidean action experienced by a charged particle for isentropic absorption by a Kerr-Newman
black hole in general relativity. The turning points exist only for certain values of parameters. The plots used the parameter values for

which the turning point exists.

analytically, so we compute it numerically and plot the
corresponding Euclidean action for a real value of turning
points r, and r,. The tunneling probability in Eq. (28)
decreases (increases) as the Euclidean action increases
(decreases), so Figs. 2-3 effectively describe the tunneling
probability in the approximation discussed above.

One can notice from Fig. 2 that the Euclidean action
increases with an increase in the angular momentum of the
particle for all combinations of parameters. Therefore, the
tunneling probability for low angular momentum particles
is large in comparison with the higher angular momentum
particles. One can understand it as the effective potential, as
well as the width of the classically forbidden region,
increasing with an increase in the angular momentum of

the test particle. Furthermore, the increase in the magnitude
of charge Q of the black hole reduces the Euclidean action.
However, the increase in mass of the black hole increases
the Euclidean action. The increase of the specific angular
momentum a of the black hole decreases the effective
action for the positive L particles, but increases the effective
action for the negative L particles. Therefore, a low mass,
high specific angular momentum, and large charge black
hole has a higher tunneling probability for a test charged
particle. The Euclidean action is smaller for a larger polar
angle. Therefore, the isentropic absorption is more probable
near the equator of the black hole.

In Fig. 3, we see that the increase in the size of the black
hole, determined by its outer horizon r,, increases the
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The above plots show the Euclidean action experienced by a charged particle for isentropic absorption vs the radius of the outer

horizon of a Kerr-Newman black hole in general relativity. The turning points exist only for certain values of parameters. The plots used

the parameter values for which the turning points exist.

Euclidean action for all combinations of parameters.
Therefore, smaller black holes have a greater tunneling
probability than larger black holes. This suggests that the
smaller black holes are relatively less classical as they can
absorb charged particles isentropically and are prone to
violate the entropy bound more efficiently than a large black
hole. Furthermore, we notice that increasing the mass and
the magnitude of angular momentum of the test particle
increases the Euclidean action for a fixed size r, of the black
hole, whereas an increase in the magnitude of the charge of
the test particles decreases the Euclidean action. Therefore,
lighter particles with small angular momentum, but large
charge, have a large tunneling probability. Further, the
tunneling probability is larger near the equator for a fixed r, .

IV. DISCUSSION

We investigated whether a stationary axisymmetric black
hole can absorb a classical test charged particle without a
change in the black hole’s entropy, and found that this
process is classically forbidden in any diffeomorphism-
invariant theory of gravity. We found that the conditions
required to keep the Bekenstein-Hawking entropy
unchanged lead to a classically inaccessible region outside
the Killing horizon. Further, we analyzed a Kerr-Newman
black hole as a specific example. A test charged particle
outside a Kerr-Newman black hole experiences an effective
potential for isentropic absorption, which remains positive
between the outer horizon and a certain distance away from
it. So, classically, this region outside the black hole is
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forbidden. However, for a certain range of mass, charge,
and angular momentum of a test charged particle, it is
quantum mechanically possible to tunnel through this
classically forbidden region.

Our results show that the tunneling probability increases
with a decrease in the mass of either the test particle or the
black hole. However, the tunneling probability increases
with an increase in the charge of either the test particle or
the black hole. Furthermore, we also find that the tunneling
probability is large for a small black hole in comparison to
the larger black holes. These observations suggest that the
low mass and high charge black holes with a smaller radius
of the outer horizon are more prone to isentropic absorption
of classical test charged particles. Moreover, if a charged
particle that is entangled with degrees of freedom outside
the black hole is isentropically thrown into the black hole,
the entanglement between the inside and outside of the
black hole increases without any change in the areal
entropy. As emphasized in [28], this raises important
questions about whether the black hole can accumulate
entanglement entropy isentropically over time. Since the
Boltzmann entropy accounts for the total number of
accessible microstates and is typically greater than the
entanglement entropy [28,44—46], could it perhaps happen
through such a process that the Boltzmann entropy
becomes greater than the Bekenstein-Hawking entropy?

From the perspective of information theory, the existence
of such channels suggests that the information content
associated with black holes may not always be constrained
in the strict semiclassical sense. This can be contrasted with
earlier work linking entropy bounds to information capac-
ity [5,22] and to the redistribution of fundamental degrees
of freedom [21]. Taken together, our results reinforce the
view that the entropy-bound relation remains robust at the

semiclassical level but may admit controlled, nonperturba-
tive violations in black hole systems. Such violations are
not pathological but instead highlight the limitations of
semiclassical reasoning when extended over a black hole’s
lifetime. They may also play a role in addressing the
longstanding black hole information paradox [27,30].

We discussed the isentropic absorption of charged
particles by axisymmetric, nonextremal black holes in
(3 + 1) dimensions. How our results change for extremal
black holes remains a topic for future investigation, as this
scenario may reveal new features of black hole thermo-
dynamics and quantum gravity. Extending this analysis to
rotating or charged black holes in higher dimensions may
also uncover rich dynamics that are inaccessible in simpler
(3 + 1)-dimensional models. We employed the saddle-
point approximation of path integrals to evaluate the
tunneling probability, which provides a framework to study
the leading-order contribution to the particle absorption
beyond classical absorption. One could further explore the
effects of loop corrections, as well as backreaction effects,
on the tunneling probabilities, potentially leading to refined
predictions for black hole evaporation rates. Another
direction is to investigate whether these nonperturbative
channels leave observable imprints in late-stage Hawking
radiation or in quantum-gravitational corrections to entropy
bounds, which could provide novel tests for our under-
standing of information loss in black holes.
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