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ABSTRACT

We study the linear theory of magnetohydrodynamic (MHD) waves, namely, the Alfv�en and the fast and slow magnetosonic modes in a
rotating Hall-MHD plasma with the effects of the obliqueness of the external magnetic field and the Coriolis force and show that these waves
can be coupled either by the influence of the Coriolis force or the Hall effects. To this end, we derive a general form of the linear dispersion
relation for these coupled modes by the combined influence of the Coriolis force and the Hall effects and analyze numerically their character-
istics in three different plasma-b regimes: b � 1, b > 1, and b < 1, including some particular cases. We show that while the coupling between
the Alfv�en and the fast magnetosonic modes is strong in the low-bðb� 1Þ regime and the wave dispersion appears in the form of a thumb
curve, in the high-b ðb > 1Þ regime, the strong coupling can occur between the Alfv�en and the slow magnetosonic modes and the dispersion
appears in the form of a teardrop curve. Switching of the coupling in the regime of b � 1 can occur, i.e., instead of a thumb curve, a teardrop
curve appears when the obliqueness of propagation and rotational angle are close to 70� or more (but less than 90�). Implications of our
results to solar and fusion plasmas are briefly discussed.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0273868

I. INTRODUCTION

In classical magnetohydrodynamic (MHD) plasmas, the charac-
teristic timescale of plasma oscillations is much longer than the inverse
of the ion-cyclotron frequency, and electrons and ions become tied to
the magnetic field, i.e., the electron and ion motions get coupled. In
this case, a single fluid MHD model is applicable for describing mag-
netic field dynamics. However, electron and ion motions can become
decoupled when the characteristic timescale is comparable to the
inverse of the ion cyclotron frequency, the length-scale of magnetic
field variation is akin to or smaller than the ion skin depth, or when
plasma is partially ionized. In this situation, electrons drift through
ions instead of being carried along with the bulk velocity field, leading
to a modification of the generalized Ohm’s law by the Hall current,
proportional to J� B force, where J and B are the current density and
magnetic field, respectively. Thus, the classical MHD gets modified to
the Hall-MHD (HMHD). The ideal HMHD model has many applica-
tions in various astrophysical, space, and laboratory environments,
e.g., flux expulsion in neutron star crusts,1 formation of intensive solar

flux tubes and waves in the solar wind,2,3 propagation of whistlers in
Earth’s ionosphere,4 fusion plasmas,5 dynamo mechanisms,6 magnetic
reconnection,7 and accretion processes.8

The existence of MHD waves, especially the Alfv�en wave, was
first predicted theoretically by Alfv�en in 1942.9 Among the earlier
researchers, Lighthill developed the standard MHD by including the
Hall effect in 1960.10 In the last few decades, many researchers have
studied linear and nonlinear properties of MHD waves in Hall magne-
toplasmas.11–13 In highly ionized plasmas, the Hall effect appears due
to the inertial difference between electrons and ions. However, in par-
tially ionized plasmas, the Hall effect may instead appear as the ions
are easily decoupled (compared to electrons) from the magnetic field
due to collisions with neutral atoms.7 In HMHD plasmas, Kawazura
showed that the relativistic factor can influence the characteristics of
the phase and group velocities of MHD waves.14 Ruderman11 studied
the nonlinear theory of MHD waves in anisotropic Hall plasmas by
deriving a Kadomtsev-Petviashvili (KP) equation. He showed that the
fast and slow magnetosonic KP solitons may become unstable due to
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transverse perturbations. Recently, Mahajan et al.15 showed how linear
waves in HMHD bring a fundamental departure from the standard
MHD waves, and the Hall current induces a new mode of circularly
polarized waves.

Chandrasekhar and Mon16 first studied the rotational effects in
plasma dynamics and explored the importance of the Coriolis force
in the cosmic phenomena, which was later supported in subsequent
studies in space and astrophysical plasmas by Lehnert.17 The influ-
ence of Hall electromotive forces on the linear stability of protostel-
lar disks was examined by Steven et al. in rotating Hall plasmas.18

On the other hand, Rax et al.19 investigated the dynamics of tor-
sional Alfv�en waves in rotating plasmas and found a new coupling
between the orbital angular momentum of the Alfv�en waves and the
angular momentum of the rotating plasma. Several authors have
paid attention to studying different kinds of instabilities, including
magnetogravitational instabilities and Jeans instabilities in rotating
plasmas in the contexts of space and astrophysical environ-
ments.20,21 In the nonlinear regime, Hager et al.22 studied the char-
acteristics of magnetosonic wave propagation by deriving a
Korteweg–de Vries (KdV) equation in rotating quantum plasmas.
However, they neglected the Hall effect in the linear and nonlinear
analyses. Turi and Misra23 have studied the modulation instability of
fast magnetosonic waves by deriving a nonlinear Schr€odinger (NLS)
equation in rotating low-beta inhomogeneous magnetoplasmas
without the Hall current. The developments in the nonlinear interac-
tions of MHD waves are also seen, e.g., in the context of solar plas-
mas24 and MHD wave turbulence.25 However, none of the above
works have focused on the fundamental MHD wave couplings by
the influences of Hall effect and the Coriolis force.

The purpose of this work is to identify the fundamental MHD
modes, namely, the Alfv�en and fast and slow magnetosonic modes,
and how the Hall effect and the Coriolis force can contribute to the
coupling of Alfv�en and magnetosonic waves.

II. THEORETICAL MODEL AND BASIC EQUATIONS

We consider the propagation of MHD waves in a magnetized
rotating Hall-MHD plasma. We assume that the plasma conductivity is
high, i.e., the magnetic Reynolds number is larger than unity such that
the magnetic field lines tend to remain frozen into the plasma (typically
electrons) and move along the fluid flow. In this situation, the term pro-
portional to the plasma resistivity (magnetic diffusion) remains smaller
than the fluid flow term (magnetic induction or advection) in the mag-
netic induction equation (12) and so the plasma resistivity effect can be
safely neglected. Also, we consider that the electron and ion collision
time scales are much longer than the hydrodynamic timescale of
plasma oscillations for which plasma can be treated as collisionless.
Furthermore, the length-scale of temperature variation is much larger
than the fluid density variation, for which the thermal conduction effect
can be ignored. The plasma is supposed to be rotating with uniform
angular velocity X0 ¼ ðX0 sin k;X0 cos k; 0Þ, where k is the angle
made by the axis of rotation with the y-axis. We also consider the wave
propagation vector k along the x-axis and the uniform external mag-
netic field is in the xy-plane, i.e., B0 ¼ ðB0 cos a;B0 sin a; 0Þ, where a is
the angle between B0 and k. A schematic diagram for the system con-
figuration is shown in Fig. 1.

For the description of MHD waves, a two-fluid model is neces-
sary to include the Hall current. However, we will see that such a two-
fluid description can be reduced to a one-fluid model if we neglect the

electron inertia. Each fluid satisfies its own mass, momentum, and
energy conservation equations.

The mass conservation equations for electrons and ions are

@qe
@t

þr � ðqeveÞ ¼ 0; (1)

@qi
@t

þr � ðqiviÞ ¼ 0; (2)

where qj � mjnj is the mass density (in whichmj is the mass and nj is
the number density) and vj is the velocity of jth species fluid with j ¼ e
for electrons and j ¼ i for ions.

The momentum conservation equation for electrons (in the
absence of the thermal pressure and collisions) in a frame rotating
with uniform angular velocityX0 reads

qe
@ve
@t

þ ðve � rÞve
� �

¼ �ene½Eþ ve � B�
� qe 2X0 � veð Þ � qeX

2
0r; (3)

where e is the elementary charge, r ¼ ðx; y; zÞ, and E and B are
the electromagnetic fields. The three terms on the right-hand side of
Eq. (3), respectively, correspond to the electromagnetic, Coriolis, and
centrifugal forces. Using the dimensional analysis, we compare the
Coriolis and centrifugal forces with the Lorentz force as follows:

jqe2X0 � vej
jeneve � Bj � me

mi

2X0

xci
;

jqeX2
0rj

jeneve � Bj �
me

mi

X2
0

x2
ci
; (4)

where xci ¼ eB0=mi is the ion-cyclotron frequency. Since me 	 mi,
the contributions from the Coriolis and centrifugal forces can become
much smaller than the Lorentz force if X0 �xci. Also, the ratio
between qedv=dt and the Lorentz force eneve � B scales as � me=mi.
Thus, in the limit of ðme=miÞ ! 0, Eq. (3) reduces to

E ¼ �ve � B: (5)

Next, the ion momentum conservation equation in a frame rotat-
ing with uniform angular velocityX0 reads

FIG. 1. Schematic diagram showing the geometry of the model configuration.
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qi
@vi
@t

þ ðvi � rÞvi
� �

¼ eni½Eþ vi � B� � rPi

� qi 2X0 � við Þ � qiX
2
0r; (6)

where Pi is the ion pressure. Using the Ohm’s law (5) and the quasi-
neutrality condition: ne 
 ni ¼ n, Eq. (6) reduces to

qi
@vi
@t

þ ðvi � rÞvi
� �

¼ J� B�rPi � qi 2X0 � við Þ � qiX
2
0r;

(7)

where J ¼ enðvi � veÞ is the current density.
The magnetic induction equation can be obtained by using

Faraday’s law, i.e.,r� E ¼ �@B=@t and Ohm’s law (5) as

@B
@t

¼ r� vi � B� J� B
en

� �
; (8)

where the first and second terms on the right side of Eq. (8) corre-
spond to the ion fluid flow and the Hall effect, respectively.

To close the system, we also need the energy equation, i.e., the
equation of state, which in the absence of loss mechanism, reads

rPi ¼ c2srqi; (9)

where cs is the ion-sound speed.
It is convenient to eliminate J by using Amp�ere’s law, i.e.,

r� B ¼ l0J with l0 denoting the magnetic permeability and replace
qi by q, vi by v, ni by n, and mi by m. Thus, in the limit of
me=mi ! 0, the Hall-MHD can be described by the following set of
fluid equations:26,27

@q
@t

þr � ðqvÞ ¼ 0; (10)

@v
@t

þ ðv � rÞv ¼ �rP
q

þ 1
l0q

ðr � BÞ � B� 2X0 � v � X2
0r;

(11)
@B
@t

¼ r� ðv � BÞ � m
el0q

r� ½ðr � BÞ � B�; (12)

rP ¼ c2srq: (13)

It is pertinent to express the basic equations (10)–(13) in dimen-
sionless forms. So, we redefine the variables as follows:

q ! q=q0; v ! v=VA; B ! B=B0;

x; y; zð Þ ! x; y; zð Þ=ki; t ! xcit;

X0 ! X0=xci; P ! P=V2
Aq0;

(14)

where q0 ¼ n0m is the unperturbed value of q with n0 denoting the
unperturbed number density of electrons and ions, VA ¼ B0=

ffiffiffiffiffiffiffiffiffiffi
l0q0

p
is the Alfv�en speed, and ki ¼ VA=xci is the ion skin depth (or inertial
length). Thus, Eqs. (10)–(13) reduce to

@q
@t

þr � ðqvÞ ¼ 0; (15)

@v
@t

þ ðv � rÞv ¼ �rP
q

þ 1
q
ðr � BÞ � B� 2X0 � v; (16)

@B
@t

¼ r� ðv � BÞ � 1
q
r� ½ðr � BÞ � B�; (17)

rP ¼ ~c2srq; (18)

where ~c2s ¼ c2s=V
2
A, and we define it as the plasma beta, i.e., b ¼ ~c2s .

In Eq. (16), we have neglected the contribution from the centrifu-
gal force by assuming that the fluid flow equilibrium is valid to the
first-order in X0. To justify this assumption, we note that the magni-
tudes of the Coriolis and centrifugal forces compared to the evolution
term dv=dt scale as���� 2X0 � vð Þ

�
dv
@t

� ����� � 2X0;

���� X2
0r

	 
� dv
@t

� ����� � X2
0; (19)

and similar to Eq. (4), the magnitudes of the Coriolis and centrifugal
forces compared to the Lorentz forces scale as

2X0 � vð Þ
� r� Bð Þ � B

q

 !�����
����� � 2X0;

X2
0r

	 
� r� Bð Þ � B
q

 !�����
����� � X2

0;

(20)

where X0 is normalized by xci. Thus, if the magnetic field is strong
and the fluid motion is not significantly curved such that the rotational
frequency X0 becomes smaller than the characteristic frequency xci,
the centrifugal force appearing in Eq. (11) is of the order ofX2

0 and can
be neglected in comparison with the other terms. We also mention
that in the magnetic induction equation (17), we have neglected
the contribution from the plasma resistivity or magnetic diffusivity
ð/ gmÞ by considering its magnitude compared to the fluid flow
(inductive), time evolution, and Hall terms as follows (after consider-
ing the dimension of each variable):

jr � v � Bð Þj
jgmr2Bj � vki

gm
� VAki

gm
� Rm;

j@B=@tj
jgmr2Bj �

V2
A

xcigm
� k2ixci

gm
� sD

sch
;

m
el0q

r� ½ðr � BÞ � B�
����

����
jgmr2Bj � V2

A

xcigm
� sD

sch
;

(21)

where Rm is the magnetic Reynolds number, sch � x�1
ci is the

characteristic time of oscillations, and sD � k2i =gm is the magnetic dif-
fusion timescale. Thus, in collisionless Hall plasmas, if Rm � 1 and
sch 	 sD; scoll (i.e., if the magnetic Reynolds number is significantly
high and the magnetic diffusion and electron-ion collision times are
longer than the characteristic time of plasma oscillation), where scoll is
the electron-ion collision time, we can neglect the resistivity effect in
the magnetic induction equation (17).

III. DISPERSION RELATION

We study the excitation of fundamental MHD wave eigenmodes
and their possible coupling by the influences of the Coriolis force in
the fluid motion and the Hall current in the magnetic induction equa-
tion. Specifically, we consider three different plasma-b regimes: b � 1,
b > 1, and b < 1, which, respectively, correspond to the cases of
cs � VA, cs > VA, and cs < VA, to study the acoustic or magnetic
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characters (or both) of MHD wave perturbations in the small-
amplitude limit for which the linear theory is valid. To this end, we lin-
earize Eqs. (15)–(18) about the equilibrium state of dependent
physical variables and split up the physical quantities into their equilib-
rium (0 value, or a quantity with suffix 0) and perturbation (with suf-
fix 1) parts according to q ¼ 1þ q1; v ¼ 0þ v1; B ¼ B̂0 þ B1, and
P ¼ P0 þ P1, and assume all the perturbations to vary as plane waves
with the wave frequency x (normalized by xci) and the wave vector k
(normalized by ki) in the form exp½iðk � r� xtÞ�. Thus, we obtain
from Eqs. (15)–(18) the following linearized equations for the
perturbations:

xq1 � k � v1 ¼ 0; (22)

xv1 ¼ kP1 þ ½ B̂0 � B1

	 

k � B̂0 � k

	 

B1� � 2iX0 � v1; (23)

xB1 þ ½ k � B̂0

	 

v1 � k � v1ð ÞB̂0� ¼ i B̂0 � k

	 

k � B1ð Þ; (24)

P1 ¼ ~c2sq1; (25)

where B̂0 ¼ ðcos a; sin a; 0Þ. We note that the ratio of the last two
terms on the right side of Eq. (23) scales as (in dimensions)

B0B1k
q0l0

1
2X0v1

� kB0ffiffiffiffiffiffiffiffiffiffi
q0l0

p B1

v1
ffiffiffiffiffiffiffiffiffiffi
q0l0

p 1
2X0

� kVA

2X0

B1

B0

VA

v1
� xA

2X0
; (26)

where xA ¼ kVA is the Alfv�en frequency and B1=B0 � v1=VA. Thus,
for Alfv�en waves, the Coriolis force dominates over the J� B-force for
xA < 2X0. Assuming, for simplicity, the wave propagation vector
along the x-axis, i.e., k ¼ ðk; 0; 0Þ so that k � B̂0 ¼ k cos a and looking
for nonzero solutions of the perturbations, we obtain from Eqs. (22)–
(25) the following linear dispersion relation:

x2 � k2 cos2að Þ½x4 � ð1þ ~c2s Þk2x2 þ ~c2s k
4 cos2a�

� 4X2
0x

2½x2 � ~c2s k
2 sin2k� k2 cos2 aþ kð Þ�

� x2k4 cos2a x2 � ~c2s k
2

	 
þ 4X0k
4 cos2a½x2 sin aþ kð Þ

� ~c2s k
2 cos a sin k� þ 4X2

0k
4 cos2a x2 � ~c2s k

2 sin2k
	 
 ¼ 0: (27)

Equation (27) is the general form of dispersion relation for MHD
waves in an electron-ion magnetoplasma with the influences of the
Coriolis force and Hall current. It generalizes some previous works
(e.g., Refs. 11 and 20) where the combined influences of the Coriolis
force and the Hall current on the wave modes have not been discussed.
By considering the wave propagation parallel to the magnetic field (i.e.,
a ¼ 0) and ignoring the Hall effect, one can recover the same disper-
sion relation as in Ref. 20 after setting h ¼ 0; �c ¼ 0, and xJ ¼ 0
therein. In the absence of the Coriolis force and with a substitution of
x2 by xk cos a in the Hall contributed term, the dispersion equation
(27) reduces to Eq. (8) of Ref. 11.

Several terms appearing in Eq. (27) correspond to different physi-
cal sources. On the left side, the second term (/ 4X2

0x
2) appears due

to the effects of the Coriolis force, the third term (/ k4 cos2a) appears
due to the Hall effect, and the fourth (/ 4X0k4 cos2a) and fifth
(/ 4X2

0k
4 cos2a) terms appear due to the combined influence of the

Coriolis force and Hall current. Furthermore, in the first term, while
the first factor corresponds to the shear Alfv�en wave, the second factor
gives fast and slow magnetosonic modes. This can be verified by disre-
garding the Coriolis force and Hall effects in Eq. (27). Thus, the cou-
pling between the Alfv�en and magnetosonic modes can occur by the

influence of either the Coriolis force, or the Hall effect, or both of
them. When these effects are absent, Eq. (27) gives three decoupled
MHD mods: the shear Alfv�en wave and the fast and slow magneto-
sonic modes, to be discussed shortly in Sec. III A. Before we study the
coupling of the MHDwaves and their characteristics in a general situa-
tion, it may be helpful to discuss about some particular cases that cor-
respond to some known results in the literature and to demonstrate
the relative influences of the Coriolis force and the Hall effect on the
MHDmodes.

A. Wave motion without the Coriolis force and Hall
effects

We consider the MHD wave propagation in a non-rotating
plasma with a frequency much lower than the ion-cyclotron frequency.
In this case, the Hall effect can be neglected and there will be no
Coriolis force. As a result, the dispersion relation (27) reduces to that
for decoupled Alfv�en and magnetosonic modes, i.e.,

x2 � k2 cos2að Þ½x4 � 1þ ~c2s
	 


k2x2 þ ~c2s k
4 cos2a� ¼ 0: (28)

The first factor of Eq. (28), when equated to zero, gives the non-
dispersive shear Alfv�en mode,28 given by

x ¼ k cos a: (29)

Such transverse waves, driven by the magnetic tension, cannot propa-
gate perpendicular to the static magnetic field but with an angle satisfy-
ing 0 � a < p=2. Since there is no density or pressure fluctuations
associated with the wave, the wave energy flows along the magnetic
field lines at the Alfv�en speed VA, which in the dimensionless form
givesx=k ¼ 1 at a ¼ 0. On the other hand, equating the second factor
of Eq. (28) to zero gives the following dispersion relations for the fast
(with suffix “F”) and slow (with suffix “S”) magnetosonic modes prop-
agating obliquely (0 < a < p=2) to the magnetic field28

x2
F;S ¼

k2

2
½ 1þ ~c2s
	 


6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ~c2s
	 
2 � 4~c2s cos

2a
q

�; (30)

where the plus and minus signs, respectively, correspond to the fast
and slow magnetosonic modes with frequencies xF and xS. In con-
trast to the Alfv�en wave, the magnetosonic modes are driven by the
magnetic pressure and the kinetic pressure gradient forces. In particu-
lar, for a ¼ p=2, i.e., when B̂0?k, the fast mode emerges as the classi-

cal magnetosonic wave: xF=k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ~c2s

q
while the slow mode

disappears. Also, for a ¼ 0, i.e., for B̂0 k k, the fast mode turns out to
be an acoustic mode: xF=k ¼ ~cs and the slow mode becomes the
Alfv�enic mode: xS=k ¼ 1 (i.e., xS ¼ kVA in dimensional form), or
vice versa, depending on the plasma beta, b ð� ~c2s Þ > 1, or b < 1. On
the other hand, for the propagation of MHD waves obliquely to the
magnetic field, i.e., 0 < a < p=2, Eq. (30) yields for the fast magneto-
sonic wave the frequency: (i) xF 
 ~csk in the limit of b � 1, i.e., the
fast mode becomes acoustic in character (longitudinal fluid motion),
and (ii)xF 
 k in the limit of b 	 1, i.e., the fast mode becomes mag-
netic in character (fluid motion transverse to the magnetic field). Thus,
the fast mode (when the fluid and magnetic pressure variations are in
phase) is basically an acoustic wave in the high-b regimes such as those
in the solar convection zone, photosphere, and lower chromosphere.
However, in the low-b regimes (e.g., solar corona and upper
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chromosphere), it becomes more like an Alfv�en wave.28 On the other
hand, Eq. (30) gives for slow magnetosonic modes (when the fluid and
magnetic pressure variations are out of phase) propagating obliquely
to the magnetic field ð0 < a < p=2Þ the frequency, x 
 k~cs cos a in
the limit of b 	 1 and the frequency x 
 k cos a in the limit of
b � 1. It also follows that, in contrast to the fast mode and in the low-
b regime (e.g., solar corona), the slow magnetosonic mode is more
acoustic than magnetic. Thus, it may be predicted that if there is a pos-
sibility of coupling between the Alv�en and magnetosonic modes by the
influence of either the Coriolis force or the Hall effect, or both, it may
be likely that in the low-b regime, this coupling can occur between the
fast magnetosonic mode (more magnetic) and the Alv�en mode (mag-
netic), and in the high-b regime, the same can be between the slow
magnetosonic (more magnetic) and Alv�en (magnetic) modes. We will
justify these assertions and give a clearer picture about the couplings in
Secs. III B–IIID.

B. Wave motion with the Coriolis force but without the
Hall effect

We consider the propagation of MHD waves with a wave fre-
quency much lower than the ion-cyclotron frequency as in Sec. III A
but in rotating magnetoplasmas. In this case, the Hall effect can be
neglected, and the dispersion equation (27) reduces to

x2 � k2 cos2að Þ½x4 � ð1þ ~c2s Þk2x2 þ ~c2s k
4 cos2a�

� 4X2
0x

2½x2 � ~c2s k
2 sin2k� k2 cos2 aþ kð Þ� ¼ 0: (31)

It is evident that not only are Alfv�en and magnetosonic waves coupled
but also modified by the influence of the Coriolis force (the term pro-
portional to X2

0). To reveal the effects of this force on the fundamental
modes, we first consider the magnetosonic mode at an angle a ¼ p=2
(at which the Alfv�en mode disappears). The dispersion equation (31)
then reduces to

x4 � ½ 1þ ~c2s
	 


k2 þ 4X2
0�x2 þ 4X2

0k
2 sin2k 1þ ~c2s

	 
 ¼ 0; (32)

from which the frequencies for the fast and slow modes are found to be

x2
F;S ¼

1
2
½K26

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K4 � 16X2

0 1þ ~c2s
	 


k2 sin2k
q

�: (33)

Here, K2 ¼ ð1þ ~c2s Þk2 þ 4X2
0, and the plus (minus) sign before the

radical sign stands for the fast (slow) magnetosonic mode. The cutoff
frequencies (at k ¼ 0) for the fast and slow modes, respectively, are
2X0 and 0. In particular, if k ¼ p=2, i.e., the axis of rotation coincides
with the propagation vector, the fast and slow modes become

decoupled with frequencies, xF ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ~c2s

q
and xS ¼ 2X0, i.e.,

while the former appears as a non-dispersive magnetosonic mode, the
latter emerges as a constant oscillation with a frequency twice
the plasma rotational frequency. On the other hand, when k ¼ 0, i.e.,
the axis of rotation is perpendicular to the propagation direction, the
fast mode emerges as a dispersive magnetosonic mode with a fre-

quency, x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ~c2s Þk2 þ 4X2

0

q
, which gets modified by the rota-

tional frequency and agrees with Eq. (15) of Ref. 20 if one disregards
the effects of the cosmic pressure and gravitational force therein.
However, the slow mode disappears. The cutoff frequency for the fast

magnetosonic mode is 2X0, which is the same as obtained from Eq.
(33), i.e., independent of the angle of rotation.

Next, we consider the propagation parallel to the magnetic field
ða ¼ 0Þ and study the effects of the Coriois force on the wave disper-
sion. In this case, Eq. (31) reduces to

x2 � k2ð Þ x4 � ð1þ ~c2s Þk2x2 þ ~c2s k
4

� �� 4X2
0x

2

� x2 � ~c2s k
2 sin2k� k2 cos2k

	 
 ¼ 0: (34)

A novel feature of Eq. (34) is that even in the case of MHD wave prop-
agation parallel to the static magnetic field, not only are both the mag-
netic and acoustic characters of the magnetosonic modes retained but
the modes also get coupled to the Alfv�en mode by the influence of the
Coriolis force. The reason why the magnetic character of the magneto-
sonic mode persists even at a ¼ 0 may be both the Lorentz and the
Coriolis forces are similar in that both are proportional to the particle
velocity and act perpendicular to it.29 In the absence of the Coriolis
force, both the Alfv�en and magnetosonic modes get decoupled, giving
the fast mode to appear as the Alfv�en mode x ¼ k and the slow mode
as the acoustic mode with x ¼ ~csk. In particular, for k ¼ p=2 (i.e.,
when the axis of rotation is along the propagation vector), Eq. (34)
gives the magnetosonic wave as an acoustic mode with x ¼ ~csk and
the fast and slow Alfv�en waves,20 given by

x ¼ 6X0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

0 þ k2
q

: (35)

It shows that the Alfv�en waves propagating with a frequency lower than
the ion-cyclotron frequency in a rotating magnetoplasma become dis-
persive due to the Coriolis force. The cutoff frequency for the slow
Alfv�en mode is zero, but it is shifted by 2X0 for the fast mode.
However, at k ¼ 0 (i.e., when the axis of rotation is perpendicular to the
wave vector), we obtain from Eq. (34) a non-dispersive Alfv�en mode,
x ¼ k, and dispersive fast and slowmagnetosonic modes, given by

x2
F;S ¼

1
2
½K26

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K4 � 4~c2s k

4
q

�; (36)

with the cutoff frequencies, 2X0 and 0, respectively.
In what follows, we consider a general situation in which

0 < a; k < p=2, and obtain from Eq. (31) approximate dispersion
relations for both the Alfv�en and magnetosonic waves. For the Alfv�en
wave, we have

x2 ¼ d1 þ k2 cos2a; (37)

where d1 is the correction term, obtained by replacing x by k cos a in
the term proportional to X2

0 and divided by the factor associated with
the magnetosonic wave, given by

d1 sin
2a ¼ 4X2

0½~c2s sin2k� cos2aþ cos2 aþ kð Þ�: (38)

Typically, the approximate dispersion relation (37) describes an Alfv�en
mode that is hybridized by the coupling effect of the magnetosonic
mode in the presence of the Coriolis force. Furthermore, the dispersion
relation is in the form of a Langmuir wave in classical plasmas. So, it
can correspond to a fundamental MHDmode, whose nonlinear evolu-
tion as Alfve�nic wave envelopes can be described by a nonlinear
Schr€odinger (NLS)-like equation.30,31 From Eq. (37), it is also evident
that the hybridized Alfv�en mode can propagate only for the wave
number exceeding a critical value, i.e., k > kc, where the critical value
kc is given by
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kc ¼ 4X0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2a� cos2 aþ kð Þ � ~c2s sin

2k
q

= sin 2a; (39)

provided ~c2s � sinð2aþ kÞ= sin k, or k � kc with kc � tan �1½ð1
�sin 2aÞ=cos 2a� denoting the critical value of k. In particular, in the
long-wavelength limit, k 	 1 with d1 > 0, Eq. (37) reduces to

x 

ffiffiffiffiffi
d1

p
þ 1
2

cos2affiffiffiffiffi
d1

p
 !

k2: (40)

Thus, low-frequency, long-wavelength Alfv�en waves have second order
dispersion, implying that its nonlinear evolution as Alfv�enic solitary
waves cannot be precisely described by the Korteweg de-Vries (KdV)-
like equations but by NLS-like equations.

Similarly, looking for an approximate dispersion relation for the
magnetosonic wave (hybridized by the coupling effect of the Alfv�en
wave), we obtain from Eq. (31) the following relation:

x2
F;S ¼

k
2

1þ ~c2s
	 


kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b16 þ k2 2a26 � 1þ ~c2s

	 
� �2q� �
; (41)

where the plus and minus signs correspond to the fast and slow modes
with the phase velocities, a6 � xF;S=k, given by Eq. (30), and b16 is
given by

b16 ¼ 16X2
0a

2
6½a26 � ~c2s sin

2k� cos2 aþ kð Þ�
a26 � cos2a

: (42)

In the long-wavelength limit k 	 1, Eq. (41) reduces to

xF;S 
 b1=416K þ 1þ ~c2s
	 

b1=416

K3 þ 2a26 � 1þ ~c2s
	 
� �2
b3=416

K5; (43)

where K ¼ ffiffiffiffiffiffiffi
k=2

p
. Equation (43) discerns that low-frequency long-

wavelength magnetosonic waves have a cubic or higher order disper-
sion. So, the corresponding weakly nonlinear evolution of magneto-
sonic solitary waves can be governed by a KdV-like equation with or
without higher-order (than cubic) dispersion.

From the results obtained in this section, we may conclude that
the Alfv�en and magnetosonic waves propagating in a rotating magne-
toplasma get coupled by the influence of the Coriolis force. The
Coriolis force plays an important role in retaining the magnetic prop-
erties of the magnetosonic mode even when the wave propagation is
parallel to the magnetic field. This is in contrast to non-rotating plas-
mas, where the magnetosonic modes emerge as acoustic-like modes.25

The reason may be that the Coriolis and Lorentz forces have mathe-
matical similarities, i.e., they are proportional and perpendicular to the
particle velocity. The Alfv�en and magnetosonic waves also become dis-
persive due to the Coriolis force effect with even ð2Þ and odd ð3Þ
orders of dispersion, implying that their nonlinear evolution as solitary
waves can be described by NLS- and KdV-like equations, respectively,
and the nonlinear coupling of these waves (to be governed by a cou-
pled KdV- and NLS-like equations) could be more pronounced in the
presence of the Coriolis force.

C. Wave motion with the Hall effect but without the
Coriolis force

In this section, we consider the MHD wave propagation in a non-
rotating plasma and assume that the characteristic scale length ðk�1Þ is

comparable to or smaller than the collisionless ion skin depth and the
characteristic timescale of hydrodynamic oscillations is comparable to
the ion gyroperiod such that the Hall effect may no longer be negligible.
So, disregarding the terms involvingX0 in Eq. (27), we obtain11,12

x2 � k2 cos2að Þ½x4 � ð1þ ~c2s Þk2x2 þ ~c2s k
4 cos2a�

� x2k4 cos2a x2 � ~c2s k
2

	 
 ¼ 0: (44)

We note that the third term on the left side of Eq. (44) appears due to
the Hall effect, giving the Alfv�en and magnetosonic modes coupled,
and the coupling persists until the wave propagation direction remains
oblique to the magnetic field, i.e., 0 � a < p=2. The dispersion equa-
tion (44) agrees with Eq. (8) of Ref. 11 when one considers the appro-
priate normalizations for the physical quantities and approximates the
factor x2 by xk cos a in the leading factor of the term associated with
the Hall effect (the last term on the left side). Such an approximation
may be valid when the Hall contribution remains small compared to
the other effects, and the characteristic length scale of wave excitation
is much larger than the characteristic length of wave dispersion.11 In
this situation, the Hall contributed term may be considered a correc-
tion to the dispersion relation. We, however, do not make any approxi-
mation at this stage; rather, we consider some particular cases. For
example, we note that when a ¼ p=2, i.e., the wave propagation is per-
pendicular to the magnetic field, the Hall contribution disappears, and
only the magnetosonic mode emerges with a frequency, given by
x2 ¼ ð1þ ~c2s Þk2, which means that the Hall contribution can be effec-
tive for Alfv�en and magnetosonic modes when the propagation angle
remains within the interval: 0 � a < p=2. On the other hand, for
a ¼ 0, i.e., when the wave propagation is along the magnetic field, Eq.
(44) gives the magnetosonic modes to emerge as the non-dispersive
acoustic mode with frequency x ¼ k~cs and the Alfv�en mode with the
following dispersion relation:

x ¼ k
2

kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ k2

p	 

; (45)

in which the higher-order dispersion than the first-order (see the first
term and the second term under the radical sign on the right side)
appears due to the Hall effect.

Next, we consider the case of oblique propagation of MHD waves
with 0 < a < p=2 and obtain approximate dispersion relations for
both Alfv�en and magnetosonic modes in the same way as in Sec. III B.
For the Alfv�en waves, modified by the coupling effect of the magneto-
sonic wave, we obtain the following dispersion relation:

x2 ¼ k2 cos2aþ d2k
4; (46)

where d2 ¼ ð~c2s � cos2aÞcot2a, which is positive in a high-beta regime
ðb � ~c2s > 1Þ and can be negative in a low-beta regime ðb < 1Þ
depending on the angle a. In the long-wavelength limit, k 	 1, Eq. (46)
reduces to11

x ¼ k cos aþ 1
2
d2k

3 sec a: (47)

This hybridized low-frequency Alfv�en mode has a cubic (or higher)
order dispersion, implying that it would be meaningful to describe the
nonlinear evolution of small-amplitude Alfv�en waves by a KdV-like
equation. In the same way, an approximate dispersion relation for the
magnetosonic wave can be obtained from Eq. (44) as
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x2
F;S ¼

k2

2
1þ ~c2s
	 
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a26 � 1þ ~c2s
	 
� �2 þ b26k2

q� �
; (48)

where a6 is defined by Eq. (30) and b26 (where the plus sign is for the
fast mode and the minus sign for the slow mode) is given by

b26 ¼ 4a26 a26 � ~c2s
	 


cos2a

a26 � cos2a
	 
 : (49)

In the long-wavelength limit, k 	 1, Eq. (48) reduces to11

x ¼ a6kþ b6k
3; (50)

where a� < aþ and b6 are given by

b6 ¼ a6 a26 � ~c2s
	 


cos2a

2 a26 � cos2a
	 


2a26 � 1þ ~c2s
	 
� � ; (51)

with bþ > 0 and b� < 0. Like the Alfv�en wave, the low-frequency
long-wavelength magnetosonic mode also has a cubic or higher-order
dispersion for which the KdV theory may be applicable for the evolu-
tion of weakly nonlinear magnetosonic solitary waves.

Thus, we may conclude that the Alfv�en and magnetosonic waves
get coupled and have higher-order dispersion by the Hall effect. Also,
they have the same form of dispersion relation with odd (cubic or
higher) order of dispersion in the long-wavelength limit, implying that
both can propagate as low-frequency long-wavelength fundamental
modes, whose evolution as weakly nonlinear solitary waves can be gov-
erned by KdV-like equations; however, their nonlinear couplings may
not be effective by the Hall effect.

D. Wave motion with the Coriolis force and Hall effects

We consider a general situation in which both the Hall and
Coriolis effects are present in the model. Before we study the general
dispersion equation (27) in Sec. IV, we consider some particular cases
and obtain approximate dispersion relations for the Alfv�en and mag-
netosonic waves. For example, when a ¼ p=2, Eq. (27) reduces to the
same as Eq. (32), i.e., the Hall contribution disappears and so does the
Alfv�en mode, and we have only the fast and slow magnetosonic
modes. However, for propagation parallel to the static magnetic field
ða ¼ 0Þ, Eq. (27) reduces to

x2 � k2ð Þ x4 � ð1þ ~c2s Þk2x2 þ ~c2s k
4

� �� 4X2
0x

2

� x2 � ~c2s k
2 sin2k� k2 cos2k

	 
� x2k4 x2 � ~c2s k
2

	 

þ 4X0k

4 sin k x2 � ~c2s k
2

	 
þ 4X2
0k

4 x2 � ~c2s k
2 sin2k

	 
 ¼ 0: (52)

In the low-beta regime, b � ~c2s 	 1 and if x � k~cs, Eq. (52) further
reduces to

x2 � k2ð Þ2 � 4X2
0 x2 � k2 cos2kð Þ � k4x2

þ 4X0k
4 sin kþ 4X2

0k
4 ¼ 0; (53)

which gives two stable kinetic Alfv�en wave modes modified by the
Hall and Coriolis force effects. An approximate dispersion relation for
the shear Alfv�en wave with 0 < a < p=2 can be obtained in the same
way as in Sec. III B as

x2 ¼ d1 þ d3k
2 þ d2k

4; (54)

where

d3 ¼ 1

sin2a
½ sin2a cos2aþ 4X0 cos a

� cos a sin aþ kð Þ � ~c2s sin k
� �þ 4X2

0

� cos2a� ~c2s sin
2k

	 
�: (55)

The term proportional to d3 appears due to the combined influence of
the Hall and Coriolis force effects, and it vanishes for a ¼ p=2 and
k ¼ 0. In the long-wavelength limit, k 	 1, Eq. (54) reduces to

x 

ffiffiffiffiffi
d1

p
þ d3k2

2
ffiffiffiffiffi
d1

p þ d2k4

2
ffiffiffiffiffi
d1

p ; (56)

where d1 > 0. This dispersion equation has the same form as Eq. (37)
except for the higher-order dispersion ð/ k4Þ, which appears due to
the Hall effect. So, the evolution of weakly nonlinear Alfv�en wave enve-
lope can be described by a NLS-like equation. In the same way,
an approximate dispersion relation for the magnetosonic wave with
0 < a < p=2 can be obtained as

x2 ¼ k
2
½ 1þ~c2s
	 


kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b16þ 2a26� 1þ~c2s

	 
� �2
k2�b36k2þb26k4

q
�;

(57)

where a6 is defined in Eq. (30) and b36 is given by

b36 ¼ 16X0 cos2a

a26 � cos2a
	 
 h a26 sin kþ að Þ � ~c2s sin k cos a

� �
þ X0 a26 � ~c2s sin

2k
	 
i

: (58)

The term proportional to b36 appears due to the combined influence
of the Hall and Coriolis force effects, and it vanishes at a ¼ p=2. In the
long-wavelength limit, k 	 1, Eq. (57) reduces to

x 
 b1=416ffiffiffi
2

p k1=2 þ 1þ ~c2s
	 

2
ffiffiffi
2

p
b1=416

k3=2 þ ½ 2a26 � 1þ ~c2s
	 
� �2 � b36�
4
ffiffiffi
2

p
b3=416

k5=2

þ b26

4
ffiffiffi
2

p
b3=416

k9=2: (59)

This dispersion equation has the same form as Eq. (43) except for the
higher-order dispersion ð/ k9=2Þ, which appears due to the Hall effect.
So, in the nonlinear regime, the magnetosonic mode can evolve as soli-
tary waves, whose evolution can be described by the KdV-like equations.

IV. RESULTS AND DISCUSSION

In this section, we numerically study the dispersion characteris-
tics of Alfv�en and magnetosonic waves and their coupling by the influ-
ences of the Coriolis force and Hall current, as well as the obliqueness
of the propagation vector to the magnetic field and the fluid rotational
angle k about the y-axis. From the general dispersion relation (27), we
observe that there are five terms, and in each term, there appear two
main factors, one of which corresponds to an Alfv�en mode and the
other to magnetosonic waves. Specifically, for the first term, the first
factor corresponds to the Alfv�en wave, whereas the second factor cor-
responds to the magnetosonic modes. We can verify it by disregarding
the Coriolis force and Hall effects and equating each factor to zero.
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Similarly, for the second (due to the Coriolis force or rotational effect)
and third (due to the Hall effect) terms, the factor x2 is for the Alfv�en
mode, and the factors in the square brackets and parentheses are for
the magnetosonic modes. Inspecting the fourth and fifth terms (which
appear due to combined influences of the Hall current and Coriolis
force), we find that the factor k2 cos2a can correspond to the Alfv�en
mode and the factors in the square brackets and parentheses to the
magnetosonic modes. Thus, upon viewing the appearance of the
Alfv�en mode factor in the fourth and fifth terms with the Hall effects,
it may be reasonable to replace the factor x2 in the third term (associ-
ated with the Hall effect) by k2 cos2a. From our numerical results, we
will see that such an approximation captures more precisely the cou-
pling between the Alfv�en and fast magnetosonic waves and the Alfv�en
and slow magnetosonic waves in the forms of thumb and teardrop-like
curves, respectively (see, e.g., Fig. 2). Here, we note that Eq. (27) also
exhibits similar couplings between the modes but outside the domains:
x; k < 1 and with a different set of values of a and k. The advantage
of considering Eq. (60) is that it exhibits coupling within the domains
of definitions of x and k, i.e., x; k� 1. For a similar approximation of
replacing x2 by k2 cos2a, we may refer to Ref. 11. Thus, the modeling
of the dispersion equation by Eq. (60) instead of Eq. (27) may be rea-
sonable, especially while predicting or relating to astrophysical MHD
wave phenomena. So, from Eq. (27), we obtain the following reduced
dispersion relation:

x2 � k2 cos2að Þ½x4 � ð1þ ~c2s Þk2x2 þ ~c2s k
4 cos2a�

� 4X2
0x

2½x2 � ~c2s k
2 sin2k� k2 cos2 aþ kð Þ�

� k6 cos4a x2 � ~c2s k
2

	 
þ 4X0k
4 cos2a½x2 sin aþ kð Þ

� ~c2s k
2 cos a sin k� þ 4X2

0k
4 cos2a x2 � ~c2s k

2 sin2k
	 
 ¼ 0: (60)

We contour plot the dispersion relation (60) in three different
regimes of b: (a) b � 1, (b) b > 1, and (c) b < 1, to exhibit the disper-
sion curves for three fundamental modes, namely, the Alfv�en wave
(xA) and the fast (xF) and slow (xS) magnetosonic modes, as well as
their coupling as shown by the solid lines in Fig. 2. The dashed lines
represent the curves corresponding to Eq. (27). We observe that while
the coupling between the Alfv�en and fast magnetosonic waves become
viable in the regimes of b� 1, such as those in the solar corona and
upper chromospheric regions, between the Alfv�en and slow magneto-
sonic waves it occurs in the high-b (b > 1) regimes, e.g., in the solar
photosphere and lower chromospheric regions. Comparing the disper-
sion curves corresponding to Eqs. (27) and (60), we see that the disper-
sion equation (60) exhibits stronger couplings in the forms of thumb-
and teardrop-like curves between the modes than Eq. (27) and that the
dispersion curves of Eqs. (27) and (60) mostly agree in the propagation
domains 0� ðx; kÞ� 1. However, in contrast to Eq. (27), Eq. (60) pre-
dicts the cutoff frequencies for the slow mode at finite values of k. An
important point is that all the MHD waves corresponding to Eq. (60)
propagate with a frequency below the ion-cyclotron frequency, and the
coupling between themodes occurs within the domain 0� k� 1.

Next, we study the influence of the Coriolis force on the wave
coupling and dispersion properties of Alfv�en and magnetosonic modes
using Eq. (60). The results are shown in Fig. 3. In Sec. IIIB, we have
seen that the Coriolis force not only plays a crucial role in the wave
coupling but also retains the magnetic properties of the magnetosonic
modes even when wave propagation is parallel to the magnetic field.
So, an analysis of how the Coriolis force influences the MHD modes is
pertinent. From subplot (a), we see that as the angular velocity X0 is
reduced, or the contribution from the Coriolis force weakens, the
thumb curve splits, resulting in separation of the fast magnetosonic

FIG. 2. Dispersion relation is contour plotted in the xk plane to show three fundamental MHD modes: the Alfv�en wave (xA) and the fast (xF ) and slow (xS) magnetosonic
waves, as indicated in the figure when both the Coriolis force and the Hall effects are included in the model. The dashed and solid lines, respectively, correspond to the disper-
sion relations (27) and (60). Unless otherwise stated, the fixed parameter values are X0 ¼ 0:3, a ¼ 40�, and k ¼ 50�. Subplots (a), (b), and (c) show the modes in three dif-
ferent regimes: (a) b � 1 ð~cs � 0:85Þ, (b) b > 1 ð~cs � 3Þ, and (c) b < 1 ð~cs � 0:3Þ, respectively.
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and Alfv�en modes within the frequency domain ð0 < x < 1Þ and
exhibiting weak coupling between the modes, i.e., larger the Coriolis
force, the stronger is the coupling between the fast magnetosonic and
the Alfv�en modes, especially in the regime b � 1. However, the values
of X0 should be limited such that the values of x do not greatly exceed
unity. In the regime of b� 1, subplots (a) and (c) show that while the
fast magnetosonic mode frequency is significantly reduced, the fre-
quency of the Alfv�en wave remains almost unchanged with a reduction
of X0. In the latter at X0 ¼ 0:2, the frequency of the slow magneto-
sonic mode also gets reduced but at higher values of k having a cutoff
at a lower value of k than when X0 ¼ 0:3 and its coupling with the
Alfv�en mode remains stronger in the form of a thumb curve. On the
other hand, in the high-b regime with b > 1, the fast magnetosonic
mode has a similar property with a wave-frequency reduction as in the
cases b� 1 [subplots (a) and (c)]. However, while the Alfv�en wave fre-
quency gets reduced, the frequency of the slow mode gets enhanced.
Both the modes have stronger coupling, exhibiting a teardrop-like
curve even with a reduction of X0 from X0 ¼ 0:3 to X0 ¼ 0:2. From
the analysis, we may conclude that to have strong coupling between
the Alfv�en and fast magnetosonic modes in the regime of b � 1, the
values of X0 must exceed a critical value. For the coupling of the other
modes in other regimes of b, there is no such critical value.

We also study the effects of the angle of propagation a and the
rotational angle k on the dispersion properties of the MHD waves and
their coupling. The results are displayed in Fig. 4. From subplots (a)
and (c) (in the regimes of b � 1 and b < 1), it is interesting to note
that depending on the values of k and a, the thumb curve for the cou-
pling of the fast magnetosonic mode and the Alfv�en wave may form or
split into two separate curves. For example, for subplot (a), the thumb
curve forms (exhibiting strong coupling) in the regimes: 0 < a� 40�,

0 < k < 90�; a 
 45�, 0 < k < 65�, and a 
 50�, 0 < k < 25�. For
the subplot (c), the regimes are 0 < a� 59�, 0 < k < 25�; a 
 60�,
75� < k < 90�; and a 
 61�, 80 < k < 90�, otherwise the thumb
curve splits, resulting in a weak coupling between the fast magneto-
sonic and the Alfv�en modes. On the other hand, subplot (b) shows
that in the regimes of b > 1, the coupling between the Alfv�en and
slow magnetosonic modes occurs in the form of a teardrop curve,
which remains for wide ranges of values of a and k in
0 < ða; kÞ < 90�. A novel feature in the regime of b � 1 [subplot (a)]
is that a switching of the coupling occurs, i.e., the thumb curve cou-
pling between the fast magnetosonic and Alfv�en modes [which is also
the case in the low-b regime with b < 1; see subplot (c)] shifts to the
teardrop coupling between the Alfv�en and slow magnetosonic modes
[which is typically the case in the high-b regime with b > 1; see sub-
plot (b)] when both a and k assume values close to 70� or more, e.g.,
in the regimes 68� � a < 90�, 72� � k < 90� and 69� � a < 90�,
68� � k < 90�. From subplots (a) and (c), we also observe that unless
a and k assume values close to 70� or more, the slow magnetosonic
mode exhibits cutoffs at different finite values of the wave number k as
the parameters a and k vary.

Finally, we study the relative or combined influence of the
Coriolis force and Hall effects on the dispersion characteristics of
MHD waves. The results are shown in Fig. 5 in three different regimes
of b: (a) b � 1, (b) b > 1, and (c) b < 1. We consider the cases: (i)
when both the effects are present and (ii) when any of them is present.
Comparing the solid lines with the dashed or dotted lines, we observe
that the strong coupling between the fast magnetosonic and Alfv�en
modes (thumb curve) and between the Alfv�en and slow magnetosonic
modes (teardrop curve) are possible only when both the effects are pre-
sent in the model. Also, from the dashed and dotted lines, we note that

FIG. 3. Dispersion relation [Eq. (60)] is contour plotted in the xk plane to show three fundamental MHD modes: Alfv�en wave (xA) and fast (xF ) and slow (xS) magnetosonic
waves as indicated in the figure when both the Coriolis force and the Hall effects are included in the model. The solid and dashed lines, respectively, correspond to two different
values of X0: X0 ¼ 0:3 and X0 ¼ 0:2, or as in the legends. Unless otherwise stated, the fixed parameter values are a ¼ 40� and k ¼ 50�. Subplots (a), (b), and (c) show
the modes in three different regimes: (a) b � 1 ð~cs ¼ 0:85Þ, (b) b > 1 ð~cs ¼ 3Þ, and (c) b < 1 ð~cs ¼ 0:3Þ, respectively.
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FIG. 4. Dispersion relation [Eq. (60)] is contour plotted in the xk plane to show three fundamental MHD modes: Alfv�en wave (xA) and Fast (xF ) and slow (xS) magnetosonic
waves as indicated in the figure when both the Coriolis force and the Hall effects are included in the model. The solid, dashed, and dotted lines, respectively, correspond to dif-
ferent values of the angles a (made by the external magnetic field with the x-axis) and k (made by the axis of rotation with the y-axis) as indicated in the legends but with a fixed
X0 ¼ 0:3. Subplots (a), (b), and (c) show the modes in three different regimes: (a) b � 1 ð~cs ¼ 0:85Þ, (b) b > 1 ð~cs ¼ 3Þ, and (c) b < 1 ð~cs ¼ 0:3Þ, respectively.

FIG. 5. Dispersion relation [Eq. (60)] is contour plotted in the xk plane to show three fundamental MHD modes: Alfv�en wave (xA) and fast (xF ) and slow (xS) magnetosonic
waves as indicated in the figure. The solid, dashed, and dotted lines, respectively, correspond to the cases when (i) both the Coriolis force (with X0 ¼ 0:3) and Hall effects are
present, (ii) the Coriolis force is present (with X0 ¼ 0:3) but in the absence of the Hall effects, and (iii) the Hall effects are included but in the absence of the Coriolis force. The
other fixed parameter values are a ¼ 40� and k ¼ 50�. Subplots (a), (b), and (c) show the modes in three different regimes: (a) b � 1 ð~cs ¼ 0:85Þ, (b) b > 1 ð~cs ¼ 3Þ, and
(c) b < 1 ð~cs ¼ 0:3Þ, respectively.
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the slow magnetosonic modes exhibit cutoffs at finite values of k by
the influence of the Hall effect. Thus, we conclude that the combined
influence of the Coriolis force and the Hall effect is the prerequisite for
the strong coupling of Alfv�en and magnetosonic modes. The slow
mode exhibits cutoff due to the influence of the Hall current. The rota-
tional frequency should be above a critical value but be limited ð< 1Þ
such that the centrifugal force may remain much smaller than the
Coriolis force.

V. APPLICATIONS TO SOLAR AND FUSION PLASMAS

The Sun’s atmosphere, which typically consists of the photosphere,
chromosphere, and corona, is an active medium with a wide range of
temperatures and densities. Due to, e.g., convective gas motions, the
three fundamental MHD modes, namely, the Alfv�en wave and the fast
and slow magnetosonic modes, can be excited in the medium.
Typically, in a uniform plasma, these modes propagate independently.
However, in an inhomogeneous medium (e.g., coronal plasma), they
propagate as coupled modes. We have seen in Secs. III B–IIID that even
in a homogeneous medium, the coupling between the modes can be
possible by the influence of either the Coriolis force or the Hall current
effect, and the coupling can be strong by their combined influences.
While the solar photosphere and chromosphere are typically partially
ionized plasmas, the highly ionized corona is collisionless and its low-
frequency dynamics can be described by the ideal MHD or the HMHD
model.13 Furthermore, ground- and space-based observations have con-
firmed small-amplitude (3–10 km/s) as well as large-amplitude (more
than 10 km/s) oscillatory motions in the Solar atmosphere, which have
been interpreted in terms of propagating MHDmodes.

In what follows, we study the relevance of the MHDmodes, espe-
cially the Hall and Coriolis force effects in the Solar corona. To this
end, we consider typical plasma parameters and examine the Hall time
and length scales, together with the rotational angle and the angular
velocity associated with the Coriolis force. Coronal heating by MHD
waves has been a feasible mechanism for interpreting high coronal
temperatures compared to the lower photosphere. In the latter, the
MHD waves are excited by the footpoint motion of the magnetic field
lines, which later emerge into the corona. In this context, Alfv�en waves,
while propagating in the corona, may lose energy to plasma particles
by resonance damping and thus can accelerate solar plasmas from
coronal holes. The power spectra of horizontal motions in the photo-
sphere also indicate the existence of MHD waves with frequencies
ranging from 10�5 to 0.1Hz at a few solar radii. So, one can expect an
observable frequency of the order of 1Hz. Also, low-frequency whistler
waves can exist close to the footprint of the magnetic flux tube with
reduced neutral density. These waves later turn into Alfv�en waves,
which propagate into the corona and heat it. Due to the decreasing
neutral density and increasing ionization, such waves propagate almost
undamped in the corona. Thus, the Hall effect may be responsible for
exciting whistler waves in the lower photosphere or lower part of the
corona. Typically, the Hall scale size is approximately more than a few
tens of kilometers. Thus, the MHDmodes due to the Hall effects could
be important for modeling various coronal heating.

In the present fully ionized plasma model, the Hall timescale is
sH � x�1

ci , i.e., the inverse of the ion-cyclotron frequency and the Hall
length-scale is LH � VA=xci � ki, i.e., the ion skin depth, implying
that in fully ionized plasmas (e.g., Solar corona), the Hall effects
become important for x�xH � xci, or x�xci and the length-scale
comparable to the ion skin depth, i.e., LH � ki. For typical parameters

(relevant for coronal loops) with the magnetic field strength
B0 � 100G, the temperature T � 6� 106 K, the number density
n0 � 1:4� 109 cm�3, and assuming the ion mass as the proton mass,
we have the Alfv�en speed VA � 6� 106 m/s, the ion skin depth or the
Hall length-scale LH � 6 m, and the Hall frequency or the ion-
cyclotron frequency xH � xci � 9:7� 105 s�1. Adopting a coronal
region of radius a � 10 m, or 1 m, one can have the Alfv�en
frequency as xA ¼ VA=a � 6� 105 s�1, or 6� 106 s�1, i.e., the Hall
effect is important either for x�xci, or for x�xci. In the former,
the Hall effect is comparable to the Coriolis force effect since
xA � 2X0 � 6� 105 s�1, in the latter, the Hall effects can dominate
over the Coriolis force. It also follows that the Hall frequency is much
higher, but the Hall length-scale is much lower than the corresponding
scales for the solar photosphere at an altitude of about 103 km or iono-
spheric plasmas at an altitude of about 150km (or lower).

On the other hand, the Hall effect can play a crucial role in toka-
mak discharges or non-Ohmic current drive schemes.5 It is also impor-
tant near the wall region of a tokamak. Since near the wall region, the
ionization rate is high ðnn=ni � 10�4–10�3Þ with nn denoting the neu-
tral density, the Hall time and length scales will remain the same as for
fully ionized coronal plasmas. For typical fusion plasma parameters13

with B0 � 10 kG, n0 � 1:4� 109 cm�3, and assuming the ion mass as
the proton mass, we have VA � 2:2� 106 m/s, LH � ki � 0:023 m,
and xH � xci � 9:7� 107 s�1. Adopting a major radius of the toka-
mak, a � 1 m, we have xA � 2:2� 106 s�1, i.e., the Hall scales are
much smaller than for coronal plasmas. Thus, in fusion plasmas (near
the wall region of a tokamak), the Hall effect may be important for
x � xci and the length-scale comparable to the ion skin depth, i.e.,
LH � ki.

VI. SUMMARY AND CONCLUSION

We have studied the existence and coupling of obliquely propa-
gating Alfv�en and magnetosonic waves in a rotating Hall-MHD mag-
netoplasma, as well as analyzed the characteristics of these modes in
three different regimes of b by the influences of the obliqueness of
wave propagation, the angular velocity, and rotational angle associ-
ated with the Coriolis force, and the Hall current effect. We have seen
that the coupling between the Alfv�en and magnetosonic waves can
occur by the Coriolis force or Hall effects. Also, while in the regime
b� 1, the coupling between the fast magnetosonic and Alfv�en modes
becomes prominent, and they appear in the form of a thumb curve,
the teardrop-like coupling between the slow magnetosonic and Alfv�en
modes occurs in the high-bðb > 1Þ regime. We summarize the main
results as follows.

(1) The MHD waves propagate with a frequency below the ion-
cyclotron frequency, and the coupling between the modes
occurs within the domain 0� k� 1.

(2) Without Hall effect: In the absence of the Hall effect, an interest-
ing feature in a rotating plasma is that even for MHD wave
propagation parallel to the static magnetic field, not only are
both the magnetic and acoustic characters of the magnetosonic
modes retained, but the modes also get coupled to the Alfv�en
mode by the influence of the Coriolis force. However, in the
absence of the Coriolis force, both the Alfv�en and magnetosonic
modes get decoupled, giving the fast mode to appear as the
Alfv�en mode x ¼ k and the slow mode as the acoustic mode
x ¼ ~csk.
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(3) Without Hall effect: The Alfv�en and magnetosonic waves
become dispersive due to the Coriolis force effect with even ð
2Þ and odd ð 3Þ orders of dispersion, implying that their non-
linear evolution as solitary waves can be described by NLS- and
KdV-like equations, respectively, and the nonlinear coupling of
these waves (to be governed by a coupled KdV- and NLS-like
equations) could be more pronounced in the presence of the
Coriolis force.

(4) Without Coriolis force: In the absence of the Coriolis force
(non-rotating plasmas), the Alfv�en and magnetosonic waves
also get coupled and have higher-order dispersion (than by the
Coriolis force) by the Hall effect. Also, they have the same form
of dispersion relation with odd (cubic or higher) order of dis-
persion in the long-wavelength limit, implying that both can
propagate as low-frequency long-wavelength fundamental
modes, whose evolution as weakly nonlinear solitary waves can
be governed by KdV-like equations; however, their nonlinear
couplings may not be effective by the Hall effect.

(5) With Coriolis force and Hall effect: To have strong coupling
between the Alfv�en and fast magnetosonic modes in the regime
of b � 1, the values of X0 must exceed a critical value. For the
coupling of the other modes in other regimes of b, there is no
such critical value. In the regime, b � 1, a switching of the cou-
pling occurs, i.e., the thumb curve coupling between the fast
magnetosonic and Alfv�en modes (which is the case for b < 1)
shifts to the teardrop coupling between the Alfv�en and slow
magnetosonic modes (which is typically the case for b > 1)
when both a and k assume values close to 70� or more (but less
than 90�).

To conclude, the combined influence of the Coriolis force and
the Hall effect is the prerequisite for the strong coupling of Alfv�en and
magnetosonic modes in which the slow mode exhibits cutoff by the
influence of the Hall current and the rotational frequency should be
above a critical value but be limited ð< xciÞ such that the centrifugal
force remains smaller than the Coriolis force. We have noted that the
coupling between the slow magnetosonic and Alfv�en modes is typically
weak (except in a particular domain of X0 stated above; cf. Fig. 5) and
that between the fast magnetosonic and Alfv�en modes is rather strong
in the low-b regime. Since Alfv�en wave can drive both the slow and
fast modes, the process of driving the fast modes can be enhanced by
the phase mixing effect due to magnetic field inhomogeneity.
Furthermore, it has been shown that the inhomogeneities in the pres-
sure gradient and magnetic field-line curvature can play crucial roles
in the MHD wave couplings.32 So, considering these inhomogeneity
effects in the model could enrich the coupling mechanism and modify
their dispersion characteristics, which could be a project for future
research. Also, in the present HMHD model, we have neglected the
electron inertial effect. However, since electrons can drift more freely
than ions with the magnetic field, such effects could be important at
frequencies higher than the ion-cyclotron frequency. So, extending the
HMHD with electron inertia included could be another project of
future study.
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