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Motivated by the aim of producing significant number of primordial black holes, over the past few years,
there has been a considerable interest in examining models of inflation involving a single, canonical field,
that permit a brief period of ultraslow roll. Earlier, we had examined inflationary magnetogenesis—
achieved by breaking the conformal invariance of the electromagnetic action through a coupling to the
inflaton—in situations involving departures from slow roll. We had found that a transition from slow roll to
ultraslow roll inflation can lead to a strong blue tilt in the spectrum of the magnetic field over small scales
and also considerably suppress its strength over large scales. In this work, we consider the scenario of pure
ultraslow roll inflation and show that scale invariant magnetic fields can be obtained in such situations with
the aid of a nonconformal coupling function that depends on the kinetic energy of the inflaton. Apart from
the power spectrum, an important probe of the primordial magnetic fields are the three-point functions,
specifically, the cross-correlation between the curvature perturbations and the magnetic fields. We calculate
the three-point cross-correlation between the curvature perturbations and the magnetic fields in pure
ultraslow roll inflation for the new choice of the nonconformal coupling function. In particular, we examine
the validity of the consistency condition that is expected to govern the three-point function in the squeezed

limit and comment on the wider implications of the results we obtain.
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I. INTRODUCTION

Large-scale, coherent magnetic fields are observed in
galaxies, clusters of galaxies, and even in the intergalactic
medium (for reviews on magnetic fields, see Refs. [1-10]).
The Fermi/LAT and HESS observations of TeV blazars
suggest that the strength of the magnetic fields in the inter-
galactic voids is of the order of 107! G [11-17]. It may not
be possible to explain the presence of magnetic fields in the
intergalactic voids solely on the basis of astrophysical
phenomena such as batteries (see Refs. [3,4]; however, in
this context, see Refs. [18,19]). Hence, it seems necessary
to invoke a cosmological mechanism for the primordial
origin of these fields. While the Fermi/LAT and HESS
observations provide a lower bound on the current strengths
of the cosmological magnetic fields, the anisotropies in the
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cosmic microwave background (CMB) provide an upper
bound. The primordial magnetic fields can induce scalar,
vector, and tensor perturbations, which, in turn, can leave
distinct signatures on the temperature and polarization
angular power spectra of the CMB [20-26]. The CMB
observations lead to an upper bound on the primordial
magnetic fields to be of the order of 10~° G [27-33].

As in the case of the scalar and tensor perturbations, it is
natural to turn to the inflationary epoch in the early
Universe for the generation of magnetic fields. However,
since the standard electromagnetic theory is conformally
invariant, the magnetic fields generated in such a case
will have a strongly blue spectrum, whose strength will
be significantly suppressed during inflation. Therefore,
to generate cosmological magnetic fields of observable
strengths today, the conformal invariance of the electro-
magnetic action must be broken during inflation (see
Refs. [34,35]; for reviews in this context, see
Refs. [5,6,8—10]). Often, this is achieved by the coupling
the electromagnetic field to the inflaton, i.e., the scalar
field(s) that drive inflation [36—40].

© 2025 American Physical Society
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Since the detection of gravitational waves from merging
binary black holes [41], there has been a tremendous
interest in investigating if these black holes could have
formed in the primeval Universe [42—45]. If a significant
number of black holes have to be produced in the early
Universe, then the primordial scalar power spectrum should
have considerably higher power on small scales than the
nearly scale invariant amplitude suggested by the aniso-
tropies in the CMB over the large scales. In single field
models of inflation involving the canonical scalar field,
scalar spectra with enhanced power on small scales can be
generated if the models admit a brief period of ultraslow
roll during which the first slow roll parameter decreases
very rapidly. While the first slow roll parameter remains
small during the period of ultraslow roll, the second and
higher order slow roll parameters turn large suggesting
strong departures from slow roll inflation. It is known that
such deviations from slow roll lead to enhanced levels of
non-Gaussianities, in particular, the three-point functions
(in this context, see, for example, Refs. [46-54]).

We had mentioned above that, to generate magnetic
fields of observable strengths, during inflation, the con-
formal invariance of the electromagnetic action is usually
broken by introducing a coupling to the inflaton. Recently,
we had shown that, in single field models of inflation
admitting a phase of ultraslow roll, there arises a challenge
in generating magnetic fields of observable strengths over
large scales [55,56]. The phase of ultraslow roll is typically
achieved with the help of a point of inflection in the
inflationary potential. The scalar field slows down tremen-
dously as it approaches the point of inflection, leading to
the period of ultraslow roll. As a result, after the onset of
ultraslow roll, the nonconformal coupling function ceases
to evolve, essentially restoring the conformal invariance
of the electromagnetic action. Such a behavior leads to a
strongly scale dependent spectrum of the magnetic field on
small scales. Also, the amplitude of the spectrum of the
magnetic field is considerably suppressed over large scales.

In this work, we shall examine the effects of ultraslow
roll inflation on the three-point cross-correlation between
the curvature perturbations and the magnetic fields.
Specifically, we shall focus on the scenario wherein ultra-
slow roll lasts for the entire duration of inflation, which we
shall refer to as pure ultraslow roll inflation. Although such
a scenario may not be considered as interesting from an
observational point of view, the motivations for our inves-
tigations are twofold. Firstly, our aim will be to examine if
we can construct suitable nonconformal coupling functions
that can lead to a scale invariant spectrum for the magnetic
field in ultraslow roll inflation. Secondly, in slow roll
inflation, it is well known that there arises a consistency
condition according to which the three-point functions
involving the scalar and tensor perturbations can be
completely expressed in terms of the two-point functions
in the so-called squeezed limit, wherein one of the three

wave numbers is much smaller than the other two. This
property can be attributed to the fact that the amplitude of
the scalar and tensor perturbations freeze on super-Hubble
scales. However, it is known that the strength of the
curvature perturbations can grow indefinitely on super-
Hubble scales when there arises an extended period of
ultraslow roll. Due to the continued growth in the amplitude
of the curvature perturbations, it has been shown that, in
pure ultraslow roll inflation, the standard consistency
condition governing the scalar bispectrum is violated
[57-61]. Such a result raises the interesting question of
whether, in similar situations, the three-point cross-corre-
lation between the curvature perturbations and the magnetic
field satisfies the expected consistency condition.

This manuscript is organized as follows. In the following
section, we shall discuss the behavior of the background
and the Fourier mode functions describing the curvature
perturbations in specific pure ultraslow roll scenarios. We
shall also outline the generation of electromagnetic fields
by a nonconformal coupling function that depends on the
inflaton and discuss the behavior of the Fourier mode
functions describing the electromagnetic vector potential.
Further, we shall arrive at the power spectra of the curvature
perturbations and the electromagnetic fields in these cases.
In Sec. III, we shall consider a nonconformal coupling
function that depends on the kinetic energy of the inflaton.
We shall show that, for suitable choices of the parameters
involved, such a coupling function leads to the desired scale
invariant spectrum for the magnetic field in the ultraslow
roll scenarios. In Sec. IV, we shall derive the third order
action that describes the interaction between the curvature
perturbation and the electromagnetic field for the new
choice of the nonconformal coupling function. We shall
also arrive at formal expressions for the contributions to the
three-point cross-correlation (in Fourier space) between the
curvature perturbations and the magnetic fields correspond-
ing to the different terms in the action at the cubic order. We
shall also introduce the non-Gaussianity parameter asso-
ciated with the three-point cross-correlation of interest. In
Sec. V, we shall calculate the three-point cross-correlation
for two specific cases of pure ultraslow roll inflation and
suitable values of the relevant parameters. We shall also
illustrate the complete structure of the non-Gaussianity
parameter and discuss the validity of the consistency
condition governing the parameter in the scenarios we
consider. Lastly, in Sec. VI, we shall conclude with a
summary and outlook. We relegate complementary details
of the computation and arguments on certain related issues
to the appendixes.

At this stage of our discussion, we should make a few
clarifying remarks concerning the conventions and nota-
tions that we shall work with. We shall work with natural
units such that 7 = ¢ = 1 and set the reduced Planck mass
to be Mp; = (82G)~!/2. We shall adopt the signature of the
metric to be (—,+,+,+). Note that Latin indices shall
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represent the spatial coordinates, except for £ which shall
be reserved for denoting the wave number. We shall assume
the background to be the spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) universe described by the
following line element:

ds? = —dr* + a*(1)dx?, (1)

where 7 is the cosmic time and a(t) denotes the scale factor.
Also, an overdot and an overprime shall denote differ-
entiation with respect to the cosmic time ¢ and the
conformal time n = [ dt/a(t), respectively.

II. BACKGROUND, MODE FUNCTIONS,
AND POWER SPECTRA

In this section, we shall discuss the behavior of the
background as well as the Fourier mode functions of the
curvature perturbation and the electromagnetic field in
ultraslow roll inflation. We shall also discuss the power
spectra of the curvature perturbations and the electromag-
netic fields that arise in a couple of specific situations.

A. Evolution of the background

Recall that the equation of motion governing a homo-
geneous, canonical scalar field, say, ¢, that is described by
the potential V(¢) is given by

$+3Hp+V,;=0, (2)

where H = a/a is the Hubble parameter and V,, = dV//d¢.
As we mentioned above, a brief epoch of ultraslow roll
inflation is usually realized in potentials that contain a point
of inflection, i.e., a point wherein the first and the second
derivatives of the potential, viz. V,, and V,, = d*V/d¢?,
vanish (see, for instance, Refs. [50,62,63]). Note that,
when V, = 0, the equation of motion for the scalar field
reduces to

which can be immediately integrated to obtain that
¢ xa=3. Also, the fact that V, =0 suggests that the
Hubble parameter H is nearly a constant. In such a
situation, the first slow roll parameter €, = ¢/ (2H>M3,))
behaves as

1

€] X } . (4)
In this work, we shall be interested in pure ultraslow roll
inflation, i.e., scenarios that lead to ultraslow roll for the
entire duration of inflation. To allow for different types of
evolution of the first slow parameter, we shall modify
Eq. (3) and consider an equation of the form (for a detailed

discussion in this regard, see Refs. [58,64,65]),
¢ = _§H¢v (5)

with p = 6 evidently corresponding to the original case.
Clearly, this leads to gb « a~P/?, and for p > 0, the velocity
as well as the acceleration of the field continue to decrease.
If we assume that the initial value of the first slow roll
parameter is small (say, €;; < 1072), since it decreases
rapidly thereafter, the Hubble parameter remains nearly a
constant. Hence, the scale factor during ultraslow roll
inflation can be expressed in the de Sitter form as
a(n) = —1/(H), where H; denotes the constant value
of the Hubble parameter. Therefore, in such situations, we
can express the first slow roll parameter as

where €y; is the initial value of the first slow roll parameter
when the value of the scale factor is a; = —1/(Hyn;) at the
conformal time #;. In our discussion below, we shall
consider two cases wherein p = 6 and p = 4. As we shall
see, the first of these leads to a scale invariant spectrum for
the curvature perturbations, while the second leads to
simple mode functions, which allows us to easily calculate
the two and three-point functions of interest.'

B. Mode functions describing the curvature
perturbation and the scalar power spectrum

Let us now discuss the mode functions describing the
curvature perturbation and the resulting scalar power
spectrum in the ultraslow roll scenarios of interest. Let
‘R denote the curvature perturbation and let f; denote the
corresponding Fourier mode functions. Recall that the
Fourier mode functions f that characterize the curvature
perturbation satisfy the differential equation (see, for
example, the reviews [66-75]),

Z/
f;c/+2;fk+k2fk:07 (7)

where 7z = /2¢;Mpa. On quantization, the curvature
perturbation R can be expressed in terms of the mode
functions f; as follows:

'We should clarify a point on nomenclature here. We find that
scenarios with constant p are also referred to as constant roll
inflation [64,65]. We shall be focusing on scenarios wherein
p > 3. In such cases, the first slow roll parameter decreases so
rapidly that the amplitude of the curvature perturbations grows
indefinitely at late times. Hence, we believe it is more apt to refer
to these scenarios as ultraslow roll inflation.
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~ &P . .
R(n.x) = /WRk('I)e’k'x

_/ &’k [A f( ) ik-x+ ATf*( ) —ik-x} (8)
= Ok arfr(n)e a,fr(n)e ,

where the annihilation and creation operators a; and &Z
satisfy the standard commutation relations, viz.,

A A AT AT A AT 3

o, ) = (o, ) =0, [y, &) = 8Dk =), (9)
To obtain the solutions for the mode functions f, one often
works with the associated Mukhanov-Sasaki variable

vy—defined as v, = zf;—which satisfies the differential
equation,

Z//
vy + (k2 - ?> v = 0. (10)
The scalar power spectrum is defined as
K K |ve]?
Ps(k) = —f1]? = — , 11
S( ) 271'2 |fk| 27[2 Zz ( )

where the quantities f, vy, and z are to be evaluated at late
times close to the end of inflation.

Let us first consider the case of ultraslow inflation
wherein p = 6. In such a case, we have ¢, = €;;(a;/a)®
and z = \/2e;;Mpa; (Hn)?, so that 2 /z = 2/n?. As this is
similar to the case of pure de Sitter, the solution to the mode
function f;, which satisfies the standard Bunch-Davies
condition in the domain, wherein k> \/z”/z [which
corresponds to the sub-Hubble limit k/(aH) ~(—kn) > 1],
can be immediately obtained to be

fren)

1 1 i .
= 1 —— e—tkn
V2eiMpa Hin* \/2k ( k’?)
e () (1-3)
=——— (A )(1—— e ikn, (12)
dke,iMp ’72 kn

The resulting scalar power spectrum, evaluated at a late
time, say, 7., corresponding to the end of inflation, turns
out to be

H [a))o . H ()
Pell) = A R B A L.
(&) 87> M€y { a; 87 M1 \1e )

There are two points concerning this scalar power spectrum
that need to be emphasized. The first point is the fact the
spectrum is independent of k; i.e., it is scale invariant. The
second point is that, in contrast to slow roll inflation,
the spectrum does not approach a constant value at late

times [i.e., when k < \/7z”/z, which is equivalent to the
super-Hubble limit k/(aH) ~ (—kn) < 1]. In fact, the

power spectrum grows as a® at late times. This can be
attributed to the fact that the mode function f grows as a’
in the super-Hubble limit. Such a growth is a well-known
feature in the ultraslow roll inflationary scenarios [57,58].

Let us now turn to the case of p = 4. When p = 4, we
have €, = €j;(a;/a)* and z = \/2e;Mp(—H;) so that
7"/z = 0. It should be evident that the solution to the
mode function f; which satisfies the Bunch-Davies initial
condition is given by

1 1
- V2enaMp(—Hm) 2k

_HI 77'2 —ikn
= (M) i, 14
V4keiMp <’7)e (14)

The scalar power spectrum evaluated at the end of infla-
tion (corresponding to the conformal time #.) can be

expressed as
__ H k \?[a(n.)]?
N SﬂzM%IGJH aiHI a;

o () (15)

Q22
87" Mpi€1; \Me

e—ikn

Fi(n)

Ps(k)

As in the case of p = 6, the mode function f and the scalar
power spectrum Pg(k) grow indefinitely at late times.
Moreover, note that, the above spectrum has a strong blue
tilt, as it behaves as k2.

C. Mode functions describing the electromagnetic field
and power spectra

In a FLRW universe, the conformal invariance of the
standard electromagnetic action dilutes the amplitude of the
cosmological magnetic fields as B « 1/a?. The dilution is,
in particular, considerable during the inflationary epoch.
Therefore, to generate magnetic fields during inflation
that are consistent with the current observations (say,
1071 < By < 107° G), the conformal invariance of the
electromagnetic action must be broken. This is usually
achieved by introducing a function in the action which
couples the electromagnetic field to the inflaton, say, ¢. The
electromagnetic action that is often considered in such a
case has the form (see, for example, Refs. [5,37]),

S[Ar] = ——

4 — 72 v
o d*x\/=gJ*(¢p)F ., F*", (16)

where J(¢) denotes the nonconformal coupling function
and the field tensor F,, is expressed in terms of the vector
potential A, as F,, = (9,A, — 0,A,).

We can arrive at the equation of motion governing the
vector potential A, by varying the above action. In what
follows, we shall choose to work in the Coulomb gauge
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wherein Ag =0 and (g70;A;) =0. Let A; denote the
Fourier mode functions associated with the vector potential
A;. We find that the mode functions A, satisfy the following
differential equation (see, for example, Refs. [5,37]):

_ J _
AZ+27A§<+k2Ak =0. (17)
If we write A, = .A;/J, then this differential equation
simplifies to the form,

Al 4 (k2—J—>Ak_o (18)

For each comoving wave vector k, we can define the
polarization vector e, where 1 = {1,2} represents the two
states of polarization of the electromagnetic field. The
polarization vector satisfies the condition k - ¥ = 0. More-
over, the components &¥; of the polarization vector satisfy
the relation,

(19)

where k; denotes the components of the wave vector k. On
quantization, the vector potential A; can be decomposed in
terms of the mode functions A, as follows:

(20)
The creation and annihilation operators ZA),’l and l;,’lT satisfy
the following commutation relations:
(B2 b = (B2 BT =0, [ BAT] = 60 (k — )5
(21)

The energy densities associated with the electric and
magnetic fields, say, pg and pg, are given by

2

16za*

(22a)

PB = 6im6inFiijn’

2

pr = g BIAIAL (22b)

8na
Let pg and pg denote the operators associated with the
corresponding energy densities. The power spectra of the

magnetic and electric fields, say, Pg(k) and Pg(k), are
defined as [5,37]

d(0]pg|0)
dlnk

d{0[P|0)

Pu(k) = dink

PE(k) = (23)

where |0) denotes the vacuum state annihilated by the
annihilation operator 5%, i.e., b£|0) = 0 for all k and A. On
utilizing the decomposmon of the vector potential in
Eq. (20), the power spectra Pg(k) and Pg(k) can be

expressed in terms of the mode functions A, and their
scaled forms A as follows [5,37]:

U, 5

PB (k) 271_2 4 | k‘ 172a* |-Ak ’ (248-)
k3 J2 J 2

PE(k) 271.2 a4 | k‘2 2 N2 4 4 AI A (24b)

Let us now discuss the spectra of electric and magnetic
fields that arise in the standard scenarios. Evidently, the
spectra will depend on the choice of the coupling function
J(¢). Often, the coupling function is assumed to be a
simple function of the scale factor as follows [5,37]:

J(n) = {a(")r,

a(ne)

(25)

where 7, is the conformal time at the end of inflation and 7
is a number. Note that the overall coefficient has been
chosen so that the coupling function J reduces to unity at
the end of inflation (i.e. at 7). In situations wherein the
scale factor can be expressed in the de Sitter form, the
coupling function is given by

For such a choice of the coupling function, the solution to
Eq. (18) that satisfies the Bunch-Davies initial conditions in
the domain, wherein k > \/J"/J [which corresponds to
the sub-Hubble limit (—k#n) < 1 for the J we are working
with] can be expressed as

Ar(n) = /- 4’76’(”“)”/21% (—kn),

where v =i+ (1/2), and H!"(z) denotes the Hankel
function of the first kind.
The spectra of the electromagnetic fields can be evalu-

ated at late times when k <« /J”/J, i.e., in the super-
Hubble limit wherein (—kn) < 1. Upon substituting the
mode functions given in Eq. (27) in the expressions in
Eq. (24) and considering the super-Hubble limit, the spectra
of the magnetic and electric fields Py (k) and Pg (k) can be
obtained to be [5,37]

(26)

(27)
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H4
Polk) = L F(m)(~kn S, (280)
n
H4
Poll) = DL Gm(—kp . (280)
The quantities F(m) and G(m) are given by
F(m) : (29
pr— ) a
"= 2T cos? (ma) T2 (m + 3/2)
G(m) : (290)
m)=
221 cos? (mm)[?(m + 1/2)°
with
n, for n < —%,
m= { (30)
—n—1, forn>-1,
in the case of Pg(k), and with
i, for i <1,
m= { (31)
1-n, fora>j,

in the case of Pg(k). Note that the spectral indices for
the magnetic and electric fields, say, ng and ng, can be
written as

2n+6, forn< -1,
nB:{ _ B 1 (32)
4 —2n, forn>—§,
and
2n + 4, forr'z<%,
nE:{ _ _ | (33)
6-—-2n, fornm>s;.

There are a few points that we need to clarify regarding
the results that we have arrived at above. To begin with,
note that, we obtain a scale invariant spectrum for the
magnetic field when 7 =2 and when 7 = —3. However,
when 77 = —3, the spectrum of the electric field behaves as
Pr(k) o« (—kn.)~2, which grows indefinitely at late times.
In other words, the energy density in the electric field
becomes large leading to significant backreaction on the
background (in this regard, see, for instance, Refs. [40,55]).
Therefore, when we require a scale invariant spectrum for
the magnetic field, we shall focus on the n =2 case.
Secondly, recall that the original nonconformal coupling
function J depends on ¢ [cf. Eq. (16)]. Whereas, our
choices for J in Egs. (25) and (26) depend on the scale
factor and conformal time. Such a behavior for J(n) is
achievable in most models of inflation that permit slow roll
[38,39,76]. However, there exist situations, in particular,
when an inflationary potential permits a period of ultraslow

roll, wherein a behavior such as J « a®> o« 772 may not be
achievable (for discussions in this context, see Ref. [55]).
To circumvent such challenges, either, one has to consider
inflation involving more than one field (for a discussion on
this point, see Ref. [56]) or, as we shall discuss in the follow-
ing section, consider more nontrivial forms for the coupling
functions involving the kinetic energy of the inflaton.

III. CONSTRUCTION OF THE NONCONFORMAL
COUPLING FUNCTION IN PURE ULTRASLOW
ROLL INFLATION

We had pointed out earlier that a phase of ultraslow roll
inflation is achieved as the inflaton approaches a point of
inflection in the potential. Hence, during the period of
ultraslow roll, the velocity of the inflaton drops rapidly and
the field hardly evolves. In such situations, the noncon-
formal coupling function J(¢) becomes nearly a constant
and, as a result, the quantity J” /J turns out to be very small.
This behavior effectively restores the conformal invariance
of the electromagnetic action [55]. One finds that the
electromagnetic spectra behave as k* over wave numbers
that leave the Hubble radius after the onset of ultraslow roll.
Moreover, the amplitude of the magnetic fields on large
scales (which leave the Hubble radius during the initial
period of slow roll, prior to the transition to the phase of
ultraslow roll), is considerably suppressed.

To circumvent this difficulty, we shall now construct a
nonconformal coupling function J that involves the time
derivative of the inflaton. Such a coupling function proves
to be particularly effective in the scenario of pure ultraslow
roll inflation that is of interest in this work. Recall that, in
ultraslow roll inflation, the first slow roll parameter €,
behaves as in Eq. (6), where p > 3. It should then be clear
that, if we have a coupling function that behaves as e'f/ 2 for
a suitable choice of the index n, we will be able to achieve
the behavior of, say, J 7772, as is required to lead to a scale
invariant spectrum for the magnetic field.

Since €, = ¢*/(2H>M?%,) and the Hubble parameter H is
nearly a constant in ultraslow roll inflation, we can assume
that the nonconformal coupling function J depends on the
scalar quantity X = —(1/2)d,¢0°¢ = ¢*/2. Therefore, we
can rewrite the action governing the electromagnetic field
in the following form™:

S[an] = _lé—n' / deyGRX)F . (34)

We shall assume that the coupling function is given by

J(X) = Iy <_ 0a¢2a“¢> "

(35)

*We should mention that a different action involving deriva-
tives of the inflaton has been considered earlier [77].
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where J is a constant which we shall choose so that J
reduces to unity at the end of inflation. It should be evident
that, since the nonconformal coupling function J(X)
depends only on time, the electromagnetic field described
by the action in Eq. (34) can be treated in the same manner
as in the case of the field described by the earlier action in
Eq. (16). For instance, if we work in the Coulomb gauge, the
Fourier modes A, of the vector potential A; will continue to
satisfy the same equation of motion, viz. Eq. (17). Also, on
quantization, we can elevate the vector potential A; to the
operator 12\,- as in Eq. (20). Note that, in the ultraslow roll
inflationary scenarios of interest, we can write the coupling
function in Eq. (35) as

J(n) = Jo[HiMpe, ()2, (36)

and we shall choose Jy = [HiM3e (n.)]™% so that
J(n.) = 1. Therefore, the coupling function can be simply
written as follows:

J(n) = [661'((2)} " (37)

On varying the action in Eq. (34) with respect to the
metric tensor, we obtain the stress-energy tensor for the
electromagnetic field to be

JZ
_ﬁgaﬁ(_aﬂ¢aﬁ¢)nFﬂUFﬂv
J%n o 4\ n—1 v
- g <_aa¢a ¢) (aagbaﬁd))FﬂuFﬂ
J% G 4\ AV
+E(aa¢a ¢) gﬂ FaﬂFﬂv- (38)

Ta/i =

We find that, in the background described by the FLRW
line-element described by Eq. (1), the energy density of the
electromagnetic field, viz. pgyy = —T7%, can be expressed as

pem = (1 +2n)pg + (1 = 2n)pg, (39)

where pg and pg are the energy densities we had introduced
earlier in Eq. (22). Since the factors (1 —2n) and (1 4 2n)
in the above expression are numbers of the order of unity,
we shall continue to define the power spectra Py (k) and
Pk (k) of the magnetic and electric fields as we had done in
Eq. (23). Clearly, in such a case, the power spectra Pg (k)
and Pg(k) will be given by Eq. (24), with J(5) given
by Eq. (37). We shall evaluate the power spectra at the
end of inflation (i.e. at 7.). As n can be positive or nega-
tive, a concern may arise if the expectation value of the
total energy density—i.e., {Dgm), With pgy given by
Eq. (39)—is positive definite. We shall discuss this issue
in Appendix A. We shall show that, in all the scenarios we
consider, the quantity (pgy) always remains positive.

Recall that, in ultraslow roll inflation, the first slow roll
parameter behaves as €; «x n” [cf. Eq. (6)]. Also, as we
discussed in Sec. II C, in order to obtain a scale invariant
spectrum for the magnetic field, we need the coupling
function to behave as J « 572, It should then be clear from
Eq. (37) that we can obtain a scale invariant spectrum for
the magnetic field if we choose np = —4. In such a case,
we find that the mode function A, and the scaled variable
A, are given by

1

Ac(n) = - NoT (34 3ikn — k*n?)e~™1,  (40a)
A 1 ; —iky
Auln) = - WoTe: (3 + 3ikn — k*n?)e~*n., (40b)

On using these solutions in Eq. (24), we obtain the power
spectra of the magnetic and electric fields to be

9H}
VS

Polt) > e = Lt an)

4

Note that, while the power spectrum of the magnetic field
Pg(k) is scale invariant, the spectrum of the electric field
behaves as Pg (k) « k. However, since 7, is small, on large
scales, the strength of Pg(k) is significantly suppressed
when compared to that of Py (k).

IV. CUBIC ORDER ACTION AND THE
CROSS-CORRELATION BETWEEN
CURVATURE PERTURBATIONS
AND MAGNETIC FIELDS

It is well known that, if the primordial perturbations were
Gaussian, all their statistical properties would be contained
in the two-point functions. In such a case, while the higher-
order even-point functions can be expressed in terms of
the two-point functions, the higher-order odd-point func-
tions would vanish. However, if the perturbations were
not Gaussian, the odd-point functions can, in general, be
expected to be nonzero. This carries importance because,
in many situations, the non-Gaussianities can significantly
alter the predictions of the cosmological observables (in
this context, see, for example, Refs. [51,78-87]). Evidently,
these arguments also apply to primordial magnetic fields.
At the level of the two-point functions, one finds that many
models of inflation generate magnetic fields with scale
invariant spectra. So, to distinguish between the various
models from the perspective of electromagnetic fields, it is
not adequate to study only the two-point functions. We
need to evaluate the higher-order correlations, such as the
three-point functions. The three-point cross-correlation
between the scalar perturbations and the magnetic fields
has been studied extensively in the case of slow roll
inflation [88-95]. Our aim in this work will be to evaluate
the three-point cross-correlation in the scenario of pure
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ultraslow roll inflation. We shall focus on particular cases
that exhibit certain behaviour for the power spectra of the
scalar perturbations and the electromagnetic fields. Specifi-
cally, we shall investigate the behavior of the cross-
correlation in the squeezed limit wherein the wave number
of the scalar perturbation is much smaller than the wave
numbers of the two electromagnetic modes.

A. Action at the cubic order

As is often done, we shall compute the three-point
function using the standard methods of perturbative quan-
tum field theory (for calculations involving scalars and
tensors, see, for example, Refs. [96-100], and for dis-
cussions involving magnetic fields, see Refs. [89-95,101]).
Our first task is to obtain the interaction Hamiltonian at the
cubic order that governs the cross-correlation of interest.
We shall start with the action in Eq. (34), take into account
the scalar perturbations in the spatially flat, FLRW line
element, and arrive at the cubic order action involving the
curvature perturbations and the electromagnetic fields.
We shall make use of the Arnowitt—Deser—Misner (ADM)
formalism to obtain the action [102]. Recall that, in the
ADM formalism, the line element associated with a generic
spacetime is described in terms of the lapse function N, the
shift vector N’ and the spatial metric g; ; as follows:

ds? = =N?(dx)* + g;;(N'dx” + dx) (N/dx” + /). (42)
|

SIR, A :—é dn/d3xJ2(11){

Note that the metric elements gy, and gq; associated with
this line element are given by
goo = —N* + giiN'N/, Joi = 9iiN’. (43)
We shall work in the gauge wherein the perturbations in the
inflaton are absent. In such a case, to account for the scalar

perturbations, we can write the spatial element g;; of the
spatially flat, FLRW line-element as follows:

gij = Sija262R, (44)

where, as we have mentioned, R denotes the curvature
perturbation. The lapse and the shift functions N and N; can
be determined from the constraint equations at the first
order. If we work with the conformal time coordinate and
write N = a(1 + Ny) and g;;N/ = a0y, where N; and y
are the inhomogeneous terms, we find that the constraint
equations determine N; and y to be

R/

— R =271/
_E’ )(——EJrelV R (45)

N,

On substituting the above components of the metric
tensor in the action in Eq. (34), we find that the action up to
the cubic order involving the curvature perturbation R and
the electromagnetic vector potential A; can be expressed as

R ..
=21+ R —(1+2n)—|87AA’,
(14 R = (14 20) 1 s

!

+ 4518y ALF), + {1 —R+(1-2n) —H] SmSinF, ijn}, (46)
a

where, in the cases of our interest, the nonconformal
coupling function J(r) is given by Eq. (37). To calculate
the three-point cross-correlation, we shall require the cubic
order Hamiltonian associated with the above action. From
the action, we obtain the momentum conjugate to the vector
potential A;, say, x;, to be

a*(n)
47

T, — —

12(17){— [1 +R—(1+ 2@%]4

R ..

We can make use of this conjugate momentum to construct
the Hamiltonian and identify the cubic order terms as the
interaction Hamiltonian H,,. We obtain the interaction
Hamiltonian to be

[
/

&xJ?(n) {2 {R —(1+2n) 3] STAA]

Hiy = aH

16z

il sjm
— 466/ 0 A" F 1y + [R - (1= 2")—QH]

x SMSINF,; ij} (48)

There are two clarifying remarks that we wish to make
regarding the interaction Hamiltonian H;, we have ob-
tained. Firstly, note that, in the above Hamiltonian, if we
ignore the terms containing n within the curly brackets, it
reduces to the standard form associated with the original
action in Eq. (16) involving J(¢) (in this regard, see, for
example, Refs. [90,91]). Secondly, as with any action at the
cubic order, the interaction Hamiltonian proves to be
negative of the corresponding cubic order Lagrangian.
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B. Three-point cross-correlation

We shall now turn to the computation of the three-point
cross-correlation using the interaction Hamiltonian in
Eq. (48). In real space, the cross-correlation between the
curvature perturbation and magnetic fields is defined as

(R(n.x)B'(n.x)Bi(n.x))

_ / &’k / d’k, / &k,
= (27[)3/2 (271.)3/2 (27_[)3/2
(R, (1) Bl () B (1)l ),

where the components B; of the magnetic fields are related
to those of the vector potential A; through the relation,

1
Bi = ZeiﬂajAl.

(49)

(50)

We had mentioned above that we shall make use of pertur-
bative quantum field theory to arrive at the three-point

cross-correlation. According to quantum field theory, given
the cubic order Hamiltonian H;,, the three-point cross-
correlation in Fourier space, evaluated at the conformal
time 7, corresponding to the end of inflation, is given by

(R, (ne) B, (ne) B, (1)

- / " ([ R, (00) B, (1) Ba (). (), (51)

i

where H;, is the operator associated with the interaction
Hamiltonian in Eq. (48), and #; denotes the time when the
initial conditions are imposed on the perturbations. More-
over, the square brackets denote the commutator between
the operators denoting modes of the curvature perturbation,
the magnetic field, and the Hamiltonian operator.

To describe the cross-correlation between the modes of
the curvature perturbation and the magnetic field, we shall
introduce the function B(ky, k,, k3) that is defined through
the relation,3

_4=
(271)3/2

(Re (’1e)Bk2 (ne) B, (ne)) = Blky, ko, k3)55) (ky + Ky + k3). (52)

On making use of the expression in Eq. (51), the interaction Hamiltonian in Eq. (48), the definition of the three-
point function in Eq. (52) and, finally, Wick’s theorem, we find that the function B(k;,k,,k3) can be written as
follows [89-92,101,103]:

B(ky, ks, k3) ZBc(klvkz,ks 6 Ak7 ”e)Akg (ne)Gc (k1. Ky, k3) + complex conjugate], (53)
C:]
where the quantities G¢(ky, k,, k3), with C = {1, 6}, are described by the integrals,
Gilky,ky. k3) = =2i(k - k3) /f dnJ?(n) fr, (MAL,* (M AL (). (54a)
Gtk k) = 20(1 + 20)y k) [ TP OA0) A ) (541)
Gtk k) = ey K)o (e o) k) [ P03, 00300+ e (54
Galky by, k3) = kif (k1 - kep) 5 + (y - Kea) (ks - ks )] /W}7 dn 2 (n)es () f1,* (WAL (AL, (n) +ky < ks, (54d)
Gtk k) = 8348 + (k-] [ @n2 )3, 0035, 0037, (0. (54¢)
Gl e ) = ~i(1 = 2m)[68 + (ko ka ] [ S )1, "), () (). (541)

i

*In the definition in Eq. (52) of the three-point function, we have introduced an additional factor of (47z) in comparison to the earlier
works in the literature (in this context, see Refs. [89-92,103]). Note that our electromagnetic actions in Eqs. (16) and (34) contain an
additional factor of 1/(4x) in comparison to the action in the previous works. In order to ensure that the expression for the power
spectrum of the magnetic field remains the same, we had included an overall factor of /47 in the expression for the vector potential A; in
Eq. (20). However, such a definition for A; introduces another factor of (4z) when we evaluate the quantity on the right-hand side of
Eq. (51), which is not present if we instead follow the normalization conventions used in the aforementioned works. Therefore, in order to
ensure that the quantity B(k,, k,, k3) remains the same across the different conventions, we have introduced the factor of (47) in Eq. (52).
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We should mention that these six integrals are exact
expressions, and they have been arrived at without making
any approximations.

Using the solutions for f; and A, in the pure ultraslow roll
scenarios that we discussed in the previous two sections, we
can compute the integrals G (ky, k,, k3). In Appendix B, we
have presented the explicit forms of G (k,k,, k3) for two
cases of p and suitable choices for n that lead to scale
invariant spectra of the magnetic fields. Using the expres-
sions for Ge(k;,ky, k;), we can compute the different
contributions to the cross-correlation B(ky, k,, k3). We shall
discuss these results in the next section.

C. Non-Gaussianity parameter

In addition to the cross-correlation B(ki, k,,k3), we
shall compute the associated non-Gaussianity parameter
bai(ky,ky, k3). The parameter is usually expressed as a
dimensionless quantity involving the ratio of the three-
point cross-correlation and the scalar power spectrum and
the power spectrum of the magnetic field [§9-92,101]. The
parameter reflects the amplitude and shape of the three-
point function, and it helps in distinguishing among various
models of inflation as well as between inflationary and
alternative scenarios of the early universe which lead to the
same power spectra.

To arrive at the form of the non-Gaussianity parameter
b (k1. k., k3), let us express the magnetic field in terms of
the Gaussian components and the parameter as follows:

N

Buln) = BY0) + s [ FOREO)BG 1)

X by (p. k. k —p), (55)

where Bg{ and 7%,? represent the Gaussian parts of the
Fourier modes of the magnetic field and the curvature
perturbation, respectively. If we compute the cross-
correlation B(k;,k,,k3) using the above expression and
utilize Wick’s theorem which applies to the Gaussian
components, we obtain the expression for by (k;, k-, k3)
to be

UL RKEBE k)
<3/ (n) 3 3 ’
8r Ps (ki) k3 Py (ky) + ks Py (ks)]

(56)

bNL(klykz’kB) =

where, recall that, Pg(k) and Pg(k) represent the scalar
power spectrum and the power spectrum of the magnetic
field.

An important property of the three-point functions
is their behavior in the so-called squeezed limit wherein
one of the three wavelengths is much longer than the
other two. In the squeezed limit, under certain conditions, it
has been shown that the three-point functions can be
expressed entirely in terms of the two-point functions.

This is often referred to as the consistency relation
[47,91,92,95,96,101,104—112]. Such a consistency condi-
tion primarily arises because of the reason that, in the
scenarios involving slow roll, the amplitude of the long-
wavelength perturbation freezes in the super-Hubble
regime. As far as the three-point cross-correlation of our
interest is concerned, such a consistency relation can be
expected to arise when one considers the mode associated
with the curvature perturbation to be the long wavelength
mode. Indeed, such a relation has been established in slow
roll inflation (in this context, see Refs. [91,92]). In the
following sections, apart from computing the three-point
cross-correlation and the associated non-Gaussianity
parameter, we shall also explicitly examine if the standard
consistency condition is valid in the scenarios involving
ultraslow roll inflation.

V. CALCULATION OF THE CROSS-
CORRELATION AND ASSOCIATED
NON-GAUSSIANITY PARAMETER

We shall now evaluate the three-point cross-correlation
B(k,,k,, ks) and the associated non-Gaussianity parameter
bni(ky, ks, k3) in the ultraslow roll inflationary scenarios
we considered earlier. Before discussing the amplitude and
shape of the non-Gaussianity parameter, we shall clarify a
few points regarding the scalar power spectra and the power
spectra of the magnetic field, and arrive at suitable values of
the parameters involved.

A. Power spectra

We shall begin by fixing the Hubble parameter during
inflation Hy using the condition that the scalar power at the
pivot scale of k, = 0.05 Mpc~! is normalized by the CMB
observations to be Pg(k,) ~2 x 10~°. Fixing Hy in such a
manner is not straightforward and is dependent on the
ultraslow scenario that we are considering. Recall that, in
the ultraslow roll scenarios with p =6 and p = 4, the
scalar power spectrum is given by [cf. Egs. (13) and (15)]

H? )
o () for p = 6.
Py (k) ~ (57)

812 ZIZMZ (_) (k’/ll) 5 for p = 4,

Demanding Ps(k,) ~2 x 107~°
parameter is to be set to

implies that the Hubble

for p =6,

47[10_9/2 €11(%> Mp],
e (58)
i

An107°2 /feri () i

for p =4.

Let us then turn to the power spectrum of the tensor
perturbations. Recall that the equation of motion that
governs the tensor perturbations is solely dictated by the
behavior of the scale factor a(n). Also, note that the scale
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factor during ultraslow roll inflation can be approximated
well by the de Sitter form as a(y) = —1/(Hy). Hence,
the spectrum of tensor perturbations in the ultraslow roll
scenarios of interest (for p = 6 as well as 4) is given by the
standard form in slow roll inflation, viz.,

2
Next, we set 7; = —10% Mpc so that the largest observ-

able scale of k=~ 10"* Mpc™! is sufficiently deep inside
the Hubble radius at the beginning of inflation. We shall
assume that inflation lasts for about 65 e-folds. In such a
case, 7. = —107" Mpc, which determines the smallest
scale that exits the Hubble radius during inflation to be
k=~10'"" Mpc~!. Lastly, we choose e;; = 107> as an
indicative value. It is related to the tensor-to-scalar ratio
at the pivot scale of k., which in these cases turns out to be

{16€1i(%)6,
r =

166y, ()2 (22, for p = 4.

for p =6,
(60)

We should caution the readers about a few points
concerning the behavior of these spectra and the related
choices for the parameters. The first issue is regarding the
shape of the spectra. The case of p =4 leads to a scalar
power spectrum with a strong scale dependence of
Ps(k) « k2, and it is clearly at odds with the CMB data.
So, this case is being examined solely for gaining a
theoretical understanding of the effects of ultraslow roll
inflation. The case of p = 6 performs better in terms of the
shape of the scalar power spectrum. In this case, the scalar
power spectrum Pg (k) is strictly scale invariant. Although,
such a spectrum is disfavored by the CMB data, the value of
p (or, equivalently, the second slow roll parameter ¢,) can
be tuned slightly to achieve the required spectral index
of ng ~0.965.

Another outcome of these choices is that the Hubble
parameter Hy and, hence, the tensor-to-scalar ratio r are
highly suppressed (in both, the cases of p = 6 and 4) by
factors of the ratio #,/5;. Note that 5, /5; ~ 1072, There-
fore, for instance, when p = 6, we have H;/Mp ~ 1078,
which corresponds to an energy scale that is smaller than
the scale of big bang nucleosynthesis. So, with any value of
€y; less than unity, we have a highly suppressed tensor
power and hence r in the ultraslow roll scenarios.

This brings us to yet another issue that we encounter.
Recall that the amplitude of the scale invariant spectrum
of the magnetic field is given by Pg(k) ~9H7}/(4x?)
[cf. Eq. (41)]. Since H; is very small, the strengths of
the generated magnetic fields is proportionately suppressed
in ultraslow roll inflation. If we focus specifically on the
case of p = 6, we find that the spectrum of the magnetic
field can be expressed as

o4 e\ 12
PB<k)ﬁ4—71-2129(4ﬂ€11)2(?1—> Ps(k*>Mél (61)

1

In contrast, the typical value of Py (k) obtained in slow roll
inflation with a coupling function behaving as J() o 572
would be

OH?
Py (k) =~ 4—ﬂ21 = 9(4”511)2Ps(k*)M§1- (62)

Clearly, the amplitude of Py (k) in ultraslow roll inflation is
suppressed by a factor of (1./7;)'? ~ 1073%. Such a small
value of Pg (k) will not be sufficient to serve as seeds for
magnetic fields with the strengths observed in the inter-
galactic medium today. Despite these shortcomings of the
scenario of pure ultraslow roll, we pursue the analysis with
the aim of eventually utilizing the coupling function that we
have constructed in a realistic model of inflation with a
brief epoch of ultraslow roll. We shall now proceed with
these values of the parameters to calculate and examine
the amplitude and shape of the non-Gaussianity param-
eter bNL(kl s k2, k3)

B. Amplitude and shape of the non-Gaussianity
parameter

We shall evaluate the cross-correlation B(ky,k,, k)
between the curvature perturbation and the magnetic fields
in ultraslow roll inflationary scenarios with p = 6 and 4.
We shall consider J(#) as given by Eq. (37) and focus on
the case of np = —4 which leads to a scale invariant
spectrum for the magnetic field. It should be clear from
Eqgs. (53) and (54) that the calculation of the three-point
cross-correlation first requires the evaluation of the inte-
grals Go(ky, ky, k3). With the background quantities and the
Fourier mode functions f; as well as A, of the curvature
perturbation and the electromagnetic vector potential at
hand, we can carry out the integrals Gq(ky,k,,k3). The
integrals are easy to compute. But, since the expressions
describing the integrals prove to be lengthy, we have listed
the results for these integrals in the different cases in
Appendix B. In what follows, we shall list the results for
the various contributions to B(k,k,,k3;) and discuss
the structure of the corresponding non-Gaussianity para-
meter bNL(k17k27k3)'

1. Case of p=6

When p = 6and n = —2/3 so that np = —4, we can use
the forms of the slow roll parameter €, () and the coupling
function J() [cf. Egs. (6) and (37)] as well as the
corresponding Fourier mode functions f;(n) and A.(n)
describing the curvature perturbation and the electromag-
netic vector potential [cf. Egs. (12) and (40b)] to evaluate
the integrals Gq(k,,k,,k3). Once we have evaluated the
quantities G- (k,k,, k3), we can substitute them and the
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mode functions f;(17) and A;(5) in Eq. (53) to arrive at the different contributions B¢ (k,,k,,k3) to the three-point cross-
correlation of interest. We find that the leading terms (as 7, — 0) in the different contributions are given by

3Hn i
B, (ki ko, ky) = —‘( > (k2 — k3 = K3)[3k} + 4(k3 + K3)], (63a)
1 1,172,113 32M1231k3k3k en \e 2 3 [ 1 2 3 }
3H1’71 e 313
Pl i \Me
Byl oy ks) = ——FUE (1) 42 a2 4o 4 202 - 3 (IS + 4K + Ky < K 63
(ky. Ky ke3) = 128Me KRR \n [(1 5)7 + 2(ky + k3)k3 31(3k) + 4k3) + ky <> ks, (63c)
PI* 11
By (ky Ky k3) = 817Hy [(ky = k)2 + 2(k3 + K2)K2 = 3K4] + by <> k (63d)
4\"1, 12,13 aas2 151315 3 1 — 2 - 3 2 3
64 M3, kK3 k303 P T
Bs(ky, ky. k3) = oMy <’7> [kt + k3 — 2k3 (K3 + K3) + 6k3K3 + k] (63e)
64M3 k3 k3er; \ e
By(ky ko ky) = — O3 (ﬁ>6[k;* L2 + K2) + 6K + K. (63f)
CAME S Ker; \ e
|
Clearly, among the different contributions, it is the fifth and b (k. k) e ki \3 ! 1 (k2 o ki \*
the sixth terms, viz. Bs(ky, ky, ks) and Be(ky,ky.ky), that  ONL(KLK) = 2{ =) 91 =o{ 7] + O -
dominate. Note that these contributions behave as (1;/1. )°, + O(k*n2). (67)

just as the scalar power spectrum Pg(k) does when p =6
[cf. Eq. (13)]. Since the magnetic power spectrum Py (k) is
a constant [cf. Eq. (41)], we find that resulting non-
Gaussianity parameter by (k,k-,k3) turns out to be
independent of 7, and is given by

k3
b (ky ky k) = —— i [k + kS = 2K3 (k3 + k2
NL\®1 2k%k§(k%+k%) [ 1 2 1( 2 3)
+ 6k3k3 + k3. (64)

Let us now discuss the amplitude of the non-Gaussianity
parameter by (ky,k,, k3) for various configurations of the
wave vectors. In the equilateral limit wherein k; = k, =
k3 = k, we find that the parameter by (k) given by Eq. (64)
above turns out to be independent of the wave number and
is given by

B (k) = %. (65)

In the flattened limit with the configuration k; = 2k, =
2ksy = 2k, we find that

bll, (k) ~ 16. (66)

Finally, in the squeezed limit wherein k; — 0 and k, =
ky = k, we obtain that

Evidently, in the squeezed limit, the leading contribution
to by (ki, k) is proportional to k3, which vanishes.
However, we find that there is a subleading contribution
to the non-Gaussianity parameter which is proportional to
(k*n2). But, since (kn,) is very small, this contribution is
also rather small. For instance, if we choose k = k.~
5 x 1072 Mpc~!, then, for the choice of 7, = =107 Mpc,
we obtain that by ~ O(107*?). We shall comment further
about the behavior of the non-Gaussianity parameter in the
squeezed limit when we discuss the consistency relation in
the subsequent subsection.

To understand the complete structure of the non-
Gaussianity parameter by (ky,k»,k3), in Fig. 1, we have
illustrated it for all possible configurations of wave vectors.
We have presented the behavior of by (k;,k,,k;) for
p = 6 as a density plot in the two-dimensional plane of
ky/ks-k,/ks, with k3 = k,. Note that this plot is obtained
using the complete expression for by (ky,k,, k3) as given
in Eq. (64). We find that by (k{, k,, k3) peaks in the region
around the flattened limit (i.e., when k; = k3 + k,), where
it attains the maximum value of 16. It steadily falls towards
zero in the squeezed limit, i.e., when k; — 0 and k, = k3.
These behavior are indeed expected from the results in the
flattened and squeezed limits we have already arrived at in
Egs. (66) and (67).
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FIG. 1. We present the complete structure of the non-Gaussianity parameter by (k;,k,,k3;) as density plots in the plane of
ky/ks — ky/ks for the cases of p = 6 (on the left) and p =4 (on the right). Note that, in the case of p =4, due to the behavior
b (ky, ks, k3) o 132, we have plotted the dimensionless combination k3n2byy (ky, k. k3). We have sete); = 1073, 7, = —10° Mpc and
e = —1071 Mpc, as discussed in the text. Further, we have set k3 = k, = 5 x 1072 Mpc~! to arrive at the plots. We should highlight
that, in both the cases of p = 6 and p = 4, the magnitude of by (k{, k», k3) spans over a wide range of values between the flattened limit
(on the top right corners of the density plots wherein k; = 2k, = 2k3) and the squeezed limit (on the top left corners wherein k; — 0
and k, ~ k3).

2. Case of p=4 Gelky, ko, ky) and arrive at the different contributions
Be(ky,ky, k3) to the cross-correlation. Again, we choose
the value of n such that np = —4, which leads to n = —1
in this case. We obtain the different contributions

Bc(kl,kz,k3) to be

When p = 4, as in the previous case, we can utilize the
behavior of €;() and J(n) as well as the associated
solutions for the Fourier mode functions f(17) and A.(n)
[as given in Egs. (14) and (40b)] to evaluate the integrals

|

OHYn:  (m)?
B, (ky. k. k3) = —m <'1_) (k= k5 = K3), (68a)
PI*2%3% 11 e
OHYR;  (mi)?
PI™2%3%11 €
27HYE  (m)\?
Bl e k) = gt (1) [0 = )7 4 2083+ 1908 - 3]+ ks <> (68¢)
p1*2%3%1i €
27xH?
By(ky . ky. ky) = m (k3 = K3)2 +2(k3 + K3)k3 = 3K3] + Ky <> ks, (68d)
P11 ™23 e
27H® 7\ 4
Bs (k. ky. ks) = m <}1—) [k + k3 = 2k3 (K3 + k3) + 6k3K3 + k3. (68e)
PI™2™3%11 e
243H¢ m\4
By (ki ky k3) = m (n) [kt + k& — 2k3 (K3 + Kk3) + 6k3K3 + k). (68f)
PI™2%3%1 e

Note that, as in the case of p = 6, it is the fifth and the sixth terms, viz. Bs(k;,k,, k3) and Bg(k, k,, k3), that dominate the
contributions. If we take into account these contributions, we find that the corresponding non-Gaussianity parameter
by (ky, ko, k3) turns out to be

B 15k, [
16Kk (k3 + K3

by (ky Ky, ks) ki + k3 = 2k (k3 4 Kk3) 4 6k3k3 + k3] (69)

A notable feature of the non-Gaussianity parameter by (k;, k. k3) in this case is the dependence on 7, as #z2. This is a
large factor, and it affects the amplitude of the parameter across all configurations. On inspecting the various limits, we find
that, in the equilateral limit (i.e., when k; = k, = k3 = k), the expression Eq. (69) above simplifies to
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75

bre\?L(k) ~ m . (70)
For the value of the parameter 7, = —107'° Mpc as
fixed earlier, at k, =5 x 107 Mpc™!, we obtain that by} =~
9.375 x 10*, In the flattened limit (i.e., when k; = 2k, =

2ky = 2k), we get

15

bRy (k) :W’ (71)

which at k, turns out to be b, ~3 x 10*!. In the squeezed
limit (i.e., when k; — 0 and k, = k3 = k), we obtain that

b (k1. k) Zﬁ (k—kl> {1 ‘% (%)2 * O[(%ﬂ }
+ O(kn,). (72)

We can see that, as k; — 0 in the squeezed limit, the
leading order contribution to by (k;, k) is proportional
to k; and hence vanishes. However, there is a sub-
leading contribution that is proportional to (k#.), which
becomes relevant only in the squeezed limit. For the pivot
scale of k, =5 x 1072 Mpc~! and, for our choice of
e = —107'2 Mpc, the contribution proves to be very small.
In fact, we find that by, ~ O(1072!). We shall discuss the
corresponding implications for the consistency relation
governing the three-point function in the next subsection.

As in the earlier case, when p = 4, we have presented
the complete structure of the parameter by (ki, k,,k3) as a
density plot in Fig. 1. Note that this plot is obtained using
the expression for by (k. k,,k3) as given in Eq. (69). We
find that by (k,,k,,k3) peaks in the region around the
flattened limit, where k; = k, + ks, as in the p = 6 case.
In the case of p =4, the parameter reaches extremely
large values across all configurations because of the
general behavior of by (k| k»,k3) as 732, as we mentioned
earlier. Hence, we have plotted the combination
K3nbny (ki ky, k3) to better understand its structure for
different configurations of wave numbers. This combina-
tion reaches values as large as 7.5 in the flattened limit, and
it vanishes in the squeezed limit. These behavior are as
expected from the different limits we already arrived at in
Egs. (71) and (72). Such large values for the non-
Gaussianity parameter by (ky,k,,k;) may lead to strong
non-Gaussian corrections to the power spectrum of the
magnetic field Py (k). We shall relegate the examination of
such a possibility to Appendix C, wherein we shall discuss
some interesting results.

C. Consistency relation
The behavior of the three-point cross-correlation
B(ky,k,,k3) in the squeezed limit (i.e., when k; — 0 and
k, = —k3) is expected to be governed by the consistency

relation that we had mentioned earlier. This relation allows
us to express the non-Gaussianity parameter by (k;, k-, k3)
in the squeezed limit in terms of the spectral index of
the magnetic power spectrum, say, ng(k), which is, in
general, defined as ng(k) = dInPg(k)/dInk. In the case
of slow roll inflation, the consistency relation is obtained
to be [92,103]

4 — ng
L = . 73
NL 2 ( )

This relation has been verified by explicit calculations
in the case of slow roll inflation [in this context, see
Egs. (D3) and (D4) as well as the associated discussion in
Appendix D]. Both the ultraslow roll scenarios described so
far have the coupling function behaving as J « 172, thereby
leading to a scale invariant power spectrum for the
magnetic field (i.e., ng = 0). As should be evident from
Egs. (67), (72), and (73), the consistency relation is violated
in these cases. Besides the ultraslow roll scenarios dis-
cussed thus far which lead to a scale invariant Py (k), in
Appendix D, we have considered another scenario where
Pg(k) is not scale invariant but has a spectral index of
ng = 2. In this case, according to the consistency relation,
we should obtain that b3; = 1. However, we instead obtain
b;?L =0 [cf. Eq. (D2c)], which also violates the consis-
tency relation.

In Table I, we have listed the values of by obtained in
the different scenarios we have considered. We have also
listed the values of by that we are expected to obtain. From
the table, we can clearly see that, while the consistency
relation is satisfied in slow roll inflation, for a similar
behavior of J(n), it is violated in ultraslow roll inflation.
The standard consistency relations arise in situations
wherein the amplitude of the long wave length mode
freezes [96,97,113,114]. In slow roll inflation, we find
that the consistency relation in Eq. (73) is satisfied by the
non-Gaussianity parameter by (k;,k,,k3) in the squeezed
limit since, in such situations, the amplitude of the curva-
ture perturbation goes to a constant value on super-Hubble
scales. In contrast, in pure ultraslow roll inflation, the
amplitude of the curvature perturbations grows indefinitely

TABLE I. We have listed the values of the non-Gaussianity
parameter by (ky,k,,k;) obtained in the squeezed limit in the
various scenarios of interest. We have assumed that J « 7% in
arriving at these results. We have also listed the corresponding
values of by that we expect to obtain from the consistency
condition given in Eq. (73). It is clear that, while the consistency
relation is satisfied in slow roll inflation, it is violated in the
ultraslow roll scenarios.

a ng by inslowroll by in ultraslow roll  b§
0 2 0 2
1 2 1 0 1
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at late times. The violation of the consistency relation [as
given by Eq. (73)] that we encounter in the ultraslow roll
scenarios can be ascribed to the growth in the amplitude of
the curvature perturbations on super-Hubble scales. One
expects the consistency relation in Eq. (73) to be modified
in such situations (for related discussions in the case of the
scalar bispectrum, see Refs. [59—61]). It will be interesting
to derive a generic consistency condition that governs the
non-Gaussianity parameter by (k,k,,k3) in the squeezed
limit, including nontrivial evolution of the long wave length
curvature perturbation. However, such a derivation is
beyond the scope of this work, and we hope to address
the problem in the future.

VI. CONCLUSIONS

Models of inflation that permit a brief phase of ultraslow
roll have attracted attention in the recent literature because
they lead to scalar power spectra with higher amplitudes
over small scales. Such scalar spectra with enhanced power
on small scales can produce copious amounts of primordial
black holes and also induce secondary gravitational waves
of considerable strengths. In this work, we investigated the
generation of magnetic fields in scenarios of ultraslow roll
inflation. It has been pointed out that there arise certain
challenges in generating magnetic fields with nearly scale
invariant spectra and of observed strengths in single field
inflationary models that permit a short period of ultraslow
roll (see Ref. [55]; in this context, also see Ref. [56]). To
circumvent such a challenge, rather than considering the
electromagnetic action involving the popular nonconformal
coupling function J(¢) [cf. Eq. (16)], we worked with an
action involving a function of the form J(X) [cf. Eq. (34)].
We focused on pure ultraslow roll scenarios. In other
words, we assumed that the phase of ultraslow roll lasts
throughout the entire duration of inflation. While such
scenarios do not seem viable when compared with the
observations, we considered these scenarios to gain a better
understanding of the effects of ultraslow roll on the two-
point and three-point functions involving the magnetic
fields. We worked with a nonconformal coupling function
J(X), which turned out to be proportional to a power of the
first slow roll parameter in the ultraslow roll scenarios. We
find that, for suitable choices of parameters describing the
nonconformal coupling function and the inflationary
scenario, we can obtain scale invariant spectra for the
magnetic fields. However, we should mention that, for our
choice of parameters, the coupling function does indeed
exhibit the strong coupling problem during early times.
One of the ways to ameliorate this issue is to consider a
“sawtooth” coupling (for detailed discussions, see, for
example, Refs. [103,115,116]). We are currently studying
implementations of such coupling functions in ultraslow roll
scenarios.

For our choice of J(X), we also calculated the three-
point cross-correlation B(k, k,, k3) involving the curvature

perturbation and the magnetic fields in the ultraslow roll
scenarios. We examined the amplitude and shape of the
associated non-Gaussianity parameter by (ki,k,, k3) aris-
ing in a few different cases. When compared to slow roll
inflation, we find that the values of the non-Gaussianity
parameter in the ultraslow roll scenario of p = 6, with
n = —2/3, leading to scale invariant scalar and magnetic
power spectra, are considerably smaller [cf. Egs. (65)—(67)].
However, we find that the values of by (k;,k», k3) can vary
significantly depending on the ultraslow roll scenario
and the value of n being considered. For example, in the
case wherein we obtain a scale invariant spectrum for the
magnetic field and a blue scalar power spectrum [with
Ps(k) x k*], we obtain very large values for the non-
Gaussianity parameter (see right panel of Fig. 1 and the
accompanying discussion). In contrast, in the ultraslow roll
scenario, which leads to a scale invariant scalar power
spectrum and a blue magnetic power spectrum [with
Pg(k) o k*], we obtain very small values for the non-
Gaussianity parameter (see Appendix D). Specifically, we
had examined the validity of the consistency condition that
the three-point function of interest is expected to satisfy in
the squeezed limit [cf. Eq. (73)]. This consistency relation
is known to be valid in the standard slow roll inflationary
scenarios (see Appendix D for a brief discussion on this
point). But, we observe that, in all the ultraslow roll
scenarios that we have considered, the aforementioned
consistency relation is violated. This can be attributed to the
fact that, in the ultraslow roll scenarios, in contrast to slow
roll inflation, the amplitude of the curvature perturbation
grows strongly on super-Hubble scales.

It would be interesting to investigate the manner in which
the super-Hubble evolution of the long wavelength mode
(the curvature perturbation in this case) modifies the
consistency relation (for discussions on the scalar bispec-
trum in such situations, see, for instance, Refs. [60,61]).
Rather than the pure ultraslow roll scenarios, it would be
compelling to study the production of magnetic fields in
inflationary models involving a brief phase of ultraslow roll
sandwiched by two epochs of slow roll inflation. Such
scenarios are in better agreement with the observations and
would hence provide us with testable predictions. We defer
these interesting possibilities to a future work.
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APPENDIX A: DOES THE ENERGY DENSITY
OF THE ELECTROMAGNETIC FIELD
REMAIN POSITIVE?

Earlier, in the case of the action in Eq. (34), which
contains the nonconformal coupling of the form J?(X) ~
JoX™?, we had obtained the corresponding energy density
pem of the electromagnetic field to be given by Eq. (39).
While the expectation values (pg) and (pg) are clearly
positive definite [cf. Egs. (22)—(24)], the quantity (Dgy)
contains n which may have either sign. This may raise
the concern as to whether the total energy density of the
electromagnetic field remains positive definite. To address
the concern, let us study the behavior of the energy density
of the electromagnetic field over the entire span of confor-
mal time of our interest. For our choice of the noncon-
formal coupling function, i.e., J = (17/n.)"?/? [cf. Egs. (37)
and (6)], we obtain the quantity A, describing the Fourier
modes of the electromagnetic vector potential to be

n i|—(n b3 1
Adn) = [~ el o0 PURH(—kn),

where H,Sl)(z) denotes the Hankel functions of the first

kind. On substituting this mode function in Eq. (24),
we obtain the power spectra of the magnetic and electric
fields to be

(A1)

K mm\ |, 2
Py(k,n) = 2at (‘Z) ’H_(np_n/z(—k’?) . (A2)

IS n (1) 2

The expectation value of the total energy density of the
electromagnetic field can be expressed as [cf. Eq. (39)]

km

CdIn k(ppmkon).  (A4)

e = |

kmin

where the expectation value of the energy density pgy (&, )
associated with a particular mode, say k, is given by

(Pem(k.m)) = (1+2n)Py(k.n) + (1 -2n)Pg(k.n).  (AS)
while k;, and k., denote the smallest and largest wave
numbers of observational interest. In our case, the expect-
ation value of the energy density of the electromagnetic
field associated with a particular mode, say k, is given by

(Pem(k ) = o5

(A6)

Let us now evaluate the above spectral energy density in
the three ultraslow roll scenarios of interest. For the case
when p = 6 and n = —2/3, we obtain that

. H
(e (k. m) = 55 (6k'* +20K%7° +63). (A7)
For the second case, i.e., when p =4 and n = —1, we
obtain that
R HY (044, o122
(ko)) =5 (2Kn* + 8K +27). (AS)
Finally, for the case wherein p = 6,n = —1/3 (discussed
in Appendix D), we find that
Hy
(Pem(k,n)) = =5 k> (6K +5). (A9)

1272

From the above three expressions, it is clear that the spec-
tral energy density of the electromagnetic field (pgy(k, 7))
is positive at all times for all the three cases. Therefore, the
total electromagnetic energy density remains positive over
the full span of time in all the three ultraslow roll scenarios
of our interest.

APPENDIX B: THE INTEGRALS

In Sec. V, we presented the results for the different
contributions B (k;,k,,k;) to the three-point cross-
correlation of interest in the scenario of pure ultraslow
roll inflation for the cases of p =6 and p = 4. We had
considered the situation wherein np = —4, which leads to
a scale invariant spectrum for the magnetic field. To arrive
at the different contributions, we needed to evaluate the
integrals G¢(ky,k,,k;) [defined in Eq. (54)], which
depended on the background quantities such as the scale
factor a, the Hubble parameter H, the first slow roll para-
meter €, and the mode functions f, and A, that describe
the curvature perturbations and the electromagnetic vector
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potential. Note that, we assume the scale factor to be of the  potential A, is given by Eq. (40b). In this appendix, we
de Sitter form with a constant Hubble parameter Hy, while  shall present the complete expressions for Ge(ky,k,, k3)
the first slow parameter €, is given by Eq. (6). Moreover,  arrived at using these functional forms.

the scalar mode functions f, are given by Eqgs. (12) and (14)

(in the cases of p = 6 and p = 4, respectively), whereas the 1. Case of p=6

mode function associated with the electromagnetic vector When p = 6, we obtain the different integrals to be

Gi(ky. ks, k3) = _32M1>1 lgzzksﬁi’?e <%>3(k% — k3 — k%)({2i + 2(ky + ko + k3)7

+ i[k} = 2k (ky + k3) + (ky — k3)?|n? = (ky — ko — k3) (ky + ky — k3) (ky = ky + k)3 Jeitkithathone

+i(ky — ky = k3) (ki + ko — k3) (ky — ky + k3) (ky + ky + k3 )n2Ei[i(ky + ky + k3)’7e]>’ (Bla)
Gall e, ks) = - il (ﬁ>3(k% — R =R ({6 + 6k, + Ky + k),

96Mpik vk ko3 rine \e
- i[k% + 6k (ky + k3) — 3(ky — k3)*|m2 + [k% + 3(ky — k3)?] (kg — ky — k3)’72}ei(k'+k2+k3)%
— ik} 4+ 2Kk3 (k3 + Kk3) — 3(k3 — K3)*|ndEi(i(ky + ky + k3)ne)). (B1b)
iH, AN ,

Gs(ky. ko, k3) = — (i) [2k3 (kT 4 k3) + (k§ — k3)* — 3k§]({_6’ —6(ky + ko + k3)ne

128Mp1 \/k?Tkgelir]e

— i[=6ky (ki + ky) + 3(ky — ky)* — k%]”lg + (ki + ky = k3)[3(ky — ky)* + k%]’?g}ei(k‘+k2+k3)"°
+ i[2k3 (k3 + k3) — 3(k} — k3)* + K3|neEili(ky + ko + k3)ne]) + ko <> ks, (Blc)

H €1i
R — T (06 = B3 + 20 + )N — 3] ({31445 + 23k (ks + ko)
16Mp1 kazkg(kl +k2 +k3)577?

+ k3 (46k3 + 107kyks + S1k2) + k2 (42k3 + 153k3ks + 178k,k2 + 51k3)

+ ki (ky + k3) (183 + 69Kk3ks + 84k,k3 + 23k3) + (ky + k3)?(3k3 + 12Kk3ks + 15k,k3 + 4K3)]

—3i(ky + ko + k3) [k3 + 8Kk} (ky + k3) + k3 (16k3 + 4Tkyks + 21k3)

4 K3 (ky 4 3k3) (123 + 2Tkyks + Th3) + ky (ky 4 k3) (3K3 + 2443 k5 + 39k, k3 + 8K3)

+ k3 (ky + k3)?(3K3 + 6koks + K3) e — 3(ky + ky + k)2 [k (ky + k3) + 23 (K3 + Skoks + 243)

+ 13,3 + 12k3ks 4 23ky k3 + 4K3) + kyks (ky 4 k3) (3K3 4 ok + K3) + kol (ks + k3)2 ]2

+ ikyks(ky + ky + k3)? [k (Bky + k3) + ki (3k3 + 11kyks + k3) + 3koks (ko + k3]

+ kikok3 (kg + ko + k3)4ﬂg}ei(k‘+k2+k3)"e — 9(ky + ky + k3) Eili(k; + ko + k3)’1e]) +ky < k;, (Bld)

iH 0\ 3
Gs(ky ko, ks) = — 1 (”—) K= 20303 1 K2) + kS + 6343 + K]

256Mp\/ k135K e me \Te
x ({=24i = 24(ky + ky + k3)n, — 6ilk — 4k, (ky + k3) — k3 — 4kykey — R3]
+ 2[=3ks(ki = 4kiky = k3) + 3k5 (k1 + ko) + (ky = kp)? = k3J
+ i[2K3 (ki + ky) — 2kok3(3ky 4 ko) — 2k3(ky — ka)® + (ki — ko )? (ky + ky) — k3]
— (ky = ky — k3) (ky + kg — k) (ky — by + k3) (k2 — k3 — K32 Jellbrthathone
+i(ky — ko — k) (ky + ko — k3) (kg — ko + k3) (ky + ko + k3) (k3 — k3 — K3)nS
x Eili(ky + ky + k3)e]). (Ble)
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Go(ky. by k3) = . (

3

—> [k} — 2k} (K3 + K3) + k& + 6k3K3 + K]
768Mp\/ KI5k e \Te
x (3{—24i = 24(ky + ky + k3)ne + 6i[k} + 4k (ky + k3) + k3 + dkaks + k3]n?
—2(ky + ko + k3) [k — 4ky (ky + k3) + k3 — dkyks + K3|nd — i[k} — 2Kk3 (ko + ks)
+ 2k5 (K3 + 3koks + K3) = 2k, (ky + k3) (k3 — 4kaks + K3) + (ky — k3) (K5 + &3) Iné
+ (k= ky = k3) (ky + ky = k) (ky = ky + k3) (KT + &5 + k32 peiathathane
—i[-3(k} + K3)KS + 3(k3 — k3)* (kT + k3) — (Bk{ + 2k3k3 + 3k3)k3 + 3k§]nS
x Eili(ky + ky + k3)ne]). (BIf)
where Ei(x) denotes the exponential integral function. We should mention that, in arriving at these results, we have

regulated the oscillations that occur at the initial time in the sub-Hubble limit [i.e., when (—k#;) > 1] by introducing an
exponential cutoff, which is essential to single out the perturbative vacuum [96,97,99].

2. Case of p=4
When p = 4, we obtain the different integrals to be

iH, m\? . i
kiky ki) =————— () (BB =k2=-k){1 ki —k,—k i(ky 4k e
Gy (ky, ky. k) Mok Kok, <’1e> (ki — k3 3){[ +i(ky = ky = k3)ncle
+ (ki = k5 = K3)ngEili(ky + ky + ks)ne] }. (B2a)
iHI ni 2 . 2k1k2k37’]2 .
kikody)=—— e () (B =13 —K3) |1 = i(ky + ko + k) — o | el ki thaths) e
Gy (ky,ky, ks3) 8K ke <’1e> (ki — k3 3){{ i(ky +ky + k3)n, TS e
— (K + k3 + k3)meEili(ky + ky + k3 )] } (B2b)
G(ky. ko k3) = - <}7—> 2K3(k} + k3) + (k} — k3)* — 3k
€

32Mp/ kykyke

. 2k2k§l’]2 .
X 34 3i(ky —k, — k . — _ =m2n3e | ai(ky Ak tky)ne
{[ (ki =k = ks)n (ky + ko + k3) ©
+ (3k} — 3k3 — K3)n2Eili(k, + ky + k3)ne]} +ky < ki, (B2c¢)
H €1i
Gk ey ) = — A (6 = )2 + 20 + K2)3 — 3k

16MPM / k?kzk% (k] + kz + k3)4’7i2

x ({—i[3k3(9K? + 23k ky + 9k3) + 3k (ki + ky)(5k3 + 14k ky + 5k3)

+ 3(ky + ko)* (kT + 3kiky + K3) + 19K3 (ky + k) + 4k3)

— (ki + ko + k3)[3K35(3k% + 11k ky + 3k3) + 3k (ky + ko) (kT + 6k ks + K3)

+ Tk3(ky + ky) + 3kyka (ki + ko) + K3]ne + iks(ky + ky + k3)?[ks (kT + 8kyky + K3)

+ k3 (ky + ky) + 3ki ko (ky + ko) |me + ki ko3 (ky + Ky + 763)3’72}"«i(kﬁkﬁh)"e

+ 3i(ky + ky + k3)*Eili(ky + ko + k3)ne]) + ky <> ks, (B2d)
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gS(klkavk3) =~

iH, (”i>2 4 2012 4 12 4 212 | 14
— | [k} = 2ki (k5 + k3) + k3 + 6k3k3 + k3]
128MPH / klkgkgeling Ne

x ({—18 4 3i[6(ky + k3) — 2ky|ne + 3[kf — 2Ky (ky + k3) + k3 + 6koks + k3]
+3i(ky = ky = k3 ) (ky + ky = k3) (ky = ko + ks)d feitkithathalne

+ [2K3 (k3 — 3k3) + 3(k3

3iH '
Go (k1. Ky Ky) = ! (’7

128MP1\/W’€§-€11’72

Me

— K3)? + 3k{|ndEi[i(ky + ky 4 k3)ne]).

(B2e)

2
—) [k} — 2k3 (k5 + K3) + K5 + 6k3k3 + k3]

X <{—18 + 18i(ky + ky + k3)ne — 3[3k3 — 6k; (ky + k3) — k3 — 6kyky — k3|n?

3i

— o 3K — 2K + ) 4 8kikoks (ko + k3) — (k5 — K3)% e

(ky + ky + k3)

_ 9K — 633 + K2) — 3K4 — 20242 — 3KnEli(ky + Ky + k3)ne]> .

We should mention that the expressions listed above have
been arrived at without any approximations. In Sec. V, we
have used these G (k, k,, k3) to evaluate the contributions
Be(ky, ko, k3). We should add that, in listing the different
contributions B¢ (ky,k,,k;), we have retained only the
leading order terms in 7.

APPENDIX C: NON-GAUSSIAN
CONTRIBUTIONS TO Pg (k)

Since by (k1. k,, k) attains large values for p = 4, we
may expect a strong non-Gaussian contribution to the
power spectrum Pg(k) of the magnetic field. This con-
tribution can potentially alter the shape of the spectrum. In
this appendix, we shall inspect such a possibility for the
|

3

PY(K) = Po(k) + &

T

In arriving at the second equation, we have used the fact
that Py (k) = P%; i.e., we have a scale-invariant amplitude
for the power spectrum of the magnetic field in both the
cases of p = 6 and 4. The second term in the expression
within the square braces is the non-Gaussian contribution to
the power spectrum of the magnetic field, which arises due
to the interaction with the scalar perturbations. Note that the
contribution is proportional to the product of the square of
the non-Gaussianity parameter by (ki,k,,k3) and the
scalar power spectrum Pg(k).

/ d3qb12\TL(q’

k3
=Py {1 + E/d3qb12\1L(q,

8k k3kin:

— —}ei(kl+k2+k3>fle
(ky + kg + k3)

(B2f)

cases of p =6 and p =4 and values of n that lead to a
scale invariant power spectrum for the magnetic field.
Specifically, we shall arrive at an approximate estimate of
the non-Gaussian contributions.

We should mention here that similar analyses in the case
of the contributions to the scalar power spectrum Pg(k) due
to the scalar non-Gaussianity parameter fy; (k;,k,, k3) has
been carried out earlier [50,51,117-119]. We shall suitably
adopt the method followed in the case of the scalar power
spectrum (in this context, see Refs. [51,119]). Using the
defining relation in Eq. (55), we can express the power
spectrum of the magnetic field that is modified due to the
non-Gaussianity parameter by (k;,k,,k3) to be

Ps(q)Pg(lk - q|)

k—q|, k
) k- qF
PS(Q)
k—gql k)11 C1
)q3lk—q|3 (€D

Recall that, in the case of p = 6, we found that the quantity
b (ky, k., k3) peaks in the flattened limit [cf. Fig. 1]. This
behavior is similar to the orthogonal template of the scalar
bispectrum that is often used to characterize the scalar non-
Gaussianity parameter fyi (k;,k»,k3) (see, for instance,
Refs. [119-122]). Hence, as a reliable approximation,
we can use the orthogonal template for by (ki,k,,k3) to
calculate the integral that describes the non-Gaussian
contribution to PM(k). In other words, we shall set
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bNL(k17k2vk3) = bONrIt‘hOFOHhO(kl, kz, k3) where bortho and
the function F°™°(k,, k,,ks) describes the orthogonal
shape [120,121]. We shall set the overall amplitude to be
btho — 16, which is the maximum value that the non-
Gaussianity parameter attains in the flattened limit. We also
use the scale invariant behavior of the scalar power spec-
trum in this case, i.e. we set Pg(k) = Pg(k,). Under these
conditions, the integral simplifies to

( b%r]t_l,lo ) 5 Ionh()

PY (k) = L ,

PYI1+ Ps(k,) (C2)

where Z°° is the value of the integral performed with the
orthogonal template of the non-Gaussianity parameter and
its typical value is Z°"° ~ 1072 (for the relevant calcula-
tional details of the integral, see Ref. [119]). Using the
values of Pg(k,), b0 and Z°™°, we obtain the modifi-
cation to the power spectrum of the magnetic field power
due to the second term above to be

Py (k) — Py

~4x 10710,
7

(C3)

This implies that the non-Gaussian contribution to the mag-
netic power spectrum is very small in the case of p = 6.

On the other hand, in the case of p = 4, the quantity
b (ky, k. k3) has a similar orthogonal shape, except that
there is an overall amplification of 1/52. This behavior of
the non-Gaussianity parameter makes the p = 4 scenario
more interesting than the p = 6 scenario. While Py (k) =
PY in this case as well, the scalar power spectrum has a
strong scale dependence and behaves as

Ps(k) = Py(k.) (kﬁ)

where Pg(k,) is normalized to the CMB value at the pivot
scale, as we discussed earlier while arriving at a suitable
value of Hj. Although by (ky, k-, k3) can be approximated
well by the orthogonal template as in the previous case, the
scale dependence of Pg(k) makes the integral nontrivial to
calculate. So, we shall explicitly evaluate the contribu-
tion below.

The modification to the power spectrum of the magnetic
field or, in other words, the relative difference between
PM(k) and PY can be expressed in terms of Pg(k,) and
b (ky, ko, k3) as follows:

(C4)

PY(k)-Py K q\2 bk (q. |k —q|. k)
P e [ o)

k3
= Wps(k*) / dlnqq2

X/dCOSHbIZ\TL(q’ |k_q|’k)
k—qf

(C5)

where we have simplified the angular integral by aligning k
along the z direction in ¢ space. Further, we can introduce
the dimensionless variables x = ¢/k and y = |k — q|/k, so
that the above expression reduces to

PG _Pulk) (Y;
B / /1+X bRy (kx, ky, k) ky,k) (C6)
12| |

We utilize the behavior of by (k;, k-, k3) peaking in the
flattened limit to restrict the limits of the integrals in the
x — y plane. This is done to simplify the integration and yet
obtain a reasonably good estimate of P¥ (k). Note that,
while the wave number corresponding to the scalar per-
turbation is ¢, the wave numbers of the modes of the
magnetic field are k and |k —¢q|. Therefore, the range
of x is determined by the range of ¢ in the flattened limit.
The flattened limit corresponds to the right edge of the
triangular region in Fig. 1, along the line k,/k; =
ky/ks + 1. From the figure, we can see that the wave
number of scalar perturbation k; (which is ¢ in the integral)
ranges from k5 to 2k; along this limit, where k5 (akin to
k in the integral above) is the wave number corresponding
to the modes of the magnetic field. This sets the range
of x to be [1, 2]. Similarly, the range of k, (equivalent to
|k — q|) in this regime is from O to k3, and hence, the range
of y corresponds to [0, 1+ x]. Hence, the integrals are
restricted to

Py (k) =Py Pslk,) (k>
P9 2
X /2dx/l+xdyb12\1L<k'x’ ky’k)
1 0 y2

Further, we wuse the property that by (ki ks, k3) «
1/(k3n)? in this limit. This greatly simplifies the integral,
which can then be evaluated to be

PUG-TL_Pulh) (1)} (B Py [0
2 \k k2 %) \Vmin

(C8)
where we have set the lower limit of the y integral to be a
small finite value ki, /k = ymin = 1072 instead of zero, to
regulate the divergence that arises. Note that, in the above
expression, we can set b ~ 10, which is roughly the
amplitude of the parameter in the flattened limit apart from
the 1/(k*n?) factor, as can be seen from Fig. 1.

(€7)
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It should be clear from the above expression that the
relative difference is much larger than unity, mainly
because of the presence of the factor 1/(kn.)*. There-
fore, the non-Gaussian contribution to Py(k) dominates
over PY in the case of p = 4. Such a modified P} (k) can
be expressed as

P%/[ (k) ~ P%PS (k*) (bONI‘EIO)Z
2ymin k2k377§

~1.5x107% <&> 2M4
. k Pl

(€9)

Note that P} ~9H}/(4n%) ~8.9 x 10740M3,. So, it is
clear that P¥ (k) is dominated by the non-Gaussian con-
tribution. Moreover, by (k;,k,,k3) introduces a strong
scale dependence as P¥ (k) « 1/k?, unlike the strictly scale
invariant Pg°. While, the overall amplitude is still much
smaller than required around k,, it can lead to large
contributions over larger scales such that k < k..

APPENDIX D: NON-GAUSSIANITY PARAMETER
IN OTHER CASES

To further investigate the validity of the consistency
relation given in Eq. (73), let us consider the ultraslow roll
scenario wherein p = 6 with n = —1/3. In this case, since
np = =2, the power spectrum of the magnetic field is
not scale invariant but instead has a strong blue tilt and
behaves as k> (i.e., ng = 2). Moreover, in this case, we
find that the contributions to the cross-correlation from
the terms B, (k. ky, k3), By(ki,ky. k3), Bs(ky, ky k3),
Bs(ky,ky,ks), and Bg(k;,ky,k;) are of the same order.
At the leading order, the resulting non-Gaussianity param-
eter can be obtained to be

3.67
3.15

™
263 "o

=

1]

2.11
1.59

1.07

(ky, ko, kes) / (K.

0.56
004 &
-0.48

-1.00

T T
1.00 1.25 1.50 175

k1 /ks

2.00

2
e

~2(3 + ) — 63Kk, + k)
X (k3 + Kk3) + k3 (k5 + 6k3K3 + k3)).
(D1)

(k] 4 6kk3k3 (ky + k3)

In Fig. 2, we have plotted the above non-Gaussianity
parameter as a density plot for an arbitrary configuration
of wave vectors, in the same manner as we have done
earlier. Since the absolute values of the numbers involved
are very small, we have divided the quantity by (k;, k-, k3)
by (k?52), where k, = 0.05 Mpc~!, i.e., the pivot scale.
When (—k,n.) < 1, in the equilateral, flattened, and
squeezed limits, we find that the non-Gaussianity para-
meter reduces to

Ak T

— =029, D2
e 24 (b2a)
k) _11_ ¢ (D2b)
ke 30 T
Sq
b k) ). (D2)
ke

These numbers can be matched with the plot in Fig. 2.
In this case, it is important to note that, contrary to the
previous two cases, the values of by (ky,k,, k3) are very
small. Interestingly, the value is smaller in the equilateral
limit than in the squeezed limit. Moreover, the non-
Gaussianity parameter does not vanish in the squeezed
limit (though it proves to be rather small).

1.0 7
0.8 1

0.6 1

ka/ ks

0.4 1

0.2 1

0.0
0.00

T T T T
0.50 1.00 1.25 1.50 1.75

ky/ks

T T
0.25 0.75 2.00

FIG. 2. Density plots of the non-Gaussianity parameter by; (k| ,k,, k3) in the ultraslow roll scenario with p = 6 and n = —1/3 (on the
left) and slow roll inflation (on the right). In the ultraslow roll case, we have chosen the parameter values to be e; = 1073,
n; = —10° Mpc, and , = —10~'° Mpc, as in the previous figure. To arrive at the results in the slow roll case, we have assumed the
nonconformal coupling function to be of the form J(¢), as in the action in Eq. (16). Moreover, we have assumed that J  a?,
corresponding to 77 = 2, which leads to a scale invariant power spectrum for the magnetic field. Also, we have chosen the values of the
parameters to be e;; = 1073, H; =125 x 10°Mp, and 7, = —10"'° Mpc. Lastly, we have set k; to be the pivot
scale k. in both the cases.
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Let us now compare the by (k;, k-, k3) we have obtained
in the ultraslow roll scenarios of interest with the results
arrived at in the standard slow roll inflationary scenario. In
the latter case, as is often done, we shall assume that the
electromagnetic field is described by the action in Eq. (16)
with a nonconformal coupling function of the form J(¢).
For the slow roll case, in a background that is approximated
to be that of de Sitter, and with a nonconformal coupling
function that behaves as J x a? [i.e., when 7 =2,
cf. Egs. (25) and (26)], we obtain a scale invariant power
spectrum for the magnetic field (i.e., ng = 0). Also, in this
case, the three-point cross-correlation of interest and the
corresponding non-Gaussianity parameter can be easily
calculated (for details, see Refs. [92,103]). For suitable
choices of parameters such that the inflationary scalar
power spectrum is normalized to the value suggested by
the CMB (say, when €; ~ 1073 and 5, = —10~'° Mpc), we
obtain the following estimates for by (k;,k,,k3) in the
various limits of wave numbers (when evaluated at the
pivot scale),

b4 (k,) ~ 180.18, (D3a)
blL, (k,) ~2249.50, (D3b)
b (k) = 2. (D3c)

Note that in order to arrive at these numbers, we have
neglected the contribution due to the term By(k,,k,,k3),
since this term, being directly proportional to the first
slow roll parameter ¢, would be subdominant compared to
the other terms. These numbers can be matched with the
density plot in Fig. 2, where we have plotted by (ky, k», k3)
for an arbitrary triangular configuration of wave vectors. It
is also clear from the above-mentioned value of by} (k) that
the consistency relation in Eq. (73) is satisfied in this case
(since ng = 0).

Finally, if we consider another slow roll case in an
approximately de Sitter background with J(¢) « a (cor-
responding to 7i = 1), we obtain that Pg(k) «x k* [i.e.,
ng = 2, cf. Eq. (32)]. Evaluating the three-point function in
this scenario leads to the following values of the non-
Gaussianity parameter by (ky, k,, k3) in the different limits

of wave numbers (when €; ~ 1073 and 7, = —107'° Mpc),
b (k) ~0.96, (D4a)
P B =3, (Dab)
B (k) = 1. (D4c)

As in the preceding case, it is evident from the above value
of byt (k) that the consistency relation in Eq. (73) is
satisfied in this case as well.
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