
Clustering Analysis of Ca I 4227 Line Polarization Using Magnetohydrodynamic
Simulations of the Solar Atmosphere

Harsh Mathur1,2 , L. S. Anusha1,3 , and Devang Agnihotri1,3
1 Indian Institute of Astrophysics, II Block, Koramangala, Bengaluru 560 034, India

2 University of Calcutta, College Street, Kolkata 700073, India
3 Pondicherry University, R.V. Nagar, Kalapet, Pondicherry-605014, UT of Puducherry, India
Received 2024 July 2; revised 2025 March 1; accepted 2025 March 8; published 2025 April 9

Abstract

The Ca I 4227Å line is a strong resonance line formed in the solar chromosphere. At the limb, it produces the largest
scattering polarization signal. So far, modeling the linear polarization in this line has been limited to the use of one-
dimensional semiempirical models of the solar atmosphere. Using three-dimensional magnetohydrodynamical
models of the solar atmosphere, in this paper, we perform 1.5D radiative transfer calculations to understand the
formation of linear polarization profiles due to resonance scattering in this line at a near limb position. We focus on
studying the sensitivity of the resonance scattering polarization to the temperature and the density structures in the
atmosphere. We do not include the effects of magnetic and velocity fields in this study. We use clustering analysis to
identify linear polarization profiles with similar shapes and group them accordingly for our study. We analyze the
structure of the linear polarization profiles across 14 clusters, each representing different realizations of the solar
atmosphere. Using source function ratio plots at various wing and core wavelength positions, we provide a qualitative
explanation of linear polarization profiles in these clusters.

Unified Astronomy Thesaurus concepts: Radiative transfer (1335); Solar chromosphere (1479); Clustering (1908)

1. Introduction

Observations of the solar chromosphere with high spatial,
spectral, and temporal resolution along with high polarimetric
sensitivity reveal complex and dynamic shapes of the polarization
profiles of spectral lines. Thus, understanding spectral line
formation and their polarization properties is crucial, and three-
dimensional (3D) radiative magnetohydrodynamic (MHD) simu-
lations (e.g., R. F. Stein & Å. Nordlund 1998; A. Vögler et al.
2005; B. V. Gudiksen et al. 2011; D. Przybylski et al. 2022) are
key to interpreting these observations.

With the advanced capabilities of the Daniel K. Inouye Solar
Telescope (DKIST; T. R. Rimmele et al. 2020), we anticipate
high-resolution observations of scattering polarization in the
Ca I 4227Å line within quiet-Sun regions. The DKIST is
expected to deliver spatial resolutions of around 0.1 and
temporal resolution of about 10 s. Such precise measurements
underscore the need for a robust theoretical grasp of
polarization signals in the Ca I 4227Å spectral line.

Observations of the linear scattering polarization profile of
the Ca I 4227Å line exhibit a typical triple peak structure,
which is known to be caused by the partial frequency
redistribution (PFR) effects (see, e.g., M. Faurobert-Scholl
1992; R. Holzreuter et al. 2005). The polarization signals at the
line core are sensitive to magnetic fields in the lower solar
chromosphere via the Hanle effect, while the polarization
signals in the line wings produced by the PFR effects, are also
sensitive to the photospheric magnetic fields through magneto-
optical effects (E. Alsina Ballester et al. 2018). This spectral
line is formed by a resonance transition between the ground

level of neutral calcium, which has total angular momentum
Jl= 0 [1S0], and an upper level with Ju= 1 [ P1 1

o].
The modeling of the Ca I 4227Å line has so far been primarily

done using one-dimensional (1D) semiempirical models assum-
ing plane-parallel radiative transfer. Studies based on semiempi-
rical models (E. H. Avrett 1985; J. M. Fontenla et al. 1993) have
estimated the formation height of the core of this line to be
between 0.9Mm (μ= 1) and 1.1Mm (μ= 0.1; for, e.g.,
R. Holzreuter et al. 2005; E. Capozzi et al. 2020). A similar
formation height of about 0.7Mm at μ= 1 has also been
reported by N. Guerreiro et al. (2024) considering single vertical
columns extracted from a 3D MHD simulation (M. Carlsson
et al. 2016). M. Faurobert-Scholl (1992) carried out a detailed
analysis of the linear polarization in this line and the effects of
PFR using the Vernazza, Avrett, and Loeser model (J. E. Vernazza
et al. 1981) atmosphere of the Sun.
The triple peak structure of the polarization profile in this

line was qualitatively explained with the help of the anisotropy
factor and the unpolarized total source function gradients in
R. Holzreuter et al. (2005) who used the FALC model
(J. M. Fontenla et al. 1993). L. S. Anusha et al. (2011) modeled
the forward scattering Hanle effect in the near disk center
observations (M. Bianda et al. 2011) of the linear polarization
of the Ca I 4227Å line. H. D. Supriya et al. (2014) modeled the
observed center-to-limb variation of the Ca I 4227Å line.
E. S. Carlin & M. Bianda (2016, 2017) highlighted the
importance of accounting for the time evolution of the solar
atmosphere to correctly model the scattering polarization signal
of the Ca I 4227Å line before comparing it with observations.
To interpret the forthcoming high-resolution observations

from next-generation telescopes, such as DKIST, it is essential to
model the Ca I 4227Å line using realistic 3D MHD simulations.
These simulations capture the dynamic and inhomogeneous
behavior of the solar atmosphere. Notably, J. Jaume Bestard
et al. (2021) investigated the effect of horizontal inhomogeneities
and macroscopic velocity gradients in simulated disk center
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linear polarization. To do this, they solved the full 3D non-LTE
radiative transfer (RT) problem for polarized radiation, in the
limit of complete frequency redistribution, using a publicly
available Bifrost simulation (M. Carlsson et al. 2016). N. Guer-
reiro et al. (2024) investigated the effects of angle-dependent
PFR and bulk velocities on a few sample 1D models extracted
from the Bifrost simulation.

In this paper, we make an attempt to understand the complex
formation of the polarization profile of the Ca I 4227Å line in a
3D MHD atmosphere from the publicly available Bifrost
simulations (M. Carlsson et al. 2016) using 1.5D RT with PFR.

In particular, we focus our attention on studying only the
sensitivity of the resonance scattering polarization to the
temperature and the density structures in the atmosphere.
Therefore, we do not include the effects of the magnetic and
velocity fields in this paper.

A large number of 1D atmospheric structures can be obtained
by piercing rays at different heliocentric angles ( cosm q= )
through a 3D MHD cube atmosphere and interpolating the
physical quantities along these rays (see, e.g., L. S. Anusha et al.
(2021) where a similar approach is followed). The interpolation
along the ray uses the inhomogeneous, x- and y-dependent
physical parameters in the 3D MHD cube, thus covering a large
range of densities and temperatures in the atmosphere.

This provides us an opportunity to understand the formation
of linear polarization profiles in various atmospheric condi-
tions. By piercing rays at μ= 0.3 through the 3D MHD
atmosphere, we extract several 1D atmospheres. Using angle-
averaged PFR, we explain the formation of Ca I 4227Å
polarization profiles emerging from these 1D atmospheres. We
employ the k-means clustering (J. MacQueen 1967) technique
to analyze the spectra of the large data set resulting from the
forward polarization synthesis of the 1D models extracted from
the Bifrost simulation. The effectiveness of the clustering
techniques in the forward modeling context has been demon-
strated successfully to correlate the shapes of spectral line
intensities with the temperature structure of the atmospheric
columns (T. E. Moe et al. 2023).

In Section 2, we outline the underlying theory of polarized line
formation that we used for the computations carried out in this
paper. In Section 3, we describe the numerical method and
computational details. The clustering of the data set is described
in Section 4. The results of our computations are discussed in
Section 5. Finally, conclusions are presented in Section 6.

2. The Radiative Transfer Formulation

The theory that we use in this paper is already presented in
several papers (see L. S. Anusha et al. 2011, and the references
therein). Here, we summarize the necessary details for completeness.

2.1. Polarized Radiative Transfer with Resonance Scattering

2.1.1. Stokes Parameter Formulation

The Stokes vector RT equation for a two-level atom with
unpolarized ground level in a 1D planar, nonmagnetic medium
without bulk velocities can be written as

( ) [ ( ) ( ) ( ) ( )]
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where I = (I, Q, U)T is the Stokes vector and ( )S S S S, ,I Q U
T=

the source vector. Here, λ is the wavelength, z is the vertical
height, and Ω = (θ, j) defines the direction of the ray, where θ
is the polar angle while j is the azimuth angle. f(λ, z) is the
Voigt profile with damping parameter a = Γtotal/4πδνD. Here

( ). 2R E ItotalG = G + G + G

The ΓR is the radiative de-excitation rate. For Ca I 4227Å line
ΓR = 2.18 × 108 s−1. ΓE is added FWHM of van der Waals
broadening (elastic collision with neutral hydrogen) and Stark
broadening (due to interaction with free electrons). ΓI is the FWHM
for inelastic processes which involves collisional de-excitation by
protons and electrons and collisional ionization by electrons and
charge exchange processes (see H. Uitenbroek 2001). ΔνD=

vk T

M

2
turb
2 1B

a 0
+

l
is the Doppler width, whereMa is the mass of the

atom, vturb is the microturbulent velocity (taken as 1 km s−1),
and λ0 is the line center wavelength. κl is the wavelength-integrated
line absorption coefficient, while σc and κc are continuum
scattering and absorption coefficients, respectively. The total
opacity coefficient for Ca I 4227Å line and the continuum is
κtotal = κl(z)f(λ, z) + σc(λ, z) + κc(λ, z). In a two-level atom with
an unpolarized ground level, the source vector is defined as
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Here, U= (1, 0, 0)T and Bλ is the Planck function at the line
center. Individual expression for line and continuum source
vectors can be written as
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Here, R̂ is the resonance scattering PFR matrix (approx-
imation III of V. Bommier 1997a, 1997b), which uses angle-
averaged PFR functions. The thermalization parameter ò =
ΓI/ΓR + ΓI. The continuum source vector is

∮( ) ( ) ( ) ( )^S Iz P z
d

, , , , ,
4

. 5c l l
p

W W W W W
= ¢ ¢

¢

P̂ is the Rayleigh scattering phase matrix as frequency
coherence is assumed for the continuum. Also, primed
quantities denote incoming photons, while unprimed ones are
for outgoing photons (after scattering).

2.1.2. Spherical Irreducible Tensor Decomposition

Vectors I and S can be represented in terms of spherical
irreducible tensors defined in E. Landi Degl’Innocenti &
M. Landolfi (2004). The irreducible polarization and source
vectors are denoted as  and  whose elements are IQ

K and SQ
K ,

introduced by H. Frisch (2007; see also H. Frisch 2022), with
K= 0, 2 and Q ä [−K, +K]. The advantage of doing this is if
we construct the source and Stokes vector in this irreducible
form, then  becomes independent of the beam direction and
 becomes independent of azimuthal angle j for 1D medium.
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The RT equation in this form for  can be written as
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Again, in a two-level model atom with an unpolarized
ground state, the total irreducible source vector  is defined as
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Here,  = (1, 0, 0, 0, 0, 0)T. The irreducible line source vector is
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̂ is the angle-averaged PFR matrix for resonance scattering in
the irreducible basis (see, e.g., L. S. Anusha & K. N. Nagendra
2011), while Ŷ is the Rayleigh scattering phase matrix in the
irreducible basis (see, e.g., H. Frisch 2007).

Now, the continuum scattering source vector in irreducible
basis is
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1

2
, , . 9c

1

1
 òl m l m mY=

-

+
¢ ¢ ¢

We define the total optical depth scale as dτλ= −κtotal(λ, z)dz
and represent the total optical depth at the bottom of the
atmosphere at a given wavelength λ as Tλ. The general solution
of Equation (6) for μ > 0 can be written as
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and for μ < 0 the solution is
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It is assumed here that no radiation is coming into the medium
from the upper boundary while at the bottom of the medium,
LTE prevails; thus, we have 0 = 0 for τλ= 0 and μ < 0. While
at τλ= Tλ and μ > 0, ( )T, ,0 l m l = ( ( ) )B T , 0, 0, 0, 0, 0 T

l l .

3. Modeling of the Line Polarization

To understand the formation of polarization profiles we carried
out 1.5 polarized RT (see, e.g., L. S. Anusha et al. 2021) over
hundreds of rays piercing through a 3D MHD cube atmosphere.
These rays represent numerous manifestations of the dynamic solar
atmosphere and, therefore, cover a large range of densities and
temperatures in the atmosphere. This atmosphere is obtained from a
publicly available enhanced network simulation (M. Carlsson et al.
2016), snapshot number 385, computed using the Bifrost Code
(B. V. Gudiksen et al. 2011). For this work, we focus on resonance
scattering polarization. Magnetic and velocity fields were not
included. The computations were performed for a heliocentric
observing angle of θLOS= 72.54 (μ= 0.3). We interpolated the
physical parameters along the slanted observing line-of-sight (LOS)
in the simulation cube on a regularly spaced (Δz= 20 km)

Cartesian grid. Thus, the slanted (μ = 0.3) LOS rays in the original
Bifrost box become the vertical directions in the new 1D models,
and then we consider the radiation emergent at μ = 0.3 from the
new models for our polarization studies. Further, to reduce the
computation time, we have only synthesized the spectral profiles
for every fourth ray (pixel) in each direction (x and y). We
calculated the Q/I profiles for a total of 126 × 126= 15876 rays.
The calculations were performed in multiple steps, with the

output of one step as input for the subsequent step. Initially, we
utilized the RH code (H. Uitenbroek 2001) code to calculate the
column mass (cm) scale, and the atmosphere is reinterpolated and
cropped between the clog m = [−5, +1.5]. Further, using the
reinterpolated atmosphere through the RH code, we calculated
the following quantities, continuum opacity, emissivity and
scattering, line opacity and emissivity, mean intensity, collisional
rates, and damping coefficient. We have used the POLY (see,
e.g., R. Holzreuter et al. 2005; L. S. Anusha et al. 2011) code,
using the quantities calculated in the previous step to calculate
the scattering polarization profiles, assuming that polarization
does not affect the above-calculated quantities.

4. Clustering of the Q/I Profiles

As stated in Section 3, Q/I profiles are synthesized for a total of
15876 rays. To interpret large data sets, algorithmic methods such
as k-means clustering are routinely utilized in solar physics,
reducing dimensionality, thereby facilitating efficient, qualitative
and statistical analysis of millions of data points (B. Panos et al.
2018; H. Mathur et al. 2022; J. Joshi & L. H. M. Rouppe van der
Voort 2022; T. E. Moe et al. 2024). We have partitioned the Q/I
profiles into 105 clusters using the k-means clustering technique, as
explained in Appendix A. Each k-cluster is represented by the
mean of all the Q/I profiles belonging to that cluster, which we
refer to as the representative profile (RP). In addition, for
completeness, we also present here the results for the Stokes Q/I
profile, which is farthest from the mean Q/I profile, the RP.
Though the total number of clusters computed was 105, we have
analyzed only 14 clusters. This is because we found that the rest of
the clusters have RP belonging to one of the shapes of the selected
14 clusters, with only slightly differing amplitude. Using this
clustering approach, we have made sure that all possible shapes of
the Q/I profiles have been taken into account for our analysis.
We show the results of the clustering of the synthesized

spectra in Figure 1. For the most part, the profiles inside
clusters are tightly constrained, as can be inferred from the
dark-density plots. The shapes of the Q/I spectra are also not
too dissimilar among different clusters. The maximum
amplitude observed in the synthesized Q/I profiles is
approximately 6%. Although k-means clustering was per-
formed with k= 105, our analysis of cluster shapes suggests
that the first 14 clusters adequately represent the main profile
shapes and their varying amplitudes. Therefore, subsequent
analyses have been confined to these first 14 clusters. The rest
of the clusters are described in Appendix B.

5. Results and Discussions

Qualitatively, the behavior of the anisotropy factor ( /J J0
2

0
0)

and the resulting Q/I profiles are already explained in detail in
R. Holzreuter et al. (2005) who used one semiempirical
atmosphere FALC. However, the shapes and magnitudes of the
Q/I profiles over numerous atmospheric models that we
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present here are very different when compared to the Q/I
profiles generated using the FALC atmosphere.

To understand the formation of Q/I we now analyze the
polarization profiles based on source function ratios excluding
the thermal source for the unpolarized component, rather than
the standard anisotropy factor used in R. Holzreuter et al.
(2005) as explained below. We define the irreducible source
vector ̃ for 2-level atom system with PFR as

( )

˜ ( ) ( ) ( )( )
( )

^^

12

z z d d, , , ,z

z

1

2 1

1
, ,

,
 ò òl m l m l mY= + ´l l

f l-¥

+¥

-

+
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whose elements are denoted as S̃Q
K
. The first element S̃0

0
is the

unpolarized line source component without the thermal source

contribution and the second element S̃0
2
represents the linearly

polarized component of the line source vector (see
Equation (8). In the absence of magnetic fields, other elements
of the vector vanish.
We use the source function ratio /˜ ˜S S0

2
0
0
for our analysis,

in which the elements S̃0
2

and S̃0
0

are, respectively, the
elements J0

2 and J0
0 of the standard anisotropy factor /J J0

2
0
0

(J. Trujillo Bueno 2001), multiplied by the term /( )z, , l l¢
( )z,f l and integrated over wavelength.

Figure 1. k-means clusters of Ca I 4227 Å synthesized spectra, using 105 clusters. The density (darker, meaning a higher concentration of spectra) corresponding to
each Ca I 4227 Å RP shows the distribution of profiles over the entire synthesized spectra. The solid red line denotes the average of all line profiles belonging to each
cluster, i.e., the RP. The fraction of all profiles belonging to each cluster is indicated as a percentage next to the cluster number. The dashed red line denotes the
spectral profile farthest (using χ2) from the red line. The black vertical line denotes the position of the nominal line center.
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We recall here that τλ is defined along the vertical (in the
new models) so that τλ/μ represents the optical depth along the
considered LOS. Further, due to the differences in density
distribution in FALC and 3D MHD simulations of the solar
chromosphere, we obtain a different distribution of optical
depths (τλ/μ) and, hence, different heights of line formation.
This also affects the region where linear polarization is formed
in these atmospheres.

Figure 2 displays a two-dimensional image of the /( )log t ml
variation along wavelength and height for slanted geometry,
μ= 0.3 for all the chosen clusters. The continuum is formed at
the base of the photosphere (height 0 Mm), and then the height
at which /( )log t ml reaches unity gradually increases and
reaches heights ranging between 2.7 and 5.7 Mm for the line
center wavelength. However, as we can see from the source
function ratio plots and the discussions below, the formation
height of the linear polarization is different from that of the
intensity.

To understand the formation of the Q/I profiles we first
define the wing region to be between [4225.4, 4226.59) and
the core region to be [4226.59, 4226.75). We then classify
them according to their shapes in the core and the wings as
shown in Figure 3. The Q/I profiles are classified as those
with two wing extrema (Figure 3(a)), one wing extrema
(Figure 3(b)), two core extrema (Figure 3(c)), and one core
extrema (Figure 3(d)). For convenience, the extremum
closest to the continuum is classified as the primary
extremum in the wing region, while in the core region, the
line center extremum is designated as the primary extremum.
The cases with two extrema will then have an extremum we
label as the secondary extremum. In some cases, an
extremum appears at the border wavelength between the
wing and core region. In these cases, depending on the
wavelength value, we classify it as a secondary wing
extremum or a secondary core extremum. In the core region
beside the primary line center extremum, we identify an
extremum that we name the core minimum.

To understand the formation of polarization profiles we
express the emergent Q in terms of the source function term S̃0

2

by substituting Equation (8) in Equation (10) (see expressions
that relate Q and IQ

K in Appendix B of H. Frisch 2007). The

emergent Q along the μ = 0.3 ray at a given λ can be written as

/( ) ˜ ( ) ( )Q S d0, 0.3 exp . 13
T

0

0.3
0
2

òt m t t= = µl l
t

l l
- ¢ ¢l

l
¢

The term inside the integral here is the contribution function
for Q.
In the following sections, we will interpret the emergent

polarization signals by analyzing the source function ratios
across the atmosphere, assuming that the whole height range
where the source function ratio is nonzero, up to the height
where it becomes constant, contributes to the formation of
emergent Q at a given wavelength λ (refer to the Figures 4–7
and the corresponding discussions). However, we remark here
that the current analysis can be improved by more accurately
determining the formation region of a given polarization feature
using advanced techniques, such as response functions.
In Figures 4, 5, 6, and 7, we plot the height dependence

of the temperature (T), the wavelength dependence of the

Figure 2. The optical depth, /( )log t ml , is shown as a function of the height, and wavelengths for a LOS with μ = 0.3. The /( )log t ml = 0 surface (blue) is overplotted
for comparison. We remind the reader that the atmosphere is cropped based on the column mass scale, leading to varying height scales for different rays due to
differences in their corresponding density structures.

Figure 3. Examples of Stokes Q/I profiles are shown, classified according to
their shape in the core and the wings (see text). In the top panels, we show the
wing region, while in the bottom panels, we show the core region with a
primary core extremum at the line center. Panel (a) illustrates a profile with two
wing extrema, while panel (b) depicts one with a single wing extremum. Panel
(c) presents a profile with a secondary core extremum and a core minimum,
while panel (d) presents a profile with a core minimum without a secondary
core extremum. The vertical lines mark the wavelength position of the extrema.
The light and dark blue shaded colors show the wing and core regions,
respectively.
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polarization profile (Q/I), the height dependence of the source
function ratio ( /˜ ˜S S0

2
0
0), and the depth dependence of the

unpolarized total source function in 14 chosen clusters. The
unpolarized total source function here comprises contributions
from thermal and scattering components, along with both line
and continuum contributions. In these figures, each row
corresponds to various quantities specific to a given cluster.
In each cluster, we show two different cases that represent
profiles farthest (red) and closest (blue) to the mean profile in
that cluster.

In Figures 4 and 5, we respectively show the cases with two
extrema (peak or dip) and one extremum in the wing region.
Similarly, in Figures 6 and 7, we respectively show the profiles
with two and one core extrema. Vertical lines are drawn on the
Q/I profiles at selected wavelengths, for which extrema in the
wings and core regions occur. We also draw vertical lines at
heights where τλ/μ = 1 on the source function ratio plots.

In the last columns of each of these figures, we plot the
height variation of the unpolarized total source function for the
wavelength positions chosen for the source function ratio plots.
The Planck function for the respective wavelength points is
also overplotted.

5.1. General Behavior

The atmospheres we consider have a maximum height of
∼7.5 Mm. The temperature structure in these atmospheres
shows steep gradients due to the MHD present in the Bifrost
simulation from which the 1D atmospheres are derived.
The Q/I observations of the Ca I 4227Å line show a typical

triple peak structure. However, for the atmospheres that we
considered in this paper, the wavelength dependence of Q/I
shows a triple extrema structure, with peaks being positive or
negative, for most of the rays. This is because observations
represent spatially and temporally averaged profiles while the

Figure 4. Synthesized Stokes Q/I profiles and other physical quantities extracted from the simulation for clusters with two wing extrema. Each row corresponds to one
cluster indicated by the text in the first column. The first column presents the synthesized Q/I. The fraction of all profiles belonging to each cluster is indicated as a
percentage next to the cluster number. The second column presents temperature stratification with height. The next two columns present the source function ratio as a
function of the height at wavelength positions marked by dashed vertical lines in order from shorter to longer wavelengths. The vertical lines in the source function
ratio plots indicate the height at which the /( )log t ml = 0, for the wavelength. The next two columns present the unpolarized total source function (solid) as a function
of the height at the two wavelength positions, respectively. The Planck function (dashed) is overplotted for comparison. The vertical lines are red-colored for the red
curve, blue-colored for the blue curve, and green if overlapping. The red and blue colors, respectively, indicate the profiles farthest and closest to the mean profile in
each cluster.
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MHD simulations of the atmosphere along each ray represent
resolved regions on the Sun.

The source function ratios that we plot behave very similar to
the anisotropy factor plots shown in R. Holzreuter et al. (2005).
This is due to the coupling of the radiation field with the
source function that includes PFR scattering. Therefore, in
the following, we first discuss the general behavior of the
anisotropy factor and then relate it to the behavior of the source
function ratios. As discussed in R. Holzreuter et al. (2005), the
sign and magnitude of the anisotropy and thus of the
source function ratio are determined by the μ-dependence of
the radiation field. The variation of the anisotropy across the
atmosphere depends on the optical depth at the considered
wavelength, and it is the result of a competition between the
contributions from limb-darkened outgoing radiation and limb-
brightened incoming radiation. The limb-darkening of the
outgoing radiation is due to the effect of the unpolarized total
source function gradient, while the limb-brightening of the
incoming radiation is due to the combination of the unpolarized
total source function gradient and the boundary effects (see also
J. Trujillo Bueno 2001; E. Landi Degl’Innocenti & M. Landolfi
2004; R. Holzreuter et al. 2005). In the deeper layers of the
atmosphere, the contribution to the anisotropy from the
outgoing limb-darkened radiation field cancels with that of
the contribution from the incoming limb-brightened radiation
field to give zero anisotropy. In the higher layers, these effects
compete with each other, and therefore, the anisotropy starts to
become nonzero. Initially, the anisotropy rises toward positive

or negative values in the lower layer and reaches a constant,
maximum value in the higher layer, where the radiation field
decouples from local conditions. The height at which the
anisotropy reaches a constant value depends on the wavelength
point. This height increases as we go close to the line center,
and for the line center wavelength, this constancy is reached
very close to the top boundary.
Since the line core is formed in the atmosphere where the

unpolarized total source function gradient is almost flat
boundary effects control the anisotropy factor and also the
source function ratio at this wavelength.
In the sections that follow, we explain the various spectral

features seen in the wing and core region of the Q/I profiles
using the source function ratio plots.

5.2. Behavior of Q/I in the Wing Region

The Q/I profiles exhibit either one or two extrema in the
wing region. Among the chosen 14 clusters, 7 exhibit two wing
extrema, and the other 7 exhibit one wing extremum. These
extrema are generated due to PFR effects. Referring to the
source function ratio plots at the specific wavelengths, we can
infer that Q/I at the wing region originates between 0.5 and
2Mm in all the clusters.
In Figure 4, we show the profiles with two extrema in the

line wing region. Except RP 1 all other profiles have a positive
line center peak. Starting from the blue side continuum of the
line center, the profiles have either a rising primary extremum
followed by a falling secondary extremum (e.g., RP 0, RP 6,
RP 7, and RP 11) or vice versa (e.g., RP 1, RP 3 and RP 12).
As seen from the source function ratio plots the primary

wing extremum in polarization has a nonzero contribution of
this ratio between 0.5 and 1.5 Mm, at this wavelength (see third
column).
For those cases which have positive primary extremum in

the wings we can see that there is an accumulation of only
positive contribution of source function ratio. This creates a
positive emergent linear polarization in the wings. On the other
hand, when there is a negative component of the source
function ratio due to cancellation with the positive component,
the emergent Q/I value reduces and sometimes remains close
to zero.
The secondary extremum in the polarization has the

contribution of source function ratio between 0.5 and 2Mm
(see fourth column). The sign of the secondary extremum in the
wing also has a correlation with the sign of the source function
ratio at this wavelength.
We notice that the temperature gradients are monotonic,

between 0.5 and 2Mm for most of the clusters, except RP 12,
where we see the temperature decrease first and then increase.
We observe that when there is a negative temperature gradient
with a cooler upper layer and hotter lower layer, we see a
strong negative source function ratio in the lower layer that
increases in the upper layer. When the temperature gradient is
positive, with a cooler lower layer and a hot upper layer, the
source function ratio becomes positive in the lower layer and
reaches a much higher positive value in the upper layer.
In Figure 5, we selected the profiles with only one extremum

in the wings. Strictly speaking, in some profiles in this
category, we do have two extrema, but they do not appear as
strong as the cases considered in Figure 4. This extremum
either appears in the far wings in the position around the first
extremum in Figure 4 (RP 2, RP 4, RP 13) or it appears in the

Figure 5. Synthesized Stokes Q/I profiles and other physical quantities
extracted from the simulation for clusters with one wing extremum in the same
format as Figure 4.
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near wings, at the position of the second extremum in Figure 4
(RP 5, RP 8, RP 10).

The case of RP 9 is an exception. Because of our choice of
wavelengths separating the core and the wing region, we have
some ambiguity in selecting a particular extremum to be in the
core or wing region. To resolve this, we adhere to our definition
of the core and wing regions, considering an extremum to be
within the wing region only if it appears within that designated
wavelength interval. Therefore, we identify an extremum in the
near wings for the red curve while the extremum is in the far
wings for the blue curve, although both have similar shapes.

For all the cases considered in this figure, we observe that the
temperature gradients are not as steep as those in Figure 4 or
have temperatures that decrease first and increase again in
the region between 0.5 and 2Mm, eventually leading to
nonmonotonic temperature gradients. The sign of the Q/I
extremum can be explained using source function ratio plots,
employing arguments similar to those used for explaining
Figure 4.

5.3. Behavior of Q/I in the Core Region

As we go closer to the line center, the complexity of the
polarization profiles increases. Typical features in the line core
are a primary line center extremum, a secondary extrema, and a
core minimum, defined as the smallest nonzero absolute value
of the polarization. We classify profiles with respect to the
presence of a secondary extremum (plotted in Figure 6) or its
absence (plotted in Figure 7) in the core region close to the line
center. In the following, we explain two polarization features in
the core region, namely, the secondary extremum when present
and the core minimum. The line center extremum is discussed
in a separate subsection.

The secondary core extremum appears in various ways: the
same sign as the line center polarization but with a smaller
absolute magnitude, the opposite sign as the line center
polarization but with a smaller absolute magnitude, same sign

as the line center polarization but with a higher absolute
magnitude.
From the depth dependence of the source function ratio and

that of the unpolarized total source function at the secondary
core extremum’s wavelength, we can find that this feature
forms at a range of heights between 2 and 4Mm.
When formed around 2Mm, it is farther from the line center

when compared to its proximity when formed around 4Mm.
For example, for RP 0, the source function ratio contribution is
between 0.5 and 2Mm, while it is between 1 and 2.5 Mm in the
case of RP 7. As the contribution from higher layers increases,
the source function ratio also increases. Therefore, for example,
the case of RP 0 has a lower value of source function ratio in
the secondary core extremum than that at the line center, while
they are comparable in the case of RP 7 (compare the third and
fifth columns of Figure 6).
Source function ratio plots in Figure 7 reach a constant

maximum value in the higher layers, which, in general, is much
lower than those in Figure 6. Because of this, the rise from a
lower to a constant higher value in the source function ratio
appears less steep in Figure 7 when compared to those in
Figure 6. This higher magnitude of source function ratio in
Figure 6 correlates with the presence of secondary extremum in
Q/I in that Figure. Also, the unpolarized total source function
plots suggest that the profiles with secondary core extremum
have steeper gradients.
In all the clusters we considered, the primary extremum (at

line center) and secondary core extremum are either both
maxima or both minima. In between these two extrema is the
extremum, which we refer to as the core minimum with
opposite orientation.
For some clusters, the core minimum does not appear as an

extremum but simply represents the wavelength at which
polarization in absolute values reaches the minimum value in
the defined wavelength domain for the core region (see, e.g.,
RP 9 and RP 11). In such a case, the polarization transition
from the line center to the wing is monotonic. For this cluster,

Figure 6. Synthesized Stokes Q/I profiles and other physical quantities extracted from the simulation for clusters with one secondary extremum and core minimum in
the same format as Figure 4.
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at the core, the minimum wavelength polarization is nearly
zero, as both the positive and negative source function ratio
contributions cancel.

In most clusters, polarization at the core minimum
wavelength is negative because of the dominant negative
source function ratio contribution between 1.1 and 3.1 Mm.

5.4. Behavior of Line Center Polarization

In Figure 2, /( )log t ml is plotted for various clusters. We can
see here that the line center intensity is formed in the range of
2.7–5.7 Mm.

The source function ratio at the line center is zero until 2.5Mm
and contributes to line center polarization between 2.5Mm to the
top of the atmosphere. The line center extremum in polarization
either appears as a positive peak or as a negative dip. The sign of
Q/I at the line center is positive (negative) if the positive (negative)
source function ratio dominates above 2.5Mm.
The last panel plots the unpolarized total source function as a

function of the height. The overplotted Planck functions clearly
show that the radiation field decouples from the local
conditions at around 2Mm. The fluctuations of the Planck
function are smooth compared to those of the source function
for all the cases. The unpolarized total source function at the

Figure 7. Synthesized Stokes Q/I profiles and other physical quantities extracted from the simulation for clusters with no secondary extremum but a core minimum in
the same format as Figure 4.
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line center wavelength becomes almost flat in the regions
where the line core is formed, causing the boundary effects to
dominate (see discussions in Section 5.1 and also R. Holzreuter
et al. 2005).

6. Conclusions

In this paper, we present an analysis of the formation of the
Q/I profiles of the Ca I 4227Å line, which are formed in various
atmospheres extracted from a publicly available Bifrost simula-
tion. Our aim in this paper is to understand the differences in the
formation of the polarization profiles in simulated resolved
atmospheres in comparison to 1D semiempirical atmospheres.
We have considered the effects of the temperature stratification
and the source function ratio on the polarization profiles. The
source function ratio behaves qualitatively very similar to the
anisotropy factor discussed in (R. Holzreuter et al. 2005).

We found that the Q/I profiles from the atmospheres extracted
from the simulation show a “triple extrema structure” instead of
the observed “triple peak structure.” We explain the emergent
Q/I profiles using the depth dependence of the source function
ratio at various wavelength positions. In the case of line wings,
the source function ratio is correlated with the temperature
gradients at the heights of polarization formation. However, in
the line core, the source function ratio cannot be explained using
temperature gradients because of the non-LTE RT effects.

As stated earlier, we have analyzed the effect of resonance
scattering on the polarization profiles by studying the source
function ratios. The velocity and magnetic fields were not included.
The Hanle effect involves the modification of these polarization
profiles in the presence of magnetic fields with the generation of a
nonzero U/I. Since the Hanle effect only applies in the core of the
line, we expect that the field strengths affect the magnitude of the
Stokes Q/I profiles while the orientation of magnetic fields will
affect the shapes ofQ/I,U/I profiles in the line core. Moreover, the
magneto-optical effects can alter the polarization in the line wings.
On the other hand, the velocity fields introduce asymmetries in both
the intensity and polarization profiles and thus, may result in a
significant change in the Stokes Q/I profiles.

This study presents a comprehensive analysis of synthetic
Q/I profiles of the Ca I 4227Å line generated from a realistic
quiet-Sun simulation. By elucidating the intricate relationships
between temperature structure and source function ratio with
the emergent linear polarization profiles, this research provides
essential insights necessary for analyzing and interpreting the
unprecedentedly detailed data that next-generation telescopes
like DKIST will generate.
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Appendix A
k-means Clustering

The k-means clustering algorithm (J. MacQueen 1967) is a
widely used unsupervised learning method for identifying
patterns and structures within an unlabeled data set. The
algorithm partitions an unlabeled data set, consisting of m data
points with n features, into k clusters. In our study, the
unlabeled data set comprises the 15876 pixels selected for the
forward modeling, and the features are 299 wavelength
positions. The line is sampled within the range of ±1.5Å on
either side of the line core, with a spectral sampling of 0.01Å.
The k-means algorithm is iterative and aims to minimize inertia
(σk), which is the within-cluster sum of squared distances from
the cluster center. A cluster center represents the mean of all
data points within that cluster. In particular, in our study, a
cluster center is the mean of all spectral profiles within the
cluster, referred to as the RP.
Our primary aim in grouping the data was to identify

uniquely shaped Q/I profiles. Ideally, all profiles within a
cluster should closely resemble the mean profile, RP, of that
cluster. The k-means algorithm calculates the Euclidean
distance between a data point and the cluster mean, implying
that higher variance wavelength positions affect the χ2 more
significantly. Therefore, we normalized the data by subtracting
the mean and dividing it by the standard deviation at each
wavelength position before clustering, ensuring all positions
had a variance of one. From the literature and a preliminary
look at the data, we understood that there was a huge difference
in amplitude with respect to the wavelength of the Q/I profiles.
Moreover, the numbers of wavelength positions in the far wing,
Δλ < −0.5Å and Δλ > +0.5Å (199 wavelength positions),
were much higher than that in the core region, Δλ ä ±0.5Å
(100 wavelength positions), of the Ca I 4227Å line. Further,
we have also defined an inner core region with 50 wavelength
positions, Δλ ä ±0.25Å. To ensure a clear distinction among
clusters with various shapes and to give equal priority to all
wavelength regions, we applied weights to the data points.
These weights were adjusted so that the sum of variances of
wavelength positions in the far wing region matched the sum of

Figure 8. Determining the optimum number of clusters k for the k-means
clustering of Q/I profiles of the Ca I 4227 Å line. The dark blue curve
represents inertia (σk) for k clusters, while the cyan curve shows σk − σk+1. The
dashed vertical line indicates the selected number of clusters k = 105.

10

The Astrophysical Journal, 983:84 (11pp), 2025 April 10 Mathur, Anusha, & Agnihotri



variances in the inner core region, and both were equal to the
sum of variances in the outer core region.

The elbow method is employed to identify the optimal
number of clusters, k. A relatively large value, k= 105, is
selected to clearly distinguish between different shapes of Q/I
profiles, following the approach outlined in H. Mathur et al.
(2022); see also Figure 8.

Appendix B
Characterization of RPs

As demonstrated in Appendix A, the number of clusters
initially used was significantly higher than necessary. We have
reclassified the remaining 91 clusters into one of the original 14
clusters. In Table 1, the first column lists the indices of the first
14 clusters [0–13], while the second column indicates which of
the remaining clusters exhibit similar shapes to each of these
clusters. Cluster 0 has the highest number of similar clusters,
with 16 clusters having Stokes Q RP shapes comparable to the
RP of Cluster 0. Most other clusters are similar to four or five
other clusters, with Clusters 10 and 13 having the fewest
similarities, each corresponding to only three clusters.

As discussed in the main text, the RPs are classified based on
two criteria. The first criterion is whether the RPs have one or two
extrema in the wings of the polarization profiles. RPs 0, 1, 3, 6, 7,
11, and 12, along with their similar RPs, exhibit two extrema in
the line wings, while RPs 2, 4, 5, 8, 9, 10, and 13, and their similar
RPs, have one extremum in the line wings. The second criterion
considers the presence of a secondary extremum near the line core

of the polarization profiles. RPs 0, 1, 3, 7, and 8, and their similar
RPs, display one secondary extremum and a core minimum, while
RPs 2, 4, 5, 6, 9, 10, 11, 12, and 13 have only a core minimum.
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Reclassification of Clusters Based on Shape Similarities

Initial Cluster [0–13] Similar Clusters
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1 16, 37, 67, 92, 102
2 18, 28, 51, 59, 85, 89, 93
3 30, 41, 50, 65, 94, 97
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9 14, 38, 70, 71, 86
10 17, 52, 53
11 36, 46, 57, 66, 84, 98
12 29, 39, 40, 43, 54, 82
13 61, 63, 78

Note. The first column lists the indices of the original 14 clusters [0–13]. The
second column shows which of the remaining 91 clusters have polarization
profiles similar to each of these 14 clusters.
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