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Abstract

Context: Starting from the first discovery of extrasolar planet or exoplanet around
a sun-like star, more than 5,000 confirmed exoplanets have been detected till now.
But still we have very less information and interpretations about the atmosphere
of such outside worlds.

Aim: In this projectwemainly focus on gas-giant exoplanets, commonly known
as hot-jupiters due to their jupiter-like shape and structure but a huge tempera-
ture. We studied the atmosphere in two different aspects. At first we modeled
the day-side emission spectra and studied their variation with respect to different
amount of atmospheric flow and heat-redistribution using the existing radiative
transfer theory. Then we modified the current theory of diffuse reflection prob-
lem according to the context of Hot-Jupiter atmospheric temperature structure to
provide more accurate interpretations of present and future data.

Methodology: For the first part of the work we used numerical simulation and
analytical approach to study the atmospheric redistribution effect. In the numer-
ical context the discrete space theory formalism is used for the first time to solve
the line-by-line radiative transfer equation and generates the planetary emission
spectra. In the second part of the project, a purely analytical approach is taken
to modify the existing theory of diffuse reflection problem by adding the atmo-
spheric thermal emission contribution to it. The Invariance principle method is
used for this modification treatment.

Results: In the first part of this workwe have showed that the atmospheric heat
redistributionplays amajor role in changing the vertical atmospheric temperature-
pressure structure as well as the day-side emission spectra. Depending on the
amount of (full, semi and no) heat redistribution the magnitude of the day-side
emission flux changes substantially. We also considered a particular case of hot-
jupiter XO-1b and showed that this planet has efficient day-night heat redistribu-
tion and holds the same temperature structure all over the planet. In the second
project we showed that the modified results of diffuse reflection problem incor-
porates both the effects of thermal emission and diffuse reflection in the final ra-
diation from the planetary atmosphere. Also our results in this context is more
general and consistent with the previous results as obtained by Chandrasekhar in
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case of only scattering. Hence we conclude that our approach will provide more
accurate and reliable interpretations of the data observed in exoplanetary science.
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Chapter 1

Introduction and overview of exoplanetary
study

”Innumerable suns exist. Innumerable earths revolve around these. Living beings inhabit
these worlds.”

- Giordano Bruno (1548-1600)
Searching for an earth-like planet and human-like civilization is the long lasting

quest of humankind. After discovering the details of our solar system planets,
scientists are now interested to know about extra-solar system planets which are
commonly known as Exoplanets. After the confirmed detection of a Jupiter like
Exoplanet orbiting around one sun like star (Mayor andQueloz 1995) , it seemswe
are at the verge to answer this long lasting question. According toNASAexoplanet
arxivemore than 5,000 exoplanets have been detected till the year 2022. In this zoo
of detected exoplanets, there exist much more different kind of exoplanets which
are way too different than the solar system planets both by composition and size.
In this chapter we will discuss briefly about these new extrasolar worlds.

1.1 Types of Exoplanets:

A planet is defined as an astrophysical object where the gravitational collapse is
balanced by pressures generated due to Electrostatic (Coulomb) or electron de-
generacy but do not sustain any nuclear fusion in the entire history of its life (Sea-
ger 2010a). However in case of solar system planets it was believed that a planet
should have its host star but the idea is changed after the discovery of freely float-
ing exoplanets. In solar system there are two major categories of the planets :
Terrestrial with rocky core which are smaller in size and resides inner solar sys-
tem (e.g. Mercury, Venus, Earth, Mars) and Giants with no core which are bigger
and in outer solar system (Jupiter, Saturn, Uranus, Neptune). But in case of ex-
oplanets no such discrimination can be done as there are surprisingly different
kind of exoplanets discovered which totally different compared to our solar sys-
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Chapter: 1

tem planets. So in case of exoplanets the currently accepted definition is that the
planetary size should be < 13𝑀𝐽 , where 𝑀𝐽 is the solar system Jupiter mass.

According to the currently accepted specifications the exoplanets are divided
in different types as follows,

1. Terrestrial: They have a rocky surface, solid core and very thin atmospheric
layer.

2. Giant planet: These planets are bigger than terrestrial planets but smaller
than brown dwarfs (0.03𝑀𝐽 < 𝑀𝑝 < 13𝑀𝐽) and the interiors contain metallic
hydrogen of a considerable fraction surrounding a rocky core.

3. Earth-like: They are described as similar to the Earth by mass, radius and
surface temperature.

4. Super-Earth: These are rocky planets bigger than earth of mass 1—10 𝑀⊕,
where 𝑀⊕ is the mass of the earth.

5. Hot-Jupiter: They are Jupiter sized planets very near to their host stars but
the temperature is too high (1000-2000K). Their distance from the host star is
so small that they are gravitationally locked to the star and have permanent
day at one side and permanent night on the other.

Here we mentioned some of the many different types of exoplanets which has
been discovered till date. Our work will be mainly focused on Hot-Jupiter type of
planets.

1.2 Detection Techniques:

Although detecting an exoplanet is a big challenge, there are different techniques
such as radial velocity, Transit method, Direct imaging technique, Microlensing,
Astrometric detection etc for detecting exoplanets. We will discuss only the first
two methods here as follows. For a detailed discussion on different detection
methods we refer the standard texts, by Seager 2010b and Perryman 2011.

1. Radial Velocity Method: When two celestial objects of equal mass orbit each
other, they don’t rotate around the center of any of the two objects but around
a common center called barycenterwhich situated at the bisecting point of the
line connecting the centers of the planet and star. In such a scenario, if object
A is heavier than object B, then the barycenter shifts towards the heavier ob-
ject A . In a star-planet system, the star (object A) is so heavy as compared to
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the planet (object B) that the barycenter is located inside the star. This causes
a wobble to the star that hosts a planet. If the planet is orbiting at edge on
view to the observer, then the motion of the star appears to and fro. This
is called radial velocity of the star. Astronomers collect the starlight under
such condition through a spectrograph and detect the periodic Doppler shift
in starlight by monitoring the shift in the dark vertical lines caused by the
absorption of starlight by the material present at the outer layer of the star.
From the periodic Doppler shift towards red and blue of a particular absorp-
tion line, the radial velocity of the star is measured and the presence of the
planet is confirmed. From the observation of the doppler shift in radial veloc-
ity method, the planetary upper mass limit M sin i can be obtained (Seager
2010b), where i is the orbital inclination along the observer’s line of sight.
The radial velocitymethod is used to detect the binary stars formore than half
a century, but the idea to use thismethod for detecting Jupiter-like exoplanets
was started by the proposal given by Struve 1952. It is worth noting that
the detection of the hot-Jupiter planet 51 Peg-b was done by Radial velocity
method (Mayor and Queloz 1995).

2. Transit Method: The radial velocitymethod can give us the information about
the upper limit of the planetary mass depending on the inclination of the or-
bit. But to get the information about the size, radius and atmosphere of the
planet the observation should be done using planetary transit method.
From the edge on view of a planet hosting star, the observer can observe pe-
riodic brightness dip of the star light. First one is at transit point when the
planet is in front of the star and the second when the planet is just behind the
star (see fig. 1.1). For continuous observation of such a system, there will be
a periodicity of this brightness dip conforming the planetary rotation around
the star.
Besides the detection of exoplanet, this technique is also useful to observe the
planetary atmosphere. At the Transit or primary eclipse point (fig.1.1) the
starlight passes through the planetary atmosphere whereas, at the secondary
eclipse point the reflection of the starlight fromplanetary atmosphere reaches
to the observer. While passing through a spectrograph, this light gives the
absorption and emission lines depending on the composition of the planetary
atmosphere.
Nowusing this observation the following parameters can be estimated. From
the periodicity of transit the orbital distance can be derived using Kepler’s
law (it is assumed that the planets are in keplerian orbit). From the bright-
ness dip at transit point (fig. 1.1) the size of the planet is found. Moreover
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Figure 1.1: This picture depicts an observer’s edge on view to a gravitationally locked planet or-
biting its host star. There are primary and secondary eclipse points where the night and day side
of the planetary atmosphere can be observed respectively. Even by detecting the brightness peaks
at different orbital phases, the atmospheric dynamics can be interpreted. This image is taken from
Heng 2012

observing the transit at different wavebands, the dayside and nightside at-
mospheric spectra can also be obtained. For an extensive discussion on it we
refer (Tinetti, Encrenaz, and Coustenis 2013) and (Seager 2010a).

4
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1.3 Types of atmospheric spectra:

As we have discussed in the previous section, the planetary atmospheric spectra
can be observed by the transit method. While analysing the atmospheric temper-
ature, composition etc. of different kind of exoplanets, it is customary to observe
them in terms of the observed spectra. There are fundamentally three different
kind of spectra which can be observed and modeled in case of exoplanetary at-
mosphere.
1. Transmission Spectra: When the planet is at primary eclipse or transit point,

then the starlight comes to the observer by transmitting through the planetary
atmosphere. Hence it is known as the Transmission spectra of the planet.
This spectra containsmainly the atmospheric information of theHot-Jupiter’s
day-night terminator region. The spectra can be observed in optical as well
as infrared region.

2. ReflectionSpectra: This is the star flux reflected fromplanetary surfacewhich
can be observed before and after the secondary eclipse point. The spectra is
also depends on the orbital phase and carries the information about the day-
side atmosphere. The waveband to observe the flux is entirely depends on
the blackbody wavelength peak of the corresponding host star. For example,
if an exoplanet orbit a sun-like (G-type) star then the reflection spectroscopy
is in optical wavelength region.

3. Emission Spectra: This is the planet’s own emission coming from the day-
side of the atmosphere. It is also observed before and after the secondary
eclipse point but at different waveband depending on the blackbody wave-
length peak of the planetary day-side atmosphere. For instance in case of
Hot-Jupiter it is mainly emitting in infrared. Also by studying the variation
of this spectra the atmospheric dynamics can be predicted. In our work we
will discuss about it in detail.

1.4 Our Target:

Although there are more than 5,000 exoplanets detected till now (Year 2022), we
have very little information about the atmosphere of a small handful of exoplanets.
The observation andmodeling of exoplanetary atmosphere goes hand in hand. In
this thesis we concentrate on the modeling part of Hot-Jupiter’s day-side emis-
sion spectra.

The observations provide the emitted and/or reflected planetary flux the stel-
lar flux units (Deming et al. 2005; Charbonneau et al. 2005), whereas the ratio
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of planet and star flux can be estimated theoretically as (Tinetti, Encrenaz, and
Coustenis 2013),

𝜂(𝜆) = (
𝑅𝑝

𝑅∗
)2
𝐹𝑝(𝜆)
𝐹∗(𝜆)

(1.1)

where 𝑅𝑝;𝑅∗ and 𝐹𝑝; 𝐹∗ are planetary;stellar radius and flux respectively. Both
the fluxes can be modeled using radiative transfer calculations with the consid-
erations of scattering processes as well as ionic, atomic and molecular opacities
shown in (Chandrasekhar 1960; Liou 2002; Annamaneni Peraiah 2002). For typi-
cal Hot-Jupiter planet system the emission spectra in infrared region gives a con-
trast ratio of about 10−3 as shown in fig 1.2 (Seager 2010a), (Madhusudhan and
Seager 2009).

It is customary to model the secondary eclipse flux ratio which best-fits with
the observed data and retrieve day-side atmospheric temperature-pressure profile
and chemical composition (Swain, Vasisht, and Tinetti 2008). The atmospheric
dynamics of the Hot-Jupiter planets are also studied in a great detail (Showman,
Menou, and Cho 2007). A pedagogical view to study the atmospheric circula-
tion in terms of the emission spectra has been shown in Hansen 2008. At the
same time the modeling of the temperature-pressure profiles of highly irradiated
exoplanets is given analytically (Guillot 2010) as well as numerically (Parmen-
tier, Guillot, et al. 2015; Parmentier and Guillot 2014). Once we obtain the atmo-
spheric temperature-pressure profiles as well as chemical compositions, then we
can solve the radiative transfer equation to generate the atmospheric spectra as
shown in literature (see Sengupta, Chakrabarty, and Tinetti 2020,Paul Mollière et
al. 2015,Batalha et al. 2019,Waldmann et al. 2015,Kempton et al. 2017).

Whilemodeling theHot-Jupiter atmosphereweparticularly use the temperature-
pressure profiles obtained using the formalism given in Parmentier, Guillot, et al.
2015 and chemical composition using the formalism in Kempton et al. 2017. Then
to solve the line by line radiative transfer equation, we use the discrete space the-
ory method (Grant and Hunt 1968,Peraiah and Grant 1973,Sengupta and Marley
2009,Sengupta, Chakrabarty, and Tinetti 2020). We discussed more about it in
sec 1.5 and in sec 3.3.3 .

For modeling the exoplanetary atmosphere, the analytic solutions of the dif-
fuse reflection problem developed by Chandrasekhar 1960 is widely used (e.g.
Nikku Madhusudhan and Burrows 2012). However in case of highly irradiated
Hot-Jupiter atmosphere the basic conditions are very different than those inwhich
Chandrasekhar’s solutions were provided. In such a scenario themodifications of
the radiative transfer equation (Bellman et al. 1967; Domanus and Cogley 1974)
and its solutions are important to obtain a more complete interpretation of the
Hot-Jupiter atmosphere. Mainly, the importance of scattering and emission ef-
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Figure 1.2: This is the secondary eclipse emission flux ratio of theHot-JupiterHD189733b. It shows
the best fit radiative transfer model plotted against the observed data (in blue). The wavelength
range is clearly in 𝜇𝑚 and the flux ratio is at magnitude 10−3. This figure is taken fromMadhusud-
han and Seager 2009.

fect in Hot-Jupiter atmosphere has been discussed independently in Sengupta,
Chakrabarty, and Tinetti 2020 and Chakrabarty and Sengupta 2020. But the con-
sideration of their simultaneous effect has not been done so far. Hence, we set our
goal of the thesis as follows.

1.5 Goal of the Thesis:

Here we discuss the goal of the work presented in this thesis.

• The main goal of this thesis is to study and characterize the exoplanetary at-
mosphere. For thatwe take the theoretical approach tomodel the atmosphere
of hot-jupiter planets.

• We want to find a relationship between the atmospheric heat redistribution
and the observed secondary eclipse spectra of this particular type of planets.
For that we target to parameterize the heat redistribution factor and simulate
the synthetic spectra by numerical codes and solve the fiducial equation of
radiative transfer.

7



Chapter: 1

• Then we target to generalize the diffuse reflection problem used to model
the planetary atmosphere. For this purpose we include the scattering and
emission effect simultaneously in the radiative transfer modeling which is
expected to be more appropriate while characterizing the hot-Jupiter atmo-
sphere.

• We show somemodifications on the present theory. Also we discuss the lim-
itations, approximations and future aspects.

1.6 Plan of the Thesis:

Here we discuss the chapter wise planning of this thesis.

1. In chapter 2 we discuss the basics of theory of radiative transfer which is used
while modeling of the exoplanetary atmosphere. We start from the basic def-
initions used in different literature and the transfer equation appropriate for
studying the astrophysical problems. Thenwe introduce different conditions
and approximations used in this project and discuss their applicability in the
present context. After that we concentrate on the atmospheric diffuse reflec-
tion problem introduced by Chandrasekhar (1960) and the invariance prin-
ciple method which is used to solve this problem. In later chapter we discuss
this problem and its solution with some modification and generalization.

2. In the 3rd chapter we discuss our ongoing work on simulating the synthetic
secondary eclipse emission spectra for hot-Jupiter planets. Our main motive
is to study the variation of the day-side emission spectra of hot-Jupiters with
the amount of day to night atmospheric heat redistribution. For that at first
we derive the analytical values of redistribution parameter f and then model
the temperature-pressure profile as well as emission spectra for hot-Jupiter
type planets. We used line by line radiative transfer code based on discrete
space theory to generate the synthetic spectra. The numerical results and
interpretations are similar with the previous literature results as discussed in
the chapter. This work is under preparation.

3. In Chapter 4 we introduce the Effect of Thermal emission in the problem of
semi-infinite diffuse reflection introduced by Chandrasekhar and solve it by
the Principle of Invariance method. Our motive is to study how the atmo-
spheric thermal emissionmodifies Chandrasekhar’s final results as discussed
in chapter 2. For thatwe derived the transfer equation appropriate for scatter-
ing, transmission and emission. Then by invariance principle we derive the
general equation of scattering function. At this point we showed the specific

8
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formof scattering function for four different types of scattering (e.g. Isotropic
scattering, Rayleigh scattering etc.). Thenwe explicitly show the contribution
of thermal emission on the final radiation emitted from the semi-infinite at-
mosphere. Finallywe compare our results with literature results and it shows
a perfect match of our results with Chandrasekhar at the low thermal emis-
sion limit. This part of the work is published in Sengupta, Soumya, ApJ, 911,
126 (S. Sengupta 2021).

4. In the concluding chapter 5 we summarize the work presented in this thesis
as well as the caveats and way to improvement. We also mention some of the
future aspects of this current work.

Resource Summary:

In this chapter we present the brief introduction and overview about the exoplan-
ets from literature. Then we discuss our target followed by the goal and plan of
the thesis. The resources we used here are as follows,

1. Exoplanetary Atmosphere by Sara Seager (2010)

2. Exoplanets by Sara Seager (2010)

3. Radiative Transfer by S. Chandrasekhar (1960)

4. A Review Article by Tinetti et al. 2013

9



Chapter 2

Radiative Transfer Theory

2.1 Introduction

The study of analytical transfer theory of radiation is a very important and well
established branch of physics. In mid 20th century, while developing the ana-
lytical formulation of this theory, Chandrasekhar introduced the well known at-
mospheric diffuse reflection problem. Almost at the same time Ambartsumian
introduced his well known invariance principle (Ambartsumian 1943; Ambart-
sumian 1944). For diffuse reflection case these principles are reformulated by
Chandrasekhar 1960.S. Chandrasekhar 1947 analytically solved the semi-infinite
atmosphere problem and it reduced in terms of the well known Chandrasekhar’s
Scattering function (S) and H-function. The same treatment has been done for
different scattering phase functions (Horak 1950; Horak and S. Chandrasekhar
1961; Abhyankar and Fymat 1970). For a full review on analytical radiative trans-
fer problem, see G. B. Rybicki 1996.

2.2 Basic definitions

2.2.1 Specific Intensity I:

In vaccum when an element of energy 𝑑𝐸𝜈 transfer through an elemental area ®𝑑𝐴
along a direction ®𝑑𝑠 in time dt within the solid angular range 𝜔, 𝜔 + 𝑑𝜔 and the
photon frequency range 𝜈, 𝜈 + 𝑑𝜈, then the amount of energy hold the following
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proportionalities,

𝑑𝐸𝜈 ∝ | ®𝑑𝐴|
∝ 𝑑𝑡

∝ 𝑑𝜈

∝ 𝑑𝜔

∝ 𝑎̂.𝑠

where, 𝑎̂ and 𝑠 are the unit vectors along the directions ®𝑑𝐴 and ®𝑑𝑠 respectively
which creates an angle 𝑣 between them. We can write them down in the form of
an equation as follows,

𝑑𝐸𝜈 = 𝐼𝜈 cos 𝑣𝑑𝜔𝑑𝜈𝑑𝑡𝑑𝐴

∴
𝑑𝐸𝜈

cos 𝑣𝑑𝜔𝑑𝜈𝑑𝑡𝑑𝐴
= 𝐼𝜈

(2.1)

The proportionality constant 𝐼𝜈 is known as the Specific intensity of radiation.

2.2.2 Absorption co-efficient:

Now in Free Space the specific intensity or the intensity of radiation I, remains
constant over a distance covered by the ray (G. Rybicki 1979; G. B. Rybicki 1996).
Hence in free space the derivative of the intensity with distance will be,

𝑑𝐼𝜈

𝑑𝑠
= 0

However, the intensity I will vary with distance ds only when there is a radia-
tion and matter interaction. If a radiation pencil 𝐼𝜈 enters in a medium contained
with some amount of matter instead of free space and exit as radiation 𝐼𝜈 + 𝑑𝐼𝜈
from it, then

𝑑𝐼𝜈 ∝ 𝐼𝜈 Incident radiation
∝ 𝜌 Medium density
∝ 𝑑𝑠 Covered distance

When this is the case, the formal equation can be written in terms of the mass
absorption co-efficient 𝜅𝜈 as proportionality constant,

𝑑𝐼𝜈 = −𝜅𝜈𝜌𝐼𝜈𝑑𝑠 (2.2)

Due to 𝜅𝜈, there is a loss of radiation along the direction of ®𝑑𝑠 which explains
the negative sign in eqn.(2.2). Now the energy lose can contribute in terms of
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radiation along other directions which is commonly specified as scattering or it
will transform into any other form of energy (thermal energy for example) in the
medium. Let’s mention these two distinct cases as: True Absorption and Scatter-
ing. For true absorption case eqn.(2.2) is correct, whereas for true scattering this
equation needs some modifications due to the directional property of the scat-
tering medium. Hence for scattering case, 𝜅𝜈 plays the role of mass scattering
co-efficient and the variation of intensity can be expressed as,

𝑑𝐼𝜈 = −𝜅𝜈𝑝(cosΘ)𝑑𝜔
′

4𝜋
𝜌𝑑𝑠 (2.3)

Here Θ is the angle between incident and scattering radiation and 𝑝(cosΘ) is the
scattering phase function. 𝑝(cosΘ) can be defined as the probability of scattering
of radiation from the incident solid angle direction to any direction 𝑑𝜔′ (Note
that 𝑑𝜔′ does not exclude 𝑑𝜔). Due to the probabilistic nature of 𝑝(cosΘ), the
normalization condition satisfied this function can be written as follows,

1
4𝜋

∫
𝑝(cosΘ)𝑑𝜔′ = 1 (2.4)

We will discuss more about phase function in a later section.

2.2.3 Emission co-efficient:

In case of radiation-matter interaction, there will be some contribution from the
medium itself to the outgoing radiation 𝑑𝐼𝜈 which obviously enhance the radiation
𝑑𝐼𝜈. This again contribute in terms of emission and scattering from the medium.
Now the contribution from the medium may or may not depend on the incident
radiation and hence it is better to discuss the dependency case by case. In general,
the contribution which is coming from the medium is expressed by the terms of
the relation of proportionality as,

𝑑𝐼𝜈 ∝ 𝜌

∝ 𝑑𝑠

Thus the mass emission co-efficient can be defined as,

𝑑𝐼𝜈 = 𝜖𝜈𝜌𝑑𝑠

𝑑𝐼𝜈

𝜌𝑑𝑠
= 𝜖𝜈

(2.5)

In case of scattering the contribution on 𝜖𝜈 take the form as,

𝜖(𝑠)𝜈 (𝑣, 𝜙) = 𝜅𝜈
1
4𝜋

∫ 𝜋

0

∫ 2𝜋

0
𝐼𝜈(𝑣′, 𝜙′)𝑝(𝑣, 𝜙; 𝑣′, 𝜙′)𝑑𝜙′ sin 𝑣′𝑑𝑣′ (2.6)
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Here the radiation falling along the direction (𝑣′, 𝜙′) will contribute along (𝑣, 𝜙)
after scattering due to the scattering phase function 𝑝(𝑣, 𝜙; 𝑣′, 𝜙′). The solid angle
of radiation is expressed as, 𝑑𝜔′ =

𝑠𝑖𝑛𝑣′𝑑𝑣′𝑑𝜙′

4𝜋 .
The other case is the Local Thermodynamic equilibrium (see section 2.5) in the

medium where the radiation passes through. If the medium temperature is T
then the emission co-efficient can be written as,

𝜖(𝐿𝑇𝐸)𝜈 = 𝜅𝜈𝐵𝜈(𝑇) (2.7)

2.2.4 The Source Function

In the radiative transfer theory the contribution to the radiation due to matter-
radiation interaction can be denoted by a function called as the Source Function.
The definition of source function is,

𝜉𝜈 =
𝜖𝜈
𝜅𝜈

(2.8)

where 𝜖𝜈 and 𝜅𝜈 are the emission co-efficient and absorption co-efficients re-
spectively.

Hence for a scattering atmosphere,

𝜉𝜈 =
1
4𝜋

∫ 𝜋

0

∫ 2𝜋

0
𝐼𝜈(𝑣′, 𝜙′)𝑝(𝑣, 𝜙; 𝑣′, 𝜙′)𝑑𝜙′ sin 𝑣′𝑑𝑣′ (2.9)

On the other hand for an atmosphere in Local thermodynamic Equilibrium,

𝜉𝜈 = 𝐵𝜈(𝑇) (2.10)

2.2.5 Optical Depth

When there is no source function in the medium, then the incident radiation will
decay exponentially (e.g. 𝐼(𝑧) = 𝐼(𝑧′)𝑒−𝜏(𝑧,𝑧′)) due to the radiation-matter inter-
action while covering a distance from z’ to z. The logarithm of the ratio of the
initial radiation I(z’) to the final radiation I(z) is known as the optical depth for
that particular path of that particular medium.

On the other way, if a distance covered by the beam is dz (say) and the matter
radiation interaction is 𝜅𝜈𝜌 then the optical depth expression can be represented
as,

𝑑𝜏𝜈 = −𝜅𝜈𝜌𝑑𝑧 (2.11)
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2.3 General equation of transfer

From the above discussion it is clear that, when a radiation beam transfers through
a medium then the variation 𝑑𝐼𝜈 can be written explicitly as,

𝑑𝐼𝜈(𝑠, 𝜃, 𝜙) = −𝜅𝜈(𝑠)𝜌𝐼𝜈(𝑠, 𝜃, 𝜙)𝑑𝑠 + 𝜖𝜈(𝑠, 𝜃, 𝜙)𝜌𝑑𝑠

Hence the differential form of the radiative transfer equation will be,

𝑑𝐼𝜈(𝑠, 𝜃, 𝜙)
−𝜅𝜈𝜌𝑑𝑠

= 𝐼𝜈(𝑠, 𝜃, 𝜙) − 𝜉𝜈(𝑠, 𝜃, 𝜙) (2.12)

From now on we will drop the notation 𝜈 and consider the equation for a par-
ticular frequency 𝜈 in the remaining discussion.

2.4 The Plane Parallel Approximation

Here we introduce the plane-parallel approximation in radiative transfer equa-
tion. The atmospheric layers are approximatedwith negligible curvature and each
of them are parallel to other. Whatever direction the light beam goes, it considers
the projection of the beam along the area vector of the atmospheric layers which
is fixed for all layers due to the current approximation. figure 2.1.

atmospheric layer

𝑛̂

®𝑑𝑧

®𝑑𝑠

𝑣

Figure 2.1: Pictorial representation of the plane parallel approximation

If the distance covered by the light is ®𝑑𝑠 and the area vector is ®𝑑𝑧, then they
hold the following relation,

®𝑑𝑠 =
®𝑑𝑧

cos 𝑣
=

®𝑑𝑧
𝜇

where 𝜇 is the direction cosine of ®𝑑𝑠 along ®𝑑𝑧.
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Hence, in one dimensional plane-parallel approximation the radiative transfer
equation will take the form as,

𝜇
𝑑𝐼(𝜏, 𝜇, 𝜙)

𝑑𝜏
= 𝐼(𝜏, 𝜇, 𝜙) − 𝜉(𝜏, 𝜇, 𝜙) (2.13)

2.4.1 Moments of specific intensity

Here we define different specific intensity moments using integration of specific
intensity over the solid angle, which are useful in the context of modeling. Fun-
damentally, there are three moments of specific intensity defined as follows,

Average intensity,

𝐽𝜈 =
1
4𝜋

∫ 2𝜋

0

∫ 𝜋

0
𝐼𝜈𝑑Ω

=
1
4𝜋

∫ 2𝜋

0

∫ 𝜋

0
𝐼 sin 𝜃𝑑𝜃𝑑𝜙

For an axially symmetric radiation 𝐼𝜈 is independent of 𝜙 and in that case,

𝐽𝜈 =
1
2

∫ 1

−1
𝐼𝜈𝑑𝜇 (2.14)

In the same way the other two moments can be defined as,

𝐻𝜈 =
1
2

∫ 1

−1
𝜇𝐼𝜈𝑑𝜇 (2.15)

and,

𝐾𝜈 =
1
2

∫ 1

−1
𝜇2𝐼𝜈𝑑𝜇 (2.16)

These moments are directly related with the macroscopic quantities as follows,

Energy Density 𝑢𝜈 =
4𝜋
𝑐
𝐽𝜈

Net Flux 𝐹𝜈 = 4𝐻𝜈

Radiation Pressure 𝑃𝜈 =
4𝜋
𝑐
𝐾𝜈

(2.17)

Finally, to get the total moment we need to integrate the in frequency space as
follows,

(𝐽 , 𝐻, 𝐾) =
∫ ∞

0
(𝐽𝜈 , 𝐻𝜈 , 𝐾𝜈)𝑑𝜈
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In astrophysical context the net flux can be connected with with the effective
temperature 𝑇𝑒 of considered atmospheric layer as follows,

𝜋𝐹 = 𝜋

∫ ∞

0
𝐹𝜈𝑑𝜈 = 𝜎𝐵𝑇

4
𝑒 (2.18)

where 𝜎𝐵 = 5.75𝑥10−5ergsec−1cm−2degree−4 is the Stefan-Boltzmann constant.
While considering the Planck emission 𝐵𝜈, there holds a similar relation for the

integrated function over the frequency 𝜈 as follows,

𝐵(𝑇) =
∫ ∞

0
𝐵𝜈(𝑇)𝑑𝜈 =

𝜎𝐵
𝜋
𝑇4
𝑒 (2.19)

where𝑇𝑒 is customarily knownas theEffective Temperature (Chandrasekhar 1960).

The Eddington Approximation:

One important approximation we use in our work is the famous Eddington’s Ap-
proximation. This approximation gives a simple relation between the moments
of specific intensity, specifically between 𝐽𝜈 and 𝐾𝜈. Eddington considered that
the radiation 𝐼𝜈 can be approximated as a linear function of 𝜇 expanded upto first
order. Thus, in a parametric form it can be represented as (G. Rybicki 1979),

𝐼𝜈(𝜇) = 𝑎𝜈 + 𝑏𝜈𝜇 (2.20)

where a and b are the parameter of the equation.
Using the expression of 𝐼𝜈 we can get the form of the moments equations as

𝐽𝜈 = 𝑎𝜈 and 𝐾𝜈 =
𝑎𝜈
3 . Hence we can write,

𝐾𝜈 =
𝐽𝜈

3
(2.21)

Wewill show later how to use this relation in exoplanetary atmospheremodeling.

2.5 The Local Thermodynamic Equilibrium Condition

TheThermodynamic equilibriumcondition is applied to an isolated system,which
behaves like a blackbody and can be fully characterized by the kinetic temperature
of the system. But the Local Thermodynamic Equilibrium (LTE) is a local approxi-
mation of that more general equilibrium conditions. In this case the whole system
is divided into very small isolated parts and the thermodynamic equilibrium con-
ditions are valid in each of the parts separately (For extensive discussion on it see
Seager 2010a, Chandrasekhar 1960).
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While modeling of a planetary atmosphere this LTE Condition is very much
useful as it provides a simplification of the analytical solution as well as the solu-
tion for the numerical approach of the transfer equation. The atmospheric layer
in LTE condition will have an extinction co-efficient

𝜖𝜈 = 𝜅𝜈𝐵𝜈(𝑇) = 𝜅𝜈
2ℎ𝜈3

𝑐2
1

𝑒𝑥𝑝(ℎ𝜈/𝐾𝑇) − 1
(2.22)

It is worthnoting that the LTE conditions are applicable only if the photon mean
free path is small compared to the thermal, physical and chemical gradients of the
corresponding atmospheric layers. Hence for planetary atmosphere case the LTE
conditions are valid in lower atmospheric region where density and optical depth
are high enough. In such a scenario the source functionwill explicitly depend only
on the temperature of the corresponding atmospheric layer (see section 2.2.4).

2.6 The condition of Radiative Equilibrium

The other important approximation which is useful in the modeling of planetary
atmosphere is the Radiative Equilibrium Condition. All of our work is done under
the radiative equilibrium condition only.

The assumption in this case is, in each atmospheric layers there is no source
or sink of energy and the energy will transport by the radiation mechanism only.
This assumption ensures that the total flux will remain constant, i.e.

𝐹 =

∫ ∞

0
𝐹𝜈𝑑𝜈 =

∫ ∞

0
4𝐻𝜈𝑑𝜈 = 2

∫ ∞

0

∫ 1

−1
𝜇𝐼𝜈(𝑧, 𝜇)𝑑𝜇𝑑𝜈 = constant

Then the flux variation over height will be,

𝑑𝐹

𝑑𝑧
= 0

This condition can be stated in other terms as,

𝑑𝐹

𝑑𝑧
= 2

∫ ∞

0
[−𝜌(𝜅𝜈𝐽𝜈 − 𝜅𝜈𝐵𝜈)]𝑑𝜈 = 0

Thus the constancy of the net integrated flux can be realized as,∫ ∞

0
𝜅𝜈𝐽𝜈𝑑𝜈 =

∫ ∞

0
𝜅𝜈𝐵𝜈𝑑𝜈 (2.23)
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2.7 The Hydrostatic Equilibrium Condition

For an atmospheric layer, if the vertical pressure gradient on that layer is balanced
by the gravity then that atmospheric layer is known to be in hydrostatic equilib-
rium. The mathematical expression for this equilibrium condition is,

𝑑𝑃

𝑑𝑧
= −𝜌𝑔 (2.24)

Hence for an atmosphere with hydrostatic equilibrium the optical depth can be
expressed as,

𝑑𝜏 = −𝜅𝜌𝑑𝑧 = −𝜅𝑑𝑃
𝑔

(2.25)

This particular expression is used tomodel the atmospheric temperature-pressure
profile.

2.8 The Transfer equation with scattering

Till now we have discussed the fundamental concepts and methods of radiative
transfer equation. Nowwe focus on the application of these concepts and discuss
specifically the scattering case.

The radiative transfer equation in case of plane- parallel approximation is,

𝜇
𝑑𝐼(𝜏, 𝜈, 𝜇, 𝜙)

𝑑𝜏𝜈
= 𝐼(𝜏, 𝜈, 𝜇, 𝜙) − 𝜉(𝜏, 𝜈, 𝜇, 𝜙) (2.26)

Here, 𝐼(𝜏, 𝜈, 𝜇, 𝜙) represents the specific intensity at frequency 𝜈 along 𝜇 and
𝜙 is the azimuthal angle. Here, 𝑑𝜏𝜈 is the optical thickness defined as,

𝑑𝜏𝜈(𝑧) = −𝜅𝜈(𝑧)𝑑𝑧 (2.27)

where, z is the atmospheric height. 𝜅(𝜏, 𝜈) and 𝜉(𝜏, 𝜈) are the volumetric ab-
sorption co-efficient and source function respectively at the frequency 𝜈 along the
direction𝜇, from the atmospheric layerwith optical depth 𝜏. A semi-infinite atmo-
sphere is bounded on one side at 𝜏 = 0 and extends upto∞ on the other direction.

Now if 𝜋𝐹 is the amount of flux incident on a plane-parallel atmospheric layer
along the direction (−𝜇0, 𝜙0), then𝜋𝐹𝑒

− 𝜏
𝜇0 is the reduced incident radiation that pen-

etrates upto the optical depth 𝜏without experiencing any scattering (fig. 2.2). The
diffused radiation scattered at optical depth 𝜏will be expressed in terms of the in-
cident radiation & phase function 𝑝(𝜇, 𝜙;𝜇′, 𝜙′), which is the angular distribution
of photons before and after scattering (see section 2.9).
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𝜏 = 0

𝜏 = 𝜏1

𝐹𝑒
− 𝜏

𝜇0

Figure 2.2: This figure shows the total effect due to diffuse scattering from incident direction
(−𝜇0, 𝜙0) to scattered direction (𝜇′, 𝜙′) for a semi-infinite atmosphere . The downward is the neg-
ative direction whereas the upward is the positive direction (from Chandrasekhar 1960).

Wemention that the radiation field 𝐼(𝜏, 𝜈, 𝜇, 𝜙) at optical depth 𝜏 is the sum of
the diffuse radiation 𝐼𝐷(𝜏, 𝜈, 𝜇, 𝜙) and an attenuated field along the direction of
incident radiation. It can be expressed mathematically using Dirac-delta function
(𝛿) as,

𝐼(𝜏, 𝜈,+𝜇, 𝜙) = 𝐼𝐷(𝜏, 𝜈,+𝜇, 𝜙) (0 < 𝜇 ⩽ 1)
𝐼(𝜏, 𝜈,−𝜇, 𝜙) = 𝐼𝐷(𝜏, 𝜈,−𝜇, 𝜙) + 𝜋𝐹𝛿(𝜇 − 𝜇0)𝛿(𝜙 − 𝜙0) (0 < 𝜇 ⩽ 1) (2.28)

The boundary conditions for the diffuse reflection radiation is,
𝐼𝐷(0,−𝜇, 𝜙) = 0 (0 < 𝜇 ⩽ 1)
𝐼𝐷(∞,−𝜇, 𝜙) → 0

(2.29)

Hereinafter we will drop the suffix ’D’ and 𝐼(𝜏, 𝜇, 𝜙) will denote the diffused
radiation only.

When there is only scattering in the atmosphere then,

𝜉(𝜏, 𝜇, 𝜙) = 1
4𝜋

∫ 1

−1

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′, 𝜙′)𝐼(𝜏, 𝜇′, 𝜙′)𝑑𝜙′𝑑𝜇′

+ 1
4
𝐹𝑒−𝜏/𝜇0𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

(2.30)

Thus the radiative transfer equation appropriate for diffuse radiation and trans-
mission can be expressed as,

𝜇
𝑑𝐼(𝜏, 𝜈, 𝜇, 𝜙)

𝑑𝜏𝜈
=𝐼(𝜏, 𝜈, 𝜇, 𝜙) − 1

4𝜋

∫ 1

−1

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′, 𝜙′)𝐼(𝜏, 𝜇′, 𝜙′)𝑑𝜙′𝑑𝜇′

− 1
4
𝐹𝑒−𝜏/𝜇0𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

(2.31)
Here 𝑝(𝜇, 𝜙;𝜇′, 𝜙′) is known as the scattering phase function which we will

discuss in the following section.
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2.9 Scattering phase functions:

From the discussion in the previous section it is evident that the radiative transfer
equation explicitly depends on the phase function 𝑝(𝜇, 𝜙;𝜇′, 𝜙′). In this section
we will define the phase function and different types of it.

In case of Plane - Parallel Approximation (see 2.4) if a light beam falls along
a direction (𝜇, 𝜙), where 𝜙 is an azimuthal angle then either true absorption or
scattering may happen as shown by Chandrasekhar 1960. In this chapter we are
interested for the scattering phenomena only. The light can scatter to any arbi-
trary direction (𝜇′, 𝜙′ say) with a probability 𝑝(cosΘ) — commonly known as
phase function, where Θ is the angle between the incident (𝜇, 𝜙) and scattered
(𝜇′, 𝜙′) direction. Mathemtically cosΘ can be represented in terms of (𝜇, 𝜙;𝜇′𝜙′)
as follows,

cosΘ = 𝜇𝜇′ +
√
1 − 𝜇2

√
1 − 𝜇′2 cos(𝜙 − 𝜙′) (2.32)

Hence, the scattering phase function 𝑃(cosΘ) can be defined as the probability
of scattering of an incident beam along an element of solid angle 𝑑𝜔. The normal-
ization condition applicable to the phase function can be expressed as,∫

𝑝(cosΘ)𝑑𝜔
′

4𝜋
= 𝜔0 ⩽ 1 (2.33)

where 𝜔0 is known as the single scattering albedo. The equality sign holds for the
conservative case of pure scattering.

Now the phase function, in general can be expanded for a finite number of
terms N (say) as follows,

𝑝(cosΘ) =
𝑁∑
𝑙=0

𝜔̃𝑙𝑃𝑙(cosΘ) (2.34)

where 𝑃𝑙(cosΘ) is the Legendre polynomial of degree l.
The phase functions can also be represented explicitly by the direction of inci-

dent (𝜇, 𝜙) and scattered (𝜇′, 𝜙′) radiation in terms of associated legendre poly-
nomials 𝑃𝑚

𝑙
(𝜇) as follows,

𝑝(𝜇, 𝜙;𝜇′𝜙′) =
𝑁∑
𝑚=0

(2 − 𝛿0,𝑚)[
𝑁∑
𝑙=𝑚

𝜔̃𝑙
𝑚𝑃𝑚

𝑙
(𝜇)𝑃𝑚

𝑙
(𝜇′)] cos𝑚(𝜙 − 𝜙′)

where, 𝜔̃𝑙
𝑚 = 𝜔̃𝑙

(𝑙 − 𝑚)!
(𝑙 + 𝑚)! and 𝛿 is the Kronecker delta

(2.35)

Depending on the physical nature of scattering, the phase function can be rep-
resented in different ways as described below,
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1. Isotropic phase function: In this case the incident light scatters isotropically
to every direction. Hence the probability of scattering is the same in all di-
rection. Mathematically it can be obtained by considering 𝜔̃𝑙 = 𝛿0,𝑙. Thus the
phase function can be written as,

𝑝(cosΘ) = 𝜔0 ⩽ 1 (2.36)

2. Asymmetric scattering: In this case, the scattering probability is not the same
along every direction. The asymmetry parameter 𝑥𝜖(0, 1)was introduced by
Chandrasekhar 1960 and thus can be expressed as,

𝑝(cosΘ) = 𝜔0(1 + 𝑥 cosΘ) (−1 ⩽ 𝑥 ⩽ 1) (2.37)

or in explicit form as,

𝑝(𝜇, 𝜙;𝜇′, 𝜙′) = 𝜔0[1 + 𝑥𝜇𝜇′ + 𝑥
√
(1 − 𝜇2)(1 − 𝜇′2) cos(𝜙 − 𝜙′)] (2.38)

3. Rayleigh scattering: Rayleigh scattering is a very important phenomena in
the astrophysical context. It was first introduced by Lord Rayleigh in the
context of explaining the blueness of the sky. For planetary atmospheres
it is the most dominant scattering process in the absence of Mie scattering
(Nikku Madhusudhan and Burrows 2012; Kattawar and Adams 1971). For
substellar-mass objects (e.g. T-dwarfs), multiple Rayleigh scattering shows
polarization effect (Sengupta and Marley 2009). In case of hot stars the neu-
tral hydrogen and singly ionized helium shows Rayleigh scattering from the
atmosphere (Fišák et al. 2016). The mathematical formulation can be given
as (Chandrasekhar 1960),

𝑝(cosΘ) = 3
4
(1 + cos2 Θ) (2.39)

and in explicit form as,

𝑝(𝜇, 𝜙;𝜇′, 𝜙′) = 3
8
[𝑝(0)(𝜇, 𝜇′) + 4𝜇𝜇′

√
(1 − 𝜇2)(1 − 𝜇′2) cos(𝜙 − 𝜙′)

+ (1 − 𝜇2)(1 − 𝜇′2) cos 2(𝜙 − 𝜙′)]
(2.40)

where,

𝑝(0)(𝜇, 𝜇′) = 1
2𝜋

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′, 𝜙′)𝑑𝜙′

=
1
3
(3 − 𝜇2)(3 − 𝜇′2) + 8

3
𝜇2𝜇′2

21



Chapter: 2

4. General third order expansion: This is the the most general phase function
we will consider in this work. The phase function is expanded in terms of
Legendre polynomials upto order 2.

𝑝(cosΘ) =
2∑

𝑚=0
𝜔̃𝑚𝑃𝑚(cosΘ)

=𝜔0 + 𝜔1𝑃1(cosΘ) + 𝜔2𝑃2(cosΘ)
(2.41)

where 𝜔0, 𝜔1, 𝜔2 are constants and 𝑃1, 𝑃2 are Legendre polynomials of cosΘ
given in eqn.(2.32). The analytical solutions for semi-infinite atmosphere
using this phase function in case of diffuse reflection only have been ob-
tained in Horak and S. Chandrasekhar 1961. Note that at different values
of 𝜔0(single scattering albedo), 𝜔1 and 𝜔2 this phase function will reduce into
the previous phase functions. If 𝜔1 = 𝜔2 = 0 then it is isotropic scattering,
if 𝜔2 = 0, 𝜔̃1 = 𝑥𝜔̃0, then it is asymmetric scattering and for rayleigh scatter-
ing 𝜔0 = 1, 𝜔1 = 0, 𝜔2 = 1

2 . For an extensive discussion of different phase
functions produced due to the choices of different set of 𝜔0, 𝜔1, 𝜔2 values we
refer Bhatia and Abhyankar 1983. Thus, we can say this is the most general
phase function till now discussed.
Now this phase function can be expanded explicitly in terms of (𝜇, 𝜙;𝜇′, 𝜙′)
as follows,

𝑝(𝜇, 𝜙;𝜇′, 𝜙′) =𝑝(0)(𝜇, 𝜇′) + (𝜔1 + 3𝜔2𝜇𝜇
′)
√
(1 − 𝜇2)(1 − 𝜇′2) cos(𝜙 − 𝜙′)

+ 3
4
𝜔2(1 − 𝜇2)(1 − 𝜇′2) cos 2(𝜙 − 𝜙′)

(2.42)

where in this case,

𝑝(0)(𝜇, 𝜇′) = 3𝜔2
4

1
𝜁
[𝜁 − 𝜇2)(𝜁 − 𝜇′2) + 4𝜔0

𝜔2
(𝜇𝜇′)2] + 𝜔1𝜇𝜇

′

with 𝜁 =
4𝜔0+𝜔2
3𝜔2

2.10 The Scattering and Transmission Function:

When a light beam incident on a plane-parallel atmosphere then that light can
diffusely scatter and transmit by (through) the atmosphere. Hence to treat the
diffuse reflection and transmission problem, Chandrasekhar 1960 introduced two
fundamental functions as the scattering function S(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0) and Transmission
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function T(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0). The total output radiation from the atmosphere can be
expressed by these two fundamental functions.

For example, if 𝜋𝐹 amount of flux incident along the direction (−𝜇0, 𝜙0) on
a plane-parallel atmosphere (see fig. 2.2), then the diffusely reflected intensity
𝐼(0,+𝜇, 𝜙) from 𝜏 = 0 and diffusely transmitted intensity 𝐼(𝜏1,−𝜇, 𝜙) from 𝜏 = 𝜏1
can expressed as,

𝐼(0,+𝜇, 𝜙) = 𝐹

4𝜇
𝑆(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0)

𝐼(𝜏1,−𝜇, 𝜙) =
𝐹

4𝜇
𝑇(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0)

where,(0 ⩽ 𝜇 ⩽ 1)

(2.43)

The term 1
𝜇 is introduced due to the fact of securing symmetry between the

pair of variables (𝜇, 𝜙) and (𝜇0, 𝜙0) required to satisfy the Helmholtz’s reciprocity
principle, that says,

𝑆(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0) = 𝑆(𝜏1;𝜇0, 𝜙0;𝜇, 𝜙)
𝑇(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0) = 𝑇(𝜏1;𝜇0, 𝜙0;𝜇, 𝜙)

(2.44)

In other words the reciprocity principle can be stated as (Chandrasekhar 1960),
While the incidence and emergence directions of light interchange, the Scattering and
Transmission functions remain unaltered. This principle actually depends on the fact
that light beam follows the same path if the direction is reversed.

2.11 Different types of plane-parallel atmosphere:

For the specification of a plane-parallel atmosphere, it is customary to define the
atmospheric properties in terms of the optical depth 𝜏 of the atmosphere. De-
pending on 𝜏 two fundamentally different atmospheres can be defined as follows
(Chandrasekhar 1960),

1. Semi-infinite Atmosphere: When an atmosphere extends from optical depth
𝜏 = 0 to 𝜏 → ∞, then that is named as Semi-infinite atmosphere.

2. Finite Atmosphere: On the other hand, if an atmosphere extends from op-
tical depth 𝜏 = 0 to 𝜏 = 𝜏1 (where 𝜏1 is finite), then it is recognized as finite
atmosphere.

In this project we will constrain ourself for these two types of atmosphere only.
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2.12 The principle of Invariance:

The Invariance principle was first formulated by Ambartsumian 1943 in case of
semi-infinite atmosphere andAmbartsumian 1944 for finite atmosphere. But these
laws were used at their full efficiency for the first time by Chandrasekhar 1960. In
the following sections we will discuss this principle for the two cases separately.

2.12.1 Semi-infinite Atmosphere:

In case of diffuse reflection in semi-infinite atmosphere, the invariance principle
was formulated by Chandrasekhar 1960 for emergent radiation and for diffuse
reflection. The statements are as follows,

• The emergent radiation from a semi-infinite plane-parallel atmosphere remains in-
variant whenwe add (subtract) some layers with arbitrary optical thickness to (from)
the considered atmosphere.

• The Law which governs the diffuse reflection process in case of a plane-parallel semi-
infinite atmosphere remains invariant while we add (subtract) some layers with ar-
bitrary optical thickness to (from) the considered atmosphere.

These laws are very useful in the context of determining the scattering function
of semi-infinite atmosphere. Infact it assures the translational invariance of the
scattering function 𝑆(𝜇, 𝜙;𝜇′, 𝜙′) over the whole semi-infinite atmosphere. Now
we will derive the mathematical form of the invariance principle in case of semi-
infinite diffuse reflection problem.

For semi-infinite atmosphere it is natural to be interested only in the diffuse
reflection. Hence, in the same case described in sec 2.10 the only interesting part
here is the reflected intensity 𝐼(0, 𝜇, 𝜙) which can be expressed as,

𝐼(0,+𝜇, 𝜙) = 𝐹

4𝜇
𝑆(𝜇, 𝜙;𝜇0, 𝜙0) (2.45)

When there is radation, clearly there are three parts of it,

1. The reduced incident flux 𝐹𝑒−𝜏/𝜇0

2. The inward directed flux 𝐼(𝜏,−𝜇, 𝜙)

3. The outward directed flux 𝐼(𝜏,+𝜇, 𝜙)

Now the atmosphere below the optical depth 𝜏, will give the reflection of the
incident flux which is reduced due to traversing up to that optical depth and the
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flux which is directed inward according to the same law of diffuse reflection. The
final outward flux must be equal to the total reflected flux. Hence the mathemat-
ical form of the invariance principle for semi-infinite atmosphere can be written
as follows,

𝐼(𝜏,+𝜇, 𝜙) = 𝐹

4𝜇
𝑒
− 𝜏

𝜇0𝑆(𝜇, 𝜙;𝜇0, 𝜙0)

+ 1
4𝜋𝜇

∫ 1

0

∫ 4𝜋

0
𝐼(𝜏,−𝜇′, 𝜙′)𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑑𝜇′𝑑𝜙′

(2.46)

2.12.2 Finite Atmosphere case:

The semi-infinite atmosphere is a special case of the more general finite atmo-
sphere case. Thus, the principle for finite atmosphere case should be reduced to
the semi-infinite one in the condition of 𝜏1 → ∞. For finite atmosphere the direc-
tion of radiation can be divided into two parts as follows,

• The outward flux 𝐼(𝜏,+𝜇, 𝜙), directed from 𝜏 towards 𝜏 → 0.

• The inward flux 𝐼(𝜏,−𝜇, 𝜙), directed from 𝜏 towards 𝜏 = 𝜏1.

In both the cases the direction cosine will vary in the range of (0 ≤ 𝜇 ⩽ 1)
Hence, to estimate the radiation field at any layer of optical depth 𝜏 (where, 0 <

𝜏 < 𝜏1)weneed to estimate the following quantities asmentioned byAnnamaneni
Peraiah 2002,

1. The outward intensity 𝐼(𝜏,+𝜇, 𝜙) from 𝜏

2. The inward intensity 𝐼(𝜏,−𝜇, 𝜙) from 𝜏

3. Thediffusely reflectedflux 𝐹
4𝜇𝑆(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0) by thewholemediumextended

from 𝜏 = 0 → 𝜏1.

4. The diffusely transmitted flux 𝐹
4𝜇𝑇(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0) by the whole medium ex-

tended from 𝜏 = 0 → 𝜏1

To estimate these quantities, the following statements of invariance principle
can be formulated (Annamaneni Peraiah 2002),

• 𝐼(𝜏,+𝜇, 𝜙), the outward intensity will be combined by the reflection of the re-
duced incident flux𝜋𝐹𝑒−𝜏/𝜇0 & inwarddirecteddiffused radiation 𝐼(𝜏,−𝜇′, 𝜙′)
from the medium of optical thickness (𝜏1 − 𝜏).
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Mathematical form,

𝐼(𝜏,+𝜇, 𝜙) = 𝐹

4𝜇
𝑒−𝜏/𝜇0𝑆(𝜏1 − 𝜏;𝜇, 𝜙;𝜇0, 𝜙0)

+ 1
4𝜋𝜇

∫ 2𝜋

0

∫ 1

0
𝐼(𝜏,−𝜇′, 𝜙′)𝑆(𝜏1 − 𝜏;𝜇, 𝜙;𝜇′, 𝜙′)𝑑𝜇′𝑑𝜙′

(2.47)

• The intensity 𝐼(𝜏,−𝜇, 𝜙) will be a combined by the transmission of incident
flux F and reflection of outward directed flux 𝐼(𝜏,+𝜇′, 𝜙′) incident below 𝜏
by the medium of optical thickness 𝜏.
Mathematical form,

𝐼(𝜏,−𝜇, 𝜙) = 𝐹

4𝜇
𝑇(𝜏;𝜇, 𝜙;𝜇0, 𝜙0)

+ 1
4𝜋𝜇

∫ 2𝜋

0

∫ 1

0
𝐼(𝜏,+𝜇′, 𝜙)𝑆(𝜏;𝜇, 𝜙;𝜇′, 𝜙′)𝑑𝜇′𝑑𝜙′

(2.48)

• The total diffuse reflection of the entire atmosphere will be a result of the re-
flection of the incident flux F, direct and diffusion transmission of outward
directed radiation, which is 𝐼(𝜏,+𝜇, 𝜙), incident below of the optical thick-
ness 𝜏.
Mathematical form,

𝐹

4𝜇
𝑆(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0) =

𝐹

4𝜇
𝑆(𝜏;𝜇, 𝜙;𝜇0, 𝜙0) + 𝑒−𝜏/𝜇𝐼(𝜏,+𝜇, 𝜙)

+ 1
4𝜋𝜇

∫ 2𝜋

0

∫ 1

0
𝐼(𝜏,+𝜇′, 𝜙′)𝑇(𝜏;𝜇, 𝜙;𝜇′, 𝜙′)𝑑𝜇′𝑑𝜙′

(2.49)

• The total diffuse transmission by the entire atmosphere will be combined by
the diffusely transmitted reduced incident flux 𝜋𝐹𝑒−𝜏/𝜇0 as well as direct and
diffuse transmission of the inward directed flux 𝐼(𝜏,−𝜇′, 𝜙′) incident below
𝜏 through the optical thickness 𝜏1 − 𝜏.
The mathematical form will be,

𝐹

4𝜇
𝑇(𝜏1;𝜇, 𝜙;𝜇0, 𝜙0) =

𝐹

4𝜇
𝑒−𝜏/𝜇0𝑇(𝜏1 − 𝜏;𝜇, 𝜙;𝜇0, 𝜙0) + 𝑒−(𝜏1−𝜏)/𝜇𝐼(𝜏,−𝜇, 𝜙)

+ 1
4𝜋𝜇

∫ 2𝜋

0

∫ 1

0
𝐼(𝜏,−𝜇′, 𝜙′)𝑇(𝜏1 − 𝜏;𝜇, 𝜙;𝜇′, 𝜙′)𝑑𝜇′𝑑𝜙′

(2.50)
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2.13 Integral form of Scattering function in semi-infinite atmo-
sphere:

It is clear that the scattering function is very crucial while modeling the semi-
infinite atmosphere. In fact the final reflected radiation from such an atmosphere
can be estimated in terms of scattering function only. Hence, we will derive the
integral form of scattering function in this present section.

Taking differentiation of the equation (2.46) and set the condition of optical
depth 𝜏 = 0 we will get,

𝑑𝐼(𝜏,+𝜇, 𝜙)
𝑑𝜏

|𝜏=0 = − 𝐹

4𝜇𝜇0
𝑆(𝜇, 𝜙;𝜇0, 𝜙0)

+ 1
4𝜋𝜇

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)[

𝑑𝐼(𝜏,−𝜇′, 𝜙′)
𝑑𝜏

]𝜏=0𝑑𝜇′𝑑𝜙′
(2.51)

Putting 𝜏 = 0 in eqn.(2.26) we will get the following equation,

[
𝑑𝐼𝜆(𝜏,+𝜇, 𝜙)

𝑑𝜏
]𝜏=0 =

1
𝜇
[𝐼𝜆(0,+𝜇, 𝜙) − 𝜉𝜆(0,+𝜇, 𝜙)] (2.52)

[
𝑑𝐼𝜆(𝜏,−𝜇, 𝜙)

𝑑𝜏
]𝜏=0 =

1
𝜇
𝜉𝜆(0,−𝜇, 𝜙) (2.53)

To get the integral equation of the scattering function we follows the same for-
malism given in Chandrasekhar 1960 for boundary condition

𝐼(0,−𝜇, 𝜙) = 0; 0 < 𝜇 ≤ 1 (2.54)

That means, no radiation will go in (−𝜇, 𝜙) direction at 𝜏 = 0. Now, putting
eqn.(2.52) and (2.53) in (2.51) we will get,

1
𝜇
[𝐼𝜆(0,+𝜇, 𝜙)−𝜉𝜆(0,+𝜇, 𝜙)] = − 𝐹

4𝜇𝜇0
𝑆(𝜇, 𝜙;𝜇0, 𝜙0)

+ 1
4𝜋𝜇

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′) 1

𝜇′𝜉𝜆(0,−𝜇
′, 𝜙′)𝑑𝜇′𝑑𝜙′

∴
𝐹

4
(1
𝜇
+ 1
𝜇0

)𝑆(𝜇, 𝜙;𝜇0, 𝜙0) =𝜉(0,+𝜇, 𝜙)

+ 1
4𝜋

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝜉(0,−𝜇′, 𝜙′)

𝑑𝜇′

𝜇′ 𝑑𝜙
′

(2.55)
Now at 𝜏 = 0, the source function 𝜉 (eqn.(2.30)) with the boundary condition

(2.54) will take the form as,
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𝜉𝜆(0, 𝜇′, 𝜙′) = 𝐹

16𝜋

∫ 1

0

∫ 2𝜋

0
𝑝(𝜇′, 𝜙′;𝜇′′, 𝜙′′)𝑆(𝜇0, 𝜙0;𝜇′′, 𝜙′′)𝑑𝜙′′𝑑𝜇

′′

𝜇′′

+ 𝐹

4
𝑝(𝜇′, 𝜙′;−𝜇0, 𝜙0)

(2.56)

While putting this expression in eqn.(2.55) we obtain,

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇, 𝜙, 𝜇0, 𝜙0)

= 𝑝(𝜇, 𝜙;−𝜇0, 𝜙0) +
1
4𝜋

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑝(−𝜇′, 𝜙′;−𝜇0, 𝜙0)

𝑑𝜇′

𝜇′ 𝑑𝜙
′

+ 1
4𝜋

[
∫ 1

0

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′′, 𝜙′′)𝑆(𝜇0, 𝜙0;𝜇′′, 𝜙′′)𝑑𝜙′′𝑑𝜇

′′

𝜇′′

+ 1
4𝜋

∫ 1

0

∫ 2𝜋

0

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑝(−𝜇′, 𝜙′;𝜇′′, 𝜙′′)𝑆(𝜇0, 𝜙0;𝜇′′, 𝜙′′)

𝑑𝜙′′𝑑𝜇
′′

𝜇′′
𝑑𝜇′

𝜇′ 𝑑𝜙
′]

(2.57)

Eqn. (2.57) represents the required integral equation of scattering function in
general case for a scattering only atmosphere.

2.14 Explicit formof the scattering integral equation for different
phase functions

The integral equation derived in the last section is the general form of its own and
it may take specific form depending on the phase functions explicitly. We have
discussed a good deal about the phase functions in section 2.9. Here wewill show
how the general form of scattering integral equation 2.57 changes with different
kind of scattering phase functions.

2.14.1 Isotropic Phase Function:

For isotropic scattering case, the phase function is given in eqn.(2.36).Hence the
scattering functionwill also be axially symmetric and thus eqn.(2.57)will take the
form as,

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇;𝜇0) = 𝜔0[1 +

1
2

∫ 1

0
𝑆(𝜇;𝜇′)

𝑑𝜇′

𝜇′ ][1 +
1
2

∫ 1

0
𝑆(𝜇0;𝜇′′)

𝑑𝜇′′

𝜇′′ ] (2.58)
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Due to the symmetric property of scattering function with respect to 𝜇 and 𝜇′,
the bracketed terms in the right hand side should be a function which depends
only on the values of either 𝜇 or 𝜇0. This function is known as Chandrasekhar’s
H-function defined as (Chandrasekhar 1960),

𝐻(𝜇) = 1 + 1
2

∫ 1

0
𝑆(𝜇;𝜇′)

𝑑𝜇′

𝜇′ (2.59)

Hence the scattering function, given in Eqn. (2.58) can be expressed as,

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇;𝜇0) = 𝜔0𝐻(𝜇)𝐻(𝜇0) (2.60)

Thus the non-linear integral equation of 𝐻(𝜇) can be obtained by putting this
expression back into equation (2.59) as,

𝐻(𝜇) = 1 + 𝜔0
2
𝜇𝐻(𝜇)

∫ 1

0

𝐻(𝜇′)
𝜇 + 𝜇′𝑑𝜇

′ (2.61)

Now the diffusely scattered radiation expression can be given by eqn.(2.45) as,

𝐼(0, 𝜇, 𝜇0) = 𝜔0𝐻(𝜇)𝐻(𝜇0) (2.62)

It is worthnoting that for conservative scattering case, the required expressions
can be obtained just by putting 𝜔0 = 1.

2.14.2 Asymmetric scattering:

This type of phase function generally occurs for planetary illumination case intro-
ducing the asymmetry as shown by Chandrasekhar 1960. The asymmetric scatter-
ing phase function can be written as, 𝑝(cosΘ) = 𝜔0(1 + 𝑥 cosΘ), see eqn.(2.37).

The scattering function here, will have the similar form of eqn.(2.38) (Chan-
drasekhar 1960),

𝑆(𝜇, 𝜙;𝜇′, 𝜙′) = 𝜔0[𝑆(0)(𝜇;𝜇′) + 𝑆(1)(𝜇;𝜇′)𝑥
√
(1 − 𝜇2)(1 − 𝜇′2) cos(𝜙′ − 𝜙)] (2.63)

To solve for the scattering function we need to use the following identity,

1
2𝜋

∫ 2𝜋

0
cos𝑚(𝜙′ − 𝜙0) cos 𝑛(𝜙 − 𝜙′)𝑑𝜙′ = 0;𝑚 ≠ 𝑛

=
1
2
cos𝑚(𝜙 − 𝜙0);𝑚 = 𝑛 ≠ 0

= 1;𝑚 = 𝑛 = 0

(2.64)
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Using eqns.(2.38),(2.57) and (2.64) we will deduce the form of 𝑆(𝜇, 𝜙;𝜇0, 𝜙0)
and comparing with eqn.(2.63) with (𝜇′, 𝜙′) replaced by (𝜇0, 𝜙0) we will get the
form of 𝑆(0) as,

( 1
𝜇0

+ 1
𝜇
)𝑆(0)(𝜇;𝜇0) = [1 + 𝜔0

2

∫ 1

0
𝑆(0)(𝜇′′, 𝜇0)

𝑑𝜇′′

𝜇′′ ][1 +
𝜔0
2

∫ 1

0
𝑆(0)(𝜇′, 𝜇)𝑑𝜇

′

𝜇′ ]

−𝑥[𝜇0 −
𝜔0
2

∫ 1

0
𝑆(0)(𝜇′′, 𝜇0)𝑑𝜇′′][𝜇 − 𝜔0

2

∫ 1

0
𝑆(0)(𝜇′, 𝜇)𝑑𝜇′]

(2.65)

We can write eqn.(2.65) in closed form as follows,

( 1
𝜇0

+ 1
𝜇
)𝑆(0)𝑎 (𝜇;𝜇0) = 𝜓𝑎(𝜇0)𝜓𝑎(𝜇) − 𝑥𝜙𝑎(𝜇0)𝜙𝑎(𝜇) (2.66)

where we define1,

𝜓𝑎(𝜇) = 1 + 1
2
𝜔0

∫ 1

0
𝑆
(0)
𝑎 (𝜇;𝜇′)

𝑑𝜇′

𝜇′

𝜙𝑎(𝜇) = 𝜇 − 1
2
𝜔0

∫ 1

0
𝑆
(0)
𝑎 (𝜇;𝜇′)𝑑𝜇′

(2.67)

Putting the expression of 𝑆(0) back into equation (2.67) we will get the expres-
sions of 𝜙 and 𝜓 as follows,

𝜓𝑎(𝜇) = 1 + 𝜔0
2
𝜇𝜓𝑎(𝜇)

∫ 1

0
𝜓𝑎(𝜇′)

𝑑𝜇′

𝜇 + 𝜇′ −
𝜔0
2
𝑥𝜇𝜙𝑎(𝜇)

∫ 1

0
𝜙𝑎(𝜇′)

𝑑𝜇′

𝜇 + 𝜇′ (2.68)

and

𝜙𝑎(𝜇) = 𝜇 − 𝜔0
2
𝜇𝜓𝑎(𝜇)

∫ 1

0
𝜓𝑎(𝜇′) 𝜇′

𝜇 + 𝜇′𝑑𝜇
′ + 𝜔0

2
𝑥𝜇𝜙𝑎(𝜇)

∫ 1

0
𝜙𝑎(𝜇′) 𝜇′

𝜇 + 𝜇′𝑑𝜇
′

(2.69)

In the same way we can find the expression of 𝑆(1)(𝜇, 𝜇0) by comparing the
𝑐𝑜𝑠(𝜙 − 𝜙0) term,

( 1
𝜇0

+ 1
𝜇
)𝑆(1)(𝜇;𝜇0) =[1 +

𝜔0
4
𝑥

∫ 1

0
𝑆(1)(𝜇′, 𝜇)(1 − 𝜇′2)𝑑𝜇

′

𝜇′ ] ∗ [1 +
𝜔0
4
𝑥

∫ 1

0
𝑆(1)(𝜇′′, 𝜇0)(1 − 𝜇′′2)𝑑𝜇

′′

𝜇′′ ]

=𝐻(1)(𝜇)𝐻(1)(𝜇0)
(2.70)

1Hereinafter the subscript ”a” denotes the asymmetric scattering case.
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This 𝐻(1)(𝜇) is defined as Chandrasekhar 1960,

𝐻(1)(𝜇) = 1 + 𝜔0
4
𝑥𝜇𝐻(1)(𝜇)

∫ 1

0

𝐻(1)(𝜇′)
𝜇 + 𝜇′ (1 − 𝜇′2)𝑑𝜇′ (2.71)

Finally, we can put the values of 𝑆(0) and 𝑆(1) in eqn.(2.63) we will get,

𝑆𝑎(𝜇, 𝜙;𝜇0, 𝜙0)

=
𝜇𝜇0

𝜇 + 𝜇0
𝜔0[(𝜓𝑎(𝜇)𝜓𝑎(𝜇0) − 𝑥𝜙𝑎(𝜇)𝜙𝑎(𝜇0))

+ 𝐻(1)(𝜇)𝐻(1)(𝜇0)𝑥
√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙0 − 𝜙)]

(2.72)

Thus, the diffusely reflected intensity from thermally emitting atmosphere in asym-
metric scattering can be determined using eqns. (2.72) and (2.45) as,

𝐼(0, 𝜇;𝜇0) =
𝐹

4𝜇
𝑆𝑎(𝜇, 𝜙;𝜇0, 𝜙0)

=
𝐹

4
𝜇0

𝜇 + 𝜇0
𝜔0[(𝜓𝑎(𝜇)𝜓𝑎(𝜇0) − 𝑥𝜙𝑎(𝜇)𝜙𝑎(𝜇0))

+ 𝐻(1)(𝜇)𝐻(1)(𝜇0)𝑥
√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙0 − 𝜙)]

(2.73)

2.14.3 Rayleigh scattering phase function:

This scattering phenomena is very important in the astrophysical context (see sec-
tion 2.9). Thus it is important to evaluate the scattering function for Rayleigh
scattering case.

We can express the scattering function which will be similar to the phase func-
tion equation (2.40) as,

𝑆(𝜇, 𝜙;𝜇′, 𝜙′) = 3
8
[𝑆(0)(𝜇, 𝜇′)

+ 𝑆(1)(𝜇, 𝜇′)4𝜇𝜇′
√
(1 − 𝜇2)(1 − 𝜇′2) cos(𝜙 − 𝜙′)

+ 𝑆(2)(𝜇, 𝜇′)(1 − 𝜇2)(1 − 𝜇′2) cos 2(𝜙 − 𝜙′)]

(2.74)

Following the same procedure as we have done before we can derive the expres-
sions of 𝑆(0)(𝜇, 𝜇0),𝑆(1)(𝜇, 𝜇0) and 𝑆(2)(𝜇, 𝜇0).
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( 1
𝜇0

+ 1
𝜇
)𝑆(0)(𝜇, 𝜇0)

=
1
3
[3 − 𝜇2 + 3

16

∫ 1

0
(3 − 𝜇′2)𝑆(0)(𝜇, 𝜇′)𝑑𝜇

′

𝜇′ ]∗

∗ [3 − 𝜇2
0 +

3
16

∫ 1

0
(3 − 𝜇′′2)𝑆(0)(𝜇0, 𝜇

′′)𝑑𝜇
′′

𝜇′′ ]

+ 8
3
[𝜇2 + 3

16

∫ 1

0
𝜇′2𝑆(0)(𝜇, 𝜇′)

𝑑𝜇′

𝜇′ ] ∗ [𝜇
2
0 +

3
16

∫ 1

0
𝜇′′2𝑆(0)(𝜇0, 𝜇

′′)
𝑑𝜇′′

𝜇′′ ]

(2.75)

We define the following terms2,

𝜓𝑅(𝜇) = 3 − 𝜇2 + 3
16

∫ 1

0
(3 − 𝜇′2)𝑆(0)

𝑅
(𝜇, 𝜇′)

𝑑𝜇′

𝜇′

𝜙𝑅(𝜇) = 𝜇2 + 3
16

∫ 1

0
𝜇′2𝑆(0)

𝑅
(𝜇, 𝜇′)

𝑑𝜇′

𝜇′

(2.76)

Now eqn.(2.75) can be expressed as,

∴ ( 1
𝜇0

+ 1
𝜇
)𝑆(0)
𝑅
(𝜇, 𝜇0) =

1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0) (2.77)

Now putting eqn.(2.77) in eqn.(2.76) we can get the explicit forms for 𝜙𝑅 and 𝜓𝑅
as follows,

𝜓𝑅(𝜇) = (3 − 𝜇2) + 1
16

𝜇𝜓𝑅(𝜇)
∫ 1

0

3 − 𝜇′2

𝜇 + 𝜇′ 𝜓𝑅(𝜇
′)𝑑𝜇′

+ 1
2
𝜇𝜙𝑅(𝜇)

∫ 1

0

3 − 𝜇′2

𝜇 + 𝜇′ 𝜙𝑅(𝜇
′)𝑑𝜇′

(2.78)

and

𝜙𝑅(𝜇) = 𝜇2 + 1
16

𝜇𝜓𝑅(𝜇)
∫ 1

0

𝜇′2

𝜇 + 𝜇′𝜓𝑅(𝜇
′)𝑑𝜇′

+ 1
2
𝜇𝜙𝑅(𝜇)

∫ 1

0

𝜇′2

𝜇 + 𝜇′𝜙𝑅(𝜇
′)𝑑𝜇′

(2.79)

The remaining expressions for 𝑆(1)(𝜇, 𝜇′) and 𝑆(2)(𝜇, 𝜇′) can be found by com-
paring the co-efficients of cos(𝜙 − 𝜙0) and cos 2(𝜙 − 𝜙0) respectively. We write

2Hereinafter the subscript ”R” stands for Rayleigh scattering
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them down here,

(1
𝜇
+ 1
𝜇0

)𝑆(1)(𝜇, 𝜇0) = [1 + 3
8

∫ 1

0
𝜇′′2(1 − 𝜇′′2)𝑆(1)(𝜇′′, 𝜇0)

𝑑𝜇′′

𝜇′′ ]

∗ [1 + 3
8

∫ 1

0
𝜇′2(1 − 𝜇′2)𝑆(1)(𝜇, 𝜇′)𝑑𝜇

′

𝜇′ ]
(2.80)

and,

(1
𝜇
+ 1
𝜇0

)𝑆(2)(𝜇, 𝜇0) = [1 + 3
32

∫ 1

0
(1 − 𝜇′′2)2𝑆(2)(𝜇′′, 𝜇0)

𝑑𝜇′′

𝜇′′ ]

∗ [1 + 3
32

∫ 1

0
(1 − 𝜇′2)2𝑆(2)(𝜇, 𝜇′)

𝑑𝜇′

𝜇′ ]
(2.81)

Now, eqns. (2.80) and (2.81) can be expressed in terms of 𝐻(1)(𝜇) and 𝐻(2)(𝜇) as
follows (Chandrasekhar 1960),

(1
𝜇
+ 1
𝜇0

)𝑆(1)(𝜇, 𝜇0) = 𝐻(1)(𝜇0)𝐻(1)(𝜇)

(1
𝜇
+ 1
𝜇0

)𝑆(2)(𝜇, 𝜇0) = 𝐻(2)(𝜇0)𝐻(2)(𝜇)
(2.82)

Where 𝐻(1)(𝜇) and 𝐻(2)(𝜇) can be expressed as,

𝐻(1)(𝜇) = 1 + 3
8
𝜇𝐻(1)(𝜇)

∫ 1

0

𝜇′2(1 − 𝜇′2)
𝜇 + 𝜇′ 𝐻(1)(𝜇′)𝑑𝜇′ (2.83)

𝐻(2)(𝜇) = 1 + 3
32

𝜇𝐻(2)(𝜇)
∫ 1

0

(1 − 𝜇′2)2
𝜇 + 𝜇′ 𝐻(2)(𝜇′)𝑑𝜇′ (2.84)

Now the full equation of scattering function and intensity at the layer of 𝜏 = 0
for Rayleigh scattering can be expressed as follows,

(1
𝜇
+ 1
𝜇0

)𝑆𝑅(𝜇, 𝜙;𝜇0, 𝜙0) =
1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0)

− 𝐻(1)(𝜇)𝐻(1)(𝜇0)4𝜇𝜇0

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)
+ 𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]
(2.85)

33



Chapter: 2

and

𝐼(0, 𝜇, 𝜙;𝜇0, 𝜙0) =
𝐹

4𝜇
𝑆𝑅(𝜇, 𝜙;𝜇0, 𝜙0)

=
3𝐹
32

𝜇0

𝜇 + 𝜇0
[1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0)

− 𝐻(1)(𝜇)𝐻(1)(𝜇0)4𝜇𝜇0

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)
+ 𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]

(2.86)

2.14.4 Scattering function for the general phase function:

The phase function of this type and its explicit form is discussed in section 2.9.
Here we will derive the scattering function for this type of phase functions.

Observing the similarity with the phase function, the scattering function can
be written as,

𝑆(𝜇, 𝜙;𝜇0, 𝜙0) = 𝑆(0)(𝜇, 𝜇0)

+ 𝑆(1)(𝜇, 𝜇0)
√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)
+ 𝑆(2)(𝜇, 𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)

(2.87)

Herewewill not go into the detailed derivation of the scattering functionwhich
is similar to the process of the other scattering function cases and can be found in
Horak and S. Chandrasekhar 1961 and S. Chandrasekhar 1989. Rather we will
write the results directly.

In the same way as before we can get the 3 functional forms of the scattering
function term by term as follows,

(1
𝜇
+ 1
𝜇0

)𝑆(0)
𝑙
(𝜇, 𝜇0) = −𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0) +

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0) +
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0) (2.88)

(1
𝜇
+ 1
𝜇0

)𝑆(1)
𝑙
(𝜇, 𝜇0) =𝜔1𝜃(𝜇)𝜃(𝜇0) − 3𝜔2𝜎(𝜇)𝜎(𝜇0)

=[𝜔1(1 + 𝑙𝜇)(1 + 𝑙𝜇0) − 3𝜔2𝑚
2𝜇𝜇0]𝐻(1)(𝜇)𝐻(1)(𝜇0)

(2.89)

The quantities l and m used here are the same as defined in Horak and S. Chan-
drasekhar 1961.

3Hereinafter the subscript ”l” stands for the scattering due to phase function 𝑝(cosΘ) = 𝜔0 + 𝜔1𝑃1(cosΘ) +
𝜔2𝑃2(cosΘ)
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(1
𝜇
+ 1
𝜇0

)𝑆(2)
𝑙
(𝜇, 𝜇0) =

3𝜔2
4
𝐻(2)(𝜇)𝐻(2)(𝜇0) (2.90)

where,

𝜂𝑙(𝜇) = 𝜇 − 1
2

∫ 1

0
𝑆
(0)
𝑙
(𝜇, 𝜇′)𝑑𝜇′ (2.91)

𝜙𝑙(𝜇) = 𝜇2 + 1
2

∫ 1

0
𝑆
(0)
𝑙
(𝜇, 𝜇′)𝜇′𝑑𝜇′ (2.92)

𝜓𝑙(𝜇) = (𝜁 − 𝜇2) + 1
2

∫ 1

0
𝑆
(0)
𝑙
(𝜇, 𝜇′)(𝜁 − 𝜇′2)𝑑𝜇

′

𝜇′ (2.93)

𝜃(𝜇) = 1 + 1
4

∫ 1

0
𝑆(1)(𝜇, 𝜇′)(1 − 𝜇′2)𝑑𝜇

′

𝜇′ (2.94)

𝜎(𝜇) = 𝜇 − 1
4

∫ 1

0
𝑆(1)(𝜇, 𝜇′)(1 − 𝜇′2)𝑑𝜇′ (2.95)

The H-functions here are defined as,

𝐻(𝑖)(𝜇) = 1 + 𝜇𝐻(𝑖)(𝜇)
∫ 1

0

Ψ(𝑖)(𝜇′)
𝜇 + 𝜇′ 𝐻

(𝑖)(𝜇′)𝑑𝜇′ 𝑖 = 1, 2 (2.96)

where,

Ψ(𝑖)(𝜇) = 𝑎(𝑖) + 𝑏(𝑖)𝜇2 + 𝑐(𝑖)𝜇4 (2.97)

𝑎(1) =
𝜔1
4
; 𝑏(1) =

1
4
[𝜔2(3 − 𝜔1) − 𝜔1]; 𝑐(1) =

𝜔2
4
(𝜔1 − 3) (2.98)

𝑎(2) = 𝑐(2) =
3𝜔2
16

; 𝑏(2) = −3𝜔2
8

(2.99)

Using the expression of 𝑆(0) in equations (2.91), (2.92) and (2.93) we will get
the non-linear form of these three equations as follows,

𝜂𝑙(𝜇) =𝜇 +
𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′ −
𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′

−
𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′
(2.100)

𝜙𝑙(𝜇) =𝜇2 −
𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′ +
𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′

+
𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′
(2.101)
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𝜓𝑙(𝜇) =(𝜁 − 𝜇2) − 𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′ + 𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′

+ 𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′

(2.102)
Now the scattering function can be written as,

𝑆(𝜇, 𝜙;𝜇0, 𝜙0) =
𝜇𝜇0

𝜇 + 𝜇0
[−𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0) +

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0) +
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0)

+ [𝜔1(1 + 𝑙𝜇)(1 + 𝑙𝜇0) − 3𝜔2𝑚
2𝜇𝜇0]𝐻(1)(𝜇)𝐻(1)(𝜇0)

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)

+ 3𝜔2
4
𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]
(2.103)

Finally the diffused reflected intensity can be represented as,
𝐼(0, 𝜇;𝜇0) =
𝜇0

𝜇 + 𝜇0

𝐹

4
[−𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0) +

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0) +
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0)

+ {𝜔1(1 + 𝑙𝜇)(1 + 𝑙𝜇0) − 3𝜔2𝑚
2𝜇𝜇0}𝐻(1)(𝜇)𝐻(1)(𝜇0)

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)

+ 3𝜔2
4
𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]
(2.104)

With this we conclude this chapter of what has been done till now and in the
next chapters we will discuss how this theory can be used to model exoplanetary
atmosphere and modification of the theory wherever needed and possible.

Resource summary

1. Chandrasekhar 1960

2. S. Chandrasekhar 1989

3. Horak and S. Chandrasekhar 1961

4. Annamaneni Peraiah 2002

5. G. Rybicki 1979
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Chapter 3

Effect of atmospheric heat redistribution on
Emission spectra of Hot-Jupiters1

3.1 Introduction

From the first detection of Jupiter-like exoplanet, named 51-Pegasi-b (Mayor and
Queloz 1995) orbiting around a sun-like star, the giant exoplanets remain the
most observed and investigated exoplanets till date. For transit observations, hot-
Jupiters are the first as well as the most easily detectable planets (Tsevi Mazeh et
al. 2000; Knutson et al. 2007) among a large variety of exoplanets discovered. The
atmospheric temperature-pressure profiles of hot-Jupiters have beenmodeled us-
ing the radiative equilibrium conditions both analytically (Hansen 2008; Guillot
2010), as well as numerically (Parmentier and Guillot 2014; Parmentier, Guillot,
et al. 2015). Using these modelled temperature-pressure profiles and the atmo-
spheric chemical compositions, the atmospheric spectra of such exoplanets can be
obtained by solving the radiative transfer equations (Mollière et al. 2019; Sengupta
and Marley 2009; Tinetti, Encrenaz, and Coustenis 2013). Ultimately, by compar-
ing those synthetic spectra with the extracted spectra from transit observations,
one can retrieve the atmospheric compositions (Tinetti, Vidal-Madjar, et al. 2007;
Swain, Vasisht, and Tinetti 2008) and the temperature-pressure profiles (Nikolov
et al. 2018; Madhusudhan and Seager 2009; Tinetti, Deroo, et al. 2010).

Three types of spectra that can be obtained during transit and eclipse observa-
tions, e.g., transmission, reflection and emission spectra (Tinetti, Encrenaz, and
Coustenis 2013) are studied extensively (e.g. Sengupta, Chakrabarty, and Tinetti
2020, Chakrabarty and Sengupta 2020,Waldmann et al. 2015, Mollière et al. 2019,
Kempton et al. 2017,Batalha et al. 2019). Among all these, only the planetary
emission spectra observed during secondary eclipse observations carry the full
imprint of the atmospheric temperature-pressure profile (Tinetti, Encrenaz, and
Coustenis 2013), whereas reflection and transmission spectra are sensitive to the

1This chapter contains the material from the paper submitted in New Astronomy Journal
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upper atmosphere only (Sengupta, Chakrabarty, and Tinetti 2020). These spectra
carry the compositional signature of the atmospheric layers in terms of absorp-
tion and scattering as well as the temperature of each atmospheric layer (S. Sen-
gupta 2021). Due to the tidal locking of the hot-Jupiters with its host star, there
is a huge difference in the atmospheric temperature at the permanent day-side
and the permanent night-side of the planet. This temperature gradient as well
as the small rotation period influences the horizontal flow of atmosphere, which
is very much different than that of the solar system giants (Showman, Menou,
and Cho 2007). Also the stellar irradiation flux has a direct effect on planetary
spectra through re-emission (Chakrabarty and Sengupta 2020) and in heat redis-
tribution through equatorial-jet circulation (Hammond, Tsai, and Pierrehumbert
2020). Hansen 2008 pedagogically showed that the planetary atmospheric heat
redistribution has a direct effect on the temperature-pressure profile as well as in
the emission spectra. Recently, Komacek and Showman 2019 demonstrated that
due to large scale equatorialwaves generated byprominent day-night temperature
contrast, there is a temporal variation in the secondary eclipse depth ( 2% locally)
and the temperature-pressure profiles. A number of studies of atmospheric heat
redistribution has been done using different available mechanisms (see Seager
2010b; Heng and Showman 2015; Showman, Tan, and Parmentier 2020 and the
references therein). Initially the shallow water model is used to explain the at-
mospheric heat redistribution in hot-Jupiters (Perez-Becker and Showman 2013).
Recently, Tan and Komacek 2019 investigated the heat transfer from dayside to
nightside in ultra hot jupiters by considering the General Circulation Model with
an effect of molecular hydrogen dissociation in dayside and atomic hydrogen re-
combination in nightside. Hence each vertical atmospheric layer in the dayside
atmosphere is cooled due to the heat transfer from substellar to anti-stellar side of
the planet.

Although, different kind of atmospheric spectra of hot-jupiters has been stud-
ied, the effect of atmospheric heat redistribution on hot-Jupiter’s atmosphere re-
mains unresolved. Thus, to get the full realization of the atmospheric heat re-
distribution, one needs to study the temperature-pressure profiles as well as the
emission spectra for different degree of atmospheric heat redistribution. In this
paper, we present the effect of day to night side atmospheric heat redistribution
of hot-jupiters. We however, do not address the possible mechanisms of heat re-
distribution. The effect is analyzed in terms of temperature-pressure profile and
day-side emission spectrum as suggested by Hansen 2008. We use the analytical
formulation of temperature-pressure profiles presented by Guillot 2010 to derive
the analytical relation of redistribution parameter with the emission profiles. Us-
ing these profiles and solar abundance composition in the atmosphere, the scatter-
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ing as well as the absorption co-efficients are estimated by using the Exo-Transmit
(Kempton et al. 2017; Freedman, Marley, and Lodders 2008; Freedman, Lustig-
Yaeger, et al. 2014; Lupu et al. 2014) software package which is available publicly
(Sengupta, Chakrabarty, and Tinetti 2020). Finally, the modelled temperature-
pressure profile, absorption and scattering co-efficients are used to calculate the
dayside emission spectra numerically by using discrete space theory formalism
described in Sengupta andMarley 2009, Sengupta, Chakrabarty, and Tinetti 2020.
Thus, from the emission spectra we infer the role of heat redistribution in the at-
mosphere of hot-juipters.

In section 3.2, we present the analytical derivations of the expression that de-
scribe the explicit dependence of atmospheric thermal profile as well as the day-
side emission spectra on the redistribution parameter f. The method of numerical
techniques while solving for the 1-D equations of radiative transfer is described as
well as their solutions are validated in section 3.3. The resulting effects of redistri-
bution parameter on the temperature-pressure profile and the dayside emission
spectra are presented in section 3.4. Finally we discuss our results and conclude
this work in the last section.

3.2 Theoretical Models

A hot close-in gas giant planet is tidally locked to its host star. When the starlight
is irradiated on the atmosphere, then two phenomena can occur: Either the heat
can be absorbed and redistributed in the atmosphere or the heat is re-radiated
immediately from the atmosphere.

The analytical expression for the atmospheric temperature under radiative equi-
librium can be given as (Guillot 2010),

𝑇4 =
3𝑇4

𝑖𝑛𝑡

4

(
2
3
+ 𝜏

)
+
3𝑇4

𝑖𝑟𝑟

4
𝜇0

[
2
3
+
𝜇0

𝛾
+
(
𝛾

3𝜇0
−
𝜇0

𝛾

)
𝑒
− 𝛾𝜏

𝜇0

]
(3.1)

where,𝑇𝑖𝑛𝑡 is the internal temperature of the planet, 𝑇𝑖𝑟𝑟 is temperature due to the
flux irradiated on the planetary atmosphere along the direction cosine 𝜇0, 𝛾 is the
ratio between the optical and the infrared absorption co-efficients, i.e. 𝜅𝑣𝑖𝑠/𝜅𝑖𝑛 𝑓
and 𝜏 is the optical depth defined in terms of pressure (P), density (𝜌) and con-
stant surface gravity g as, 𝑑𝜏 =

𝑑𝑃𝜅𝑡ℎ
𝑔 (Guillot 2010).

Thus the mean intensity expression can be obtained by multiplying equation
(3.1) by 𝜎

𝜋 , where 𝜎 is the Stefan-Boltzmann constant, on either side as,

𝐽 =
3
4
𝐹𝑖𝑛𝑡

(
2
3
+ 𝜏

)
+ 3
4
𝐹𝑖𝑟𝑟𝜇0

[
2
3
+
𝜇0

𝛾
+
(
𝛾

3𝜇0
−
𝜇0

𝛾

)
𝑒
− 𝛾𝜏

𝜇0

]
(3.2)
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where, we replaced 𝜎𝑇4
𝑖𝑛𝑡

/𝜋 and 𝜎𝑇4
𝑖𝑟𝑟
/𝜋 by internal flux 𝐹𝑖𝑛𝑡 and irradiated flux

𝐹𝑖𝑟𝑟 respectively and make use the fact that 𝐽 = 𝜎𝑇4

𝜋 (Chandrasekhar 1960).
Under radiative equilibrium condition, the specific intensity at 𝜏 = 0 and the

mean intensity relation can be wriiten as (Hansen 2008),

𝐼(𝜏 = 0, 𝜇, 𝜇0) =
∫ ∞

0
𝐽(𝑡)𝑒−

𝑡
𝜇
𝑑𝑡

𝜇
(3.3)

Now solving equation (3.3) while using equation (3.2) we obtain,

𝐼(0, 𝜇, 𝜇0) =
3𝐹𝑖𝑛𝑡
4

(2
3
+ 𝜇) + 3𝐹𝑖𝑟𝑟

4
𝜇0

[2
3
+
𝜇0

𝛾
+
( 𝛾

3𝜇0
−
𝜇0

𝛾
) 1
1 + 𝛾𝜇/𝜇0

] (3.4)

This is the flux emerging out from the uppermost atmospheric layer of the planet
where 𝜏 = 0. For secondary eclipse observation, the total observed flux is the
radiation coming from the substellar point of the planet at full phase with 𝜇 = 𝜇0.
Taking the integral over this phase and following the notations of Hansen 2008,
we can write the full emerging flux as,

𝐹 𝑓 𝑢𝑙𝑙 = 2
∫ 1

0
𝜇0𝐼(0, 𝜇0, 𝜇0)𝑑𝜇0

= 𝐹𝑖𝑛𝑡 +
3𝐹𝑖𝑟𝑟
2

[
2
9
+ 1
4𝛾

+
(
𝛾

6
− 1
4𝛾

)
1

1 + 𝛾

] (3.5)

In principal, the comparison of the flux observed during secondary eclipse to
themodel flux 𝐹 𝑓 𝑢𝑙𝑙 can tell us whether the energy is redistributed from substellar
side to anti-stellar side of the planet, because the observed emitted flux from the
substellar side in that case would be less than that expected for no-redistribution
model. Thus dividing the re-radiation term i.e. the second term in the right hand
side of equation (3.5) by the irradiated flux 𝐹𝑖𝑟𝑟 we get an effective redistribution
factor,

𝑓𝑒 𝑓 𝑓 =
3
2

[
2
9
+ 1
4𝛾

+
(
𝛾

6
− 1
4𝛾

)
1

1 + 𝛾

]
(3.6)

Similarly, the irradiated flux expressed by equation (3.5) can also be written in
terms of the zero albedo equilibrium flux at planetary atmosphere (i.e. 𝐹𝑒𝑞0). To
do that we consider the average temperature-pressure profile with 𝜇0 = 1/

√
3 as

shown in Guillot 2010 and can be denoted by a particular term 𝜇∗. This is known
as isotropic approximation case and has been considered by Parmentier, Guillot,
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et al. 2015 using the following relations:

𝜇∗ =
1√
3

𝑇4
𝜇∗ = 𝜇∗𝑇

4
𝑖𝑟𝑟 =

1√
3
𝑇4
𝑖𝑟𝑟 = (1 − 𝐴𝐵)4 𝑓 𝑇4

𝑒𝑞0

(3.7)

where, 𝐴𝐵 is the Bond Albedo, 𝑇𝑒𝑞0 is the zero albedo equilibrium temperature
and f is atmospheric redistribution parameter. We emphasize here that f and 𝑓𝑒 𝑓 𝑓
are two completely different parameters. f is the redistribution parameter that
tells how much day to night side horizontal atmospheric flow occurs, whereas
𝑓𝑒 𝑓 𝑓 is a function of 𝛾 and represents the variation of flux absorbed at different
atmospheric depth. Thus, for isotropic approximation 𝐹𝑖𝑟𝑟 of equation (3.5) can
be written as,

𝐹𝑖𝑟𝑟 =
𝜎
𝜋
𝑇4
𝑖𝑟𝑟

= 4
√
3(1 − 𝐴𝐵) 𝑓 𝐹𝑒𝑞0

(3.8)

where 𝐹𝑒𝑞0 = 𝜎
𝜋𝑇

4
𝑒𝑞0

Thus considering equation (3.6), (3.7) and (3.8) we can write equation (3.5)
as,

𝐹 𝑓 𝑢𝑙𝑙 = 𝐹𝑖𝑛𝑡 + 4
√
3(1 − 𝐴𝐵) 𝑓𝑒 𝑓 𝑓 𝑓 𝐹𝑒𝑞0 (3.9)

Equation (3.9) represents total emergent flux in case of secondary eclipse emis-
sion spectra. In this work we study the particular case for fixed internal and equi-
librium temperature as well as for fixed albedo. Thus, the total flux 𝐹 𝑓 𝑢𝑙𝑙 may vary
depending on the parameters 𝑓𝑒 𝑓 𝑓 and f only.

The explicit form of 𝑓𝑒 𝑓 𝑓 , is given in Equation (3.6) and its variation with 𝛾 is
shown in figure 3.1. These are equivalent to that obtained by Hansen 2008 except
some different boundary conditions used. The figure shows that 𝑓𝑒 𝑓 𝑓 saturates
both at large and small 𝛾. Also it reveals that 𝑓𝑒 𝑓 𝑓 is very insensitive to 𝛾. The
values of 𝑓𝑒 𝑓 𝑓 saturate at 𝑓𝑒 𝑓 𝑓 → 0.7083 for 𝛾 → 0 and 𝑓𝑒 𝑓 𝑓 → 0.583 for 𝛾 → ∞
as derived using python package ”simpy” (Meurer et al. 2017) available in public
domain2 . This insensitivity of 𝑓𝑒 𝑓 𝑓 to 𝛾 implies that the variation in the emission
spectra during the secondary eclipse is effectively due to the atmospheric heat
redistribution factor f. It also suggests that the emission spectra almost remain
unaffected by the atmospheric depth at which the irradiated energy penetrates.
Therefore the degree of thermal redistribution in the planetary atmosphere can
be determined by comparing the observed flux during the secondary eclipse with
model spectra calculated by using different heat redistribution parameters.

2https://www.sympy.org/en/index.html
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Figure 3.1: Variation of the function 𝑓𝑒 𝑓 𝑓 with 𝛾, the ratio between the optical and the infrared
absorption co-efficients.

3.2.1 Values of the redistribution parameter for isotropic approximation

𝑅𝑝
𝑅𝑝

star

a

Figure 3.2: The isotropic irradiation approximation. The starlight incidents on the dayside of the
planet isotropically through the area 𝜋𝑅2

𝑝 . Due to atmospheric heat redistribution from dayside
to nightside (shown in green arrow), the redistribution parameter is altered. The energy emitted
from the dayside of a hot Jupiter decreases with the increase in the heat redistribution.

Since the close-in hot-Jupiters are usually gravitationally locked to their parent
star, they have parmanent day and night sides. Under such circumstance, the ir-
radiation can be treated by isotropic approximation (Guillot 2010). In this case
the irradiation flux is assumed to be incident on a circular area 𝜋𝑅2

𝑝 as shown in
fig. 3.2. Before the energy is re-emitted from the planet, the irradiated energy is
redistributed on the planetary atmosphere in three possible ways. The redistribu-
tion parameter f can be defined as the ratio of irradiated area to the redistribution
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area. In the present case, as the irradiated area is fixed at 𝜋𝑅2
𝑝, the redistribution

parameter f should entirely depend on the area of redistribution by an inverse
relation. The three possible cases of heat redistribution are as follows:

1. When the irradiated energy is redistributed over thewhole planetary surface,
then f = 𝜋R2

p

4𝜋R2
p
= 1

4 as mentioned in Parmentier, Guillot, et al. 2015

2. For only dayside heat redistribution, f = 𝜋R2
p

2𝜋R2
p
= 1

2

3. For no heat redistribution at all, Seager 2010a suggests f = 2
3

It is worth noting that the value of f decreases with the increase in the heat
redistribution from the dayside to the nightside. Thus from equation (3.9) it is
evident that the re-radiated flux at the dayside increases with the decrease in the
redistribution of the irradiated energy.

3.3 Numerical methodology

3.3.1 Atmospheric temperature-pressure profiles

The variation of temperature as well as pressure with atmospheric height is con-
sidered an involved and unique character of any exoplanetary atmosphere. This
temperature-pressure (T-P) profiles can be affected by internal energy of the planet,
irradiated flux from its host star, atmospheric redistribution, molecular mixing ra-
tio etc. For a hot-Jupiter planet, these (T-P) profiles arewell studied by Parmentier
and Guillot 2014, Guillot 2010, Parmentier, Guillot, et al. 2015 in the presence of
internal as well as irradiated flux on the planetary atmosphere. We use the analyt-
ical expressions prescribed by them in order to study the effect of redistribution
on planetary atmosphere. The study of the variation of the gas mixing ratio on
the atmospheric redistribution is however beyond the scope of the present work.

The atmospheric temperature-pressure profiles are generated using the numer-
ical code developed by Parmentier, Guillot, et al. 2015 and available in public do-
main3. The numerical code is based on the analytical model given in Guillot 2010;
Parmentier and Guillot 2014 and can be expressed by equation (3.1). We have ig-
nored the convective region at the bottom of the model T-P profiles. The derived
T-P profiles are used to solve the radiative tranfer equations numerically in order
to obtain the planetary emission spectra. Since the emission spectra probe deep
of the atmosphere, therefore, unlike the transmission and reflection spectra, the

3NonGrey Code
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T-P profile up to a deeper atmospheric region is required to calculate the emission
flux. Hence, we consider the T-P profile for a wide range of atmsopheric pressure,
e.g., 10−6 − 102 bar. Also the profiles are generated for a Jupiter like planet with
surface gravity 25𝑚/𝑠2 and internal temperature 200K but equilibrium tempera-
ture of 1800K for zero albedo. The opacity is considered to be Rosseland mean
opacity as given by Valencia et al. 2013. Finally all the temperature-pressure pro-
files are calculated in the presence of Tio andVO so that effect of thermal inversion
could be incorporated. These T-P profiles are used to generate the absorption and
scattering co-efficients as well as to get the solutions of the radiative transfer equa-
tions.

3.3.2 Co-efficients of absorption and scattering

In the present work we aim to study the influence of heat redistribution on the
atmosphere of hot-Jupiters. Now an exoplanetary atmosphere can be character-
ized by its temperature-pressure profile, atmospheric chemistry and atmospheric
emission. Here we investigate how the temperature-pressure profile as well as
atmospheric emission varies with the atmospheric heat redistribution for a fixed
atmospheric chemistry. Hence, we present models with fixed abundance, e.g., so-
lar abundance of atoms and molecules for hot-Jupiters. The scattering as well as
absorption co-efficients are calculated by the numerical software ”Exo-Transmit”
developed by Kempton et al. 2017 4 alongwith the atomic andmolecular database
provided (Freedman, Marley, and Lodders 2008; Freedman, Lustig-Yaeger, et al.
2014; Lupu et al. 2014). The model description as well as validity check of ”Exo-
Transmit” software package with Tau-REx package Waldmann et al. 2015 is dis-
cussed in Sengupta, Chakrabarty, and Tinetti 2020. We fix the chemical composi-
tion by choosing solar abundance equation of state (EOS) data provided with the
package. For this particular chemical composition, the absorption and scattering
co-efficients are generated for different temperature-pressure profiles. These co-
efficients are further used to calculate the single scattering albedo at each temperature-
pressure point for different wavelengths. We ignore cloud or condensate opacities
or any collision induced scattering.

3.3.3 Numerical method to generate the emission spectra:

In order to generate the synthetic emission spectra, we need to solve the radiative
transfer equations by using the atmospheric temperature-pressure profile as well
as the absorption and scattering co-efficients. The radiative transfer equations

4https://github.com/elizakempton/Exo Transmit

44

https://github.com/elizakempton/Exo_Transmit


Chapter: 3

appropriate for an atmosphere in thermodynamic equilibrium can be expressed
as,

𝜇
𝑑𝐼(𝜇, 𝜈, 𝜏)

𝑑𝜏
= 𝐼(𝜇, 𝜈, 𝜏) − 𝜉(𝜇, 𝜏, 𝜈) (3.10)

where, 𝜉(𝜇, 𝜏, 𝜈) is the source function. We consider local thermodynamic equi-
librium at each atmospheric layer and thus the source function can be written
as 𝜉(𝜇, 𝜏, 𝜈) = 𝐵(𝜈, 𝑇) = 2ℎ𝜈3

𝑐2
(𝑒 ℎ𝜈/𝑘𝑇 − 1)−1 (Chandrasekhar 1960; Seager 2010a).

Thus, each atmospheric layer contributes to the specific intensity 𝐼 in terms of their
blackbody temperature. To solve this equations numericallywe use the formalism
of the theory of discrete space as developed by Peraiah and Grant 1973,Sengupta
and Marley 2009. The numerical method, runtime and efficiency of the code is
provided in Sengupta, Chakrabarty, and Tinetti 2020.

3.3.4 Validation of our model

In order to validate our numerical derivations, we compare the emission spec-
tra with the synthetic spectra generated by the numerical package developed by
Mollière et al. 2019 and available in the public domain5. This software package is
itself benchmarked with the petitCODE (Paul Mollière et al. 2015). The compar-
isons of the two different model spectra are given in figure 3.3c and figure 3.3d. In
our model calculations we consider a planetary atmosphere with abundance 9.72
x 10−1, 2.3 x 10−2, 6.3 x 10−4 and 2.9x 10−5 for the elements He, H2, CH4, 𝑁𝐻3 re-
spectively, with surface gravity 25𝑚/𝑠−2. The temperature-pressure profiles with
andwithout thermal inversion are presented in figure 3.3a and figure 3.3b respec-
tively. We note that, in figure 3.3e and 3.3f the relative error between these two
model spectra are very small implying good agreement. The small mismatch in
the emission spectra presented in figure 3.3c and figure 3.3d is due to the fact
that we solved the radiative transfer equations using line by line method whereas
Mollière et al. 2019 solve the same using correlated-k approximation.

Next our modeled emission spectra have been compared with the observed
planet-star flux ratio for the hot-JupitersHAT-P-32b (Nikolov et al. 2018)andHAT-
P-7b (Mansfield et al. 2018). The planet-star flux ratio is calculated as a function
of wavelength 𝜆 from the relationship (Tinetti, Encrenaz, and Coustenis 2013),

𝜂(𝜆) =
𝐹𝑝(𝜆)
𝐹𝑠(𝜆)

𝑅2
𝑝

𝑅2
𝑠

(3.11)

Here, 𝑅𝑝 and 𝑅𝑠 are the planetary and stellar radius respectively. 𝐹𝑝 is the same
as 𝐹 𝑓 𝑢𝑙𝑙 in equation (3.9). Thus the emission spectra is dependent on the redis-

5https://gitlab.com/mauricemolli/petitRADTRANS
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(a) Without inversion (b) With inversion

(c) Emission spectra (d) Emission Spectra

(e) Relative error (f) Relative error

Figure 3.3: Comparison of our model emission spectra (blue curve) with the model spectra cal-
culated by using petitRADTRANS code (black curve) (Mollière et al. 2019) without thermal in-
version ( 𝑇𝑖𝑛𝑡 = 200𝐾 and 𝑇𝑒𝑞 = 1500𝐾; left panel) and with thermal inversion (𝑇𝑖𝑛𝑡 = 200𝐾 and
𝑇𝑒𝑞 = 1800𝐾; right panel). In uppermost panel the temperature-pressure profiles are presented.
In the middle panel (3.3c and 3.3d) the emission spectra are compared. The relative error of these
two models are presented in 3.3e and 3.3f.

46



Chapter: 3

(a) HAT-P-32b Flux Ratio at Secondary Eclipse

(b) HAT-P-7b Flux Ratio at Secondary Eclipse

Figure 3.4: Comparison of our modeled planet-to-star flux ratio (in blue) with the observed
HST/WFC3 spectrum (in black). In the upper panel 3.4a the planet-to-star flux ratio for HAT-
P-32b is presented by considering an isothermal atmosphere with 𝑇𝑝 = 1995K. The observed data
forHAT-P-32b is taken fromNikolov et al. 2018. In the lower panel 3.4b, the planet-to-star flux ratio
for HAT-P-7b is presented by considering an isothermal planetary atmosphere with 𝑇𝑝 = 2692𝐾.
The observed data for HAT-P-7b is presented by Mansfield et al. 2018. In both the cases, solar
composition is adopted.

47



Chapter: 3

tribution parameter f. While calculating the emission spectra by using equation
(3.11), we have used the stellar flux 𝐹𝑠 of PHEONIX models (Husser et al. 2013).
ForHAT-P-32b, the planetary surface gravity is taken to be 𝑔 = 6.6m/s2 (Hartman
et al. 2011), and an isothermal atmosphere with 𝑇𝑝=1995K (Nikolov et al. 2018)
is considered. 𝑅𝑝/𝑅𝑠𝑡𝑎𝑟 is fixed at = 0.1506. The result is presented in figure 3.4a.
For the case of HAT-P-7b, an isothermal atmosphere with 𝑇𝑝=2692K (Mansfield
et al. 2018) is considered with the surface gravity 𝑔 = 20𝑚/𝑠2 (Stassun, Collins,
and Gaudi 2017) and 𝑅𝑝

𝑅𝑠𝑡𝑎𝑟
= 0.07809 (Wong et al. 2016). The observed data for the

planet-star flux ratio in this case was obtained using HST/WFC3 camera within
the wavelength range 1.1-1.7 𝜇𝑚 (Mansfield et al. 2018). Figure 3.4b presents the
model spectrum alongwith the observed data. For both cases, our modeled emis-
sion spectra fits reasonably well with the observed data within the errorbars.

3.4 Results

3.4.1 Effect of redistribution parameter on T-P profiles and on emission spec-
tra

We investigate the effect of atmospheric heat redistribution on the T-P profiles as
well as on the emission spectra during the secondary eclipse of hot-Jupiters by
using the procedure described in section 3.3. Without loss of generality, we fixed
the internal temperature 𝑇𝑖𝑛𝑡 = 200𝐾 and the equilibrium temperature for zero
albedo 𝑇𝑒𝑞0 = 1800𝐾, surface gravity 𝑔 = 25𝑚/𝑠2. We use Rosselandmean opacity
given in Valencia et al. 2013 and included TiO and VO. The Bond albedo is fixed
for different redistribution cases and its values are calculated from the fit given
in Parmentier and Guillot 2014. We have not considered the convective solution
as provided in Parmentier, Guillot, et al. 2015 and only the radiative solution is
considered.

First we consider the three different heat redistribution cases under isotropic
approximation as discussed in section 3.2.1. In figure 3.5a we present the T-P pro-
files under these three special conditions, e.g., full, semi and no heat redistribu-
tion. The corresponding emission flux for an atmosphere with solar abundances
are presented in figure 3.5b with the same conditions as mentioned earlier. Next
we consider a general case of simulation for the redistribution parameter f vary-
ing from 0.1 to 0.9 with an equal interval of 0.2. The corresponding T-P profiles
are given in figure 3.6. These are calculated by using the formalism provided in
Parmentier, Guillot, et al. 2015.

According to equation (3.9) the total flux emitted from the substellar point of
the planet at full phase is directly proportional to the heat redistribution parame-
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(a) Temperature-pressure profile

(b) Emission spectra

Figure 3.5: Effect of heat redistribution on the T-P profiles and on the planetary emission spectra.
The upper panel shows the T-P profiles for the different values of redistribution parameter f = 0.25
(full-redistribution), f = 0.5 (semi-redistribution) and f = 2/3 (no-redistribution). In the lower
panel, the emission spectra during the secondary eclipse is presented with different atmospheric
redistribution.
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Figure 3.6: T-P profiles for different values of the heat-redistribution parameter f. Here the plan-
etary parameters adopted are (i) equilibrium temperature 𝑇𝑒𝑞 = 1800𝐾 (ii) internal temperature
𝑇𝑖𝑛𝑡 = 200𝐾 and surface gravity 𝑔 = 25 ms−2. Solar composition with TiO is assumed

Figure 3.7: Planetary emission spectra for different values of atmospheric heat redistribution pa-
rameter f.

ter f. With the change in the T-P profiles, the emission spectra alter with different
values of the heat redistribution parameter f. This variation is studied by obtain-
ing the solutions of the radiative transfer equations numerically for an atmosphere
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with solar abundances and presented in figure 3.7.

3.4.2 Case study: Emission Spectra of exoplanet XO-1b:

Finally we model the emission spectra of the hot-Jupiter XO-1b with atmospheric
heat redistribution. Using IRAC of Spitzer Telescope, (Machalek et al. 2008) for
the first time observed this planet during secondary eclipse. Subsequntly, Tinetti,
Deroo, et al. 2010 obtained the NIR transmission spectra of XO-1b by probing
the terminator region. They (Tinetti, Deroo, et al. 2010) considered the planet
mass 𝑀𝑝 = 0.9 ± 0.07𝑀𝐽 , planet-star radius ratio 𝑅𝑝/𝑅𝑠𝑡𝑎𝑟 = 0.1326 ± 0.0004, star-
planet distance 𝑎 = 0.04928 ± 0.00089 AU, effective temperature of the host star
𝑇𝑒 𝑓 𝑓 = 5750𝐾 and planetary equilibrium temperature 𝑇𝑒𝑞 = 1200𝐾. From trans-
mission spectra analysis, they estimated the best fitted atmospheric abundances
to be 𝐻2𝑂 ≈ 4.5𝑋10−4, 𝐶𝐻4 ≈ 10−5, 𝐶𝑂2 ≈ 4.5𝑋10−4 and 𝐶𝑂 ≈ 10−2.However,
while retrieving the T-P profile, they found a degeneracy that T-P profiles for both
thermal inversion and non-inversion could explain the transmission spectra accu-
rately (see figure 3 of Tinetti, Deroo, et al. 2010). Since the transmission spectra
is not very sensitive to the atmospheric T-P profile (Sengupta, Chakrabarty, and
Tinetti 2020), the dayside emission spectra may serve as a potential tool to re-
move this degeneracy. Tinetti, Deroo, et al. 2010 calculated the emission spectra
of the planet by assuming total atmospheric heat redistribution i.e., by keeping the
chemical composition and T-P profile the same in the terminator region as well as
in the dayside of the planet. We adopt the same condition here and calculated the
dayside emission spectra by solving line by line radiative transfer equations using
the discrete space theory formalism.

We have calculated the EOS by using the atmospheric mixing ratios as de-
scribed above and used them in the Exo-Transmit package to estimate the absorp-
tion and scattering co-efficients. In the next step, we solve the radiative transfer
equations using the T-P profile presented in figure 3.8a and calculate the emission
spectrum for XO-1b. Finally, by using PHOENIX model spectrum (Husser et al.
2013) of the star with effective temperature 5750K, we calculated the planet-to-
star flux ratio. In figure 3.8b we present our model emission spectrum along with
the observed data of IRAC and the model spectrum presented by Machalek et al.
2008.

3.5 Discussions & Conclusion

Wedemonstrate the effect of atmospheric heat redistribution on the thermal prop-
erties of hot-Jupiter’s e.g., on the temperature distribution at different height of the
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(a) T-P profile (b) Flux Ratio at Secondary Eclipse

Figure 3.8: Left Panel: The T-P profile of hot-Jupiter XO-1b with no thermal inversion appropriate
for the night side atmospheric composition derived by Tinetti, Deroo, et al. 2010. Right Panel: A
comparison of our model emission spectrum corresponding to this T-P profile (see left panel) and
the atmospheric composition derived in Tinetti, Deroo, et al. 2010, the observed IRAC emission
flux and the model emission spectrum presented by Machalek et al. 2008.

atmosphere and the dayside emission spectra. For the simplest case of isotropic
approximation of the incident flux, the heat redistribution parameter f can have
three different values depending on the degree of heat redistribution. The value
of the redistribution parameter f decreases as the amount of heat redistribution
increases. When heat redistribution is less, the temperature of the dayside atmo-
sphere is higher because less amount of heat is transfered from sub-stellar side
to anti-stellar side. Fig. 3.5a shows that when the heat redistribution reduces, the
entire T-P profile shifts towards a higher temperature. For a full redistribution
(f = 1/4), the vertical temperature profile does not show any thermal inversion
whereas for semi-redistribution ( 𝑓 = 1/2) and no redistribution ( 𝑓 = 2/3), the
T-P profile shows significant thermal inversion in the upper atmospheric region.
Similarly, figure 3.5b shows that the emission flux is maximum when there is no
heat redistribution and minimum when the heat is fully redistributed. This is
because of the fact that the less the heat redistributed, the less amount of heat
is transferred from dayside to nightside and hence greater amount of radiation
emerges out from the dayside. For a fixed atmospheric composition, the features
of the emission spectra remains unaltered.

For isotropic approximation, only three cases of heat redistribution may take
place. But formore realistic situation, the amount of heat redistributionparametrized
by the redistribution parameter f can take any values within the range 0 ≤ 𝑓 ≤ 1.
So in the next part of our work we have performed the whole simulation for the
redistribution parameter values of 0.1, 0.3, 0.5, 0.7 and 0.9. The corresponding
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T-P profiles as well as the emission profiles are shown in fig. 3.6 and 3.7 respec-
tively. While comparing figures 3.5a and 3.6, we notice that the T-P profiles start
showing thermal inversionwhen f > 0.25. The temperature increases significantly
with the increase in the value of f i.e., with the decrease in heat redistribution.
Consequently, the emission flux increases with the increase in the redistribution
parameter f i.e., with the decrease in heat redistribution as shown in figure 3.7.
This behaviour of the emission flux is obvious from equation (3.9). Since, the
planet-to-star flux ratio increases with the increase in the value of f, i.e. with the
decrease in the heat redistribution, a model fit of the observed dayside emission
spectra may provide good idea on the amount of heat redistribution in the plan-
etary atmosphere.

Finally, we apply our analysis to the exoplanet XO-1b. The transmission spec-
tra of this planet was observed by Tinetti, Deroo, et al. 2010 at the terminator re-
gion and the T-P profile is retrieved thereby as shown in figure 3.8a. The absence
of thermal inversion in the retrieved T-P profile implies almost full atmospheric
heat redistribution. We compare the observed planet-to-star flux ratio with our
model spectrum by using the same T-P profile. Figure 3.8b shows that our mod-
eled planet-to-star flux ratio matches with the observed data better than that of
Machalek et al. 2008. Thus it can be inferred that almost full heat redistribution
takes place in the atmosphere of XO-1b.

In this work we studied the effect of heat redistribution from sub-stellar side to
anti-stellar side on the T-P profile and on the planetary emission spectra of hot gas
giant planets. However, according to the chemical equilibrium, the mixing ratios
of various atomic and molecular species may differ from the dayside to night-
side of the atmosphere due to the difference in temperature owing to insignificant
heat redistribution. For instance, Tan and Komacek 2019 considered abundance
of atomic hydrogen in the dayside of the atmosphere and molecular hydrogen in
the nightside of a hydrogen rich hot gas giant planet to describe themechanism of
heat redistribution. Therefore, such compositional differencemay be important to
understand the amount of heat redistribution from the observed emission spectra.

In this study, we have considered the LTE condition while solving the radiative
transfer equation (3.10) and thus the source term 𝜉 becomes the Planck emission
which is only a function of the temperature of the layer (Chandrasekhar 1960).
But the emitted radiation from one layer would be further scattered by the other
atmospheric layers as well. However Goldstein 1960 showed that infrared reflec-
tivity is an important phenomena in case of Rayleigh scattering of planetary at-
mosphere. Thus, the scattering term should be included along with the thermal
emission in the transfer equation as shown in Bellman et al. 1967 and S. Sengupta
2021 while modeling the emission spectra.
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The effect of atmospheric heat redistribution on the emission curve during sec-
ondary eclipse is not detectable by present day observation facilities (e.g. Spitzer).
However,Komacek and Showman 2019 argued that the secondary eclipse depth
variability ≤ 2% can be detected using the future telescopes like JWST, ARIEL.
Hence, it is expected that the detections of variation of secondary eclipse emission
spectra due to atmospheric redistribution can be possible using these telescopes
in near future.
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Effects of thermal emission on
Chandrasekhar’s semi-infinite diffuse
reflection problem1

4.1 Introduction

The analytic solutions of radiative transfer given by Chandrasekhar 1960 has a
large range of direct applications, starting from planetary atmosphere modelling
(Nikku Madhusudhan and Burrows 2012), to ion induced secondary electron
emission (Dubus, Devooght, and Dehaes 1986). However, the solutions of semi-
infinite atmosphere problem (S. Chandrasekhar 1947) is obtained specifically for
a diffusely reflecting atmosphere without atmospheric emission. Although the
emission effect has been studied for planetary atmosphere problem (Bellman et
al. 1967; Grant and Hunt 1968; Domanus and Cogley 1974) the semi-infinite at-
mosphere problem with emission effect remains unsolved.

In plane-parallel radiative transfer equation, the total radiation added by each
atmospheric layer to the transfer equation is known as the Source function. The dif-
fused reflection aswell as emission from each layer, both affect the Source function
(Domanus andCogley 1974). Recently, using diffused reflection and transmission
model, Sengupta, Chakrabarty, and Tinetti 2020 demonstrated the crucial effect of
scattering on transmitted flux for hot-jupiter atmospheres, while Chakrabarty and
Sengupta 2020 showed the significant effect of thermal re-emission process in up-
per atmosphere for the same. Thus for a complete solution of semi-infinite diffuse
reflection problem, the inclusion of scattering as well as emission is important.

To include the emission effect in semi-infinite atmosphere problemwe consider
the simplest case of homogeneous atmosphere whose layers are in Local Thermo-
dynamic Equilibrium. In this case each atmospheric layer emits a planck emission
𝐵(𝑇𝜏) depending only on the layer temperature 𝑇𝜏 (Seager 2010a). Thus themodel

1This chapter present the work published in Sengupta, Soumya, ApJ, 911, 126
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not only reveals the scattering properties of the layer but also carries the temper-
ature information. Again the resultant radiation 𝐼(0, 𝜇;𝜇0) is enriched by the in-
clusion of thermal emission over the scattering only case. Moreover the model
presented here is more generalized and accurate than the scattering only reflec-
tion model.

In section 4.2 we present the derivation of radiative transfer equation appro-
priate for diffuse reflection in presence of thermal emission using invariance prin-
ciple method. We derive the integral equation of scattering function in case of
thermally emitting semi-infinite atmosphere in section 4.3. Section 4.4 will show
the explicit form of the integral equation for different cases of Isotropic scattering,
Asymmetric scattering, Rayleigh scattering and the general scattering phase function
with 𝑝(cosΘ) = 𝜔0 + 𝜔1𝑃1(cosΘ) + 𝜔2𝑃2(cosΘ). The comparison of end results
in semi-infinite atmosphere problem in presence of thermal emission (our work)
and in absence of it (Chandrasekhar 1960) is given in section 4.5. Section 4.6 is
devoted on explaining how thermal emission actually effects the analytic end re-
sults. Finally, we interpret our results and suggest future work in the last section.

4.2 Derivation ofDiffusionTransfer equation inpresence ofTher-
mal Emission

The radiative transfer equation in case of plane parallel approximation is given
by eqn. (2.26), and the subsequent discussion has been done in that chapter. The
derivation of analytic solutions for the semi-infinite diffuse reflection problem of a
scattering only atmosphere has been shown there following S. Chandrasekhar 1947.
Here we will introduce the atmospheric emission along with the scattering. Thus
for an atmosphere with both emission as well as scattering, the atmospheric ex-
tinction can be characterized in terms of volumetric absorption co-efficient 𝜅, scat-
tering co-efficient 𝜎 and extinction co-efficient 𝜒 which follows the relation given by,
Domanus and Cogley 1974 and Sengupta, Chakrabarty, and Tinetti 2020

𝜒(𝜏, 𝜈) = 𝜅(𝜏, 𝜈) + 𝜎(𝜏, 𝜈) (4.1)

So, eqn.(2.27) will change as,

𝑑𝜏𝜈 = −𝜒(𝑧, 𝜈)𝑑𝑧 (4.2)

In general the contribution of atmospheric emission can be considered in terms
of 𝛽(𝜏, 𝜈, 𝜇, 𝜙), which represents the angular distribution of the energy emitted
from the atmospheric layer at optical depth 𝜏 and at frequency 𝜈. While consid-
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𝜏 = 0

𝜏 = 𝜏1

B(𝜏 = 0)

𝐹𝑒
− 𝜏

𝜇0

B(𝜏 = 𝜏1)

Figure 4.1: This figure shows the total effect due to diffuse scattering as well as thermal emission
for a semi-infinite atmosphere. The thermal emission B is Isotropic in nature and emitted from the
particular atmospheric layer where the optical depth is 𝜏 (from S. Sengupta 2021).

ering this, the source function can be written as,

𝜉(𝜏, 𝜇, 𝜙) =𝛽(𝜏, 𝜇, 𝜙) + 1
4𝜋

∫ 1

−1

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′, 𝜙′)𝐼(𝜏, 𝜇′, 𝜙′)𝑑𝜙′𝑑𝜇′

+ 1
4
𝐹𝑒−𝜏/𝜇0𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

(4.3)

From this equation onwards wewill consider all expressions at a single frequency
unless otherwise mentioned and thus drop 𝜈.

The emission, 𝛽(𝜏, 𝜇, 𝜙) can be caused by internal energy source distribution
(Bellman et al. 1967), the thermal re-emission process (Chakrabarty and Sen-
gupta 2020) or the temperature dependent planck emission (Malkevich 1963).
However, for an atmosphere satisfying homogeneity and Local Thermodynamic
Equilibrium conditions, 𝛽(𝜏, 𝜇, 𝜙) can be written in terms of planck function (Sea-
ger 2010a) as, 𝛽(𝜏, 𝜇, 𝜙) = 𝜅

𝜒𝐵(𝑇𝜏). Here 𝑇𝜏 is the temperature of an atmospheric
layer with optical depth 𝜏. Now in the low scattering limit 𝜅 >> 𝜎, eqn.(4.1) will
be reduced into 𝜒 ≈ 𝜅. In this limit, the atmospheric emission 𝛽will be equivalent
to the planck function B (See fig. 4.1) . So eqn.(4.3) will then have the following
form,

𝜉(𝜏, 𝜇, 𝜙) =𝐵(𝑇𝜏) +
1
4𝜋

∫ 1

−1

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′, 𝜙′)𝐼(𝜏, 𝜇′, 𝜙′)𝑑𝜙′𝑑𝜇′

+ 1
4
𝐹𝑒−𝜏/𝜇0𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

(4.4)

So the radiative transfer equation for an atmosphere with both emission as well as
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diffuse reflection can be written as,

𝜇
𝑑𝐼(𝜏, 𝜇, 𝜙)

𝑑𝜏
=𝐼(𝜏, 𝜇, 𝜙) − 𝐵(𝑇𝜏) −

1
4𝜋

∫ 1

−1

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′, 𝜙′)𝐼(𝜏, 𝜇′, 𝜙′)𝑑𝜇′𝑑𝜙′

− 1
4
𝐹𝑒−𝜏/𝜇0𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

(4.5)

This equation represents the general form of radiative transfer appropriate for diffuse
reflection and transmission, where both scattering as well as atmospheric emission takes
place.

4.3 General Integral equation of scattering Function

Here we use the same definition of scattering function as given in section 2.10
in case of semi-infinite atmosphere. Now it is apparent from eqn.(2.45) that the
diffused intensity is directly proportional to the incident flux F. Chandrasekhar
1960 showed that, this is indeed the case while considering only the atmospheric
scattering and no emission. Thus for an atmosphere without emission, the diffused
intensity vanishes when there is no flux incident on the surface (i.e. F=0). But
this is not the case for a thermally emitting atmosphere. We will show later in
this section (eqn.(4.7)) as well as in section 4.6 that the scattering function S for
a thermally emitting atmosphere always contains an additive term in the form of
𝐵(𝑇)
𝐹 . Thus, eqn(2.45) gives a non-vanishing intensity of radiation even in the ab-

sence of incident flux (i.e. F=0) due to the thermal emission of the atmosphere.
Therefore we mention that although eqn.(2.45) shows apparent proportionality
of the emitting radiation to the incident flux, in case of thermally emitting atmo-
sphere the scattering function itself takes care of the fact that the thermal emission
contribution remains independent of the incident flux.

We now calculate the general functional form of 𝑆(𝜇, 𝜙;𝜇0, 𝜙0) in case of diffuse
scattering and thermal emission process using invariance principle method (see sec-
tion 2.12) as formulated in Chandrasekhar 1960 and applied in S. Chandrasekhar
1947 andHorak and S. Chandrasekhar 1961. Only for diffuse reflection case the in-
tegral equation for scattering function is given in section 2.13. Here we will show
how the inclusion of thermal emission affects the results derived in chapter 2.

Now the principle of invariance in semi-infinite atmosphere is applicable only if
the atmosphere shows the translational invariance. For such case the atmospheric
emission 𝜷 will be independent of optical depth 𝜏. For thermal emission this case
can be realized by considering an isothermal atmosphere. Then the planck emis-
sion can be written as B(T), where 𝑇𝜏0 = 𝑇𝜏1 = ..... = 𝑇. Thus, for an isothermal
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atmosphere, at 𝜏 = 0, the source function in eqn.(4.4) can be written using the
boundary condition (2.54) as,

𝜉(0, 𝜇, 𝜙) =𝐵(𝑇) + 𝐹

16𝜋

∫ 1

0

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′′, 𝜙′′)𝑆(𝜇′′, 𝜙′′;𝜇0, 𝜙0)

𝑑𝜇′′

𝜇′′ 𝑑𝜙
′′

+ 1
4
𝐹𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

(4.6)

It is worthnoting that the only difference between the source functions given
in (2.56) and (4.6) is that in case of thermal emission there is only a B(T) term
added. Now by the procceding the same way as before we will get the integral
form of scattering function as,

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇, 𝜙, 𝜇0, 𝜙0)

= 4𝑈(𝑇)[1 + 1
4𝜋

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)

𝑑𝜇′

𝜇′ 𝑑𝜙
′]

+ [𝑝(𝜇, 𝜙;−𝜇0, 𝜙0) +
1
4𝜋

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑝(−𝜇′, 𝜙′;−𝜇0, 𝜙0)

𝑑𝜇′

𝜇′ 𝑑𝜙
′]

+ 1
4𝜋

[
∫ 1

0

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′′, 𝜙′′)𝑆(𝜇′′, 𝜙′′;𝜇0, 𝜙0)𝑑𝜙′′𝑑𝜇

′′

𝜇′′

+ 1
4𝜋

∫ 1

0

∫ 2𝜋

0

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑝(−𝜇′, 𝜙′;𝜇′′, 𝜙′′)𝑆(𝜇′′, 𝜙′′;𝜇0, 𝜙0)𝑑𝜙′′𝑑𝜇

′′

𝜇′′
𝑑𝜇′

𝜇′ 𝑑𝜙
′]

(4.7)

where we define 𝑈(𝑇) =
𝐵(𝑇)
𝐹 . This is the general form of scattering function in

presence of thermal emission, which is somewhat different from the equation de-
rived in S. Chandrasekhar 1947 and presented in section 2.13

4.4 Explicit form of the scattering integral equation with differ-
ent phase functions

From section 4.3 it is evident that the general expression of scattering function
has an explicit dependency on the phase function. The properties and different
types of phase functions has been discussed in section 2.9. Here we will show the
explicit form of scattering function for different type of phase functions.
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4.4.1 Isotropic scattering:

The isotropic scattering phase function and its influence on the integral form of
scattering function in case of scattering only atmosphere is discussed in section 2.14.1.
An atmosphere with both scattering as well as absorption is discussed in Sen-
gupta, Chakrabarty, and Tinetti 2020 and thus the single scattering albedo 𝜔0 can
be defined as,

𝜔0 =
𝜎
𝜒

(4.8)

followed from Domanus and Cogley 1974.
The calculations are the same as given in 2.14.1 with the only modification as

the addition of thermal emission to the calculations. Hence the source function S
for isotropic phase function can be written using eqn.(4.7) as,

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇;𝜇0)

= 4𝑈(𝑇)[1 + 1
2

∫ 1

0
𝑆(𝜇;𝜇′)

𝑑𝜇′

𝜇′ ] + 𝜔0[1 +
1
2

∫ 1

0
𝑆(𝜇;𝜇′)

𝑑𝜇′

𝜇′ ][1 +
1
2

∫ 1

0
𝑆(𝜇0;𝜇′′)

𝑑𝜇′′

𝜇′′ ]

(4.9)

Those bracketed terms in right hand side must be the values of either 𝜇 or 𝜇0
of the same function. Let’s define the function as,

𝑀(𝜇) = 1 + 1
2

∫ 1

0
𝑆(𝜇;𝜇′)

𝑑𝜇′

𝜇′ (4.10)

Thus, eqn.(4.9) will reduce in terms of M-function,

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇;𝜇0) = 4𝑈(𝑇)𝑀(𝜇) + 𝜔0𝑀(𝜇)𝑀(𝜇0) (4.11)

The non-linear expression of M-function can be derived by putting the expres-
sion of 𝑆(𝜇, 𝜇′) (eqn.(4.11)) back in eqn.(4.10) as,

∴ 𝑀(𝜇) = 1 + 2𝑈(𝑇)𝑀(𝜇)𝜇 log(1 + 1
𝜇
) + 𝜔0

2
𝜇𝑀(𝜇)

∫ 1

0

𝑀(𝜇′)
𝜇 + 𝜇′𝑑𝜇

′ (4.12)

Here we mention that the conservative case (𝜔0 = 1) will not need any special
treatment. Just by replacing 𝜔0 = 1 in eqns.(4.11) and (4.12) we will get the exact
forms for conservative case.

Finally, we determine diffusely reflected specific intensity from a thermally
emitting atmosphere 𝐼(0, 𝜇.𝜇0) using eqn.(2.45) for isotropic scattering in terms of
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M-function as follows,

𝐼(0, 𝜇, 𝜇0) =
𝐹

4𝜇
𝜇𝜇0

𝜇 + 𝜇0
[4𝑈(𝑇) + 𝜔0𝑀(𝜇0)]𝑀(𝜇)

=
𝜇0

𝜇 + 𝜇0
𝐵(𝑇)𝑀(𝜇) + 𝐹

4
𝜇0

𝜇 + 𝜇0
𝜔0𝑀(𝜇0)𝑀(𝜇)

(4.13)

4.4.2 Asymmetric scattering:

The phase function of asymmetric scattering and its influence on the form of scat-
tering function is explicitly shown in section 2.14.2. Here we will show the effect
of thermal emission B(T) on the results derived in 2.14.2.

Using eqns.(2.38),(4.7) and (2.64) we will deduce the form of 𝑆(𝜇, 𝜙;𝜇0, 𝜙0)
and comparing with eqn.(2.63) with (𝜇′, 𝜙′) replaced by (𝜇0, 𝜙0) we will get the
form of 𝑆(0) as,

( 1
𝜇0

+ 1
𝜇
)𝑆(0)(𝜇;𝜇0) =

4𝑈(𝑇)
𝜔0

[1 + 𝜔0
2

∫ 1

0
𝑆(0)(𝜇;𝜇′)

𝑑𝜇′

𝜇′ ]

+ [1 + 𝜔0
2

∫ 1

0
𝑆(0)(𝜇′′, 𝜇0)

𝑑𝜇′′

𝜇′′ ][1 +
𝜔0
2

∫ 1

0
𝑆(0)(𝜇′, 𝜇)𝑑𝜇

′

𝜇′ ]

−𝑥[𝜇0 −
𝜔0
2

∫ 1

0
𝑆(0)(𝜇′′, 𝜇0)𝑑𝜇′′][𝜇 − 𝜔0

2

∫ 1

0
𝑆(0)(𝜇′, 𝜇)𝑑𝜇′]

(4.14)

We can write eqn.(4.14) in closed form as follows,

( 1
𝜇0

+ 1
𝜇
)𝑆(0)𝑎 (𝜇;𝜇0) =

4𝑈(𝑇)
𝜔0

𝜓𝑎(𝜇) + 𝜓𝑎(𝜇0)𝜓𝑎(𝜇) − 𝑥𝜙𝑎(𝜇0)𝜙𝑎(𝜇) (4.15)

where we define,

𝜓𝑎(𝜇) = 1 + 1
2
𝜔0

∫ 1

0
𝑆
(0)
𝑎 (𝜇;𝜇′)

𝑑𝜇′

𝜇′

𝜙𝑎(𝜇) = 𝜇 − 1
2
𝜔0

∫ 1

0
𝑆
(0)
𝑎 (𝜇;𝜇′)𝑑𝜇′

(4.16)

Putting the expression of 𝑆(0) back into equation (4.16) we will get the expres-
sions of 𝜙 and 𝜓 as follows,

𝜓𝑎(𝜇) =1 + 2𝑈(𝑇)𝜓𝑎(𝜇)𝜇 log(1 + 1
𝜇
) + 𝜔0

2
𝜇𝜓𝑎(𝜇)

∫ 1

0
𝜓𝑎(𝜇′)

𝑑𝜇′

𝜇 + 𝜇′

− 𝜔0
2
𝑥𝜇𝜙𝑎(𝜇)

∫ 1

0
𝜙𝑎(𝜇′)

𝑑𝜇′

𝜇 + 𝜇′

(4.17)
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and

𝜙𝑎(𝜇) =𝜇 − 2𝑈(𝑇)𝜓𝑎(𝜇)𝜇 log(1 + 1
𝜇
) − 𝜔0

2
𝜇𝜓𝑎(𝜇)

∫ 1

0
𝜓𝑎(𝜇′)

𝜇′

𝜇 + 𝜇′𝑑𝜇
′

+ 𝜔0
2
𝑥𝜇𝜙𝑎(𝜇)

∫ 1

0
𝜙𝑎(𝜇′)

𝜇′

𝜇 + 𝜇′𝑑𝜇
′

(4.18)

The expressions of 𝑆(1) and 𝐻(1) remains the same as given in eqns. (2.70) and
(2.71) respectively. Thus, we can put the values of 𝑆(0) and 𝑆(1) in eqn.(2.63) and
get,

𝑆𝑎(𝜇, 𝜙;𝜇0, 𝜙0)

=
𝜇𝜇0

𝜇 + 𝜇0
4𝑈(𝑇)𝜓𝑎(𝜇) +

𝜇𝜇0

𝜇 + 𝜇0
𝜔0[(𝜓𝑎(𝜇)𝜓𝑎(𝜇0) − 𝑥𝜙𝑎(𝜇)𝜙𝑎(𝜇0))

+ 𝐻(1)(𝜇)𝐻(1)(𝜇0)𝑥
√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙0 − 𝜙)]

(4.19)

Thus, the diffusely reflected intensity from thermally emitting atmosphere in as-
symetric scattering can be determined using eqns. (4.19) and (2.45) as,

𝐼(0, 𝜇;𝜇0) =
𝐹

4𝜇
𝑆𝑎(𝜇, 𝜙;𝜇0, 𝜙0)

= 𝐵(𝑇)
𝜇0

𝜇 + 𝜇0
𝜓𝑎(𝜇) +

𝐹

4
𝜇0

𝜇 + 𝜇0
𝜔0[(𝜓𝑎(𝜇)𝜓𝑎(𝜇0) − 𝑥𝜙𝑎(𝜇)𝜙𝑎(𝜇0))

+ 𝐻(1)(𝜇)𝐻(1)(𝜇0)𝑥
√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙0 − 𝜙)]
(4.20)

4.4.3 Rayleigh scattering:

The phase function and the general form of rayleigh scattering has been described
in section 2.14.3. We follow the same procedure here as well and get,

( 1
𝜇0

+ 1
𝜇
)𝑆(0)(𝜇, 𝜇0)

=
8
3
4𝑈(𝑇)[1 + 1

2

∫ 1

0
𝑆(0)(𝜇;𝜇′)𝑑𝜇

′

𝜇′ ]

+ 1
3
[3 − 𝜇2 + 3

16

∫ 1

0
(3 − 𝜇′2)𝑆(0)(𝜇, 𝜇′)

𝑑𝜇′

𝜇′ ] ∗ [3 − 𝜇2
0 +

3
16

∫ 1

0
(3 − 𝜇′′2)𝑆(0)(𝜇0, 𝜇

′′)
𝑑𝜇′′

𝜇′′ ]

+ 8
3
[𝜇2 + 3

16

∫ 1

0
𝜇′2𝑆(0)(𝜇, 𝜇′)

𝑑𝜇′

𝜇′ ] ∗ [𝜇
2
0 +

3
16

∫ 1

0
𝜇′′2𝑆(0)(𝜇0, 𝜇

′′)
𝑑𝜇′′

𝜇′′ ]

(4.21)
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Wedefine the following terms as in the previous way as shown in section 2.14.3
with an additional term 𝛾𝑅,

𝜓𝑅(𝜇) = 3 − 𝜇2 + 3
16

∫ 1

0
(3 − 𝜇′2)𝑆(0)

𝑅
(𝜇, 𝜇′)𝑑𝜇

′

𝜇′

𝜙𝑅(𝜇) = 𝜇2 + 3
16

∫ 1

0
𝜇′2𝑆(0)

𝑅
(𝜇, 𝜇′)

𝑑𝜇′

𝜇′

𝛾𝑅(𝜇) = 1 + 3
16

∫ 1

0
𝑆
(0)
𝑅
(𝜇, 𝜇′)

𝑑𝜇′

𝜇′

‘ (4.22)

Now eqn.(4.21) can be expressed as,

∴ ( 1
𝜇0

+ 1
𝜇
)𝑆(0)
𝑅
(𝜇, 𝜇0) =

32
3
𝑈(𝑇)𝛾𝑅(𝜇) +

1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0) (4.23)

Now putting eqn.(4.23) in eqn.(4.22) we can get the explicit forms for 𝜙𝑅,𝜓𝑅
and 𝛾𝑅 as follows,

𝛾𝑅(𝜇) =1 + 2𝑈(𝑇)𝛾𝑅(𝜇)𝜇 log(1 + 1
𝜇
) + 1

16
𝜓𝑅(𝜇)𝜇

∫ 1

0

𝑑𝜇′

𝜇 + 𝜇′𝜓𝑅(𝜇
′)

+ 1
2
𝜙𝑅(𝜇)𝜇

∫ 1

0

𝑑𝜇′

𝜇 + 𝜇′𝜙𝑅(𝜇
′)

(4.24)

and

𝜓𝑅(𝜇) = (3 − 𝜇2)[1 + 2𝑈(𝑇)𝛾𝑅(𝜇)𝜇 log(1 + 1
𝜇
)] + 3

4
𝑈(𝑇)𝛾𝑅(𝜇)𝜇[𝜇 − 1

2
]

+ 1
16

𝜇𝜓𝑅(𝜇)
∫ 1

0

3 − 𝜇′2

𝜇 + 𝜇′ 𝜓𝑅(𝜇
′)𝑑𝜇′ + 1

2
𝜇𝜙𝑅(𝜇)

∫ 1

0

3 − 𝜇′2

𝜇 + 𝜇′ 𝜙𝑅(𝜇
′)𝑑𝜇′

(4.25)

finally

𝜙𝑅(𝜇) = 𝜇2[1 + 2𝑈(𝑇)𝛾𝑅(𝜇)𝜇 log(1 + 1
𝜇
)] + 3

4
𝑈(𝑇)𝜇𝛾𝑅(𝜇)[

1
2
− 𝜇]

+ 1
16

𝜇𝜓𝑅(𝜇)
∫ 1

0

𝜇′2

𝜇 + 𝜇′𝜓𝑅(𝜇
′)𝑑𝜇′ + 1

2
𝜇𝜙𝑅(𝜇)

∫ 1

0

𝜇′2

𝜇 + 𝜇′𝜙𝑅(𝜇
′)𝑑𝜇′

(4.26)

The remaining expressions for 𝑆(1)(𝜇, 𝜇′) and 𝑆(2)(𝜇, 𝜇′) can be found by com-
paring the co-efficients of cos(𝜙 − 𝜙0) and cos 2(𝜙 − 𝜙0) respectively and those
expressions are given in eqns.(2.80) , (2.81) , (2.82) where they are expressed in
terms of 𝐻(1) and 𝐻(2) holding the same expression as given in eqns.(2.83) and
(2.84)

63



Chapter: 4

Now the full equation of scattering function and intensity at the layer of 𝜏 = 0
for Rayleigh scattering in presence of thermal emission can be expressed as fol-
lows,

(1
𝜇
+ 1
𝜇0

)𝑆𝑅(𝜇, 𝜙;𝜇0, 𝜙0) =
3
8
[32
3
𝑈(𝑇)𝛾𝑅(𝜇) +

1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0)

− 𝐻(1)(𝜇)𝐻(1)(𝜇0)4𝜇𝜇0

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)
+ 𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]
(4.27)

and

𝐼(0, 𝜇;𝜇0) =
𝜇0

𝜇 + 𝜇0
𝐵(𝑇)𝛾𝑅(𝜇)

+ 3𝐹
32

𝜇0

𝜇 + 𝜇0
[1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0)

− 𝐻(1)(𝜇)𝐻(1)(𝜇0)4𝜇𝜇0

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)
+ 𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]

(4.28)

4.4.4 Scattering function for the general phase function:

The explicit form of the phase function, scattering function and the derivations
for this kind of phase function are provided in section 2.14.4

It has been shown in section 4.4.2 and 4.4.3 that 𝑆(1)(𝜇, 𝜇0) or 𝑆(2)(𝜇, 𝜇0) are not
effected by thermal emission 𝐵(𝑇𝜏) and only 𝑆(0)(𝜇, 𝜇′) is effected. Thus, here we
show the calculations 𝑆(0)(𝜇, 𝜇′) only andwrite the expressions of 𝑆(1)(𝜇, 𝜇′), 𝑆(2)(𝜇, 𝜇′)
as given in Horak and S. Chandrasekhar 1961.

The same procedure is followed as shown in section 2.14.4 in presence of ther-
mal emission and hence we get the following result.

(1
𝜇
+ 1
𝜇0

)𝑆(0)
𝑙
(𝜇, 𝜇0) = 4𝑈(𝑇)𝛾𝑙(𝜇)−𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0)+

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0)+
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0)
(4.29)

where,

𝛾𝑙(𝜇) = 1 + 1
2

∫ 1

0
𝑆
(0)
𝑙
(𝜇, 𝜇′)

𝑑𝜇′

𝜇′ (4.30)

𝜂𝑙(𝜇) = 𝜇 − 1
2

∫ 1

0
𝑆
(0)
𝑙
(𝜇, 𝜇′)𝑑𝜇′ (4.31)
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𝜙𝑙(𝜇) = 𝜇2 + 1
2

∫ 1

0
𝑆
(0)
𝑙
(𝜇, 𝜇′)𝜇′𝑑𝜇′ (4.32)

𝜓𝑙(𝜇) = (𝜁 − 𝜇2) + 1
2

∫ 1

0
𝑆
(0)
𝑙
(𝜇, 𝜇′)(𝜁 − 𝜇′2)𝑑𝜇

′

𝜇′ (4.33)

To write the explicit expressions of 𝛾𝑙 , 𝜂𝑙 , 𝜙𝑙 and 𝜓𝑙 we put the expression (4.29)
in equations (4.30)-(4.33) and get the following expressions,

𝛾𝑙(𝜇) =1 + 2𝑈(𝑇)𝜇𝛾𝑙(𝜇) log(1 +
1
𝜇
) − 𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′𝑑𝜇

′ + 𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′𝑑𝜇

′

+
𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′𝑑𝜇

′

(4.34)

𝜂𝑙(𝜇) =𝜇 − 2𝑈(𝑇)𝛾𝑙(𝜇)𝜇[1 − 𝜇 log(1 + 1
𝜇
)] + 𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′

−
𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′ −
𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′
(4.35)

𝜙𝑙(𝜇) =𝜇2 + 2𝑈(𝑇)𝛾𝑙(𝜇)𝜇[
1
2
− 𝜇 + 𝜇2 log(1 + 1

𝜇
)] − 𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′

+ 𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′ +
𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′

(4.36)

𝜓𝑙(𝜇) =(𝜁 − 𝜇2) + 2𝑈(𝑇)𝜇𝛾𝑙(𝜇)[(𝜁 − 𝜇2) log(1 + 1
𝜇
) + 𝜇 − 1

2
]

−
𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′ +

𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′

+ 𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′

(4.37)

Finally the expressions of 𝑆(1)(𝜇, 𝜇0), 𝑆(2)(𝜇, 𝜇0) remains the same and are given
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in eqns. (2.89), (2.90). Hence the total scattering function will be,

𝑆𝑙(𝜇, 𝜙;𝜇0, 𝜙0)

=
𝜇𝜇0

𝜇 + 𝜇0
{4𝑈(𝑇)𝛾𝑙(𝜇) − 𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0) +

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0) +
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0)]

+ [𝜔1(1 + 𝑙𝜇)(1 + 𝑙𝜇0) − 3𝜔2𝑚
2𝜇𝜇0]𝐻(1)(𝜇)𝐻(1)(𝜇0)

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)

+ 3𝜔2
4
𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)}
(4.38)

Now the final intensity 𝐼(0, 𝜇;𝜇0) here can be expressed as,

𝐼(0, 𝜇;𝜇0) =
𝜇0

𝜇 + 𝜇0
𝐵(𝑇)𝛾𝑙(𝜇)

+
𝜇0

𝜇 + 𝜇0

𝐹

4
[−𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0) +

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0) +
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0)

+ {𝜔1(1 + 𝑙𝜇)(1 + 𝑙𝜇0) − 3𝜔2𝑚
2𝜇𝜇0}𝐻(1)(𝜇)𝐻(1)(𝜇0)

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)

+ 3𝜔2
4
𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]
(4.39)

4.5 Comparison of our general model with Chandrasekhar’s dif-
fusion scattering model

We introduced thermal emission effect in Chandrasekhar’s semi-infinite diffused
reflection problem. One can expect that all of our present results will reduce into
those of Chandrasekhar’s results for negligeble thermal emission. Here we con-
sider the case 𝐵(𝑇) << 𝐹 which can also be considered as 𝑈(𝑇) → 0 to reduce
our results in the limit of scattering only atmosphere and compare with previ-
ous results as given in Chandrasekhar 1960,Horak 1950 and Horak and S. Chan-
drasekhar 1961

1. The Transfer equation (4.5) will be:

𝜇
𝑑𝐼(𝜏, 𝜇, 𝜙)

𝑑𝜏
=𝐼(𝜏, 𝜇, 𝜙) − 1

4𝜋

∫ 1

−1

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′, 𝜙′)𝐼(𝜏, 𝜇′, 𝜙′)𝑑𝜇′𝑑𝜙′

− 1
4
𝐹𝑒−𝜏/𝜇0𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

(4.40)

Same as, eqn.(2.31) and eqn. (126) Chandrasekhar 1960, pg. 22
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2. The integral equation (4.7) for Scattering function S will be:

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇, 𝜙, 𝜇0, 𝜙0) = 𝑝(𝜇, 𝜙;−𝜇0, 𝜙0)

+ 1
4𝜋

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑝(−𝜇′, 𝜙′;−𝜇0, 𝜙0)

𝑑𝜇′

𝜇′ 𝑑𝜙
′

+ 1
4𝜋

∫ 1

0

∫ 2𝜋

0
𝑝(𝜇, 𝜙;𝜇′′, 𝜙′′)𝑺(𝝁′′, 𝝓′′;𝝁0, 𝝓0)𝑑𝜙

′′𝑑𝜇
′′

𝜇′′

+ 1
16𝜋2

∫ 1

0

∫ 2𝜋

0

∫ 1

0

∫ 2𝜋

0
𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑝(−𝜇′, 𝜙′;𝜇′′, 𝜙′′)𝑺(𝝁′′, 𝝓′′;𝝁0, 𝝓0)𝑑𝜙

′′𝑑𝜇
′′

𝜇′′
𝑑𝜇′

𝜇′ 𝑑𝜙
′

(4.41)

Same as, eqn.(2.57) and eqn. (28) in Chandrasekhar 1960, pg. 94

3. The equations for isotropic scattering,

(a) The equation (4.11) of scattering function for isotropic case will be:

( 1
𝜇0

+ 1
𝜇
)𝑆(𝜇;𝜇0) = 𝜔0𝑀(𝜇)𝑀(𝜇0) (4.42)

(b) M-function defined in eqn.(4.12) will be:

∴ 𝑀(𝜇) = 1 + 𝜔0
2
𝜇𝑀(𝜇)

∫ 1

0

𝑀(𝜇′)
𝜇 + 𝜇′𝑑𝜇

′ (4.43)

(c) The intensity equation (4.13) will be:

𝐼(0, 𝜇, 𝜇0) =
𝐹

4
𝜇0

𝜇 + 𝜇0
𝜔0𝑀(𝜇0)𝑀(𝜇) (4.44)

This reduced form of M-function is equivalent to Chandrasekhar’s H-function
given in Chandrasekhar 1960, pg. 90, eqn.(42). The scattering function and
intensity expressions are also equivalent to that given in Chandrasekhar 1960
and Horak 1950 only the M-functions replaced by H-function.

4. The equations for the asymmetric scattering phase function, 𝜔0(1 + 𝑥 cos𝜃):

(a) The scattering function of zeroth order 𝑆(0)𝑎 defined in equation (4.15) will be:

( 1
𝜇0

+ 1
𝜇
)𝑆(0)𝑎 (𝜇;𝜇0) = 𝜓𝑎(𝜇0)𝜓𝑎(𝜇) − 𝑥𝜙𝑎(𝜇0)𝜙𝑎(𝜇) (4.45)
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(b) The 𝜓𝑎(𝜇) function defined in equation (4.17) will be:

𝜓𝑎(𝜇) = 1 + 𝜔0
2
𝜇𝜓𝑎(𝜇)

∫ 1

0
𝜓𝑎(𝜇′)

𝑑𝜇′

𝜇 + 𝜇′ −
𝜔0
2
𝑥𝜇𝜙𝑎(𝜇)

∫ 1

0
𝜙𝑎(𝜇′)

𝑑𝜇′

𝜇 + 𝜇′

(4.46)

(c) The 𝜙(𝜇) function defined in equation (4.18) will be:

𝜙𝑎(𝜇) = 𝜇 − 𝜔0
2
𝜇𝜓𝑎(𝜇)

∫ 1

0
𝜓𝑎(𝜇′) 𝜇′

𝜇 + 𝜇′𝑑𝜇
′ + 𝜔0

2
𝑥𝜇𝜙𝑎(𝜇)

∫ 1

0
𝜙𝑎(𝜇′) 𝜇′

𝜇 + 𝜇′𝑑𝜇
′

(4.47)

(d) The intensity equation (4.20) will be:

𝐼(0, 𝜇;𝜇0) =
𝐹

4
𝜇0

𝜇 + 𝜇0
𝜔0[(𝜓𝑎(𝜇)𝜓𝑎(𝜇0) − 𝑥𝜙𝑎(𝜇)𝜙𝑎(𝜇0))

+ 𝐻(1)(𝜇)𝐻(1)(𝜇0)𝑥
√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙0 − 𝜙)]
(4.48)

The expressions of 𝑆(0),𝜓𝑎 and 𝜙𝑎 are all same as given in chapter 2. The
intensity is exactly same as given in eqn. (2.73).

5. Reduced equations for the Rayleigh scattering phase function, 3
4(1 + cos2 𝜃):

(a) The scattering function of zeroth order 𝑆(0)
𝑅

defined in equation (4.23)will change
as:

∴ ( 1
𝜇0

+ 1
𝜇
)𝑆(0)
𝑅
(𝜇, 𝜇0) =

1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0) (4.49)

(b) The 𝜓𝑅(𝜇) defined in equation (4.25) will change as:

𝜓𝑅(𝜇) = (3 − 𝜇2) + 1
16

𝜇𝜓𝑅(𝜇)
∫ 1

0

3 − 𝜇′2

𝜇 + 𝜇′ 𝜓𝑅(𝜇
′)𝑑𝜇′ + 1

2
𝜇𝜙𝑅(𝜇)

∫ 1

0

3 − 𝜇′2

𝜇 + 𝜇′ 𝜙𝑅(𝜇
′)𝑑𝜇′

(4.50)

(c) The functional form of 𝜙𝑅(𝜇) defined in equation (4.26) will be,

𝜙𝑅(𝜇) = 𝜇2+ 1
16

𝜇𝜓𝑅(𝜇)
∫ 1

0

𝜇′2

𝜇 + 𝜇′𝜓𝑅(𝜇
′)𝑑𝜇′+1

2
𝜇𝜙𝑅(𝜇)

∫ 1

0

𝜇′2

𝜇 + 𝜇′𝜙𝑅(𝜇
′)𝑑𝜇′

(4.51)
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(d) The intensity equation (4.28) will be modified as:

𝐼(0, 𝜇;𝜇0) =
3𝐹
32

𝜇0

𝜇 + 𝜇0
[1
3
𝜓𝑅(𝜇)𝜓𝑅(𝜇0) +

8
3
𝜙𝑅(𝜇)𝜙𝑅(𝜇0)

− 𝐻(1)(𝜇)𝐻(1)(𝜇0)4𝜇𝜇0

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙0 − 𝜙)
+ 𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙0 − 𝜙)]

(4.52)

The reduced expressions of 𝑆(0)
𝑅
,𝜓𝑅 and 𝜙𝑅 for Rayleigh scattering are same

with those given section 2.14.3.

6. Reduced equations for the phase function, 𝜔0 + 𝜔1𝑃1(cosΘ) + 𝜔2𝑃2(cosΘ)

(a) The functional form of 𝑆(0)
𝑙
(𝜇, 𝜇0)will be,

(1
𝜇
+ 1
𝜇0

)𝑆(0)
𝑙
(𝜇, 𝜇0) = −𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0) +

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0) +
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0)
(4.53)

(b) The functional form of 𝜂𝑙(𝜇) will be,

𝜂𝑙(𝜇) =𝜇 +
𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′ −
𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′

−
𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′𝑑𝜇′

(4.54)

(c) The functional form of 𝜙𝑙(𝜇)will be,

𝜙𝑙(𝜇) =𝜇2 − 𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′ +
𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′

+ 𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′𝜇

′2𝑑𝜇′

(4.55)

(d) The functional form of 𝜓𝑙(𝜇)will be,

𝜓𝑙(𝜇) =(𝜁 − 𝜇2) −
𝜇

2
𝜔1𝜂𝑙(𝜇)

∫ 1

0

𝜂𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′ +

𝜇

2
3𝜔0
𝜁

𝜙𝑙(𝜇)
∫ 1

0

𝜙𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′

+
𝜇

2
3𝜔2
4𝜁

𝜓𝑙(𝜇)
∫ 1

0

𝜓𝑙(𝜇′)
𝜇 + 𝜇′(𝜁 − 𝜇′2)𝑑𝜇′

(4.56)
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(e) The intensity 𝐼(0, 𝜇;𝜇0)will be,

𝐼(0, 𝜇;𝜇0) =
𝜇0

𝜇 + 𝜇0

𝐹

4
[−𝜔1𝜂𝑙(𝜇)𝜂𝑙(𝜇0) +

3𝜔0
𝜁

𝜙𝑙(𝜇)𝜙𝑙(𝜇0) +
3𝜔2
4𝜁

𝜓𝑙(𝜇)𝜓𝑙(𝜇0)

+ {𝜔1(1 + 𝑙𝜇)(1 + 𝑙𝜇0) − 3𝜔2𝑚
2𝜇𝜇0}𝐻(1)(𝜇)𝐻(1)(𝜇0)

√
(1 − 𝜇2)(1 − 𝜇2

0) cos(𝜙 − 𝜙0)

+ 3𝜔2
4
𝐻(2)(𝜇)𝐻(2)(𝜇0)(1 − 𝜇2)(1 − 𝜇2

0) cos 2(𝜙 − 𝜙0)]
(4.57)

The expression of 𝑆(0)
𝑙
(𝜇, 𝜇′) is same as given in eqn.(16) in Horak and

S. Chandrasekhar 1961 and 𝐼(0, 𝜇, 𝜇0) is equivalent with the eqn. (20) of
NikkuMadhusudhan and Burrows 2012. All of them are same as derived
in section 2.14.4.

The equations from (4.40)-(4.57) are the expected forms of those expressions
derived in this paper when we neglect the atmospheric thermal emission 𝐵(𝑇).

4.6 Contribution of thermal emission:

The scattering functions calculated in this work eqns.(4.11),(4.19) and (4.27) all
contained the thermal emission in a general form as follows,

𝜇𝜇0

𝜇 + 𝜇0
4𝑈(𝑇) 𝑓 (𝜇) (4.58)

Here, 𝑓 (𝜇) is the distribution function depending on different phase functions
given below,

𝑓 (𝜇) =𝑀(𝜇) 𝑓 𝑜𝑟 𝑝 = 𝜔0

=𝜓𝑎(𝜇) 𝑓 𝑜𝑟 𝑝 = 𝜔0(1 + 𝑥 cos𝜃)

=𝛾(𝜇) 𝑓 𝑜𝑟 𝑝 =
3
4
(1 + cos2 𝜃) 𝑎𝑛𝑑

𝑝 = 𝜔0 + 𝜔1𝑃1(cosΘ) + 𝜔2𝑃2(cosΘ)

(4.59)

The same similarity can be seen in intensity 𝐼(0, 𝜇;𝜇0) equations (4.13),(4.20) and
(4.28) as,

𝜇0

𝜇 + 𝜇0
𝐵(𝑇) 𝑓 (𝜇) (4.60)

This 𝑓 (𝜇) holds a general integral form,

𝑓 (𝜇) = 1 + 1
2

∫ 1

0
𝑆(0)(𝜇, 𝜇′)

𝑑𝜇′

𝜇′ (4.61)
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So the contribution of thermal emission to the intensity I can be written explicitly
as,

𝐵(𝑇) 𝑓 (𝜇) = 𝐵(𝑇) + 1
4𝜋

∫ 2𝜋

0

∫ 1

0
𝐵(𝑇)𝑆(𝜇, 𝜙;𝜇′, 𝜙′)𝑑𝜇

′

𝜇′ 𝑑𝜙
′ (4.62)

In the same way, the contribution of thermal emission on scattering function 𝑆
can be expressed as,

𝑈(𝑇) 𝑓 (𝜇) = 𝑈(𝑇) + 1
4𝜋

∫ 2𝜋

0

∫ 1

0
𝑈(𝑇)𝑆(𝜇, 𝜙;𝜇′, 𝜙′)

𝑑𝜇′

𝜇′ 𝑑𝜙
′ (4.63)

𝜏 = 0

(−𝜇′, 𝜙′) direction
𝜏 = 𝜏1

𝐵(𝑇)(+𝜇, 𝜙) direction

Figure 4.2: This figure shows contribution of thermal emission along the (+𝜇, 𝜙)direction by direct
as well as after scattering from (−𝜇′, 𝜙′) direction given by equation.(4.62). Ray denoted as 𝐵(𝑇)
will go directly along (+𝜇, 𝜙) direction from 𝜏 = 0 and other rays are initially along the directions
−𝜇′s and then scattered a number of times to finally come along (+𝜇, 𝜙) direction.

Equation (4.62) and (4.63) shows the total effect of thermal emission on dif-
fuse reflection radiation and scattering function respectively. The first term on
right hand side gives the planck emission along the direction (+𝜇, 𝜙). This is in-
dependent of direction. The second term gives the thermal emission reflected dif-
fusely along (𝜇, 𝜙) direction. Here the scattering function 𝑆(𝜇, 𝜙;𝜇′, 𝜙′) scatters
the thermal emission from (−𝜇′, 𝜙′) direction to (𝜇, 𝜙) direction (see fig. 4.2).

4.7 Discussion:

We derive the analytic solutions of diffuse reflection problem of semi-infinite ho-
mogeneous atmosphere introduced by Chandrasekhar 1960 in presence of ther-
mal emission using invariance principle method (Ambartsumian 1943). In absence
of thermal emission our treatment will reduce into only diffusely reflected case
which has been previously studied by Chandrasekhar in a series of papers and
tabulated in Chandrasekhar 1960,Horak 1950,S. Chandrasekhar and Breen 1947.
We mention that those tabulated expressions are exactly same with the reduced
form of our generalized equations as shown here in (4.40)-(4.52).
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The reduction of the scattering integral equations have been done for three dif-
ferent phase functions other than the isotropic case. In each case the azimuth inde-
pendent component of scattering function 𝑆(0) is affected by the thermal emission
and get modified from that of Chandrasekhar. Other 𝑆(𝑖) and 𝐻(𝑖) terms (with
𝑖 ≠ 0) for Asymmetric scattering, Rayleigh scattering and the scattering for the
phase function 𝜔0 + 𝜔1𝑃1(cosΘ) + 𝜔2𝑃2(cosΘ) remains unaffected. They are
exactly the same as given in Chandrasekhar 1960,Horak and S. Chandrasekhar
1961.This is because we consider the atmospheric emission is thermal emission
only. Now, as the thermal emission 𝐵(𝑇𝜏) is isotropic in nature (see fig. 4.1), so the
emission contribution will always affect the isotropic (i.e. azimuth independent)
terms of the scattering function and all other constituent terms remains unaffected
as expected.

This comparison shows that, the emission alongwith the diffusion reflection
is more general than the case of only diffusion reflection considered in Chan-
drasekhar 1960. We considered here three special cases (other than isotropic scat-
tering) of 𝑝(𝜇, 𝜙;𝜇′, 𝜙′), the scattering phase function, by expanding it in terms
spherical harmonics. We can expand it even in more general form of Legendre
polynomial introduced in Chandrasekhar 1960 as,

𝑝(cosΘ) =
∞∑
𝑙=0

𝜔̃𝑙𝑃𝑙(cosΘ) (4.64)

where 𝜔̃𝑙’s are constants. Then the corresponding Scattering Function will be rep-
resented as follows,

𝑆 =

∞∑
𝑙=0

𝜔̃𝑙𝑆
(𝑙)𝑃𝑙(cos𝜃) (4.65)

From our study we can directly imply that, the effect of thermal emission 𝐵(𝑇𝜏)
will contribute in 𝑆(0) terms only and all other terms remains unaffected for 𝑙 ≠ 0
of whatever expansion is considered. To see the emission effect in higher degree
of scattering functions (i.e. 𝑆(1), 𝑆(2)... etc) one can consider the asymmetry in
atmospheric emission, which is different from planck emission.

The intensity 𝐼(0, 𝜇;𝜇0) derived in this paper always includes a thermal emis-
sion of whatever scattering phase function is considered as shown in section 4.6.
Thus the blackbody emission 𝐵(𝑇) always adds some radiation to 𝐼(0, 𝜇, 𝜇0), mul-
tiplied by the function 𝑓 (𝜇). The explicit form of 𝑓 (𝜇) reveals that the contribution
of thermal emission contains direct emission along (𝜇, 𝜙) as well as diffusely scat-
tered radiation from other directions to (𝜇, 𝜙) (see fig. 4.2).

The scattering function 𝑆(0)(𝜇, 𝜇0) affected by the thermal emission in terms of
𝑈(𝑇) as shown in eqn. (4.58). As, the multiplication factor 𝑈(𝑇) is the ratio of
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planck emission and incident flux 𝜋𝐹, so it can be stated that the effect of thermal
emission on scattering function is inversely proportional to the incident flux 𝜋𝐹 and di-
rectly proportional to the blackbody emission from the corresponding layer. Thus, when
the irradiation flux 𝜋𝐹 increases but the planck emission remains fixed then the
relative effect of thermal emission on scattering function is supressed.

Chandrasekhar’s semi-infinite atmosphere model is used for a large number
of cases. For example King 1963 solved the green house effect of semi-infinite
atmosphere, Dubus, Devooght, and Dehaes 1986 used the model to evaluate ion
induced secondary electron emissionwhereasNikkuMadhusudhan andBurrows
2012 analytically model exoplanetary albedo, phase curve and polarization of re-
flected light using the direct results derived in Chandrasekhar 1960. We have
shown that the specific intensity and scattering functions are underestimatedwhile
not considering the thermal emission. Thus to get accurate estimations the inclu-
sion of thermal emission is important while using the diffuse reflection model of
semi-infinite atmosphere.

The inclusion of atmospheric emission in terms of planck function to semi-
infinite atmosphere problem is the first step towards the generalization of Chan-
drasekhar’s treatment. Though there are some limitations to this model. For in-
stance, in case of exoplanetary atmosphere the assumption of Local thermody-
namic equilibrium is not valid at upper atmospheric region (Seager 2010a). Thus,
the atmospheric emission will show a departure from pure blackbody emission
and should be modified by other emission effects. One can treat this problem
for atmospheric re-emission case (Chakrabarty and Sengupta 2020), by replacing
𝛽(𝜏, 𝜇, 𝜙) = (1 − 𝜔0)𝐵(𝑇𝜏) in eqn.(4.3) and all the results follows accordingly.

Again, we considered the low scatteing limit (𝜅 >> 𝜎) in this work for which 𝛽
entirely boils down into the planck function B(T). To remove this restriction, the
thermal emission B(T) can be replaced by, 𝜿

𝝌B(T) which modifies the results.
Also we assume that the atmospheric emission is planck emission only, which

is isotropic in nature. This is oversimplification of the practical problem. The
anisotropic effect of atmospheric emission can be included by taking the fourier
expansion,

𝛽(𝜏,Ω) =
𝑛∑

𝑚=0
𝛽𝑚(𝜏, 𝜇;𝜇0) cos(𝜙 − 𝜙0)

as given in Bellman et al. 1967. In that case not only 𝑆(0) but all 𝑆(𝑖) terms of the
scattering function as well as the 𝐼(0, 𝜇, 𝜇0) will be modified. This can be a more
practical approach to the problem and much rigorous calculations are needed.

The phase functions considered here, all have analytical forms given in Chan-
drasekhar 1960. But for more realistic problems of single or direct scattering with
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a forward scattering effect, Henyey and Greenstein 1941 introduced a phase func-
tion,

𝑝(cosΘ) =
1 − 𝑔2

(1 + 𝑔2 − 2𝑔 cosΘ) 23
where, 𝑔 ∈ [−1, 1] is the asymmetry parameter. This type of phase function has
been well studied for reflected spectroscopy using numerical analysis (Batalha et
al. 2019). To treat this in our semi-infinite atmosphere diffuse reflection problem
one should shift from analytical treatment to numerical one.

Finally, we did not include the polarization effect to our calculations. Follow-
ing Chandrasekhar 1960, we can say that all of our results will be valid while
including polarization effect with some replacements as follows. The intensity I
will become a vector I whose components are the stokes parameters. The phase
function p and scattering function Swill be replaced by the analogous phase ma-
trix P and scattering matrix S. In that scenario, polarization effect in semi-infinite
atmosphere problem with atmospheric emission can be studied.
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Summary and Conclusions

My research on radiative transfer gave me the most satisfaction. I worked on it for five
years, and the subject, I felt, developed on its own initiative and momentum. Problems
arose one by one, each more complex and difficult than the previous one, and they were
solved. The whole subject attained an elegance and a beauty which I do not find to the
same degree in any of my other work.

-S.Chandrasekhar
The work presented here also took five years but I can add only aminute modi-

fication to that what Chandrasekhar has accomplished. Wemodeled the exoplan-
etary atmosphere, especially the hot-Jupiters and showed how by observing the
secondary eclipse emission spectra the amount of day-night heat redistribution
can be estimated. Then we studied Chandrasekhar’s diffuse reflection problem
in the presence of atmospheric thermal emission. Hence we generalize Chan-
drasekhar’s results so that it can be used to model hot-Jupiter atmosphere. In this
chapter we will summarize the whole work presented in this thesis with some
highlights followed by the limitation and future work.

5.1 Highlights:

Here we discuss the summary and highlights of each chapter sequentially.

• Chapter 1: It is an introductory chapter where we have discussed what are
the Exoplanets, their types, detection techniques etc. Then we provide a
brief discussion about the exoplanetary atmosphere, their characterization
through the observed and modeled spectra followed by a literature survey
which clearly defines ourmain target of this thesis. Thenwe discuss themain
goal of the thesis and the plan accordingly.

• Chapter 2: In this chapter we discussed the fundamental concepts of Radia-
tive transfer used in the astrophysical context in two different parts. In the

75



Chapter: 5

first part we established the basic transfer equation appropriate for transmis-
sion and scattering from literature survey. Thenwediscussed different condi-
tions applied for atmospheric modeling such as LTE, Radiative Equilibrium,
hydrostatic equilibrium etc. In the second part we discussed the invariance
principle and its use in solving the atmospheric diffuse reflection problem.
We conclude by showing the results derived byChandrasekhar 1960 and their
interpretations.

• Chapter 3: We model the hot-Jupiter’s day-side atmospheric emission spec-
tra by obtaining the solutions of the radiative transfer equation. Hot-jupiters
are the gas giants and gravitationally locked to their host stars. Hence the day
and night side of these planets has a huge temperature difference. This tem-
perature difference causes a pressure gradient which generates atmospheric
flow and redistribute the heat from day-side to night-side. To specify the
amount of heat redistribution we defined a heat redistribution parameter f
as the ratio of the stellar flux irradiated area to heat redistributed area. Thus
more the redistribution less the value of f. Then we simulate the day-side
emission spectra with the different values of f. For simulation we use line by
line radiative transfer code developed by Sengupta andMarley 2009, and ver-
ify this with some literature results as well as some of the observed spectra.

In results we showed that the magnitude of the simulated day side emission
spectra decreases significantly with more the heat redistribution from day
side to night side. Hence we conclude that by observing only the day-side
emission spectra (also known as secondary eclipse spectra) of hot-jupiters
and comparing it with theoretically modeled spectra, the amount of heat re-
distribution can be estimated. Finally, we study a particular case of the hot-
jupiter XO-1b with this technique and showed that the day to night heat re-
distribution is very high in this particular planet.

• Chapter 4: In this chapter we took an analytical approach to fundamentally
model the hot-jupiter atmosphere. This particular planets have their own
emission as well as irradiation from their host star. Hence the source func-
tion of the radiative transfer equation should consist scattering and thermal
emission. We add this emission in terms of planck emission to the radiative
transfer equation and show its effect on the solution of semi-infinite diffuse
reflection problem introduced by Chandrasekhar 1960. We use invariance
principle method to analytically derive the scattering function and the final
radiation coming out from the atmospheric layer. The solutions are provided
for different type of scattering phase functions such as,
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1. Isotropic scattering
2. Asymmetric scattering
3. Rayleigh scattering
4. General case of scattering function expanded up to 3rd order legendre

polynomial.

Our results clearly show that the final radiation emits from the atmospheric
layer contain two distinct parts. First the thermal emission from the cor-
responding atmospheric layer, second the scattering from the same layer.
We further study the isotropic scattering case in greater detail and intro-
duced a new function M-function which is analogous to Chandrasekhar’s
well knownH-function. It is worth noting that both the emission and scatter-
ing contributes in terms of M-function to the final radiation. Finally we per-
formed a consistency check of our model in the low thermal emission limit.
It shows that all of our results are consistent with the results derived in Chan-
drasekhar 1960. Thuswe conclude that ourmodifiedmodel ismore complete
than Chandrasekhar’s model and hence it can be used for those atmosphere
where scattering and thermal emission occur simultaneously.

5.2 Limitations:

Here we list some caveats in our modeling.

• While studying the variation of hot-Jupiter day-side emission spectra with
respect to the atmospheric heat redistribution we neglected the effect of at-
mospheric chemical composition, optical opacity, variation of irradiated flux
from the host star on the planetary atmosphere. They can have a crucial ef-
fect on the variation of atmospheric emission spectra. Although the result-
ing trend of variation of the emission spectra with the redistribution factor
remains unchanged.

• While including the thermal emission in Chandrasekhar’s diffuse reflection
problem, we consider each atmospheric layer is in local thermodynamic equi-
librium and emits only blackbody radiation depending on the corresponding
layer temperature. This is true only at high optical depth of the atmosphere
and in the upper part of the atmosphere, the emission is much different than
the blackbody emission. This will give a complicated solution compared to
that provided here. However the enhancement of the final radiation will be
still there.
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5.3 Future Aspects:

• The modeling of atmospheric convection in gas giant atmosphere is a chal-
lenging problem in exoplanetary science. Here we consider a simple ap-
proach to understand the amount of day to night heat redistribution by estab-
lishing a relation between the heat redistribution and the observed day side
secondary eclipse emission spectra from the planet. Although there are other
factors like chemical composition, optical opacity, stellar activity etc, which
influence the temperature-pressure profiles and the final emission spectra.
We will take care of those factor to give a complete picture.

• The simultaneous atmospheric emission and scatteringmodel presented here
is the first step towards generalizingChandrasekhar’s novel approach to solve
the atmospheric diffuse reflection problem by including atmospheric emis-
sion along with scattering. Here we have considered the atmospheric emis-
sion in terms of thermal emission only. In futurewe can further generalize the
atmospheric emission by considering atmospheric re-emission, anisotropic
emission etc.

• Here we introduce the M-function for isotropic scattering case only. It is ob-
vious that the other scattering cases (e.g. asymmetric scattering, rayleigh
scattering etc) can also be expressed in terms of M-function. In that case all
types of scattering function and final radiation can be easily derivable once
the values of M-function estimated for different values of 𝜇. We are planning
to work on that direction.

• The analytical approach taken here to solve the semi-infinite atmosphere case
can also be applied in the more general and practical finite atmosphere case.
The solution of the finite atmosphere problemwill have direct use in exoplan-
etary atmosphere modeling.

• To generate the synthetic spectra using our analytical model, we need to rig-
orously solve the radiative transfer equation by numerical approach. In that
case we can also compare the critical limit of atmospheric emission where it
is important over the irradiation flux. Hence, we will simulate the synthetic
spectra numerically.

The final results derived here by including thermal emission in diffuse reflec-
tion problem can be used tomodel the exoplanetary atmosphere especially where
the atmospheric emission is comparable with that of the irradiation flux. We hope
this approach will give some fruitful interpretations of the upcoming observa-
tions.
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