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Spacetime curvature, rotation and the pulse profile of fast pulsars*
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Abstract. Propagation of photons in the spectime exterior to a rapidly
rotating neutron star is investigated, using a rotationally perturbed spherical
metric, to determine the pulse profile of fast pulsars. We find that space-
time curvature produces a substantial amount of divergence in the pulse
beam width accompained by a reduction in the pulse intensity. Effects due
to rotation are comparatively smaller, but rotation has the qualitatively
important feature of producing a tilt of the pulse cone in the direction of
rotation and a deformation of the cone. The asymmetry in the pulse pro-
file so caused introduces a time delay in the arrival of photons emitted within
the cone, which, in turn, affects the duty cycle of the pulsar.
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1. Introduction

The discovery of fast pulsars (Backer et al. 1982; Boriakoff et al. 1983) has opened
up new vistas for theoretical investigations of the structure of rapidly rotating
neutron stars (Harding 1983; Shapiro et al. 1983; Ray & Datta 1984; Friedman et al.
1984) as well as their radiation characteristics (Arons 1983; Ray & Chitre 1983;
Kapoor & Datta 1984). Large rotation rates (surface velocity as much as 159 of
the speed of light) was hitherto unecountered in objects of this class, and a ques-
tion that naturally arises is whether the dragging of inertial frames induced by
rotation, coupled with a large spacetime curvature, can lead to any observable
consequences (Kapoor & Datta 1984). In this essay we illustrate some of these
effects on the radiation characteristics (specifically, the pulse profile), and point out
the significant differences from a simple Schwarzschild treatment. For the purpose
of illustration we choose the pulsar PSR 1937 4 214, which has a period of 1.56 ms.
Since this pulsar is close to the point of secular rotational instability (Ray & Datta
1984), the results reported here will be indicative of the maximal effects of rotation.
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There is no general consensus at present regarding the pulsars’ pulse emission
mechanism. Here we have chosen one of the widely studied models, namely, the
one in which the emission is suggested to take place in the neighbourhood of the
surface of the neutron star in the form of a narrow conical beacon (angular width
< 10°), directed away from the surface and corotating with the star (Radha-
krishnan & Cooke 1969). We take the initial pulse profile to be a steep Gaussian
curve with the total beam width equal to 10°. Our theoretical framework, however,
is general (since it involves the calculation of trajectories of massless particles in
the exterior of a rotating mass); it is also frequency independent and will be appli-
cable to any initial pulse shape and any emission mechanism.

A rotationally perturbed interior spherical metric of the following form (that
matches at the surface to an external metric) :

ds? = gopdx>dx®
= e¥dt? — e2Mdr? — e?rd0? — e*¥(dp— wdt)? (D)

is sufficient for our purpose (Ray & Datta 1984). Here v, p, A, ¢ and o are all
functions of r. The metric (1) is valid for strong gravitational fields and rotation
rates smaller than that corresponding to centrifugal break-up. Neutron star models
rotating at the secular instability limit and relevant in the context of fast pulsars
are within this bound, provided the star is assumed to be homogeneous. Such
models have been numerically constructed by Ray & Datta (1984) for a represen-
tative choice of the equation of state for neutron star matter. The structure para-
meters and the rotationally induced deformations thereof can be used in the
external form of the metric (1) to derive photon trajectories (Thorne 1971).

2. Photon trajectories

Consider a photon emitted from a point whose radial location is r = r, > R’ where
R’ is the radius of the rotating neutron star, and received by a remote observer at
the point r = D (measured from the centre of the star). Spacetime curvature will
bend the null geodesic and rotation will drag it away from the original direction of
its emission in the direction of the rotation. The net azimuthal angle of bending
will be given by

D
— ¢(8) = [ f(r, ge) dr, ..(2)
fr, go) = %%- ...(3)

Here, I' is an affine parameter and $ is the azimuthal angle of emission made by the
photon’s direction of motion with the radius vector of the source through the origin
of the coordinate system, as seen in the local rest frame of the star. (8 = 0 will
thus correspond to radially outward photon and § = — =/2 to a tangentially for-
ward photon). The quantity g, is the impact parameter of the photon, evaluated
at r = r,. The impact parameter is given by the ratio of the orbital angular
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momentum to the energy of the photon as measured at infinity, Equation (2)
neglects polar bending. This will be small because the spacetime chosen is a per-
turbed spherical one. The polar angle of emission, 65, made by the line of sight
through the centre of the star with respect to the axis of rotation can, in this appro-
ximation, be taken to be the angle of inclination according to a distant observer.
The right-hand side of equation (2) can be evaluated from a knowledge of equations
of motion of the photon in the spacetime described by the external form of the
metric (1). This gives

w(l + wq ) - q eZv—‘J"l’
f(r,ge) = &A1 + mq:)‘ — ;ezezv_zq:]uz )

_ N et™(Vs + sin §)
9 =40 =) = [ @l T QS0 8) |rar, ~0)

Here Q is the angular velocity of the star as seen by a distant observer, and
Vs :‘ e‘P—V(Q —_ (D),
w = 2]/"3,

J being the angular momentum of the rotating neutron star.

The null geodesic is now fully determined. Figure 1 schematically illustrates the-
bending. For the pulse cone, bending of photons implies an effective overall diver-
gence in the beam. If we define

Snew = 8 + $o(8) + a, ...(6)

Q

Figure 1. Schematic illustration of photon trajectory in terms of the angles §, 8gew and ¢,.
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(where a =2 0 because of small 8 and D > R’), then a measure of the divergence
effect can be quantitatively expressed by means of the parameter A defined as

dsnew

A= —s (D
, d¢
(l + dso)rgre . ...(8)

It may be noticed that as a consequence of rotation

| do(+3) | £ [ do(—9) |,

and so
A(3, re) # A(—3, re).

This implies that the divergence in the beam width will be asymmetric in the azi-
muthal angle (assuming the beam to be initially symmetric). Furthermore, the
diverged pulse will suffer a deamplification in its intensity. This follows from the
requirement of conservation of energy flux. The deamplification may be expressed
through the ratio

_IBnew) 1 sin3

€= 1(8) o A_sin Onew ' (9)

Note that in the limit § — O (i.e. corresponding to radially outward photon),
e > A2
As a consequence of rotation, photons emitted in the forward direction (i.e. with
3 < 0) will be blueshifted and those emitted in the backward direction (i.e. with
3 > 0) redshifted. Following Liouville’s theorem, forward radiation in the pulse
beacon will then get Doppler-boosted while backward radiation will get Doppler-
diminished. These can be evaluated from a knowledge of how the redshift factor
varies with respect to 8 (Kapoor & Datta 1984). The magnitudes of these correc-
tions are small but nontrivial and will affect the functional dependence of ¢ on 3,
so that e - €’ (see Datta & Kapoor 1985).
The times of emission, 7, and reception, T, of a photon can be related through
an integral similar to equation (3) :
Dd/ r
tid
T —1t,= Im

Te

dr

D
= § g(r, ge)dr, ...(10)

— 1 4 w(e
g(r, qE) - e2v[(1 + wqe)z — qezegv_zw]llz- .-(11)

For the range of & that we consider here, namely 5° > 8§ > —5°, the amount of
bending | ¢,(3) | turns out to be small. Nonetheless, a finite time delay will be
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introduced between two neighbouring null geodesics emitted at azimuthal angles §
and § 4 d3. This will have important implications for pulsar physics, and is dis-
cussed in the following section.

3. Results and discussion

An analysis of binary pulsar data indicates the neutron star mass to be in the
range (1.4 & 0.2) M@ (Joss & Rappaport 1984). So, although no reliable mass
estimates are available for the recently discovered fast pulsars, we adopt here
the above value as the representative mass in order to illustrate the effects
of spacetime curvature and rotation on the pulse profile. For this purpose, we
take the rotating neutron star model for PSR 1937 -+ 214 with the Friedman-
Pandharipande (1981) model for the equation of state as reported in Ray & Datta
(1984), and use it in the external form of the metric (1) to compute photon trajecto-
ries for the rotating as well as Schwarzschild configurations, as prescribed by Throne
(1971). 'The results of our calculations are summarized below.

The main effect of spacetime curvature is to widen the pulse cone by afactor A =~
2. This will effectively make the pulsar act as a diverging lens for its own radia-
tion. The difference over the Schwarzschild values of A introduced by rotation is
however small. Hence, the rotationally induced asymmetry in the pulse profile is
barely graphically noticeable (see figure 2). The asymmetry is brought out more
explicitly in table 1. From the table, it may be noticed that rotation tends to com-

press the pulse beam for backward emission (8§ > 0) and strech it for forward
emission (3 < 0).

=T
1.0, 4~ EOS FP MODEL
/ \ ©g =T1/2

---Gaussian Pulse |
—Diverged Pulse

42 10 -8 -6 -4 -2 0 2 4 6 8 10 12
‘ 5(degrees)

Figure 2. Net intensity deamplification factor versus azimuthal angle of emission for different
values of emission location re (solid curves). The dashed curve is the initial (Gaussian) profile.
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It may be mentioned here that A — 1 as § - + w/2. This means that in the
relativistic beaming model of pulsed emission from pulsars, divergence effects are
minimal.

An interesting feature introduced by rotation is the ‘sweeping’ of the entire pulse
cone, in the direction of rotation (by an amount of ~ 10° if ro = R’ and larger if

re > R’). We term this the tilting of the pulse cone, which is to be understood as

the net bending in the direction in the rotation of those photons that are emitted
along the axis of the pulse cone i.e. with 8 = 0. This effect is absent in the
Schwarzschild case, where ¢ (8 = 0) = 0.

Another point of difference from the Schwarzschild spacetime is in the arrival
time differences for two photons characterized by azimuthal angles 4 8. Because
of dragging of inertial frames due to rotation, @ + & photon will take a longer time
to reach the remote observer at r = D than a — 3 photon. The difference in
their arrival times, which we called time delay, can be calculated from equation (10)
for re >R’. We find the magnitudes of the time delay to be of the order of a few
microseconds (see table 1). If the time delay between photons with maximum 3§
and minimum § equals the pulse duration, the complete pulse will be detected by
the observer. On the other hand, if this time delay exceeds the pulse duration,
photons with § larger than a critical value will miss being detected by the observer.
This will mean that the pulse profile will have a gradual build-up but a steeper
fall-off. Owur calculations indicate that this can have a constraining effect on the
pulsar duty cycle if the pulse cone is wider than 10° and 7. is several times the radius
of the neutron star. We emphasize here that the asymmetry will be over and above
the asymmetry in the final pulse profile due to dragging of inertial frames and
interstellar/interplanetary scintillations, if any.

It may be relevant to mention here that the rotationally induced dragging of
inertial frames will bring about a rotation in the plane of polarization of the pulse
This is of interest in view of the observed fact that pulsar pulses are, generally
speaking, linearly polarized. Now, it is known that an inertial compass near the
surface of a rotating body will precess with a certain angular velocity. Therefore,
the plane of polarization will also rotate with the same angular velocity (Zeldovich &
Novikov 1971). For emission along the polar axis, for instance, the amount by
which the plane of polarization will rotate in the direction of the rotation of the
pulsar will be given by

D
*= j w%f‘_‘ dr = }re w(re)- ...(12)

re
Its numerical value, however, turns out to be small (~ 1°), and in the absence of a
reference is of formal academic significance only.

In view of the main result of our calulations, that the pulse beam divergence and
the pulse intensity deamplification are of a similar magnitude be it the rotational or
the Schwarzschild case, it may be generally inferred that the pulse will start out from
the emission region in the shape of a narrow spike. Observationally speaking, most
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pulsars have narrow pulse profiles. Therefore, an important conclusion that follows
is that the brightness temperature (which is directly proportional to the intensity of
radiation) of pulsars in general should be larger by an order of magnitude (in the
emitter’s frame of reference) than is presently presumed, and this will be valid for
the emitter located anywhere between the pulsar surface and several times its radius.
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