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Abstract. We derive expressions for test electromagnetic field of a non-
axisymmetric current loop around a Kerr blackhole. For this, we write
complete solution for the ‘inside’ as well as ‘outside’ regions of the current loop
using vacuum solutions of King (1977). We calculate discontinuities in two
ways. First, we integrate radially the inhomogeneous Maxwell equations
across a thin shell at 7, the loop radius, written in Newmann-Penrose (NP)
formalism. Second, the discontinuity in the electromagnetic field components
is obtained from the complete solution in which the ‘inside’ solution is
characterized by a complex constant a:m and the ‘outside’ solution by Bim.
Now we equate the two discontinuities and determine the complete solution.

A particular solution, namely, electromagnetic field of an equatorial current
loop is obtained.
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1. Introduction

Weak electromagnetic fields in the vicinity of a blackhole have been the subject of
much current interest on account of possible applications in explaining various
astrophysical phenomena. However most of the authors, exploiting the simplicity of
Maxwell equations for axisymmetry, assumed that electromagnetic field is stationary
and axisymmetric. Here we drop the assumption of axisymmetry and investigate the
general relativistic effects when the magnetic field is inclined at an angle y with the
rotation axis of the hole. This problem has been investigated by seveal authors with
various motivations.

Chandrasekhar (1976), using the decoupled and separated electromagnetic equa-
tions derived by Teukolsky (1972, 1973), obtained the general solution for potentials.
Pollock (1976) investigated the interaction between a weak magnetic field and a
slowly rotating blackhole. He solved the Maxwell equations for the electromagnetic
field tensor by a perturbation expansion, retaining only first order terms. Pollock &
Brinkmann (1977) treated the same problem without the assumption of slow
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rotation. However, King (1977) and Bic‘;ik & Dvc‘;rék (1977) obtained the general
multipole solutions of the Maxwell equations with appropriate boundary condi-
tions.

In this paper we obtain, using the formalism developed by King, the electromagne-
tic field due to a current loop inclined at a given angle with the rotation axis of the
hole. The basic equations and the solutions are presented in section 2. In section
3 we demonstrate that the electromagnetic field due to an equatorial loop can be
obtained from the results of previous section. Conclusions are given in the last
section.

2. Basic equations and solutions

We assume the electromagnetic field due to an inclined current loop around a Kerr
blackhole to be stationary. The Maxwell equations, in view of stationarity and non-
axisymmetry, reduce to

[(3" + K%)_l— (r——i%c_o_s—e)_‘_l $1 [\/2 (r—liacos 8) |

9 i 9\ ia*sin® pcoth L
% (89 sin 0 acp) \/2 V2 Po = 21, ...(1)
] (3+ i )+\/2zsm0]
V2 (r + iacos0) \ 30 ' sin 0 93
— 9\ _ A _ (r—m .
[22 ( or + acp\) 2% b Po = 2nJm, ...(2)
0 a 92\, 1 _ 1
[(57 S a_cp) * (r — iacos 9)] ¥2 [\/Z(r — iacos 0)
0 i 3
X (—8—0 §in ey Bqa) + /2 ia ¢* sin 9] ¢ = —2nJm, ..
1 (_53_+ i i)+ias1n9_pcote
V2 (r +iacos 0) \98  sin 0 3¢ V23 V2 %

_[22 ( &~ T4 8<p) ]% = —2nJa. (4)

The symbols in the above equations have their usual meaning.

To obtain the solution of the above equations for a specified source one obtains
two linearly independent solutions of the Maxwell equations one of which is regular
at the horizon and the other at infinity. The desired solution is then obtained by
matching these solutions across the source. Thus, the Maxwell equations without
sources can be written as

[( + %Gi{;)_*_(r'——iicos—())_] P = |:\/2(r —1iacose)

o i 9 __iap*sinﬁ_pcotﬁ (5
X(ae sineacp) V2 V2 )
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1 0 i \/21s1n9
V2 (r 4 ia cos 6) (69 T sin 0 8<p) T ]

[22 ( ar “a%)—%;é - (L;zﬂf_)]%, ...(6)

[( +*%) +<Tm]%

1 ) i
“LV2( — ia cos 0) (66 sin 0 B(p) + V2ia p* sin 9] s
...(7)

1 (i-l— i _B_)_I_zasme __pcot b
V2 (r + iacos B) \ 30 ' sin 6 ap V232 V2 | ¥

[ (-ag+a2)-2)w -®

The above equations can be decoupled and separated (Teukolsky 1972, 1973). The
separation of variables for g, and ¢, may be expressed in the following form :

9™ = Rim(r) 8 Y18, 9),
o™ o072 = Sim(r) 8’ Yim(8, @) ...(9)

for an (/, m) multipole, where Yin (0, @) is the usual spherical harmonic function.
Here /is an integer > 1 and m an integer with [m| < /. 0 and 8’ are the spin-rais-
ing and spin-lowering operators defined as (Goldberg et al. 1967)

= — (sin 8)® [5% sin 9 3 ](sm 8)~

A o S .
d' = — (sin 0) [69 pemar i ](sm 0) ...(10)
when acting over the fields of spin-weight s. Rim(r) and Sin(r) obey the equations
d dRim 2 o
‘F(A ar )—l—[am + 2iam(r — M) ]l
—((—=DU+ D Rm=0, % ..(11)
2 I
At d;‘,lzm -+ [@2m?® — 2iam(r — M) — I(I + 1) A] Sim = 0. _JI

Equatlons (11) have been solved by King (1977) and independently by B1cak &
Dvorak (1977). Thus, R® (r) and S%)(r), the radial functions regular on the
horizon, are

R(H) = §i+! 2p (2P + 1) ------ (2P + l)
0+ 1).....2D)

x (¢ = rys =y | - 1= 10,2, L2

...(12)
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@+ (2p +2I)
tm 2020+ 2) ... ... @h

X (r —r 22 (r— r)?F [— I+ 1,142, 2+ 2p,

(r—ry
(=9 T
Similarly, R{..’ (r) and S;,.’ (r), the radial functions regular at infinity, are

RS = (r — ry)==42 (r — r )2 FIL1 + 1 — 2p, 21 + 2, (=9

r+rof
..(13)
S;:) = —3(@—ry)V (@ —r)*?F l:l +2,14+1—2p 21+ 2,
(=9)
r—ryJ

In the above equations the function F is the hypergeometric function and p = iam/8$;
8 = 24/ (M? — a®). r, and r_ are the larger and smaller roots of the equation
A=0.

The general solution of the electromagnetic quantities ¢, and ¢, is a sum of two
independent solutions given above. Thus

H co
Q0 = lzm[uzm R, + Bim R 8Yim, }
’ :
P, = 2 p? [athl(:) + Bim S::)] 8'Yim. | -.-(14)
Im J .
Here «:» and Bim are the complex constants given by
r . 4 1
Xim = o, t+ i “im o | .
r . ) }
Bim = By, + iB,- Jl ...(15)

The general solution for ¢, can also be obtained as

r

o1 = z o? [— ia 273" oy sin anzmS R dr - ja 27112 @y sin 0

l,m I+
s
X a'YzmS N dr 2372 [(] + 1) imYim
rt
r
I 25!
X ] gt (R;fn’ ) A ) dr + corresponding term for Pim
ry
modes with lower limit r,. replaced by oo. ...(16)
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Now we specify the source. We take a circular loop of radius r, carrying a
current I placed at the angle (8,, ¢,) to the rotation axis of the hole. Then, compo-
nents of the current density vector J* are given by

Jt=Jr =Jo =0, )
I _ .
J? = ) 3(r — ro) 8(cos 0—cos 0,) 3(p — %)’Jr ..(17)

where the delta function introduced satisfy the following normalization conditions:
[8(@r — ro) dr = 1, [3(cos 8—cos 8y) sin 6 d0 = 1,

§3(¢ — @g) dp = 1.

By making use of equations (17) one obtains the NP current density components
as
asin®0]

Ji= — ——5—8(r — ry) 3(cos & — cos bg) 3(p — @)

1sin 6 (r2 + a® I

Jm = — 720 T iacos0) 5 3(r — ry) 8(cos 8 — cos 8;) 3(p — @),
_ isin8(*4+a)l _ _ _
I = T — facos ) 5 3(r — ro) 3(cos 6 — cos 8o) 8(p — @),
in2
Jo— — A_“S;’;J S(r — rq) 3(cos 8 — cos 8)) (o — @0).  ...(18)

In order to obtain the solution of the electromagnetic field due to the current loop
we calculate the discontinuities in the electromagnetic field quantities ¢, and ¢, by
two methods. First, we integrate radially the inhomogeneous Maxwell equations
(2) and (3) across a thin shell at r,. Second, discontinuities in the field quantities
are also obtained directly from equations (14). Now equating the discontinuities
from the two methods yields the values of the constants which characterize the
electromagnetic fields due to the source under discussion.
Discontinuities from Maxwell equations (2) and (3) are given by

_ 24/2gmi(r3 + a1

[?0] - AO (ro + ia cos e) S(COS 6 — cos 90) 8(‘? - ‘Po)s
2 wi(r? ) I
[9e] = — (ro — i;/ co: lﬂgr(r;_ : 21’ cos® 6) 8(cos & — cos bo) 3@ — o),

where A, stands for the value of A at r = r,.
Similarly from equations (14) discontinuities at r = r, are given by

[‘PD] =X [Blm R::) — Gim R:f:,]r.=ro aYun,
b L ..(20)
H

1 o . |
[es] = z (r — ia cos 6)? [Bin S" — Gim Sy TrareYim. J
Im
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Now, making use of equations (19), (20) and (15) for ¢, and separating the real and
imaginary parts, we get
12

lz [B;m R{::) - u"m R:f:)]r—ro 0Yim
m

_ 24/2ma(rd + a® Isin b cos B
- Ay (r3 + a® cos? 6)

3(cos 8 — cos Bp) 3(p — @), ...(21)

im

Iz [B:m R;:) — R(H)]r-='o 0Yim
m

_2+/2 mry (rg + a*) Isin @ B _
=K (3 + ooy O(0s® — cos b)) e — @) .(22)
In a like manner, equations (19) and (20) give the discontinuities in ¢,.

Z 8, S — o ST 48 Yim
m

m

_ V2 na(ry + a?)Isin 8cos 0
(ri + a®cos® 68)

3(cos B — cos Bo) 3(p — @), ---(23)
Z [B:m S::) - S(H)]ruro o’ Ylm
I,m

_ A2 mry(ré +a*)Isinb

To solve equations (21) and (22), we multiply them by 8 Yim (8, ¢) sin 0 dbdp and
integrate within appropriate limits to obtain

[B:m Rz:) - “:.m (H,]r=ro
2\/2 na(ré + a*) Isin 6, cos 8y %
AU (ro + a cosz ea) l (l + 1) [a Ylm (e, ?)]og, ?0’ -..(25)
[B;m R:::) - a':m (H)]"-='0
_ 24/2 nr(ry + a®) Isin B, ‘26
NP =y (e ILRCUCURER -+(26)
where we have used the identity
2 +1 _ _
({ j'l 8 Yvm (0, ) 8Yim (8, ¢) sin 6 dbéde = I( + 1).

Likewise, if we multiply equations (23) and (24) by 8 Yim (0, @) sin 6 déde and in-
tegrate, we obtain

r

r (c0) (Hy
B Sim — %m St Ir=ro

_ A/2ma(r§ + a*) Isin 6, cos b
(r2 4+ a?cos? 0y) I(I + 1)

[8 Yim(®, Do s g,r (27
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i (o) i QU
B, Sim — %, Sig lr=ro

V2 mrg(r® + a® Isin 8, %,
~ (r3 + a?cos? By) I(I+ 1) 8 Yin @, L) PR ...(28)

where we have used the identity
2r +1 _ _ )
§ § 8 Yim (6, 9) 8'Yin(0, @) sin 6 dodep = I(I 4 1).
0 —-1

The two sets of equations (25) and (26), and (27) and (28) are solved to obtain the
values of the constants. In order to get the desired result we multiply equation (25)

by [sz’]f_ro and equation (27) by [R‘H)]ruro Thus we obtain
(B R SU = aly R SErere

_ 24/2ma(ri + a® Isin 6, cos 0, = )
T Ay (r3 + aPcos? by I(I + 1) (8 Yin (6, @)]99, % [S;,, Tr=ros

...(29)

T (o) p(H) __ r (H) (H)
[Blm Slm le « S le ]r—ro

lm

__ V2ma(r + a®) Isin 8, cos 0, =, < -
- (r(2) + a? cos26) l(l —+ 1) [a Y"’”"(G’ (P)]oo, ?o [le ]r=ro.

...(30)
Subtracting equation (29) from (30), we get
- — \/22na(r§2=l— a:)IsinGO cosf,
m (rg + a*cos? 6,) I(l + 1)
{ IR rar 18 Ton, @l g, + o (50 mr B Tim @il }
[R‘H’ S‘°°’ R‘°°’ S‘H’]T_ro ...(31)

However, if we multiply equation (25) by [S;lr—ro and (27) by [R:]r—so and sub-
tract the former from the latter we obtain

r _ A/2wa(r§ + a% Isin 6, cos 6,

%m = (r3 + a®cos?f,) I(/ + 1)

{[R::(],-=ro [—a'-Ylm (B,CP)]. s 9o f-——[S(‘x’)]T ‘o [aY.m(e ‘P)]a ,?0}

H ) oo
[R( ) Sv( ) R( )S(H)]r —ro

(32)

Similarly, we solve equations (26) and (28) for the imaginary parts of the constants
and obtain
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_ V2= (r§ + a® Isin 6,
Pin= =3 + @ cost®) IT + 1)
{[Rwﬁfroa'mmw Dogs 90T 1 [yﬂm_r[aymnw @L,,o}
H) o(oo 0) o(H ’
[R,) S R;m’ St lr=r, -+(33)
" V2 wry(rs + a* Isin 6,

Cim = — (r& + a® cos?8y) I(I + 1)
{IRE sy B Fint®, 09, + 2 [S5—ry 1B Finte, Dy o}

[R(H' S‘°°’ R‘°°’ S(H’].- "o

..(34)

Now, when we substitute the values of the constants given by equations (31) through
(34) into equations (14) and (16) we obtain the electromagnetic field due to the
inclined current loop. The expressions are lengthy and tedius and therefore are not
written explicitly.

3. Particular solution—equatorial current loop

The electromagnetic field due to an equatorial loop is obtained from'the solution
presented in the previous section by taking 8, = w/2 and m = 0. The solution
inside the loop reads

)
@ = z (oo + iazo) R:f) 9 Y1,

1 r . .t H
P2 = - —ia cos 0)? z (@i +ia,) Sy’ 80,
=1

Q= z (aw + m.w) [—la 2-225in 8 8 Y3, X R(H’ dr

(r — iacos 0)?

r S(H)
1]
+ ia 2722 sin 0 8'Y3, S Tdr
ry
o 254"
F 200 DYy [ ¢ —iacost) (R ———) ] - G9)
ry

It is noted from equation (32) that for 8, = =/2

,
#,, = 0.
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Now equations (35) take the form

> o]

Po =1 z 1.0 R(H) aYlo,

=1

-]

. 1 (H) ’
®2 = (r —ia cos 0)? z %o i 8'Yio
=1

r

S -3/2 H)
(r—za c0s )2 z ocm[?_ asinb 8Yy, I R, dr

ry

r S(H)
— 272 45in68'Y;, E

ry

dr

A

r S(H)
+ 232 (1 + 1) Yzoj (r —iacos 9)(R‘H’ - 2——) dr] ..-(36)

I

Further by substituting the required values, equation (36) becomes

y i ! \[(2’ + 1)" ((’21“) Dl L by 9Pt (cos 6),

I=1

_ z \/21+1 Ng—n! gd
P2 = (r—za cos )2 2021 ! dr

X Pi(u) ;l% P; (cos 0),

2[+1 nag—n!
\/2(r——tacosﬂ)2 z %10 \/ @2N! 8!

X [a sin 8 Pi(u) d—‘; Pi(cosb) + i I—(I—J;i Pi(u) Pi(cos) 6

+iA dirp.(u) Pi (cos 9)]- -.(37)

where we have used the relation

sz(u)

1+ )Py = 2 [
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for the evaluation of integrals in ¢, andthe variable u = (r — M)/¥ (M>*—a®).
Equations (37) are the electromagnetic fields originally derived by Petterson (1975)
with §; = 0. In a likewise manner one can demonstrate that the solution which is
regular at infinity also agrees with «; = 0.

4. Conclusions

The paper has been devoted to a study of the electromagnetic field due to a current
loop inclined at a given angle with the rotation axis of the hole. Further, a particular
solution—the electromagnetic field due to an equatorial current loop—has been
derived. However, if one applies an approximation procedure, by which the radius
of the loop r, and the current strength I are allowed to increase simultaneously in
such a manner that the ratio //r, stays a finite constant (P, say) and impose boundary
conditions appropriate to a uniform magnetic field inclined at an angle y with the
rotation axis of the hole, one may obtain the components of the electromagnetic field
which is asymptotically uniform and inclined at an angle at infinity. Therefore our
results may be of importance in calculating the torque due to the interaction of an
uniform magnetic field with a rotating blackhole.

Acknowledgement

The authors thank Professor R. M. Misra for useful discussion during these
investigations.

References

Bicak, J. & Dvorak, L. (1977) Czech. J. Phys. B2T, 960.

Chandrasekhar, S. (1976) Proc. R. Soc. London A349, 1.

Goldberg, J. N., Macfarlane, A. J.,, Newmann, E. T., Rohrlich, F. & Sudarshan, E. C. G. (1967)
J. Math. Phys. 8, 2155.

King, A. R. (1977) Math. Proc. Camb. Phil. Soc. 81, 149.

Petterson, J. A. (1975) Phys. Rev. D12, 2218.

Pollock, M. D. (1976) Proc. R. Soc. London A350, 239.

Pollock, M. D. & Brinkmann, W. P, (1977) Proc. R. Soc. London A356 351.

Teukolsky, S. A. (1972, 1973) Phys. Rev. Lett. 29, 1114; Ap. J. 185, 635.

© Astronomical Society of India ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1983BASI...11..303P&amp;db_key=AST

