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Abstract

We review recent de‘{e!opments in the following areas : the interaction between stellar pulsations
and convection; the instability mechanism for 8 Cephei stars; Cepheoid masses and beat Cepheids; non-
linear Cepheid pulsation calculations; oscillations of crystallizing white dwarfs ; oscillations of rotating

stars; solar oscillations; oscillations of R CrB stars; the causes of small period changes in some RR Lyrae
stars; and linear, adiabatic, nonradial stellar oscillations.

1. INTRODUCTION

The main purpose of the present paper is to survey
some of the more cxciting recent work on the theory of
stellar pulsation. Cleatly, the way a star pulsates or oscil-
lates depends on its internal structure and on other
things as well, such as the presence or absence of a mag-
netic ficld, rotation, ctc. Thus, observations of stellar
pulsations serve as an additional “probe” of stellar
internal structure (and possibly of other things as well),
and may reveal information over and above that which
n}ay be gleaned from the static characteristics of a star
alone. .

In §§2-7 we shall survey recent work on, respectively,
convection calculations, the instability mechanism for
8 Cephei stars, Cepheid masses and beat Cepheids, non-
linear Cepheid pulsation calculations, oscillations of
crystallizing white dwarfs, and oscillations of rotating
stars. Certain other itzms will be briefly discussed in §8.
Finally, a section (§9) containing a summary and con-
clusions completes the paper.

2. CONVECTION CALCULATIONS

The interaction between pulsations and convection
remains onc of the outstanding problems of stellar pul-
sation theory. Thus, it is commonly balieved (as was
suggested, e.g., by Baker and Kippenhahn 1965) that
convection in the stellar envelope is what terminates
pulsations on the red side of the C=pheid instability strip.
Pcrhaps the most ambitious attempt to come to gips
with the problem was made by Deuprce (1975 a,b; 1976
ab,c; 1977a,b,c,d). He adopted the fundamental approach

of actually solving numerically the nonlinear mass,
momentum, and energy equations in two spatial dimen-
sions and time in a convectively unstable region in a
star. The turbulent « cascading » of energy to smaller and
smaller scales was treated by the introduction ofan “ eddy
viscosity.” While some of Deupree’s assumptions may
(perbaps legitimately) be criticized (particularly that two
spatial dimensions in the calculations are adequate), st%ll
his calculations have yielded a red edge to the Cepheid
instability strip, not dependent on any kind ?‘f pheno-
menological convection theory, such as the “mixing-
Jength theory” (sce, ¢-8. Vitense 1953; Bshm-Vitense
1958; Cox and Giuli 1968, Chap. 14; Gough 1977a). Also,

his work has provided us with the first physical picture
as to how convection may “ throttle > pulsations on the
red side of the Cepheid instability strip.

According to Deupree’s results, convection is most
efficient approximately when the stellar material is most

_compressed, i.e., near the instant of minimum stellar

radius (as for a fundamental mode). Thus, convection at
about this time lets out the encrgy which has been

“ dammed up ” in the He' ionization zone by the action
of the kappa and gamma mechanisms (c.g., Cox 1974).
Hencs, convection essentially * undoes * the effects of the
above two driving mechanisms, and so terminates
instability at the red side of the Cepheid instability strip.

Recently, linearized pulsation calculations have been
reported by Baker and Gough (1978) which include
convection treated by means of Gough’s (1977b) theory.
These calculations have confirmed the above result that
convection indeed terminates pulsational instability on
the red side of the Cepheid instability strip.

3. THE INSTABILITY MECHANISM FOR THE
BETA CEPHEI STARS

In the three-quarters of a century that have elapsed
since the 8 Cephei (or 3 Canis Majoris) stars were first
discovered, no viable and generally accepted destabilizing
mechanism has been found. (Reviews of the mechanisms
proposed to date have been provided by Cox 1976 and
Kato 1976). These are perhaps the hottest variables
known. They arc of spectral typesin the early B’s, and

oscupy a narrow region just to the right and about 1M
above the upper main sequence on a Hertzsprung-Russell
(H-R) diagram, roughly parallel to the main sequence
(e.g., Lesh and Aizenmaa 1978).

A new destabilizing mechanism, called the * bump
mechanism,” has recently been proposed by Stellingwerf
(1978, 1979). It arises from a local “ wiggle,” or “ bump,”
in the opacity, i.e., a local chang: in the slope of the
opacity as a function of temperatute at a given density.
This bump is caused, in tumn, approximately, by the
coincidenc: of the peak of the Planck function with the

jonization edge of He™ (at 54.4 ¢V). Consequently, the



temperature at which the wiggle occurs is about 1.5 x 10”
°K,, only very weakly dependent on the density. This
proposed destabilizing agent is seen to be an ““ envelope
jonization mechanism,” and the pulsations should
accordingly be mostly radial (although nonradial oscilla-
tions are not ruled out). Interestingly enough, the above
temperature is close to that required for an envelope
jonization mechanism to account for the instability of
these stars, as has been pointed out by Cox (1967).

It has been argued by Cox and Stellingwerf (1979)
that, if these stars are destabilized by an, envelope ioniza-
tion. mechanism, they should occupy an “ instability
strip >’ on the H-R diagram and they should also exhibit a
period-luminosity (JI-L) relation. More interestingly, the
effects of radiation pressure are found to have profound
consequences in regard to these two features. In parti-
cular, the instability strip is caused by these effects to be
almost vertical, and its slope can even be of the same sign,
as that of the main sequence—in contrast to the Cepheid
instability strip—for only modest amounts of radiation
pressure. Also, the II-L relation is steepened, i.e., L
increases more strongly with increasing Il than if radiation.
pressure is ignored. Both features—an. instability strip
which slopes ‘‘ backward” and a relatively steep II-L
relation—are observed properties of the 3 Cephei stars
(e.g., Lesh and Aizenman 1978).

Whether or notthis proposed destabilizing mechanism
will be found wanting in some respect, is a question for
the future. Also, it would be interesting to know whether
or not this kind of mechanism could excite, in addition,
certain nonradial modes.

4. CEPHEID MASSES AND BEAT CEPHEIDS

It is well known that the (necessarily) indirectly
inferred masses of Cepheids and of “ beat (or double-
mode) Cepheids’’ appear, usually, to be smaller than
expected, for given luminosity, from conventional stellar
evolution theory. The * Cepheid mass problem >’ has
been reviewed in two recent papers by A. Cox (1978) and
J. P. Cox (1978), where many references to the literature
are given.

Briefly, we may divide the above types of pulsating
stars into two broad groups : the single-mode (non-beat),
ordinary Cepheids; and the beat Cepheids. The ‘ mass
discrepancy ”’ for the stars in the former group is far less
severe than for those in the latter group. According to
J. P. Cox (1978), ordinary Cepheids appear to be under-
massive, as compared with expectations based on con-
ventional stellar evolution theory, by some 20-40%,
which may be comparable with the sizes of the uncer-
tainties involved in these indirect mass estimates. Perhaps
smallest are the masses derived from the requirement
that the ““ bumps > in the calculated velocity curves agree
with the bumps often observed in the light curves at
periods around 7-10 days, in accordance with the Hertzsp-
rung relation (Payne-Gaposchkin 1951; Cox 1974).
Christy (1966) was the first to suggest such a comparison,
and his nonlinear calculations of velocity curves implied
masses about one-half those expected for similar lumi-
nosities from conventional stellar evolution theory.
Somewhat similar conclusions have been reached by other
workers (summarized in Fischel and Sparks 1975).

Recently, new nonlinear pulsation calculations have
been carried out (Adams, Castor and Davis 1978; Davis
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and Davison 1978; Adams, Davis and Keller 1978) using
a non-Lagrangian, moving mesh which follows the
hydrogen. ionization zone during the pulsations (see §5)
and permits good , continuous resolution of this zone.
This method was devised by J. Castor (Castor, Davis
and Davison 1977) and makes possible, for the first time,
the calculation of accurate and reliable light curves for
pulsating stars; these calculated light curves may be
compared directly with obscerved light curves. However,
the results of this kind of calculation seem to agree, at
least qualitatively, with results of previous workers
obtained with more conventional computing schemes in
which computed velocity curves were compared with
observed light curves. In order for the calculations to
show the proper details in the light curves in the appro-
priate period range, the models appear to require smaller
masses than evolutionary calculations ‘would suggest,
perhaps two-thircs of the “ evolutionary masses.”” Another
result, revealed by this new method of calculation (Adams,
Davis and Keller 1978), is that the exact relation between
light and velocity curves is more complicated than
heretofore assumed.

All of the above remarks are based on conventional,
chemically homogeneous stellar envelopes. Nonlinear
pulsation calculations of helium-enriched stellar envelopes
(such helium enrichment has been suggested by A. Cox
and collaborators, e.g., Cox, Deupree, King and Hodson
1977; see below) have not yielded definitive results
(Adams 1978).

It has been suggested by Simon and Schmidt (1976)
that the appropriate bumps occur on the velocity curves
only when the ratio Il2/I, of second overtone to funda-
mental pulsation period is close to 0.5. Cox, Deupree,
King,and Hodson (1977) showed on the basis of linearized
pulsation calculations that models with helium-rich outer
layers and expected “ evolutionary” masses indeed
achieve the above value of this ratio at fundamental
periods around 7-10 days.

The “mass discrepancy ™ for the beat Cepheids*
is far worse than for ordinary Cepheids. The masses as
inferred for these stars on the basis of radial pulsation
theory may be 2-4 times smaller than expected on the
Basis of conventional evolution theory.

A number of attempts to explain this mass discrepancy
have been made, and it has given 1ise to a large number
of papers (see the detailed references contained in the
above review papers). Most such attempts have been
aimed ata modification of the “ static >’ envelope structure.
The presence of a fair amount of convection in the
envelope has been suggested (Cogan 1977; Saio, K.obayashi
and Takeuti 1977), but this suggestion has not been
univzrsally accepted (e.g., Deupree 1977c).

Perhaps the boldest assumption has been that of
A. Cox and collaborators (e.g., Cox, Deupree, King and
Hodson 1977) which asserts that the outer layers of the

#*The beat Cepheids—of which 11 are presently known—

are variable stars whose light curves are not periodie.
However, the light curves can be decomposed into (in
nearly all cases) two periodic curves whose sum gives
back the original, nonperiodic curve. These two com-
ponent light curves are usually assumed to be the
radial fundamental and first overtone modes. 'The
longer of these two periods normally lies between about
2 and 6 days. See Stobie (1977).
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starare, for some reason, enriched in helium. This assump-
tion apparently resolves the mass discrepancy, at least
for the beat Cepheids, and leads to ““ normal,” expected
masses for these stars. However, this assumption raises
other problems that may be as severe as the mass discre-
pancy itself. Thus, how did it happen that the outer
layers of these stars came to be enriched in helium? To
answer this question, Cox, Michaud and Hodson (1978)
have postulated the existence of a ““ Cepheid wind ™ that
is hydrogen-rich and that therefore leaves the helium
behind. Also, it is well known that an “inverted M
gradient” such as a helium-rich mixture overlying
hydrogen-rich material is unstable against mixing (Ulrich
1972; Kippenhahn 1974). According to Cox, Michaud
and Hodson. (1978), the postulated Cepheid wind results
in a helium-enrichment of these outer layers in a time
presumably short compared with the time required for
the above mixing process to mix the helium down. to
deeper layers. However, a fairly efficient wind-separation
mechanism would be required for this purpose. Estimates
based on stellar wind theory show that such efficiency is
not likely to be realized, at least on. the basis of our current
understanding of stellar winds (Castor 1978). Finally,
to the best of this reviewer’s knowledge, there is no
independent evidence for (or against) helium enrichment
in the outer layers of Cepheids.

It was suggested by J. P. Cox (1978) that strictly
radial pulsation theory may not be applicable to the beat
Cepheids, as usually assumed, because their pulsations
might be contaminated with a small admixture of non-
radial oscillations. However, this suggestion would be
very difficult to test.

The fairest appraisal would be to say that the mass
discrepancy of the beat Cepheids (and perhaps of ordinary
Cepheids) is still with us. None of the various resolutions
that has been proposed so far is completely satisfactory.

Indeed, it has been pointed out by Cogan (1978)
that there are severe difficulties with both alternatives—
chemically homogeneous envelopes and small masses,
or helium-enriched envelopes and conventional masses.

Another problem with the beat Cepheids is that it
has not as yet been possible to calculate true double (or
multiple) mode behavior to everyone’s satfisfaction in
any stellar model (e.g., Cox, Hodson and Davey 1976;
Hodson and Cox 1976).

This phenomenon of double-mode behavior has
been discussed by Simon (19782). The ratio of first over-
tone to fundamental period II; /1L, for the beat Cepheids
is known to lie in the narrow range 0.696-0.711 (Stobie
1977). On the basis of this fact, Simon has made the
very interesting suggestion that double-mode behavior
results from a kind of “ resonance,” in the sense that
such behavior occurs in a star only when the ¢ combi-
nation” period, say Ilp =21 / (wo+ w1), Where w,
and o, are the angular frequencies of, respectively, the
fundamental and first overtone radial modes, coincides
with the period of one of the higher overtones. In the
case of the beat Cepheids it is the third overtone that is
presumably resonant with I, because a resonance
with either the second or fourth overtone would occur
only at effective temperatures well outside the instability
strip.

This “ resonance theory” corroborates the small
masses of the beat Cepheids yielded by other aspects of
pulsation theory as applied to chemically homogeneous
envelopes. However, with the models that have thus
far been proposed having helium-enriched outer layers
and conventional masses, there is apparently no resonance
at the appropriate period with the third overtone (or, for
that matter, with any overtone) as required by the
“ resonance theory ” (Simon 1978b).

Simon has also applied this: “ resonance theory”
to the double-mode AI Velorum stars, whose period
ratio II, /II, lies in the narrow range 0.768-0.778 (I,
between about 0.05 and 0.22 days). He finds that this
ratio is realized when the fosrzh overtone period is coin-
cident with Il,,, provided that these stars are assumed
to have low masses, say less than one solar mass.

5. NONLINEAR CEPHEID PULSATION
CALCULATIONS

Important recent work in this area concerns the
development of methods of obtaining periodic solutions
of the nonlinear equations of hydrodynamics and heat
flow. Such methods were pioneered by Baker and von
Sengbusch (1969); see also von Sengbusch (1973) and
Baker (1973). Somewhat later, a variant of the Baker-von
Sengbusch method was developed and used by Stelling-
werf (1974a,b, 1975a,b), in connection with stellar enve-
lopes. Still later, Stellingwerf’s methods were adapted
to much deeper stellar envelopes by A. Cox and collabora-
tors (e.g., Cox, Hodsoa and Davey 1976).

Another important recent development, referred
to in §4, concerns the development of methods of cal-
culating accurate and reliable light curves of pulsating
stars. The main difficulty in the past has been the very
large temperature gradient in the hydrogen ionization
zone of cool stars such as Capheids (e.g., Cox 1974, p. 630).
This very steep temperature gradient makes calculations
of the luminosities of such stars difficult when this region
of large temperature gradient is moving about in mass
during the pulsations, as is the case with models of
Cepheids and RR Lyrae variables. Because of this motion,
this region of steep tempzrature gradient will occasionally
jump from one mass zone to another in finite-mass-zoned
model envelopes, perhaps yielding * bumpy” results
(e.g., Keller and Mautschlecner 1971). In  other words,
adequate “ resolution ™ of this region cannot be main-
tained at all times during the pulsations (with present
computer time limitations) because of this finiteness of
zone thicknesses in conventional Lagrangian zoning
schemes.

Recently, a method has been developed by Castor,
Davis and Davison (1977) which overcomes the above
difficulties. This method employs a non-Lagrangian,
moving mesh which “follows” this region of steep
temperature gradient during the pulsations. Consequently,
fine zoning can be used in this critical region, and coarse
zoning elsewhere. This technique permits fine zoning
to be used—where necessary—at all times during the
pulsations, without excessive computing times. Hence,
such calculations should yield accurate and reliable light
curves. These calculations have been used to good advant-
age by Davis and Davison (1978), Adams, Castor and
Davis (1978), and Adams, Davis and Keller (1978). Some
of these results have been described in §4.



6. OSCILLATIONS OF CRYSTALLIZING
WHITE DWARFS

In recent years, a few (12, according to McGraw 1977
and Nather 1978), otherwise apparcntly normal, vatiable
DA white dwarfs have been discovered (c.g., Robinson
and McGraw 1976), called *“ ZZ Ceti stars > by McGraw
(1977). These stars have colours in the narrow range
0.20 <B-V < 0.30 (effective temperatures close to
10,000 K), and exhibit somewhat irregular light variations
with periodicities of, typically, a few hundred up to about
a thousand seconds. Van Horn (1978) and McGraw (1977)
have pointed out that these variable white dwarfs lie
on an H-R diagram exactly on. a downward cxtension of
the Cepheid instability strip, and may represent the
hottest variable stars in this strip. These long periods
have been difficult to account for theoretically (of course,
such long periods could be interpreted as high-order
nonradial ¢ modes, but such high orders would be required
that this interpretation is not very satisfactory (see
Dziembowski 1977a).

Van Hom and Savedoff (1976) have pointed out
that these stars occupy just the part of the H-R diagram
where cooling white dwarfs should be developing cry-
stalline cores. Moreover, within this narrow range of
colours the crystalline cores may contain anywhere from
no mass up to nearly the entire mass of the white dwarf.
These authors have therefore raised the very pertinent
qusstion of the oscillatory properties of such structures.
Also, the authors made some preliminary estimates of
periods, ctc., of such structures.

A dctailed analysis of the oscillatory properties
(in linear, adiabatic theory) of white dwarf models with
crystalline cores has been begun by Hansen and Van
Horn (1978). Justas in purely gaseous stars, the sys-
tem of equations is of the sixth order in the linear, adia-
batic approximation, before any assumptions arc made
about the angular dependences of the pzrturbation varia-
bles. Again just as for purely gaseous stars, there are
two possible classes of oscillations : the spheroidsl and
toroidal modes. Each of these classes is characterized,
in general, by certain assumptions regarding the rela-
tion between the radial and tangential components of
the displacement vector, and the relation of these com-
ponents to spherical harmonics (see, e.g., Ledoux and
Walraven 1958, §75; and Aizmman and Smeyers
1977). In the case of spheroidal modes of purely ga-
seous stars (on which almost all of stellar oscillation theory
is based), these two components are related by only an
algebraic equation, so that the above system of equa-
tions becomes only of the fourth order; this system com-
prises the usual p, g and f modes of nonradial stellar
oscillation theory. However, when part (or all) of
the star can sustain shear, as in a partially crystalline star,
these two components are related by a sccond-order
differential equation. Hence, the system of equations
remains of the sixth order for suchstars. We may there-
fore expect the possibility of new modes of oscillation.
These new modes should be revealed by Hansen and
VanHorn’s investiagation , the results of which are eagerly
anticipated.

Toroidal modes arc characterized, in general, by
purely horizontal motions of mass elements. In the
case of purely gaseous (and nonrotating) stars the
toroidal modes have zero frequency (e.g., Aizenman and
Smeyers 1977). However, for partially crystalline stars,
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in which shear stresses can be maintained, these toroidal
modes possess non-vanishing frequencies (just as for a
rotating star, but for a different physical reason (see §7).
These toroidal modes are called “‘torsional”” modes by
geophysicists. Hansen and Van Hom’s preliminary
results make it appear that these frequencies may be too
short to account for the relatively long pariods that are
observed, but a definitive statement must await the
completion of their work. Also, it may be noted that,
without viscosity, these effects of a finite shear on the
oscillatory propertiecs of such objects are in any event
entirely confined to the crystalline core,and never show
up on the surface of the star.

7. OSCILLATIONS OF ROTATING STARS

The question. of the oscillations of a rotating star
is, not surprisingly, vastly more difficult and complica-
ted then for a nonrotating star. Thus, during the oscilla-
tions each mass elementis subjectto twoadditional forces
besides the usual ones arising from gcavity and pressure
gradients : Coriolis and centrifugal forces. Even the
“static” (nonpulsating) structurs of a rotating star is a
highly nontrivial problem, and considerable work has
been devoted to this area (see ¢.g., Ostriker 1978 and
referencas therein ; sez also the review papers by Mestel
1965; Lebovitz 1967; and Fricke and Kippenhahn 1972).

It i intercsting to note that the Coriolis forces
arc proportional only to the first power of @, the
angular rotation. velocity of the star, whereas the

centrifugal forcas are proportional to Q. Consequently,
if only terms linear in Q are retained both as
regards the “static” structure of the star and the oscilla-
tions, then centrifugal forces are being neglected. The
star can accordingly be considered spherical. How-
ever, any study of the effects of rotation on the oscilla-
tions of such a system must necessavily consider non-
radial oscillations with m (the azimuthal order of a spheri-
cal harmonic) # 0, because axially symmetric oscil-
lations (of which radial oscillations are a special

case) are affected only at least to oxrder o* (sce , ec.g.,
Ledoux and Walraven 1958, §82)

A number of studies have exploited the fact that for
suficiently slow rotation only first powers of Q need
be considered. Thus, for example, the splitting of
nonradial modes with m s 0 in slowly, differentially
rotating stars was investigated by Hansen, Cox and
Van Hom (1977 and references thercin). The vibra-
tional stability in the quasiadiabatic approximation of
these rotationally split “m sublevels” was investigated
by Hansen, Cox and Carroll (1978). Interestingly
cnough, it was found in this last work that those sub-
levels corresponding to azimuthal running waves trave-
ling in the same direction as the star’s rotation and most
slowly were the least stable of all the sublevels.

Rotational distortion in stellar pulsations has been
taken into account by, among others, Simon (1969),
Smeyers and Denis (1971), and Mohan and Singh (1978).

In a very important and fundamental paper dealing
with the oscillations of arbitrarily rapidly rotating
stars, Papaloizou and Pringle (1978) called attention to
anew type of mode, which they called “r modes.” These
r modes are somewhat similar to Rossby waves cn the
earth’s surface, are essentially transverse, and they cor~
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respond to toroidal modes in nonrotating stars (see,
e.g., Lebovitz 1965; Aizenman and Smeyers 1977).
These toroidal modes have been called ‘‘trivial” by
Lebovitz (1965), as they have zero frequency in a non-
rotating star. However, in a rotating star these r mo-
des acquire non-zero frequencies. The angular frequency
of these r modes in a sufficiently. slowly rotating star
(rotating so slowly that rotational distortion may be
neglected) was shown by Papaloizou and Pringle to be
given by 2mQ/[/(/+1)], where / is the “latitudinal” index
of a spherical barmonic. (Somewhat surprisingly, this
value of the angular frequency of what are now called
r modes was first obtained by Ledoux 1949.) It is in-
teresting to note that the above value of the angular
frequency of r modes is independent of the structure of
the star (a fact first pointed out by Aizenman 1978).

Unfortunately, the notation employed in the part
of the Papaloizou-Pringle paper dealing with rotation
is extremely unconventional. Consequently, anyone who
wishes to follow the mathematical development in this
paper in detail should proceed with suitable caution.

8. MISCELLANEOUS

In this section we shall discuss a few subjects that
do not fit cleanly into any of the foregoing sections.
These subjects are : possible solar oscillations (§8a);
pulsation properties of models of R Coronae Borealis
stars (§8b); the Sweigart-Renzini suggestion about the
causes of small period changes in RR Lyrae stars (§3c);
and the work by Wolff and Shibahashi (separately) on
linear, adiabatic, nonradial stellar oscillations (§8d).

8a) Solar oscillations

Are there oscillations of the whole Sun? (Here we
do not refer to the “five-minute oscillation,” as there
is little doubt about its existence and nature as high-
order acoustic modes; see, €.g., Rhodes, Ulrich, and Sim-
on 1977; also, it is reasonably well understood theore-
tically—see, e.g., Ando and Osaki 1975.) - There have
been several reports of periodic changes in the solar
diameter with periods ranging from some 10 minutes
up to about 70 minutes, by Hill and collaborators (e.g.,
Hill, Stebbins, and Brown 1975; Brown, Stebbins
and Hill 1976, 1978). Also, a longer period oscillation

with a duration of 160 minutes (2 h40m) has been reported
by Severny, Kotov and Tsap (1976); Brookes, Isaak
and van der Raay (1976); and Snider, Kearns and Tin-
ker (1978); see also Brookes, Isaak, McLeod, van der
Raay and Roca Cortes (1978). However, these apparent
solar oscillations have not been confirmed by all ob-
servers (e.g., Musman and Nye 1976; Grec and Fossat
1977; Livingston, Milky and Slaughter 1977). Possible
reasons for the apparent discrepancy are given by Hill
{1978), and a review (as of early 1977) has been given by
Goldreich and Keeley (1977). Doubt has been expressed
about the statistical significance of the reported solar
-oscillations by Dittmer (1978), who also questions the
results of Hill, Rosenwald and Caudell (1977) based on
theoretical considerations. It has been suggested by
Grec and Fossat (1977) that the apparently observed solar
oscillations might be due to variability of the trans-
parency and refractive index of the earth’s atmosphere.
More recently, Clarke (1978) has also suggested that

at least some of the solar variability observations might
be due to influences of the earth’s atmosphere. - The
earth’s magnetosphere has also been implicated by Toth
(1977). Lanzerotti and Maclennan (1978) have con-
cluded that such a magnetospheric cause is unlikely.
In general, terrestrial factors do not appear at present
to be mainly responsible for the observations, i.e., they
appear to be caused by actual solar oscillations, but the
Enatte)r is not settled yet (Harvey 1978); see also Gough
1978).

8b) Pulsations of models of R Coronae Borealis stars

Wheeler (1978, 1979) has suggested that the pro-
genitors of Type I supernovae may be hydrogen-de-
ficient stars that, as one possibility, have for some re-
ason lingered near the main sequence for an unusually
long time and have consumed essentially all of thszir
hydrogen. The basic reason underlying this suggestion
is that Type I supernovae are observed to occur in el-

liptical systems, which are presumably > 10" years old.
However, according to conventional stellar evolution
theory the “‘turn-off point” mass for such old systems
is probably <1 Mg (Mg = solar mass). However, for

a star to explode, its mass should be of the order of or
greater than the “Chandrasekhar’s limit” (e.g., Chand-
rasekhar 1939), ~14 Mg.

Wheeler suggests that the “hydrogen-deficient car-
bon stars” seem to fulfill the conditions required by ob-
servation and theory for the progenitors of Type I su-
pernovag. The R Coronae Borealis stars represent one
of the three types of kaown hydrogen-deficient carbon
stars. These stars (of which. about 30 are known)
occasionally exhibit abrupt and large (several magnitudes)
decreases in luminosity. However, three are known to
be fairly periodic variables : RY Sgr, with a period of 39
days ; R CrB itself, with a period of 44 days; and UW
Cen with a period of 42 days (Feast 1975). Itis generally
assumed that the variations are caused by pulsation.

In order to test Wheeler’s suggestion, and also
because of the intrinsic interest in such pulsators, King,
Wheeler, Cox Cox and Hodson (1978) have begun a
theoretical investigation of the pulsation properties of
models for R CrB stars. Hopefuly, one result of
such a study would be the derivation of limiting values
of some of the parameters of these stars. For
example, if it should turn out that a mass of, say, 2 M o

is required for the models to match the observed pro-
pertizs of such stars, then Wheeler’s suggestion would
be vindicated. However, preliminary results indicate
that such studies may not yield definitive limits such as
the above. One difficulty is that certain important
parameter values for the R CrB stars are not very well
established. For example, it is known only that such
stars are very luminous, with absolute bolometric mag-

nitudes of -4 to -6 (some 10* times as luminous as the
Sun); but exact values are not available. With masscs
only of order 1 M®, the luminosity/mass ratio for these
stars is very large. This fact has the consequence that
the pulsations of such stars are extemely nonadiabatic.
The “thermal” or* Kelvin” times for such starts are not
greatly different from their “dynamical” times (e.g.,
Cox and Giuli 1968, Chap. 1), whereas, for most stars,
the former time is much larger than the later. Studies
of the pulsations of such stars have previously been
carried out by Trimble (1972) and Wood (1976).



8c) Periad changes in RR Lyrae variables

Small period changes (~1 part in. 105 over an in-
terval of ~100 yrs) have been observed in some RR
Lyrae variables (Rosino 1973 and references therein).
These period changes are too large to be accounted for
in terms of slow, continuous stellar evolution (Rosino
1973). Sweigart and Renzini (1979) have suggested that
these small period changes, which are observed to be
of either sign, are caused by small mixing events occut-
ring in the semi-convective zones of horizontal branch
stars. Although little is known about the physics of
semi-convéction, Sweigart and Renzini’s suggestion
appears quite plausible. Percy, Matthews and Wade
(1978) have suggested that these mixing events may also
be the cause of the small period changes observed in
some Delta Scuti—like stars.

8d) Same recent work on linear, adiabatic, nonradial
stellar oscillations

Wolff (1979) has noted that, for all except the lowest
modes of linear, adiabatic, nonradial oscillations, there
are simple properties of such pulsations; these properties
have apparently not been noticed before because
of the attention previously devoted to the lower
modes. By considering primarily higher modes, Wolff
has shown that the equations for such oscillations can
be put intc a simple form which makes manifest many
of these properties. For example, he shows in a very
brief and rather elegant way that high frequencies are
generally associated with nearly vertical, irrotational
motijons of fluid elements, whereas low frequencies are
generally associated with nearly horizontal motions and
that the fluid behaves as if it ‘were nearly incompressi-
ble in this limit. He has also introduced a new mode
classification scheme based more on the physical pulsa-
tion properties of pulsating stars than the conventional
scheme (Cowling 1941). Moreover, he has discussed
the mode “trapping” phenomenon (Osaki 1975; Cox
1979, §17.10) from the standpoint of his simplified equa-
tions. Finally, he has suggested some possibilities for
mode coupling.

In an investigation somewhat similar in spirit to
that of Wolff but more mathematical (and independent!)
Shibahashi (1978) examined scme features of high-order
linear, adiabatic, nonradial stellar oscillations. He dis-
cussed the above ‘trapping” phenomenon (Osaki 1975),
the sometimes ‘‘dual” nature of nonradial oscillations
in complicated, evolved stellar models (Osaki 1975;
Cox 1979, §17.10), “avoided crossings” occasionally
encountered in numerical calculations (Osaki 1975;
Hansen, Aizenman and Ross 1976; Aizenman, Wei-
gert and Smeyers 1977), and the “progressive’” charac-
ter of certain nonradial oscillations ss found by Shiba-
hashi and Osaki (1976). In this high-order, “asympto-
tic” limit there are many similarities between stellar
pulsation theory and the Bohr-Sommerfeld quantization
rule of quantum mechanics.

9. SUMMARY AND CONCLUSIONS

In this paper we have reviewed some recent work
in pulsation theory. This work is extremely exciting,
and some old and long-standing problems in pulsation
theory are coming to be solved, or at least the solutions
are more-or-less in sight. Also, stellar pulsation is
seen to be a fairly ubiquitous phenomenon : thus, even
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the Sun may be a pulsating star ( §8a) ; some white dwarft
are pulsating (§6) ; and many, if not most, supergians
stars may be slightly variable (see, e.g., Abt 1957 ; Lucy
1976 ; Osaki 1977 ; Dziembowski 1977b).

The very impressive work of Deupree may have
revealed how convection manages to terminate pulsa-
tion on the red side of the instability region (§2). A
new, and relatively simple, destabilizing mechanism for
the Beta Cephei stars has been proposed (§3). The
problem of the anomalously small Cepheid masses is
still with us, but some intriguing suggestions as to its
resolution have been made (§4). New nonlinear com-
puting techniques now permit accurate and reliable light
curves for pulsating star models to be computed (§5).
Calculations of the oscillatory properties of white dwarf
models with crystalline cores may reveal new types of
pulsation modes and may solve a vexing problem con-
nected with the observed variable white dwarfs (§6).
New types of pulsation modes are apparently associated
with rotating stars (§7).

Finally, in §8 we have briefly reviewed the curient
situation with respect to solar oscillations (§8a), pre-
liminary calculations of the oscillatory pioperties of
models for the very luminous R Coronae Borealis stars,
ini.iated in part in an attempt to answer certain questions
involving Type I supernovae (§8b), a recently suggested
mechanism to explain the small period changes that have
been observed to occur in some RR Lyras variables
(§8¢), and, finally, two recent and very insightful studies
of high-otder nonradial stellar oscillations (§8d).

Certainly, the subject of stellar pulsation is an ex-
citing field of investigation with many applications to
diverse areas of modern astronomy and astrophysics.

The author would like to thank C. J. Hansen, J. L.
Castor, M. L. Aizenman, N. R. Simon, T. F. Adams,
J. Linsky, J. Harvey, R. Stellingwerf, H. Saio, C. Wheeler,
D.S. King, H. Hill, G. Wallerstein, G.E. Langer, P.
Flower, and A.N. Cox for helpful and informative dis-
cussions. He would also like to thank those who have
recently sent him preprints of their work. This work
was supported in part by NSF Grants Nos. AST72-
05039 A04 and AST78-24115 through the University
of Colorado.

References §

Abt, H. A. 1957, Astrophys. J., 126, 138.

Adams, T.F. 1978, private communication.

Adams, T.F., Castor, J. I. and Davis, C.G. 1978, in
Current Problems in Stellar Pulsation Instabilities, eds.
D. Fischel, W. M. Sparks and J. R. Lesh, in press.

Adams, T.F., Davis, C. G. and Keller, CF. 1978, pre-

rint.

Aigenman, M. L. 1978, private communication.

Aizenman, M. L. and Smeyers, P. 1977, Astropys.
Space Sci., 48, 123.

Aizenman, M. L., Weigert, A. and Smeyers, P. 1977,
Astr. Astrophys., 58, 41.

Ando, H. and Osaki, Y. 1975, Pabl. astr. Soc. Japan,
27, 581. :

Baker, N. H. 1973, in Stellar Evolution, eds. H.-Y. Chiu
and A. Murial (Cambridge, Mass. : MIT Press).

Baker, N. and Gough, D.O. 1978, preprint. .

Baker, N. and Kippenhahn, R. 1965, Astrophys. J., 142,
868. ' ‘ ’



10

Baker, N. H. and von Sengbusch, K. 1969, “Mizzeilun-
gen der Astronomischen Gesellschaft,” WNo. 27, p. 162.

Bohm-Vitense, E. 1938, Zs. f. Ap., 46, 108.

Brookes, J.R., Isaak, G.R. and van der Raay, H.B. 1976,
Nature, 259, 92.

Brookes, J.R., Isaak, G.R., McLeod, C.P., van der Raay,
H.B. and Roca Cortes, T. 1978, Mon. Noz. R, astr.
Soc., 184, 759,

Brown, T.M., Stebbins, R.T. and Hill, H.A. 1976, in
Proc. Los Alamos Solar and Stellar Pulsation Conf.,
eds. A.N. Cox and R.G. Deupree, p. 1.

Brown, T.M., Stebbins, R.T. and Hill, H.A. 1978,
Astrophys. J., 223, 324.

Castor, J. I. 1978, private communication.

Castor, J.I, Davis, C.G. and Davison, D.K. 1977, Los
Alamos Repr. LA-6664,

Chandrasekhar, S. 1939, A#n Introduction to the Stady of
Stellar Stractyre (Chicago : Univ. of Chicago Press).

Christy, R. F. 1966, Astrophys. J., 145, 340.

Clarke, D. 1978, Nazure, 274, 670.

Cogan, B.C. 1977, .Aszrophys. J., 211, 890.

Cogan, B.C. 1978, preprint.

Cowling, T.G. 1941, Men. Noz. R. astr. Soc., 101, 367.

Cox, A. N, 1978, in Current Problems in Stellar Pulsation
Instabilities, eds. D. Fischel, W.M. Sparks and J.R.
Lesh, in press. :

Cox, A.N., Deupree, R.G., King, D.S. and Hodson,
S\W. 1977, Astrophys. J., 214, L121.

Cox, AN, Hodson, S.W. and Davey, W.R. 1976, in
Proc. Los Alamos Solar and Stellar Pulsation Conf.,
eds. A.N. Cox and R.C. Deupree, p. 188.

Cox, A.N., Michaud, G. and Hodson, S.W. 1978, As#ro-
phys. ., 222, 621.

Cox, J.P. 1967, in Aerodynamic Phenomena in Stellar Az-
moggere;, ed. R. N. Thomas (N.Y. : Academic Press),
p. 90.

Cox, J.P. 1974, Rep. Prog. Phys., 37, 563.

Cox, J.P. 1976, in Proc. Los Alamos Solar and Stellar
Pulsation Conf., eds. A.N. Cox and R. G. Deupree, 127.

Cox, J.P. 1978, in Current Problems in Stellar  Pulsation
Instabilities, eds. D. Fischel, W.M. Sparks and J.R.
Lesh, in press.

Cox, J.P. 1979, The Theory of Stellar Pulsation, in preperation.

Cox, J.P. and Giuli, R.T. 1968, Principles of Stellar Strin-
fure (N.Y.': Gordon and Breach).

Cox, J.P. and Stellingwerf, R.F. 1979, Publ. astr. Soc.
Pacific, in Press.

Davis, C. G. and Davison, D.K. 1978, Astrophys. ].,
122, 929,

Deupree, R.G. 1975a, Astrophys. ]., 198, 419.

Deupree, R.G. 1975b, Astrophys. J., 201, 183.

Deupree, R.G. 1976a, Astrophys. J., 205, 286.

Deupre:, R.G. 1976b, in Proc. Los Alamos Solar and
Stellar Pulsation Conf., eds. AN. Cox and R.G.
Deupree, p. 222.

Deupree, R.G. 1976¢c, in Proc. Los Alamos Solar and
Stellar Palsation Conf., eds. AN. Cox and R.G. Deu-
pree, p. 229.

Deupree, R.G. 1977a, Astrophys. J., 211, 509.
Deupree, R.G. 1977b, Astrophys. J., 214, 502.
Deupree, R.G. 1977c, Astrophys. J., 215, 232,
‘Deuprez, R.G. 1977d, Astrophys. ]., 215, 620.
Dittmer, P.H. 1978, Astrophys. J., 224, 265.
Dziembowski, W. 1977a, Acta Astron., 27, 1.
Dziembowski, W. 1977b, Acta Astron., 27, 95.
‘Feast, MW. 1975, in Variable Stars and Stellar Byolu-
tion, eds. V.E. Sherwood and L. Plaut (.A.U. Col-
loquium No. 67).

Fischel, D. and Sparks, W.M. 1975, eds., Cepheid Mode/-
ling (NASA Rept. NASA-SP-383).

Fricke, K. J. and Kippenhahn, R. 1972, A. Rev. .Assr.
Astrophys., 10., 45.

Goldreich, P. and Keeley, D.A. 1977, Comm. Astrophys.,
7, 35.

Gough, D.O. 1977a, in Problems of Stellar Convection
(LA.U. Colloquim No. 38), ed. J.P. Zahn (Dordrecht
Reidel).

Gough, D.O. 1977b, Asirophys. )., 214, 196.

Gough, D.O. 1978, Nature, 274, 739.

Grec, G. and Fossat, E. 1977, Astr. Astrophys., 55, 411.

Hansen, C.J., Aizenman, M.L. and Ross, R.R. 1976,
Astrophys. )., 207, 736

Hansen C.J., Cox, J.P. and Carroll, B.W. 1978, Astoryphys,
J., 226, 210.

Hansen, C.J., Cox. J.P. and Van Hormn, H.M. 1977,
Astrophys. J., 217, 151.

Hansen, C.J. and Van Horn, H.M. 1978, in preparation.

Harvey, J. 1978, private communication.

Hill, H.A. 1978, in The New Solar Physics, ed. J.A. Eddy
(Boulder : Westview Press).

Hill, H.A., Rosenwald, R.D. and Caudell, T. P. 1977,
Astrophys. J., 225, 304.

Hill, H.A., Stebbins, R.T. and Brown, T.M. 1975, in
Proc. of the Fifth International Conference on Atomic
Masses and Fuandamental Constants, eds. J.H. Sanders
and A.H. Wapstra (N.Y. : Plenum Press).

Hodson, S.W. and Cox, A.N. 1976. in Proc. Los.Ala-
mos Solar and Stellar Pulsation Conf., eds. A.N. Cox
and R.G. Deupree, p. 202.

Kato, S. 1976, in Multiple Periodic Variable Stars, ed.
W.S. Fitch (Dordrecht-Boston : Reidel), p. 33.

Keller, C.F. and Mutschlecner, J.P. 1971, ~Astrophys.].,
167, 127.

King, D.S., Wheeler, J.C., Cox, J.P., Cox, A.N. and
Hodson, S.W. 1978, in preparation.

Kippenhahn, R. 1974, in Late Stages of Stellar Evolution
(I.LA.U. Symp. No. 66), ed. R.J. Tayler (Dordrecht :
Reidel), p. 20.

Lanzerotti, L.J. and Maclennan, C.G. 1978, Natnre,
275, 113.

Lebovitz, N.R. 1965, Astrophys. J., 142, 1257.

Lebovitz, N.R. 1967, A. Rev. Astr. Astrophys., 5, 465.

Ledoux, P. 1949, Mem. Soc. R. Sci. Liege, 9, Chap. V.

Ledoux, P. and Walraven, Th. 1958, Fandb. 4. Phys.
(ed. S. Flugge), 51, 353.

Lesh, J.R. and Aizenman, M.L. 1978, . Rev. Astr.
Astraphys., 16, 215,

Livingston, W.C., Milkey, R. and Slaughter, C. 1977,
Astrophys. ]., 211, 281.

Lucy, L. 1976, Astrobpys, J., 206, 499.

McGraw, J.T. 1977. Ph. D. dissertation, Univ. of Texas.
Mestel, L. 1965, in Szellur Interiors, eds. L.H. Aller and
D.B. McLaughlin (Chicago : Univ. of Chicago Press).
Mgﬁlanz,gg. and Singh, V.P. 1978, Astrophys. space, Sci.,

Musman, S. and Nye, A.H. 1976, in Proc. Solar and
Stellar Pulsation Conf., eds. AN. Cox and R.G. Deu-
pree, p. 19.

Nather, R.E. 1978, P#bl. astr. Soc. Pacific., 90, 477.

Osaki, Y. 1975, Publ. astr. Soc. Japan, 27, 237.

Osaki, Y. 1977, Publ. astr. Soc. Japan, 29, 235.

Ostriker, J.P. 1978, in Theoretical Principles in Astro-
DPhysics and Relativity, eds. N.R. Lebovitz, W.H. Reid
and P. O. Vandervoort (Chicago and London : Univ.
of Chicago Press).



Papaloizou, J.C.B. and Pringle, J.E. 1978 Mon. Noxz.
R. astr. Soc., 182, 423.

Payne-Gaposchkin, C. 1951, in Astrophysics : A Topical
gl:ﬂpo.rium, ed. JA. Hynek (N.Y. : McGraw-Hill),

ap. 12.

Percy,pJ.R., Matthews, J M. and Wade, J.D. 1978,
Publ. astr. Soc. Facific., 90, 493.

Rhodes, E.J., Ulrich, R.K. and Simon, G.W. 1977,
Astrophys. ]., 218, 901.

Robinson, E.L. and McGraw, J.T. 1976, in Proc. Los
Alamos Solar and Stellar Pulsation Conf., eds A.N.
Cox and R.G. Deupree, p. 98.

Rosino. L. 1973, in Variable Stars in Globular Clusters
and in Related Systems (ILA.U. Colloq. No. 21), ed. J.
D. Fernie (Dordrecht : Reidel), p. 51.

Sajo, H., Kobayashi, E. and Takeuti, M. 1977, Sci. Rep.
Tokoks University, 51, 144.

Severny, A.B., Kotov, V.A. and Tsap, T.T. 1976,
Nature, 259, 87.

Shibahashi, H. 1978, preprint.

Shibahashi, H. and Osaki, Y. 1976, Publ. astr. Soc.
Japan, 28, 533.

Simon, R. 1969, Astr. Astrophys., 2, 390.

Simon, N.R. 1978a, Asir. Astrophys., in press.

Simon, N.R. 1978b, private communication.

Simon, N.R. and Schmidt, E.G. 1976, Astroplys. J.,
205, 162.

Smeyers, P. and Denis, J. 1971, Asir. Astrophys., 14,
311.

11

Snider, J.L., Kearns, M.D. and Tinker, P.A. 1978,
Nazure, 275, 731.

Stellingwerf, R.F. 1974a, Ph. D. dissertation, Univ. of
Colorado.

Stellingwerf, R.F. 1974b, Astrophys. J., 192, 139.

Stellingwerf, R.F. 1975a, Astrophys. J., 195, 441.

Stellingwerf, R.F. 1975b, Astrophys. J., 199, 705.

Stellingwerf, R.F. 1978, Asr. J., 83, 1184.

Stellingwerf, R.F. 1979, Aswrophys. J., 221, 935.

Stobie, R.S. 1977, Mon. Noz. R. astr. Soc., 189, 631.

S»Y7e1ig2%t,A.V. and Renzini, A. 1979, Aszr. Astrophys.,

Toth, P. 1977, Natsre, 270, 159.

Trimble V. 1972, Mon. Not. R, astr. Soc., 156, 411.

Ulrich, RX. 1972, Astrophys J., 172, 165.

Van Horn, HM. 1978, in Recent Results in Stellar Pal-
sation Instabilities, eds. D. Fischel, W.M. Sparks and
J.R. Lesh, in press.

Van Horn, H.M. and Savedoff., M.P. 1976, in Proc.
Los Alamos Solar and Stellar Pulsation Conf., eds. A.
N. Cox and R.G. Deupree, p. 109.

Vitense, E. 1953, Zs. f. Ap., 32, 135.

von Sengbusch, K. 1973, “Mitteilangen der Asironomis-
chen Gesellschaft,” No. 32, p. 228.

Wheeler, J.C. 1978, Astrophys. J., 225, 212.

Wheeler, J.C. 1979, Comm. Astr. Astrophys., in press.

Wolff, C. 1979, Astrophys. J., 227, 943.

Wood, P.R. 1976, Mon. Noz. R. astr. Soc., 174. 531



