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EFFECTS OF PARTIAL FREQUENCY REDISTRIBUTION
WITH DIPOLE SCATTERING ON THE FORMATION OF
SPECTRAL LINES IN EXPANDING MEDIA

A. PERAIAIl

ABSTRACT

Lina formation in expanding sphercal stmosphares using parhial fraquanay redistribution with dipols scattarlng
has baan studled by uning a non | TE (wa level atom modal Lines with zero natural ine width are treoied by using
the angla depandent and angle indopandant redistribution funation A; (see Unno 1962, Tield 1068, Hummar 1082, and

Mihalas 1878) Linea formad by partial and completo redeiributiaon with 1solropka scatiering alsa hava baen osloulated
far the sake of companeon with thosa lormed by dipole scattering Tha ratlos of outsr \o innaer radn of the atmosphers
have been taken tobe 1, 10 and 100 so that Lho elfecte of sphoeriaily aro olestly separated from thoas of plana paralisl
approximalion  Velogilias upto 2 thormal unite avo aonsldarod in the roat frams of the star  Two oosey have bean
considared (1) « 10%and g Oand(2) ¢ g 103 where ¢ 19 ithe probabilily par soatter that the photen s
destroyed by oollisional de axaitatlon and g (s the ratio Kc/KL of opaolty dus to continuous absarptlon psr unlt Iniscval
of {raquency to that 1n tho line  Tha total optical depth TL at the llns centra ls taken 1o by spproximataly 107

Ssveral Imporiant diffsrenoss have been obsarved among tha linas oaloulatod using the flve mdistribution funatlons,
Howwver, for all psrameters ¢, g, B/A and v, tha diHorences beiwasn the Lines formed by the angls Indspendant end
angle dependsnt R; with dipolo scattoring are subaiuntlaily small so that It s not possibie 1o roselva them graphloally,

Whan Lha valoclily at tho outermost layer |a 2, the P Cygnl typo profilos are oblaine| (/8 )} with red emission and
blue absorption  This afisal In more pronounced In the oxtandod spherioal madium than In thw plana parallel situation
Howwver, in il altuationn, the lines formad by dipole scattaring show loss smlssion and absorption

Key Words  radiative transior- pertlal lrequency redistribution tunotion—dipole scatioring

1. Introduction

Effects of photon frequency redistribution on the formation of speotral lines Iin stellar atmospheres are of
considerable importance (Hummer 1862, 1969, Shine st &/ 1976, Vardavas 1976, Mlhelee 1878, Peralah 1978
atc} The frequency redistribution of photone after aavere! ecatterings and abeorptions in tha line, will change
the photon escaps probability through the outer surfece of the atellar atmosphere When the matter In the
atmosaphere 1s expanding radially, the line emitted by thla gas shifts continuously This means that the wing
photone which would have ascaped the atmosphere had the medium besn stationary, will be absorbad and re-
emitted with redistribution in both angle and frequancy at a different radial pont in the medium, The result of
thia |e that tn a moving medium (radially outwerds) the aource function lachanged and the redistribution of photons
n both angle and frequency becomes extremely complicatedio underatand, The sltuation becomen more complex
when spherioity 18 Introduced Redistribution in frequency ia Influenced by the velocily gradients in the gas
while the redistribution In angle coupled with the epherioity will affeot both photon frequency redistribution and
the motion of the gas itself through the radiation pressure in the Iine  So, it 18 Important to treat the problem
of tranafer of line 1adistion by taking into account angle dependent frequency redistribution in an expanding
spherical atmosphere

We wigh 1o investigate in this paper, the effects of angle dependent partig! redistribution functions on the
tormation of spectral [ines 1n an expanding spherical medium Considerable amount of work haa basn done by
veing 1sotropic scettering but the effects of dipole soattering on the epectral line formation are yet to be



118 A, Pealah

Investigatad We shall, thersfore, consider the effects of angle averaged and angle dependent partial frequency
recistribution on line formation with dipole scattering  For the sake of simplicity, we consider the radistribution
function R, (See Hummer 1962) and solve the line transfer in the rest frame of the atar (Wehrse and Peraiah

1979 and Pgraiah and Wehree 1978, Peraish 1878) In this event, we have the frequency of the line photan
shifted by
X=x+tvu

where x’ = (y—vo){Avs, Avs being the Doppler width and v 18 the velacity of the gas in thermal unis and u
is the ecsine of the angle betwasen the ray and the radius vector The + aigns raprasant the oppoasitely directed
baams of the photons of frequency x' We shall assume that the gas 1s expanding radially outwards with a
meximum of 2 thermal units of valocity.

Wa shall describe brigfly the redistribution function In section 2 and in sections 3-7 details of the method
shail be given. Tha results are discussed in section B and the ooding for computation of the linge 18 histed In

Appendix.
2 Redistribution Function

If we consider the absorption of a photon of frequency v with directlon n within the elements dv and da
then the probability of the subsequent emiseron of thre photon with frequency v’ and direction n' within the
slement dv’ and da' 18 given by

R{v n, v',n")dy' dny! dv d 1

subjected to the normehzation that

JJJJR(V, n, v, n") di’, do’ dy dn —1 (2)

If ¢(v') dv’ 18 tha probability that e photon wath frequency in the interval (v, v" dv’) is absorbed and as each
absorbed photon must bo emitted, we must have,

47 Jj R(v'. n’, v, n) dvdow= ¢ (v', n) (3)

which again 1e subjected to the normalization condition,

J[ @(v'. n)dv' do'e1 (4)

The angle dependent redistribulion function for the lines with zero natural line width in the oase of lsotropk
acattering [a given by (sse Hummer 1862, Mihalas 1870, Unno 1862, Field 1869).

L] I 1 r )
R (x, noXC ) = s o sy 5P [—x"2 — (x—x'008y)2 cosac? y] (5)
and for the dipole scattering.

3 (1+cos 2y)

Ri-s (X, N X', 0*) = ~ea Ty exp [—x'2 — (x—x coay)? coseo 2y) ()]

Correspondingly, the angle averaged radiatribution funotions are

o

1 i
Ri_s (X, x')-v—;J,‘ dt N



Partisl Frequenoy Radistiribution with Dipola Beattering 117

for 1sotropic scattering and for dipole scattering

1 X1
Ri_an (X, x°) = g l-\/ﬁ-J.B_l’dt 31206 1x?) yhwax1] = ° %L Jx| (21%2 1 1) } (8)
Ix|

Here |x| and 12| are the maximum and minimum values of | x| and [x'|

In a static medium, the functioa deacribed in equations (7-10) Ffollow certain aymmetry relations (see
Hummer 1982)

R{—x, n, —x’, n'} =R (x, n, x*, n') 9
R (=X, —n, x',n*) ~R (=%, n, ¥, =’} =R (x, n, ", n’) (10)
and R (x, n, x’, n“)=R {x’, n’, x, n*) (11)

Howevar, the last relation does not hold in the case of non-coherence in the atom's frame Inths cara of angle
averaged functions, we have

R (-x, ~x) =R (x, x) (12)
and R (x, x') =R (x’, x) (13)

As the photon redistribution 18 aymmetric in the line In & static medium, 1t 18 enough If we caloulste the funations
{or one ast of fraquenciea and anglea Howaever, In 8 moving madium, the photon redistribution 1e asymmetrio and
consaquently, we hava to caloulate &ll the four asymmetric redistribution funotiona in the medium to represent the
pea velocity at the givan point as the prosenge of velooily gradients of the gas and the engular redistrlbution,
partioularly in a spherncally symmaetrio media, will change the photon redistribution in the line, The redistribution
functions have been calculated following the proosdures described In Milkey st &/ (187B8). However, to
caloulate angle averagad R, functiona a simplas numeraial integration 18 ueed aa thia ls not time consuming

3 Interaction Principle

In the following eections, wa shall dasoribe the solution of radiative transfer (n detall First, we shall Introduos
the Interaction Principle which explaing the reletionship between tha Input and output radistlon fields from a
given medium irrespective of ita physioal propertles. We shall follow oloaely the two papers of Grant and Hunt
(1960a, b)

Conalder a medium stratified with 1-parametar family of surfaces with radial houndaries ry, rz, n,lat1
At any level we define two oppoaitely directed specific Intensitiea or simply intenaltles U*{r.), U (ra). Let z be
the cosine of the engle made by a ray with the radius vector in the diraotlon in which r decreases or n inoraasee
and the optical depth increasea

n4+| n
U, OUTPUT INTEHBITIER uy
[
u= TRANSMITTED AND N
n REFLECTED INCIDENT U,
INTENBITIES
+
2(n +1in) CONTRIBUTION [ ROM Z(nensl)

INTERNAL BOURCES

Fig. 1. Intsrsotion Principle
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wa ghall write,
U* () = {U (fa, &) O<y =i}
U™ {r) = {U (e, — ) O<pu =t}

whare U's represent the mtensities of the radiation gpecifiad by the directiony  We select » fimte set of values
of g, {gr, 1%%m, 0% y| < itz < jipe1} and write U* (ra) and U~ (r,) ae vectors in m-dimensional Eucleadisn
space

U ) U (ta, — it )ﬁ
Ulray g2 ) Ults, —pa )
U* (rs) = ' U™ (ra) = (14)
U (re, ptm_1) U (ra, — fimar )
Ufe, fln ) Ul ™ ftm ) }

Conmder now, a surface beunded by fa and ro4. as 8hown in figure 1 Let U* (rs) and U™ (fa 1) be the
incident Intangities and U* (r,1) and U™ (ra) ba tha emergent Intensities which are lineerly dependent on the
former and on the sources present in the leyar  Tharefore, we shall write, (hereafter, we shall omit r and retaln
1ta subscripts enly)

Utepr =t (nit,m U1 e (n, 1) Utngr4 £ (041, )

U =r(nk,n)Uta+t{nnH)U ap+Z7(n.n41) (16)
or
U+ nfl U"n
= S{n, n+1) + X (nnl1) {16)
Ua Upti

-

The pairt (n + 1, i) endt{n, n + 1) are the llnear operatore of drfuse transmiasion and {n, n ¢ 1.0 {n F1,n)

ars of diffuss raflaction These operatara can be physleally interpreted a8 followa  For example in 8 % fn % Fndi
= b, wa define r(n, n+1) a8 an ntagral oparator

1

r(n, n+1) UTom -{Ir (n. . n41, =p) Ungr (= p) dpt, 0 < o o1 (an
o
or If wa descretize the engla variabie,

I
[r (@, nt1) Ulapdy =X e(n pon4t, =) Ui () 1 = & J

besl

Fin, n+1) = frim g, 041, ~ )} (18)

Equations (16) and (18) ara called the Principle of Interaction, (Preisendorfer 1966). Redheffer (1882)
devsloped a theory based on this principle but without the souroe terms  Grant and Hunt (1988a, b) introduced
the souroe terma which ars of conaiderable /mportance in the astrophysioal context

The Principla of Interaction derrved here |a moat general and the r and t opsrators Includs ths gsomatry
and the physical propertlaa of the medium  Ona can apply them to any partitioning of a madium by a suitable
1-paramater family of surfaces 8s has been demonstrated by Grant and Hunt (1888a, b) for plane paralle! layata
end by Peraigh and Grant (1373) for spherical shells  Now that we have obtained the response functions for
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a iayer of specified boundaries with givan inputs, we shell proceed to caloulets the reaponses functiona for two
or more consecutive layers, a process tarmed as “’Star Product’’ (see Redhaffer 1082, Grant and Hunt 1962a,
Praigendoifer 1866).

4 @Btar Produat

Let there be two layers with boundariee ru, fn,: 8nd ro,2 Where a wr, wrs,; %r.,; b Then from equation
(18)

U'nH U'.n

=5 (n,ni1) I ¥ {n, nt1)
Us “u Fl

-
and (19)

Utrpa Utet

=5 (ni1, nk2) + = (n+1, n+2)
Ulays Uiz

As s, In,1, In,g 610 arbitrary, we can again write using the prinaiple of interaction,

Utera U*,
=8 (n, ni2) + 2 (n, n+2) (20)
U, U'nia

Equations (20) can be obtained by eliminating U*a 1 and U™ay, from {18),
The ielation between S (n, n +1),8 (n 1, nt2) and S (n, n- 2) 18 called ‘Star Product’ of the two S-matrices,
S{n,ni2) «5(n,nt1)*8{ni11,nt2) (21)
Woe recall from equation (186) that,
t{nk,n) rn n+1)

S({n,nt1) = 22
(1) r{n+1,n) t(n, nt1) @)

g0 that S (n, n +2) 18 given by

t{nt2,n) r{n, ni2
S(n,ni2) = (23)
rint2,n) t{n, nd2)
whaere,
t (n+2, n) =t {n+2, n+1) [I-r (n, n+1) 1 {nd 2, n+1)]7! t (n+1, n)
t(n, n+2) ~t (n, n+1) {1~ (n k2, nF1) 1 (n, n+1)]70 ¢ (D+1, n+2)
rd2,n) =r(md1, N4 tin,nk)r{nd2,n41) [I=r{n, n+1) r {n+2, n+1]1°!1 L {n+1, n) (24)
r{n, n42) =r(ni1,ni2) +t(n+2, nH) v (n, n41) [I=r (nt2, nt4) £ (0, n+1]75 t(n4 1, nt+2)

where I 18 the identity operator The atar product existe whaenaver either of the inverses in squation
(24) exiats, The physical meaning of these operators are olearly explained in Grant and Hunt {1886a).
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It 1a clear that tha star multiplication 1a non-gommutative (7 & )

S@W's=s) s (26)

for ¢h and ;** layers  Furtharmore, singe the final tesuit cannot depend on the order in which suparposilion
takes placa, star multiplication 1a associative or,

SH*("k)] =S8S[1*)) k] = S[1*1*K] {26)

Frnelly, let us consider the source term 3  The result of edding two leyars may bs wriiten 1n farme of two
linear opmaters L (n, n!1, n+2) andL’ (n, nt1, nt2) and

T (nn+2) = L(n,nd1, n+2) T (n, n+1)+L' (n,nd1,n12) Z (nt1, nt2) (2N
whaere,
t (n+2, nt1)[I-r (n, nt1)1 {n12, nl1}]™? 0
L(n nit, n+2) =
tno+Y)rnt2, ni1}{I-r{n, nE) r(n12, N1 1)) 1T
and

T tint2, n+t)r{n, nt1Yy[I-r(n12, n+1) r{n, nt1]71
0 t{n, n+t1}I-r (n+2, n+1) r{n, nit1)]"!

L' (n, n+1, n+2) ~ (28)

It1s qulte abvious that thera 18 close similarlty between the relatione of star product and the above rolatlons

Usually, In practical problems, one drvides the medium into N layots or shells and calculates S for each
sheli and adds them up by thae atar product  Clearly,

S(I,N) =S(1,2)*S(2,3)* *S(n,n+)*S{nk,ni2}4 *§(N-1, N} (29)

A corresponding equation can be written for the source terma.

Adding layer by layer at & time one cen
calou) ate the compiete externel responss,

6 Calculation of the Intarna! DIffuse Radiation Fleld

One should be abla to calculate, the fluxes at any point Ingide the madium boundaed by radii r; and rx whera

N rapiesents the number of partitions of the medium The details of 1ta derivation 18 glvon in Grant and Hunt
(1968) and we ghall quate only the results

= L

I ~vi | -
|

Flg. 2 Oseomstry of the DiMuas Radlatlon Flald

Conaider an etmosphere with radiva B around & star of radius A (sse Peraiah and Grant 1973). Let us divide
the atmosphere into N shella or N+1 gurfaces, Caloulate the r and t operators (gee saction 3) for each shell
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We wish to calculats the fluxes at the houndary of each shell insida the medium. Computs, ssquentally, for

n~1,2, N, tha matrices r {1, n) and vactors V*a +-f, V'n § from
r(t,n) =r(nn+1) +t(nk,n)r (1, n) [T=-r(n41,n) r {1, n)]71 ¢t (n, n+1) (30)
A
Vingg=t(nil,n) V-3 + Z*{n11,n) 4+ Bnt} Z° (0, n+1) (31)

A
Voald=~ri{nr1,n)Vn—p + Ta g X {n.n k1)
with the initial conditions r (1, 1) = 0, V*} = U* (b} end

where
A
t(nt1,ny=t(n+1,n) [I=r(1.n)r{n+1,n)]"
A
rnit, ) =r(nt,n) [I-r(tn)r{n+t,n)}t (32)
A
RBapg=tlnr1,n¥r {1, n)
Tt = [I-r {041, n)r (1, n)]™
and

‘:(n,n-l 1) = T+t {n, n+1) (33)

A
On thie forward sweep, we naed to slore the quaentitiesr (1, n), t (n. n k1) which represant tha diffuse reflec-
tion end transmission for each shell and V*n | §, the diffuae source voctors

Now, wa shall calaulate tha intensiuas at sach step by computing saquentially forn ~ N, N—1, H—2,

12,1
Unjt=r{1,nt) U1 + Vatg (34)
A
Unet{n,ntt) Uanri4 Vg {3%)
with the nitial condition U™y (= U™ (&)
If we hava a reflecting surface at r—=A with the operator r. then,
UTuji— la Uttt (3”
and fern = N,
Utapy [T-r (1, N11) 17 Vg {37)
from which U™4.1 18 calculated from (36) and 1e given by
Unjr=re[T=r (1, N1 1) ] Vi (ae)
we can caloulate tha net flux toward the surface of the atmoaphera at each boundary rn by the relation
11
J
Foaw — ZWJ.U# dy = 2m 21 (U7n ~ U*n) uy Gy @)
J-
-1
and the mean intensity
+1
J
J-iJUdﬂ-*E1 (U-H+U+I'I)c1 (40)
l-

-1
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Wa have laid down the fremework to calculate the diffuse radiation figld for a medium of general phyascal
and geomeatrical properties  As we have seen In the previous sections, the celculation of ditfuse field requirs
the correct estimation of reflaction end tranemiasion matrices for each shall or partition of the medium It s
through these matiicas thet the whola physics of the madium entere, we shall now try to calculate r and t matrices
for differentially expanding ephsrical medtum in which the photon 1edistnbution occurs in a line with zero,
naturgl width,

‘Ilﬁ—

Log T,

ok L _ 1 __ 1 |
L ]

Fig 3 The opticel depth i plotted againat tho shall number N N = 1 and N — 10 raprssent the top and bottom of the ajmosnue
reapsotively

8. Calculation of Transmiseion and Reflectlon operators 1n a shell of givan physioal propert|os,

Ax the equation of hine transfar deacribes the physical and géometrical properties of the madium n quastion,
we shall integrate this equation with partral fraquency redistribution, The equation of [ine transfer for & two
level atom in spherical symmetry 18 given by

T R Lol gy o ) S ) < T G )

and for the oppositsly directed beem,

At _.uB] (XJa_’_E! T)_‘I';f.ﬂb‘ [xla_;"_gul I') _ k|_ '.ﬁ b ¢ (x’ _-p' r)] [S (K, _p' r) -T (xl _#’r)] ‘42)

whera | (x, z1, 1) 1s the specific Inleneity at an angle cos™ 1y (ur [0, 1]) at the radial pomt r and frequency
X (- (r~vo) [A. A, being some standard fraquency interval) The quantity ff 15 the ratio k. /i, of opaaity dus
to oantinuous absomtlon per unit interval of x to thet in the line  The source lunction § (X, 3 2 1) 18 gven by

(RN YT EN N0,
st i e )
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and
- PR a8 6 —p ) 1 B ()
St -0 O - B o
5, and S, refer to the source functions in the line and continuum raspectivaly and
S.( - p () B{ve Tu(n) (46)

where B 18 the Planck function for frequancy v, at temparature T, and both pand B are assumed n advanca.
Tha line eource function S, 18 given by,

+o0 1
S [, u, 1) - ¢-(:;'L{-rrjdx'.[ﬂ (u, ', g, )T (xf, o, 1) dp' + < B (r) (46)
. S |
and :
400 |
S (X, -, 1) — (P—((::‘- ;i?.'rf [d X" [n O =, % 0,0 T 1) i’ kB () an
[ o —1

where R (x, i, x’, g, r) represents the partisl frequency redistribution function and ¢ (x, u, r) ls the profile
function of the line (see section 2) and

_. G
"™ Ca 1 As[1—exp (=hr kTl (48)

19 the probability per acatter that a photon will be deatroyed by colilaional de-sxcitation

we shall integrate the equations (41) and (42) following Peraiah and Grant (1973) and Grant end Peisish
(1972), (heroafter reforred to as PG and GP respoctivaly) We have to disaretize in Irequency, angle end space
coordinates [or frequency diecretization, we chooge the disorate pointa xi and weights a, so that,

4 oo
1 I
J ¢ (x) f (x) dxx 1_2‘: Ial.f (x), 1 Y a1 (49)

and for the engular discretization, we choose {i,} and weighta {C)} such that

1

m m

[f (B)dp~ = bt {u). Z by ~1 (60)
I=1 -1

0

and
8 (4o, To (0) ~ 4rat B (30, To () (1)
FollowingCarlaon (1963) and Lathrop and Carlson {1967) we ahell integrate the transfar squatione (41 and
42) by using the so called ''oell’* mathod One integratee over an interval [ra, ra,1] X [#,_;, #,}] defined on
& two dimenaional grid We shall diecuss the choice of tho set (ry} shortly By ohoosing the roots u and
weights C) of Gause Legendre quadrature formula of order J ovar (0, 1), we calculate the et yj | } as given by

1
H -k£1CmJ—1.2, » e (62)

wa shall define the boundary u; = 0. [t 19 obvious thet i,_; * ] < y,}.
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Woe shall atart with the angle integration of equations (41) and (42) This gives us,

6 il Ly U 0 - G-t U e 0 ek o} {81 ¢t ot -
C, K. (1) {[pﬁ 1 Gra(ry1B (r) 1 1(1—<)],l§1ﬁ*,. G (DCUL () LR (DG U, (r)]} (63)
and

2wl - Ll U 0 - - U o)k o {8 g} oo -
Gk {8+ ¢uMB @ 1 10- 0 5 B 06 U0 Rl G U 1] (60

where
U*, () =~ U(xy, g 1)

U () =U(x, - m,1)

R0t 51 () - R (% Sty X/ 7, 1) (65)
R™ 1y (e} =R (0 = X075 1)), 1)

P () = @ (% 1)

¢ (1) - @ (X, -g, 1)

+
Wo shall defrne U,,, by defining,

+ = +
Uy,s (41 — B Uy U (g — ) User) d=1,2, =1 (58)
(o - 1)
and U*, =~ U™y by interpolation,
Uty = U~ J(UY 1 U (67)
By wniting _ _ _
U (e 21, 1) U (%, — t1, T)
U (x), iz, r) Ui, —pa,r
Ut, g = put, Upn = ¢ .)
U (Xn ﬂnn rl) U (XIf = ﬂnu rn)
and

Mn - (#, le)l cm - [Bj Jll]r

— —

¢ (x fi1, 1) rtb(x., - Hun )

prum = | P g gy | PO D (59)

¢ 00, fm 1) Pk = foar 1)

] )

— —
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and -
R (%, 2, %/, gir, 1)

R (xll He: x,|‘| Fin r)
R, (1) - | RO ptm, ¥, i 1) (59)

R (X Jto, X'y fim, T)

R (x| - ,ul.- x|.'r Hi, ')
R ()(., - ﬂﬂ. X.', ’lll’ l')
R, ) (l’) - R {x, - Houe x/', . f

R (K., - Hmwn X', Hia: r)

We can rewrite the squations (63} and (64) for the set of anglea {4} aver [O, 1] as

Mmgu;lr_‘_r) } 1F [A*‘mu"l(f) i A"mU'.(r)]| k. (r) {ﬁ ! ¢+:-m {r } U*, (1) = ke (r) { (Pﬂ | ‘¢+h-(r) B’ (1)

bt MM at v (N Ca U () 1 RY S () a*y (1) Ca U (r)]} (60}
Similarly for the oppoaitely diiected beam

R PNV T TN O IR PG RO I CR L AR S OLC

Iy (- f) R L) (I’) a |/ (r) ChU/ (I') I A7 (I') a* Cn u+|.' (l’)]} (31)
wherep 'y 8nd A" are square J  J metrices defined by

oo (- W) (g ) _ )
A C) (.1 -t,u,) k=1 p=-42, ,J -1

SO o ) O oibo) @y e g2 0 - 1

C, (u* - ) Ciln—m)
_ (0w ey - sa) = 11- 23 J 62
Ci(my  a40) k- -] et (82)
and
A - 2_16'1 81101 (63)

The matrices A* end A~ are called curvature ecaltoring matrices
The integration over {ru, .1} of equations (60) and (81) gives us,

M. (u*, ﬂ+I—U+un) b pe {A"w Urvnyy | A nU u||.+|) | Tn.y (ﬁ | ¢+mn) U‘.,u;.l """nq(ﬂﬂ 1 ¢‘+rl l)l+! By
b g 7aey (1 =€) (R, s nia a*t, .1 O uty, weh R¥ 0 v 0a1 81 g C U, ) (34)
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end

MI(U—III - U-|:n+l) = Pe (Ail'l U-ll net | A-N u'hﬂ-r') I q'l+l(ﬂ I ¢hl I)U g = Tnyl (Pﬁ ’ ¢“n 1) B'n.l

" 1 'I‘,] (1 - ‘) (H-’h |.| | T ._.I'.l n. c U-—II I'l‘.{ ' H- 17 I'I' n,,] a -I't I'I*‘ c U-l'f n") (aal
whore p. 18 the curvature factor defined ae
Po = Ar and ra - Ki {n,)) Ar {88)
LLTY]

Here the subseriptn, n+1 and n | } refarto the quantitiea 8t fo, ra,1 8nd tn,; whare n | | refers to the everage
of the paramater over shell bounded by r, and ry,

Wa shall define the weights,
(‘f-’nwt) - 8 G {67
whara the subsacript k ra defined as
L) k=)t (-1J1<€kek-1J

where I and J heing the numbaer of fraquency and angle pomnts respecttvely and1, | their corresponding running
indces Woe shall define as at a later stage

By letting

U*1,n
Utz n
U'a = D tayy = [Ok]ng = [ F ¢+k]“#|‘5“'

Ut

——

—

and 8*n s = [pf + <Puln () B'n1h Skk
We rewnte aquations [84] and [86] to inciuda all the frequancy points a8 foliowa:

M[U'nd 1~ U] F A Ulnb g FA" U ni gl Vo ma il @1 j Utntg = 7n 1§ 8*n44 F[1—€l 3 « [R*
WUt 1T RW! U gy (68)

and
MU =Und 1= 2 [A" Uit TA"Uaiq] Donid @nbg Utngpg o ng i 87ny g 1 4 [1—€] T4 g [R™* W
U'+R "W~ UTnqi (69)

where

My
M.
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and

+

. fe |

Wae have to replace the everage Intensities U*ny ) in the above equeyona For this purposs, we shall vss the
diemond scheme [GP equation 2 23] given by,

T~ xn )] U'n 4 an Ulnit « Utayy
[I"XHH]U n|1+ln4}U'nnU'nH (70)

with x = § [ for diamond echems and I ia the idenuty matrix By using [70], we can wnite aquations [68] and
[69] aa,

Mg - gﬂ“w**] L4 pt -%TR*" W'k pn Utn+1
“%IR‘* W=t ppA™ MI -;- [w‘gn"‘ W1 =k pept U
i - T . J e+ r + or - 4= - r ¥ +
M 2[¢ 2R W™ b A 4Fl W' - pp U'n 5 (
Y S r 5 . _ + _ M)
I dRTWT A Moo 0 SROWTTHEA LUn+1 8

whare § - 1 -~

By comparing equation [71] with the prinoiple of interaction giveh in equation [16], we obtaln the twe pairs of
tranamiaslon and reflection aperaloia

With the following auxiliary guantities o

-I-gu’]
@*-[I-g'g’]™t
g" - b ATY.
gt ~ikrAY,
D =M ~irZ,
A ~-M-—-irZ,
A* —[M 1 iT2,]7 (72)
A" =M ijr2]71
Z, = m*—gn" WH 4 pe AYfT

Z = — AR W - p AYr
- FSRTTW A p ATl
Y. =i6R"W' ~p AT
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We can write the transmiasion and reflection matrices s,

t[n+1,n] = Q" [A*A+9g'q"]

tnntl]=Q ' [(A"DAHgtg']

rlni1l,n] — Q@ *g*[I1 A*A]

rin,nl1] = @* g* [I| A" D) (73)
and the ¢all source vectors alo given by,

Zt' = G [A*8* 1 g A" 8Tr

S w@Y[AS 1 gt AT ST (74)

Wa have obtained the two pairs of tranemission and reflection operalors given in [73] end the sourco

vactora given tn [74] for e cell of optical depth = and curvature factor 7, These oparators describs the radia.
tion fieldin any mediem either atatic or moving  In tho case of a static medium we need not caloulate all the

fouwr redistribution functions becausa of the [seeeaction 2] symmeatry of these functions For exaniple In &
static medium, we have

Rix, + . x, +u]l=Rix,— . x', - p'],R* R~
R, +p x.—p'l=R[x - ux, 1 g'],A*- R!
If the medim 13 In mation, then wa have the frequency shifta due to Doppler eflact and, tharefoie, the frequency

changes from x to x X jiv where v 18 the velocity of the gas in units of thermal velocity Consequently, ona
has to computs all the four redistiibution functions dt each radial point in a moving medium

Waé must chooss T and pe the optical depth and the curvatura facto! in a cell so that we cbtain a slahle
solution For this, conatder the matrices A* and A™ given 1n {72] To obtain a posilive matticas, we must

have a positive disgonally dominant and negative off-diagonel sloments of the matilces of [A*]™! and [A™])7.
Therefore,

" _ M Eip A
miEj & Terit = k [} (@' — %annanuu-l (76)
for the dimgonel elsmente and for the off-dingonal eleiments,
min min 4) J R Wi
[oel roi] < g [k - k1 \LT;,. ] (78)

The condition [76] oan always be aatiafled. However, the condition [76] impoass a severe restrigtion on
the srze of the curvatura factor 2. to be used in each cell to obtain a non-negative t and r matiicea, From [75]
and [76], 1t 18 clear that ona must divide the medium into a numbar of ‘cella’ to obtain the diffuse radiation ffald
deacribad in Section & Formally, we divide the meditm Into seveial shells [this number dapende upon 1he
oapacity of the mechine ¢ g, storage space, spaed etc.] and if the optical depth n each shell Tewen > “eart’
then we have to subdivide the shall and use the “star algonthm” given in section 4 for calculating the r and t
operatois for the whole shell. in such an event, we uee the doubling procesa which le faster by choosing an
extremely small valtre for p wrinen 80 that the errois would be minimized in compeunding the r and t operators
Howavar, one must notice that by choosing too small a curvaiure factor one can reduca the truncation errofs
but round-off srrors would create probleme  Therefore, one has to judge oneself haw to choose an optimum
p. f wahalve the st\ell p timas, the star elgorithm 18 repeated p times and in this case the curvature factor g,
and the optical depth ., for the subshell or “cell” are givan in terms of those for the shell (p. and 1,)

Pis % Py 279 | [1-pa(271 — 27R)] {7
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and _
T — T3 27P {78)

and the square of the mean radiue of the subshall 18 given by

T RT{1—p [KI4] FEpR[KIEK 1)) (79)

where p.. corrasponds to a subshall approximately midway in the ahell and p. 18 the curvature factor for the
whole ahell defined a8

Py- A ftou (80)

7. 18 derived on the assumption thet the optice! depth in the shell 1s uniform R is tha outer radwus of the shell

in terma of the inner radius of tho mediumand K 2 ' — 2°p  The reletiona sat out 1n equaticns [77 78] ere
dsrived on the basie of equation |30] of Grant [1963)

One of the important checks of the mothod 1s consarvation of flux  Ina purely scattering medium where

energy 19 neither emitted nor absorbed, the Input enaiqy must belanco the output enoigy  In the next section
wo sheil derve conditione for the canseivation af flux

7. Flux Consarvation

In this saction, we ahall dorive certain noimalization conditions for the redistribution functions  For this
purpose, wa consider 8 medium which scatters and neither croates now absoiba eneigy  In this event, the S
metrices [Grent and Hunt 1989 a, b] should give us

NS ni1)|l 11 0(n) (81)
ar

tmni1) s rmn+D)}l =11 0(7) (82)

In terms of [4 11] of |GHa] and aquatlon [72] of the previoua saction we shall have,

i
i netletnn 114 WL a | E 2mne [0 - T (9 B = 1R ey
noy K 171 H

» -+ | 1
i gl\n- ik 4R " m@a Cx | f!\- szjnmckH.} + Q[7] (83)

where we have put ¢ = Q

By virtue of the identity [4.3] of [Pernieh and Giant 1873] the above equation becomes

m |
Nton ni 1] & rlnons1]00 1 4 L’ {q;h i £ L IRy 1 R alu.} +0[r]  (84)

Howevaer, the discrete form of equation [3] of seotion 2, gives us,

i |I11 12'1[HH1' N +R "yl arc = e (8b)
> Betlmni1]l +rin,n ki1l =11 O [r] (86)

which proves the conservation of radietion The normalizing condition, therefore, for the rediatribution function
Is givan by sea Peraiah [1878],

K K
i PL1 Q)J1 [R* g W W F RTY W WYy =1 (87)
whare -

Al Hrq,

K
A‘: H-q, A| Cj (Ba)
P, Q=1

Wp g~ 8ic, ar -
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and
(P.Q) =1 r[t —1]J (89)

Similarly the normalization on the curvature matrices 18 given by
]
lz"CJ Wk —A'w) =0, k=12 J (80)

It is very important that the normallzation of the redistnibution function and the identity [90] are satisfied to
the full machine accuracy. Tha programme has bean chacked for ¢ - 0 and it was found that the flux is conger-
ved to 107! double precision of IBM 370 machine

8 Disoussion of the Reaults

Woe have selected a few representative parameteis to bring out the important diffarencee batween the linas
formad by redistribution functions with 1aotropic scattaring and dipole acattering  The retios of outer to inner
radi (B/A, see Figure 2) are teken to be 1, for plane paraliel stratification and 10 end 100 for spherlcally
symmetric media The matter in the atmosphere 18 assumed to be expanding with a veiooity proportianal to
the raedius (see Peraiah and Wehtse 1978, Wehrse and Peraiah 1978) according to the relstion

V.--V“+(N-n l-i)AV

where v's ara the valooities of the gas in mean thermal units and v, 18 the velocity of the gas in the ny, shell, vx
1s the velocity at the inner surface of the aimoesphere (we have set vy - 0in all cases and n 1 correspands
10 outermost sheli and n - N to that of the innarmost ahell) and

Av = (vi — vu}/N

where N 12 tha total number of shella The quantity } Is introduced because we considal the veloaity at the
oentre of the shell. The atmosphere 18 divided into 10 shelle (N ~ 10) each of equal radlal thickness but of
unaqusl optical thickness and we haeve set Vig ~ 0 in all cases and V|, — 0, 1 and 2 thermel units. To ba con-
sistent with equation of conaervation of mess, we have set the denaity varying as r™? The vanation of the
opticel depth with respect to the ahell number 18 given in Fiyure 3 The total optical depth T.. ia taken to be 10?

Tha boundary conditions are U*y (X;, 7 = O, gy) = 0end U™y (Xi. 7 = T, u;) =0, (see Figura 2) that s,
no radiation 18 incident on aither side of the medium, The Planck function B 18 ast equal to 1 inall cases
The fraquency dependent maen Intanalties J, (X.), total mean intensitias J, total acurce functions S and the
monochromatic emergent flux F (X} are calculated by the following 1elations

)
Ju (x.) - jﬁ1cl [U+n (xn l'-‘l) b Uy (xlr #l)]
= E 90 A

I
S = I A ‘3:1 S (X1, 4 7a) Cy
and

1
Foo) = (5) ,."::1 U™s u gy, 7 = 0) €y 4

We have smployed 20 frequency points and 4 angles (I = 20, J ~ 4) The coding has been checked for
flux conservation (sse Peraiah 1978) by putting ¢ = # = 0 and giving noident radiation atn = N, Thiew
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impartant because It will autometically check the pregramme for non-phyeical errore also  We have performed
celculations for two physical situations

Caso (1) ¢ — 10%andf = O
Ceas (2) ¢ = 8 =107

For each set of parameters BfA, Vi, r and ff, the quantities Sy Jn J (X, n = 10), J (X,, n = B), J (Xi, n = 1)
and F (X|) are presented in Figures (4-21) for complete redistribution {CRD), engle averaged redistribution
function with 1sctiopit scattering (R, aise), of anglo dependont function with 1solropic. scattering (R, apiso) 8nd
angls dapendaent function with dipole scattering (Ri aooip) As the 1esults for dipole ecattering with angle
averagad and angle dependent functions are graphically unresolvable only thoee results for angle dependent

funchons for dipole scattering are shown Wo shall hareafter refer to various curves by their corresponding
simpliftoc names such as CRD, R ag 6ft

Each of Figures [4-11], [13], [16], [17], [19] and [20] containe @ parts n, b, ¢, d, eandf In parts [a]
and [b], the total souige funchion and the total mean [ntenaities are plotted against the optical depth, end in
parts [c]. [d] and [e], the run of frequanoy dependent mean intensities are givan for shella 10, 6 and 1 rospec-
trvely These [iguies doscribe the meaan intensities correspond.ng to totel optical depths 103, 66 and 0 in the
medium reapectively We have plottad monochrometic amergant fluxes F [X,] versus X, in part [f] In Figures
12, 14, 18, 14, 20, tha intermadiato mean ntenstties ma not plotlod

The total source functions, mean Intensities and emergent monochromatic fluxes are presented for a
stationary, plane paralle! modium in Nigures [4] und [6] for case [1] and case [2] reapsctively The CRD velues
are large: than those of the I’'RD values The sourco funclions of CRD, Ry aso become maximum at about log
¢ = 2 5 where aa this m wamum ieduces in the caaa of & correspanding R apiso, the sourco function of Agapoip
is almost flat incase [1] The total mean |ntenaities 1afleat the source functione in both the casae The
monochromatic mean Intonsitios J, [X.Jatn ~ 10, 6, 1 for the two cases aro markedly different In the firat case,
we 888 emisaion lines wtih welf abaorption [there 18 only smiseion for Ry apiso and Ri.appie 8nd for all types of
radistributions for the sholl B] where oa In the second case ahaorption 18 mole prominent excaept in the case of
J[X] forn = B, Avery nteiesting feature in case 2 18 that the mean intansity J [X:] for CRD and R a0
(8 In absorption et n ~ 10, end appsal In smigeion at the intermedlate point n — B and emerges in absorption
atn =1 Thie can be underatood from the fact that the sourse function for CAD and R aiso becomes maximum
atn = B whereas the source function for Ry ap;so &nd A apnie 18 almost flat.

In Figures [8-9), the rosults for differontlally expanding media are given One can Immediately ese the
asymmeatry in the emergent flux profiles and In the frequancy dependent mean intanslties at intormediate pointe
in the atmospheie However, the mean intensities atn « 10 show almost no asymmetry whereas those at
n - 6andn = 1show a giadual increase in the asymmstry The emergent flux profiles show maximum
asymmetry The rod emission and blue absorption Increaae as the veloolty 18 inoreased fromv —~ 1 tov = 2

thermal unita and a aimilanty to that of a P Cygni type proflle ean ba notioed particularly in case (2] [/ e ]
« = f =107

Wa shall now constder the results In spherically symmetric medla In figures [10] and [11], we present
resulta for parameters B/A 10andV O for caes [1] and caase [2] respectively Ths important drfference
betwaeen the plans parallel end spherioally symmetric situations in case [2] 18 that thera 1a strong emlasion n
the wings which 18 clently the effect of sphericity  Maean intensitiea J [Xi] in Case 2, for CRD and Ry.as0 show
strong central absoiption at n - 10, total smission et n - B endn = 1, The mean intenaities for Rl.apisc end
Ri aooir show exactly the opposita behaviour The emergent flux protilea [Figure 11] show emission in the
wings and absorption at the centi e of the hine 1n the oass of CRD and Ri.aiso and a totally absorption line In the case
of By aoiso @nd Ry appie 18 oblained  In Figures [12-1B], the reaults are given for a spherical medium expanding
with gas velocity v = 1 and where the retio of outer to inner radii 18 10. The mean Intensitles J [X,] for case
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[2] at n - 10 show coneiderable amount of ealf absorption with a pronounced emission in the wings for CRD
and Ry.aza. where as for Ri.apise and Ry aopir. the mean intenares show mors emission than absorption At
shell n & whare thes velocity 18 nwarly } unit of a mean thermal velocity we notice that the lines not only are
shifted but ajso becoma asymmetric about their centres  The emergent monochiomatic fluxea F [X,] in Flguro
[13f] claary develop into the P Cygni type profiles particularly in the case of CRD and Ri.aiso where as profles
calaulated by the functions Ry aipso and R: appip Bhow vely little change except thet their centrea aie shifted A
stmilar trend can ba noliced when tha velocity of the gas 16 Incieased to 2 mean tharmal uniis [see Figura 18]

In Figures [16-21], the results are presanted for B/A = 100, V ~ 0, 1 and 2 for the two casee Thess
reaults show similar characteristice ae shown by the resulta given in Figuras [10-16] Howevar the smergeni
profiles become much broader and the heighls of emission peeks are conaidei ably larger than those formed In
other situatrons In Teble 1, we give tha ratio of height of emission to the depth of absorption for case [2] /1 2 ]
€=~ f=10"% forv~ 0,1 and 2 and B/A = 1, 10, and 100 for the profiles celculated with CRD

Table 1 Ratios of emleaion heighta to absorptlon depih

BjA
v 1 10 100
104 257 500
1 160 743 1032
2 167 as0 628

From Table 1, we can ses that for a given velocilty, as the parameter B/A inoreages, the emiseion alzo
increases However when velocity Inoreaees for & given value of B/A the emission does not Increase propo-
tional to the velocity  This Is perhaps due 1o the fact that the line bacomes broade) when the gas moves with
larger velocities
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g 2J7 = 1,H0
CFC = 0.

Dd 1 Xw 1,37
CIC = CFC+C(I)

1 C@NTINUE
aF(JI+1) = CFC

2 CgNTINUE

D 33 = 1,5
Dg 3 K m 1,KC
CR(J,K) = O.

3 C@NTIMNUE
JH1 = HC=1
dh T = 1,JH1

CR (J,3+1)m( Zo-CF(I+1)+2) #(Cr(T+1) -c#(J) /(c(I)*(cd(I+1)-cP(3))

* { ( (
CR{1,1}m~ ZX. =2
R e e L R e R )
MO = HO'.—u
DI 5T a2 K1
| mv ZE-GF{Je1 :NMAQ:.?_ ..B_.M.?:E
,_Mn uw- J+1)-CE(J wwt (ZE-Ccr(J)sez)e(cr(J)—CP(I=1)))/
2(c{J)}*(co{I)~C@( T
5 CNTINUE

D 6 J = 1,NC

OR(J , J—1)mu( { ZE-CF(J ) +22) #(CH(T) CF(J) ) } /(C(3) *(0$(3) cF(3-1)))

6 CYWTINUL
CBN = -—ZL/c(1)
Dg7TJI = 1,HC

7 FRINT m.ﬁnnmn.rv.nl NC)
8 reaMaT(3X, b uh.n_m.ar
PRINT 9,CRM

9 FUUNAT{3X, ' CHM=',3L,%16.8)
NOW VE SHALL VERIFY THy IDENTITY {90). 4ll CAZ'6 EBHOULD EE
EXACTLY ZIERO Ob SEOVLD BE ACCWHATE TO THE MACHINE'S FRECISION,
D 10 J = 1,KC
CEMG = CSMGHCR(J,1)%¢(JT)

10 C{KTINTE
CAZ{ 1)=CaMG
DF 11 J = 1,KC
CENGuCAMG+CR( T A ) *C(J)

11 CHATLNTE
Caz(K)=CEMNG
12 CENTINUE
PRIMT 179, (CAZ{x) ,k=1,XC)

noaaf

a0

aaonNnNn oo oo

13 Ffemar{3x 4(1Xx,216.8))

1

2

5

SURRGUTIRE FIELD
THIA ROUTINE CALCULATES THE DIFFUNE RADIATION FIELD USING THE
SCHEME GIVEN IN SECTION 5. THIS RODTINE ALSO CALCULATES THE
MiA¥ INTENSITIRS, SOURCE FURCTIONS AMD HET FLUXES.
PUT THRE SAME COMMON STATEMENTS AS TN THC MATN ROUTINE, I
O /5T /PET (XK ) ,PXP|KK) , o ( mﬂuuﬂﬁui

XL} ,PEP{EK) ,PHEN({EX) ,PMN{KL), Ix Iix),
FMET{XX), ﬂy.u:ﬂ?ﬁﬁﬁrdwﬂu.iauc.quﬁﬁ“ s W6 .Hw.
vr(=x),¥8(xK
crows
DIMENSIgN
15IM(xN) ,42{2) ,PEZ(XX) ,BEZ(XXK,XKX),VP(XX),S 1({ XK EX)
Eumnn ix),THF1(MA,EX) RH(XK XX}, VI1{IK),V2 nhw-wu
avn{xx), me{1x) , vp(i) ,FROY(TT) ,BEU(IT) ,L{k ), H{ KX
RSABM(EK,XR ), SARP(XK,KX) , AMT1{ IT) , AMT2( 2T} , AMT3{XT]
NOW THEY ROUTINE FIELD STAES (NOTE: ITK=1 CORREAPONDE YO OUTER
MOST SCURFACE OF THE SPHERTCAL MEDIUM (i.e.) R » B AND ITX =
ELYR TO B = &4.)
1Q=6
¥ 9 ITE =1,HLYR
Fr(ITX-1)1,1,k
¥ 2 J =1,kK
vP(J)=0.
D 2 K m],AK
RZ(J,kh)m0,
CHNTINDE
BZ AMD VP ARE TAkh BOUNDARY CONDLTIONS B{1,1)=0. and v+{1/2) =
T+(b}=0. THL LATTER CONDITION MEANS TEAT THERE IS NO HADIATLON
IACIDENT AT THE OUTER SURFACE OF THE MEDIUN. SEX EJUATIONA
(30,31) oF SECTION 5.
RV=ROV/{ 1.-(ITZ~1)*RCWY)
RV=CURYATURE FACTOR FOH SHELL ITX CALCULATED I» TERMS OF THE
CURVATURE FACTOR OF THE OUTEEMOAT BHELL RCW.
TED( ITx ) »TTAU/( ( MLYR-ITN+1)%*2)
‘rdp IS THE OPTICAL IEPTH IN EACH GHELL AND TTAU I» TSE QPTICAL
DEPTH IN THE SHELI MEAREST TO THL STAR (1.,¢.)} OF THE SHELL VITH
LARGEST CURVATUME FACTOR. HERE QPTICAL INPTH X5 ASSUMED TO VARY
A8 1. /(Res2) OR THE DENSITY AS VARYTRG a8 1_/(m#%3). THD
OPTICAL INPTH CAM BE CALCULATED VITH REAL PARINETERS.
YDa{ VB-V4) /NLYR
VRaVA+( ALYR-ITX+.5)*VD

MLYR) ,8TFP(ELYR)
."H-n.v -Eﬁnwnv .ﬂﬁn.-nu_ uaﬁuinu vmuﬂﬂw
S2(XK, KKX)
KK}, Vi{EK)
TEF (KX, KX) ,



aogdaoa aaa

T00

TO01

VD IS THE DV/DN AMD VA w V(R(M)). wdREBE v IS NUMUmR OF THE
SHELL.. HiRE THs ATMOSPELRE IS ASSUMaD TV RiPadD RADLALLY. ON:
CAN CHANue THE VARIATION 1N YELOCLTY AS ONE UAoIHES.

HOw Jb SHALL CALCULATIE THE HEDISTHIBUTION FIACTLIONS FOH 1HE
RADIATION IN THE OPPOSITE DIWLCTIONS. SEE SECTION 6. WE HAvVE
10 STURE THESE MATRICES 4S5 WE MAY MAED THRY TU CALCULLATE THE
SJURCh FUMCTIORS, THEREfOxE, VE rEESciVE TdES:L Oh A DISC R
LAPE, HeRE WE SdALlL WRI1E O\ THE DIsC.

IC1=1

IC2wl

CalLl pIST (IC1,IC2)
D@ 700 Jmi1,XKX

ThD1 (9, K) FED(3,5)
FED1{J . K J.K
CyNTINUE

WRIIE (8) FRD1
ICi=1

IC2w-~1

CALL DIsT{IC1,IC2)
D¢ 7001 J=1,IK

D¥ 7001 K=1,KK
FED2(J,X)=FRD{J,X)
CINTINUL

WMRITE (8) FED2
IC1=m—1

IC2m1

CALL DIST (ICT1,IC2)

¥ 7002 E=1,XX

mRos(J,x)=FRD{.J,X)

7002 CYRTINUE

WRITE (8) FRD3
ID1m=—1

IC2m—1

CALL DIST({IC1,IC2)
Df 7009 Jui XK

Dg 7003 K=1,KK
FED4{J ,K)=Fun(J,X)

7003 CANTINUR

WRITE (8) FuDh
PRINT 300,TTX

900 rgaMaT{yx, 'SHELL WIMPSR I3',3X,I6)

Call CELL (TA RA,TF,RF,SIP,BIM,TTX,XQ,Zi,XB)
PRIET 301,ZA,IB

aaon

301 FEMAT(3X, 'LAm' ,B16.8,3X, "Z0=' ,E16,8)

Call :pa:E.ME.u.u.m_.rw.rh.u.r
CALL MATVUL({BZ,RA,82,kE,BK Kk
D 5 Jmi, KK

DJ 3 Hm1,hi
S1{J,h)=51(J,K
mumu.w ..,.mmnu.rw

3 CYNTINUG
DG 6 Jm1, kb
w_mu.u !.+muM._L
s82(J,J)=1.452(J,J
6 CERTINIG
Di=1.

CALL MIM(S1,hA,DA,L,M

CaALL MIN(g2,hX,Dd,L,M

Call MATWUL{BRZ,91,%3,KK,KX, KK)

m-...p.r MATMUL(S1, TF, TEF ,hE, KK, Ak}
=1

CALL MATMUL(S1,8IM,V1,XK,Kk,XF)

CALL MATMWUL(TA,52,51,KK, KK XK

CALL MATNUL(51,RZ,RE,Ah,IK KK

CALL MATNUL(S1,YP,V2,IK,EK EK

CALL MATWUL(RH,SIM,V3,Xh, XK. XF)

CALL MATWUL(RA,82.51,Kk KK XX

CALL MATWUL(S1,VP,Vh XK KX KF

CALL MaTwWilL(TA,33,82,Ak, KK KK

CALL MATWUL(82,TF,B81,Kk,XEK XX

Df 7 Jwi AK

ﬂumnwuqn QWEUETJHS

wM(T)=Vh(7)+v1(I)

DY 7 k=1, kK

»Z(J,K)=aP(J,K)+51(J,K)

7 CYNTINUE
BZ = R(1,%+1),VPxV+( 1/2) , THaV-(H+1/2) ,THF aT{N ,K+1).
SEE EQUATIONE (30=33), SROTION 5.
THESE BSBOULD DE PRESERVED OM DISC OR TAPE FOR THE BACKWARI

EVEEP
VETTE(9)RZ
E—.wwwmuﬂ.
MATTE( 9 ) VP, VM, PHI , PEP ,P2GIN ,PMM, PET , PET , PMET, PMT

191,52,V3,Wh,W5,¥6, W7, W8

FOR THE EXPLANATION OF THE VECTORS PHI BTC. SEE CELL,
9 cyixTDIIE

D 10 Ju=i XX

0{ J) =BFUND
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10 CENTINUE RASK SPACE 9

HERE UM = U—(N+1), THE BOUMDARY CONDITION AT R = 4. ﬁdﬁ
HOW THE BACAYARD SWEEP STARS. DURING THIS PROORSS, WE 9)THF
CALCULATE THE INIENSITIES MEAN INTEESITIES, SOURCE  FUNCTIORS 9) VP, ¥, PHI,PEP,PMHN , PHM, PET , PET, PHET , FNT,
AET FLUXES OF THE DIFFUSE RADIATION FIELD AT ALL THE BOUADARIES W1, W2, 1), WA, ¥5,¥6,W7, V8
QF ThE SHELLS. BACK SPACE B
BACK SPACE B
m.m.mwﬁkw BACK SPACE 8
BACE SPACE 8
CALL CELL (Ta,Ra,TF,BF,STP,BIN,IIX,IQ,ZA,ZB) aox SPact 8
BACh SPACE 9 BACK SPACE 8
BACE SPACE 9 BACKE SPACE 8
DACh SPACE 9 HACK SPACE 8
w nam__. 8)FRD1
HEAD READ( B)FERD2
BEAD{9)vP,¥M,PsI,PEP,PHHN , PMM, PHT, FET , PHET , PNT, KEAD m TRD3
IW1,¥2,¥3, ¥4, ¥5,w6,07,NB EEAD{ 8 FRDA
BACh SPACE 8
BACH SPACE B 699 CALL MATNUL(RZ,UH,¥1,Kh,KK, XF)
BACK SPACE 8 CALL MA’ THE UM, V2, KK, KK, KF )
BACK BPACE B Dg 12 J=1,kK
READ( §)FED1 evmnwlﬂ uw..ﬂ.mnw
READ{ 8 )FRD2 vH(I ) mv2(J)+7(J
HEAD{ 8 JFED) 12 COETINUE
READ{ 8)FKDS CALL CELYL. (Ta,RA,TF,RF,S5IP,5IM,ITX,IQ,2A,ZB)
D@ 8900 Imi1,II DJ 8502 I = 1,IT
ANK=D, AMJ=0,
od 8901 J=1,NC DG 8903 Jm1,kC
buJ+{I-1)%C hmJ+{I-1)%nC
AMR =AMEA+C{ Ty *0M( L) ANTmAMT +C(J)=UP(K)
8901 CYNTIRUD 8903 CYNTINUE
AMT1{I)mAME/(2B%2R) AMT2( I)mAMJT/(2B42D)
8900 ONTINUE 8902 CYMTINUA
D¢ 60 H=1,kK Dg 8903 I=1,IT
Df 60 I=1,Ek AMTY(I) =( ANI2{I)+AMII(T))*.5
81{J,h)wFRD4(J K EthW-M..lﬁ 8904 CHNTINTE
L ]
32(J7h)wFERD2(J,h) *W6(K)=*{ 1. -XPS TRIeT 8905
60 CYnTLNUL
MnE MATNTL(S1, VM, ¥3,EK,AK ,KF 8905 FEBMAT(3X, 'FREQUENCY DEPLNDANT MEAM INTEMGITILS AME')
CALL Eﬁﬁmmn.ﬁ.ﬁ.nr.nh.ﬁ. PRINT 8906, (AMI3(I),Iw1,1I)
GPTY 699 8906 rpoaT{6(3x,X13.6))
AMG=0
11 BACh SPACE 9 .
BACK BPACE 3 g 8907 AL (1) *A(T)
BACK BPACE 9 AHGmAHG+AML3
BACK SPACE 9 89507 CYNTINUE
BACh SPACK 9 PRINT B9OB, AMG

8908 PUEMAT(IX, 'TYIAL MLAN INTEMSITY IB',3X,E16.8)
PRINT 99 ITX
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INTHODLCE THE BAME COMMON BTATENENTS AS TN THE MATE ROUTINE
cowgi /ST /PEI(XX), PEF( XK ) , PMGIN{ XX ) , PMM{ XX} , PRT{EX ) , PET{XX }
1PMET( xk ) , PNT{ £X) , ¥1(K) ,¥2(k) , v2(XX) ,¥3(XX) , W8 (XX) , W5 (xX)
2v6(ax) ,w7(RX .__m?H

DIMcMSIfN TaA(FK,Xx), RA(EKEK,AK),TF{EX,EX) ,BF(XX,XK)
191P(sx,STM( 8K}, CH1(AL) ,GA1(EK),GA2(IK) ,G(XX),

2PHW(hX KL) ,ZD(RK AKX ), ZP(KE, XX ) , ZH{EX,EX) , AN( KX , XX )
IDM(bhn,hh),GH{ Kk k) ,RP(kh ,kh) ,RM({XX,XK) ,PM({KK, XL ),
AXYP{RK, kk),A1(kk,XK) 42{Kk ,bhk),43(5K AK) L{XZK),H{RX)

5aC rL.mwqur.rhu.Bnnr bK) ,GAA{KE .EH-HU.EAF_ GAD{ KX )
DIMENSIfN IXY(hh, AK) ﬂﬂ?ﬁ.h& REY E..Hnu.hnnﬁnn.nhu.

ITYZ{ hX ,AK .._N._.Mur.uh .EM_E._R LRZT({ KK, XX1,

ZTXZ(hk kb ), TZX(AK Kk ) ,RXZ(EK Ak ) ,RZX{ Xk LK)
3SMXY(hK),SPYX(AK) ,SHYZ(AL) ,SPZY(KK} ,ENKZ (XK} ,8PZX{XX)

Hm.ﬁHr-.l,— NU-NQ-NU
~HH.....5AE|_.5\H.~M

ZBuBA-( ITX#*(BA-1.)) /NLIR

ZA AND ZB ARE THE OLTER AMD INNER EADII QF THE SHELL ITX
IN TERMS QF A, THE IMMER RADIDS OF THE ATHOGPHENE
.nnn.._u.ln.-nu?~

RCW1 = RCW/(1.-(ITX-1)"BCW)

TCF = TYD({ITX)

TAU = TCK

MBDB = O

IF{ TAU-TCHRIT)7801,7801, 7600

7800 KEDB=NBIB+1

G 19 7799

7801 Rv=sRCW1/(1.+(2"*noDpB)}=(1.-8BCW1)})

aNaaO

naa

188

IF ThE SHELL IS TOO THICK II IS SUBDIVILED INTO SUBSHELLS AND
BY AMD TAU ARE Thk CURVATUHE FACTOR AND THE OPTLCAL DEPTH aFf
THLS GLOSHELL, MNSHB I8 THR AUMBLR OF THESE SUBSHELLS, OEE
alaTIONS (79),{76),(77),(78). VK HAVE TD REPriT THE STAR
ALGOSLLTHM KSDB TIMES.

SPI=SQRT{PI)

PIDm1./{5PI®DBLTA)

FOW ¥E AUE GOIMG TO CALCULATS 1Ak PROFILE FUNCTLONS USING TEE
HEUISTRIBUTION FUMCTAONS — SET EGUATIONS (3) awp (h4) OF SECTION
2, FOLLOWING THI» CALCULATIOR THE MORMALIZATLON 1S5 DONE.

oj 700 Imi,I1

pf 700 J=1,KC

hmJ+{ I~1)"kC

Eprwihnu-o?:

700 CYRTINUE

T01

713
709

93

DF 701 J =1,XK

umHanlo.

PP {J}m0.

PHMEN(J)m0.

Pmu(J)=0,

Dy 702 E=1,Kh

Eﬁwqwuﬂﬂmh E.mq.u -.EMH
PEP(J)wPRP(J)+FHD2{ J K)=AC(K
M (7) =PrER( 3) +rRD3{ I, K) #Ac(X
PY(J) P T+¥RDY{ T, L ) ®AC(K)
CENTLNUE

Hi._hl..:
ihm-ﬁﬂu .._-.E: .__.hw!-n .-
w-.unuuh..uﬂu»qh-bnq
PMET{K ) =PMHT huabumh K)®aAC( 3"
PHT(R) wPMT(X ...u.nUrﬁ.q.HTbnﬁu
CHRTINUE

STM1=0.

8UH2=0,

SLM3I=0,

SUMh=0,

SUMS=0,

SM6=0,

BUNT=0.

SUHEB=D,

od 99 I=1,IT

Dg 99 J=1,NC

E=J+(X-1)"5C

SUMI=SUM1+A( I wvﬁmnw-dmnw
SUM2=BUMR+A( I )*PEP(K)*C({T
STHI=STUM)+A(X)*FMEN(L ) *#C({J)
SUMA=BTUMA+A( I)#PHM( 1 ) #C( J
SUMS=ETMS+A( 1)+ E)*c(J
SUME=STUMG+A[ I ) *PET(L)*C(J
SUM7=SUMT+A{I)=FMET{Lk)*C(J)
SUMB=STMB+4({ T ) *PNT(L)2C({J)
CENTINUE

od 1936 K=1,Kk

HK)=AC(X) /SUM1
¥2({K)mac({K) /S0ON2
WIlR)=at(X)/SUn)
Vh{K)miC{K) /STMh
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en

Jooxz(an.2n),
{AE),5PYX(nK),
} s U(EX,bh},9G(KK) ,QH(AK] .

Kh KK
KX hk),QB{EK,EL) ,QC(EK, Xn),

RXY(ab ,AX) EYX({RK,sh)
AK
+H{XE

pax(
T
Pt

qﬁiﬁai@
434248
Eﬂgngni
iigREY
T ELTRY

i gadd
233443

=
|

#n
K}, R

3;

1RYZ ,RZY, TMZ , TXZ, TAZ ,RXZ , B2X, XY, SPTX , SMYZ ,SPZY , SMXZ ,BPZL)
JQT{an

THIS CALCWLAIES THe STAR PRODIKT. SEE SECTIOM L,

DINENSIgN TXY(RL RK
1TYZ(RK, LE

SyHRRgUTING STAR(TXY,TYI, RXY,RYX,TYZ,TZY,
2TLY(KK MK

FSMYZ(nk) ,nPZY
DIMENS T

1@{11

2w1(xL]

c

iE GIVE THE ROUTINE TO CALCULATE BT_4 FOR ISOTROPIC SCATTERTIRG.

SAME COMMON STATEMENTS AS GIVEN IN MATN ROUTINE SHOULD BE FOT

DIMENSIgN GF6(200) ,XxxF(200),8M(200),cd1({mC),cg2{R0)

7 5

a St

: SEEER aa I 3B oM
: ] i égi B
TR by Ry g EA
TR o b uikagggaszizigégg
LR RN EEL] N WH SRR

~ N N2 o -

= TRERoeen cy

<4 iaeiit ww

g i UL LS
it 3 o

2% 44 ii8ddduss 21 B
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noan

12

10
13

20

25

30
33

CYLTINUE

GFTm{ ATEX /9, Y5 [ GF6( 1)+ 6( IGF) +& . nsgM1+2, nagua)
nﬂ.um-d\mlanH._.

JIwJ+(I-1)u3C

Jhmh+(Ih—1)#NC

FRO{JI, IK)=GFT

nnﬁ.hz.nm

CyYNTINUE

HETURM

o )]

BUBRGUTINE MIN(A,A,Dd,L,N)

THIA ROUTIM: CALCULATES THE INVERSE (F MATITX A #ITH N BY W
DIHENSION, AnD IT IS5 REPLACED AY IiS INVEASS. THIS ROUTIER HAS
bELN TAaEW FRUN IDBM 58P MARULAL PAGE 131. FOR THE SALE OF
COMPLETENREES WE SHALL GIVE THE ROUTIME HERE,

DIMEESI®N A(1),L(1),M(1)
Diwl.

RKw—)

Dg 80 Lm1,.N

g 20 JaX N
TeaNe(J-1)
D§ 20 I=X,N
IJmIZ+I
Hu.nbummwunblrwm?ﬂn:u_u 220,20
BIGA=A

nwl..n

NTINUE
JuL{NK)
IFr{J-x)35,35,25
hIsh-N

D@ 30 Im1,M
AIwh T+N

ALIT) e’

IuM(k)
LF(I-n)h3,49,38

38 JP=Nw{I-1)
g. O h.l.- N

.u.HI.H'....._.

o
ru Hu.n 58,486,458

48 u_u 55 Tm1,N
IF{1-K)50,55, 50
3% AUT) el x) /(-B54)
Al 1M IX)/(-BIea
55 CARTINUE
Dy 65 I=1,N
TRaX+X
BFLDwA{ IX)
ITuI-N
DF 65 Jm1,N
TTuLI+N
r Hnﬂwm.o , 65,60
60 IF{J-K)62,65,62
&2 uh..H.ule‘n YeaL7)
A wogLosal{ LT )+ TT
€3 ov!.

EInk-
D 75 Jm1 M
e
70 b?r.“wn EW\E
TS CANTINUR

DA=NA*BTGA

Ki w1, /BIGA
80

Wmpl
100 Kab-1

(L) 150,150, 105
10% I=L{K)

Ir(I-k) 120,120,108
108 JQui#{ K1 w

JRal#{ I-1

DF 110 Jm1 K

A(TK)=-A{JX)
112 szl
I¥(J-K) 100, 100, 123

AlNTYmeafl TV

n
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