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Rn PARTIAL FREQUENCY REDISTRIBUTION FUNCTION AND ITS EFFECTS 
ON THE FORMATION OF LINES IN EXPANDING SPHERICAL ATMOSPHERES 

A. PERAIAH 

ABSTRACT 

TAl rldlltrlbutlan In 'requllnay In IInal formaci In llmoaphl"l In whloh Ihl maU" I, moving radially outwllrd. 
with Ylloolty grldlant. I, Itudlld In tho r ••• hi me 0' thl .t.r. w. hive Donald,red thl Rn Ingll Iveraged runotlon 
(Sea Humm.r 1962) with radl,tlon dllmplng In the atom'. ,..t frlme and .lIumld I non-LTE twa l.vel 110m. 

We han Ilonald.rld B/A - 1, 10 Ind 100 whar. B/A I. thll.tlD 01 OUIII to Inn., r.dll 0' thl mldlum. TIM! 
mal:lmum .,.loolUIi lit tha Dutl, mOlt laYlnl II' 'Ik,n 10 b, 1 lind 2 unUI Dr ml.n thlrml' v.loally. Two all" of 
lin. ,mtulan and line end oontlnuum .ml •• lon IIr. airouiaiid. In IlIh" cu. WI hIVe lakin 1M aptlCiI Ihlakn ... 

01 thl mtdlum 10 be approxlmatlly 103. For oamp.rllOn lin •• fOlmed wllh oampl.l. "dl.ulbdtlon (CRD) hlYI billn 
pr ... ntld '01 .11 011101 of valoally dlllribullan Ind DlOm.trlo.11hlokn .... 

A v.ry .trlklng rial Im.rgel from theu oalouletlon •• Thl eml .. lon or .blOrpllon II oorrllMlpandlnaly I'raelor 

d.eplI In Ihll 0.118 01 IInel formlld In eRD thin Iholl. for mid with the Ru .ngll l"'I"ged fllnatlon. hi "1110 
Iph.,lo8l1y Ivmmllrlo medium Ihe Imorglln1 mlliin Inl.nlltlll Jx .how up In '11m lilian whlra III Ihalt In ptan. 

parrllllli Cllllihow up In .b.orptlan whon Ihlr. Ie IImllllon from oonllnuum Ind prallhtl In aphellal rtmlMtrv Ihow 

.mlNlon In thl winge. In th. dllf"entlilly moving m.d'um. WI natlce rlld IImlnlan lind btu. ablOlplian whit. th. 
OIInll'l o' the IInllll Ihlf111d law.rdll viole' Ilde, P OVVnllypl PIOlllu III not laid In till pr.HllOlI 01 continuum Ind 

IInl emll.lon. 

Key wordl: RII paulll fr.quenay rtdl.lrlbullon runotlon-rldl11lvr Ir.nlf.r In .ph,rlall aymrMtry-llllCp.ndlna 

Ilmalphl, .. 

1. Introduatlon 

During the prooessel of absorption and emllll"n 01 a photon by an atom. redl.trlbutlon of photon occurs 
due to lcatterlng. This redl.trlbution 01 photons could be either oomplete or partial over the line. Complete 
redistribution nead not be acoompilihed In stallar atmospheres and strictly spsaklng one has to consider tha 
radlltrlbutlon not only In frequancy but also In angla. This becomes more Important when ana Donslder. 
spherical atmosphersa with tranalatory gaseous motion.. slthar radial or non-radial. Tha major change 
IntroduOlld by tha redistribution funotion ODours through the scattering Intagral given by 

+1 -I"" 

4l (;, /I) J J R (x, Il; x', /I') I (K', /I') dx' d/l' 

-1 -0<> 

where x- (v - v.HAv. v. baing the centrsllrequency and l!. v II 10m. Itendard frequency 
~ (x, /I) II the prolile funotion given by 

+1 +-.00 

• (x. Il) - f J R (x. Il. x'. II') dx' dp' 

-1-"" 

Inlerval, .nd 
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Plrtlll 're~u.""y redl.l~bull.n 'unallan 20B 

and R (x, /1, 11', II') Ie the redlltrlbutlon function, I (x', '") 18 the specific intonslty of the scalterad beam 
making an angle COS- I /1' with the radius vsctor with redistributed frequency x' with initial frequency x 
Incident at angle cos-I" with tho radlu8 vector, In the casa of complete redistribution of frequencies over the 
whole line, the Bcattarillg Integral reducas to 

+~, 

J r/J (x, /1) I (x, '") d/1' dx 

-co 

As ana can ses from the two scettorlng Integrols of (one with redistribution and the othor with tha profile 
function), a detallad occount altha photon radlstrlbution i8 pOl8lbls only when one considera the R Introduction 
of the R (x, I'; x', ,,') function In the scattering Integral. In B moving modlum the redistribution function 
ba£ome8 atrongly dependant on engle ond the frequencl~s of Incidence end scattering x and x' become 
x ± /1 v and x' ± I' v for the oppositely dlrectod beams of radiation where v Is the radial velooltyof the gal 
In maen thermal unlta. This angle dspondance of the frequancy occurs Irrespective of the fact whethlr or not 
wa consider angle averaged redlatributlon function. It is necessary that ana must loke Into account of tha 
angle dependence simply because of the fuct that In opherlc~lIy ~ymm.trlc approxlmetlon Ihe angle mud. by 
the rey with the radius vector continually chong09 with redlus and the frequency Is modified by Ihls process 
known BI curvaturo scattering (sea Pereloh and Gront 1973). However, the Inclusion of angle In these 
celoulatlonalncraose the amount of effort on computer cOl1siderably. A thorough Itudyof thDangle dep~ndanc~ 
has bean Implemellted on R, function for both Isotropic und dipole scattering mOOls (PDralah 15178 b). 
Thll study has ahown thAt there ere observotionally notlcoeble dilferenco8 betwsen the IInDs formed by using 
angla dependant and angle Illdapendant rodlatribLition functlona. Severaillulhors have studied the effllcts of 
thesa fUl1ctlol1s on Ihe formation of speotrol IInas in ntellar almoepheres In plane parallel approximation 
(Hummer 1962, 19G9, Shine ot ill. 1976, Vlrdovae 1976, Mihelse 1978). 

The effects of partial frequoncy redistribution In oxpanding sllherlcal alrtloepherss has been studied to 
some aXlent In detail by Porulah (1978b; 1979), Perall h ane! WahrsD (1978), In the above atudlel, we have 
confined moslly to the offlcls of R, function for zero natural line width. However, It Ie of great Interssl \0 

study the effeols of R, I pertlal redistribution function 81 It repraaants scattering by a resonance line broadered 
by radiation dsmplng. This function has bsen studied by Jefferlos and White (1960), 

Aa a flrat stap, 111 this paper the effects of 8ngla averaged redistribution function R" on Ihe formation of 
IInss In axpandlng spherical media are Investigated. 

2, A Brlaf DlI1ICrlptlon of the Mathod 

The msthod has bsen dascrlbad In data II In Perallh (1978b). We shall empluy the angle Iversgld ra, 
dlltrlbutlon function RII given by, 

"" 

R,,(x. x') - ;irr Je-", {tan-I (, ;~) -tan" ex ~ U)} du (1 ) 

.,If-II 

whare It and 11: are correspondingly the maximum and minimum values 01 x and )C' and x (- (y - v.) /i:J..) end 
x' (- (v' - vo ) lAs', D.s baing aoma convenient frequency Ihlerval) .ra the fraquenclel of the abaorbad snd 
emitted photon. The equation of radiative transfar In spherically .ymmstrlc media for a non-L.T,E two-iavil 
atom model II written os 

/1 ~1-';~1+ ~ 31 (;;/" r) - K. [fJ+ 4> (x, JI, r)l [Sex, /1, r) - I (x, 1-1, r)l (2) 
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Pllrtlal frequency redlltrlbUtion function 207 

and for 0ppolltely dlreoted bum. 

Il I (x. - II. r) 1- pi 11 T (x. - p. r) ,j" 
-II dr - -r 8p .. K. [P + 'I' (x. - p. r)] [S (x. - p. r) - I (x. - p. r)] (3) 

Hera I (x. p. r) la the apaciflc Intanalty of tha ray making an angla co.-' p (/1 • [0. 1]) with tha radius vector at 
the rediel point r with frequercy x (- (1'-1'.) If .... £\a talrg SCIT.S convlnlent frequency Interval). The 
eource function 5 (x. ± /1. r) II given by. 

5 ( ± ) </l_ ~:Io.I:!' r) 5. (x. ± /1. r) ~ P 5, (!) 
x, p, r ~- ip (x. ±/l. r) +P (4) 

Where p la the ratio of J("/K. of opacity due to continuoul ablorptlon plr unit Intervll of x to that In line 
centre ar.d </l (x. ±p. r) ia tha profile furctlon. 5. (x, ±/I. r) and So (r) are the 10Urce functlonl In IInl and 
continuum and are given by. 

5, (r) - p (r) B (v •• T. (r) ) (6) 

wharap (r) I. an arbitrary factor and B (1'" T. (r» II the Planck function for frequency v, at tlmperature Ta Ind 

and 

-, "" -I- 1 

5. (x, ± /I. r) - cp 1!~ ~~. r) J dx' J RII (x. ± p; x', /l') I (x'. /l') d/l' + • B (r) 

-"" -1 

(6) 

(7) 

Is ths probability per aCt liar that a photon la deetroyed by coillalonal de-excitation, We h&va traated two 
csses: (1)' -1 0-1• P - 0 and (2) • - P - 10-', We have to solve tha two aquetlonl (2) snd (3) byepecl­
fylrg the quantltlaa E. fI, p «1). RIl and B In advanca and wa hava aet the line Centra optical depth to ba 
rqual to 101• Evaluation of the redlllributlon function Rllappearlng In the acatterlng Integrel ahould ba dona 
accurately, For a atatlc madlum. we naed to calculete RIl function only once as thl. II angla averaged where 
aa "'hsn tha gasis are In motion the frequenclss change bac9use of Doppler shlftl and wa nave to evsluate 
four funotlona : 

Rn (x+pv; x'+pv). RII (x-pv; x'+pv), 

Ril (x - pv ; x' - pv) and RIl (x+ Pv; x· - pv), 

Aa wa can lee thara II no Iymmatry among th~la functlonl and all the functions mUlt be celculated It each 
redlel point, The normalizing condition for the radlltrlbutlon function la (Saa Peralah 1971a) 

whera 

K 
11; 

I-I 

K 
1: [Ru:+'" W,++ W .. ++ + RII.-+ , .. W,-+ Wm -+] -1 
m-l 

A, RU.lm 
W,. m - a, OJ, a'-:i: Ru, , .. Ao C) 

I,m-I 

where A" and C" ara the quadrature walghta for fraquancy and Ingle point. relpaotlvely, 

and [k. I. m] .. [J + (1-1) J] 

(8) 
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fI.r1ml froquenov rCKJlllrlbulion funcllon 

i. J baing the running Indlcal for fraqulncy and angle point and J il tha totel number of engla polnll. 

The aymbotl 

and 

All" and All -, reprealnt. 

All" - All (x+J4V; x'+J4v) 

Au -, - All (x- J4V; x' + J4v) 

209 

where v Is the radial velocity of the gaB In units of mean thermal vllocity of the gea. Similarly R,,'- and 
All -- ara deflnad. The profile function of the line for partial frequenoy r.dlltrlbutlon la celculeted from the 
rOlotlon 

I m 
I/Ia' - o{>a (+/1) - ~ ~ ~ [R.:' 'I + A.,-' 'I] e, ci 

I-I j-1 
(10) 

Calculatlona of the diffula reflection. tranamiuion functions have bem parformed II described In Peraleh 
(1978b). In the nsxt aactlon we ahell dlscuas tha raBults. 

3. Raeulta and Dlaouaslon 

We hllVe computed line profiles In plans parallel and spharically Iymmltric g30mltrlel to find out the 
gaomotrlcal elloctB. nle quantity B/A. ratio of outer to Inner ratio Is aet equal to I for plane parallel geometry 
and 10. 100 for spherlcelly symmetric goometry. 

The profiles formed with partial redistribution (PRO) are compared with those formsd with complete re­
dlslrlbuLion (CRD) by using Voigt profile funcllon. We have uaed the algorithm due to Baechsk Bt.' (19BB) 
to oolculats Voigt function aB8umlng a damping conltllnt equal to 10-3, No Incident radiation on alther side 
of tha medium 18 slBumed. that I. 

U,' (XI .... ~O: IIJ) - U-•• I (x, .... -T./II) - 0 (11 ) 

where U,' (XI .... -0. J4J) - 4" R' ••• I (x,. R •••• 141) 

and 

R ••• and R .. are outermoat and Innarmost radII of the medium. N la the totll number of IheUI into which 
the medium hae been divided. For realona eee equation (19) of Peralah (19781). The quantity B (r) la lat 
equal 10 _ 1 

B (r) - 4" r~ (12) 

where ria the mean radius of the Ihell. The frequency snd angla Indapendsnt lource function Is calculated 
by the expro18lon In dlacreto form 

and the monochromatlo flux Is calculatad by 

I J 
I: :!: S (x,. 141; "'a) A, CI 
1-1 J-1 

(A)2 J 
F (x,) - B I: U,- (x,. J4J; ... -0) CJ J4J 

J-1 

The frequency dependant mean Intlntltlet ara oalculatld by the Ixpra.alon 

J 
J. (x,) - t 2:' CJ [U.' (x" 141) + U. - (XI. 141)] 

J~1 

(13) 

(14) 

(16) 
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p.nll1l frequency r.dllulbutlan runotlon 

end the totel meen Intenelty Ie given by 

I 
J. - E J (Xt, n) AI 

1-1 

We hava assumsd that the velocity Is Incresslng r~dlally and Is given by the reletlon 

V. - V. + (N-n+l)!:J.V 

211 

(16) 

(17) 

where V. Is the velocity at the bottom of the atmosphere, Vn Is the velocity I, c~rrent shell number n. The 
quantity 1/21s Introducad to estimate the velocity In the centre of the ehell. And 

!:J.. V - (VI -V.)/N (1 B) 

All velocities are measured In units of mssn thermal velocity of the gas. 

Ws have presented the results In Figures (1) to (1 B). In each Flgure, ws' have plotted, the total lource 
functions, and total mean Intenelty J, vereus the optical depth T. a gradual progression of fraquenoy dependant 
mean Intensities Jx In the line corresponding to shell numbers 10,6 and 1 and the emsrgent monochromatic 
flux profiles Fx versus X. Flgurea (1-2) describe the results for static plens perellel stratification B/A _ 1 
for the two osse8:' - 10-s• fJ - 0 and (2) • - p - 10-' re'Plctlvely. The rasults In cese (1) show 
centrsl absorption with slight emission In the wings where as the result8 In C8se (2) 8re totally dlffersnt In 
thet ths mean Intensities et Ihelll0 show completely absorption feature and thOS1 at ahell6ahow completely 
amls810n end those at shell 1 show absorption feature. The emergent flux prDflies In Figure (1) show 
emlllion with central absorption and those In Figure (2) form a tDtalabsorptlon line with IS8I than 1% of 
emlilion In the wings. 

In FlgurEl. (3) and (4), we hove preaanled the results for cues (1) and (2) respeotlvely with V - 1 mean 
thermal velocity of the gas In plane parallel medium. Similarly the results In Flgurea (5) and (6) correspond 
to c8les (1) and (2) for V - 2. When motion la IlItroduced Into ths gas. wa notice that the meen Inta~.lty 
profiles and the emergent flux profiles show aeymmetry In their shapes. HDwever. the masn Intsn.lty profll .. 
at shell number 10 do not show any 88ymmatry becausB the ges et this point Is stationary. One allo ob.elV9s 
the red emlaalon and blue absorption with the centres of ths lines shifting towards blue side. The profile. 
oalculatsd with CRD ehow lerger emission In the csse Df emission wings or deeper absorption In the case of 
ab.orption lines oompared to thoBe formed by the PRO lunctlon 01 Ru. 

In Flgurea (7) end (8), the results for cesee (1) and (2) respeotlvely are preeented for B/A - lOin a 
stationery medium. The profiles of Figure (1) are quite almllsr to thoss of Figure (7) except that thera I. 
no aentral absorption In the mean Intensity profiles whers a8 thou In Figure (2) ars quite dillerent from thDi. 
given In Figure (8). The mean Intenalty profile In pp for V - 0 at shall numbar 1 Is compl~tely In absorpl(qn 
(In Fig 2) where 18 the profiln for BIA - 10 ard V - 0 (In filg B) at the 98me redlel point ar. In complet. 
emlilion while Ihe emergent flux profile Is In ebsorptlon with 20% of emission In tha wings. 11111 Is claarly 
the effect of ourvature IClltterlng. Flguree (9) and (10) presant profiles for V-I for ths two CUBS with 
B/A - 10. 11,. P cygnl type profiles are quite prominent In cese (2). Figures (11) and (12) give profiles 
lor V - 2. They .how almllar oharacterlstlcs shown by thoss In Figures (9) and (10), Flgura8 (13)'10 (18): 
egaln represent the resulte for a geometrlcel sxtenelon of BfA - 100 and V - 0, 1 and 2 for the two caus. 
The efflctl 6sen In Figures (7) to (12) are enhanced In thele becluse of more curveture scallerlng. 

ConD'Ullo nl 

w. hlvl compared the profllel calculated with CRD snd PRO function of Rn In II spherically avmmetrla 
.~psndlng medium. Those profllel formed In CRD Ihowmore emission and duper absorption wherever thelll 
occur compared to tho.e formed by PRO lunotlon. Plollies formsd In spherically symmetric medium .how 
larger wing emls.IDn due to curvature eCllllerlng. The extend3d and expanding medium with emlilion In the 

oontlnuum exhibit P eVllnl type profllsa. 
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