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COMOVING FRAME CALCULATIONS WITH LORENTZ PROFILES IM RADIALLY
EXPANDING MEDIA

A. PERAIAH and G. RAGHUNATH

ABSTRACT

A computetionally eimpla methad for sotving the line tranater In comeving frame has boon dosoribod for
radielly sxpanding ephetloal medium. We have ssaumed a radlally Incransing veloalty distribution and a non LTE
two Jevel stom. In disciete spacs theory. the gomoving tarme

vir dv(r al (r,u,¥
R
r dr av
{whara V (5} ls the veloalty at the radlal polot t [n maan thermal units, Cos-! » |s the anglo mado by tho ray with
spaoifio Intansity I {r.».b) of Irequenay », with the radlus vestor at r) wlll reduce to a alnglo fridiogonal mutrix,
The boundary conditiona for tha {requancy darlvetive can bo Introduced through tho olomantas of the st and tho
{aat rows. The mathod ls quite stable for any veloclty law and any type of Inhomoganoous modia. Wo have

considarad ths Lorantz profltes for various muximum velooitles Voux = 0, 10, 30 and 80, Line protiles trong-
{ormad Into the sbastvar’s llng of alght have bean presanted.

Key Worde ! comeving frame—Lorgntz profilss—axpanding madis

1, Introducation

It lo & wall known fact that the matter in the outer layers of Wolf-Rayst atars, quassera, novae, P Cygnl alers
ls flowlng radlally outwards with high velocitlea. There have been mevaral attempts to compute speciral {lneas
In such medla. Kunasz and Hummer {1974), Peralah and Wehrsa (1878) and othere have nttempled at solving
line transfer In expanding epherlcelly symmetric media. Howevaer, all theae tachniquea use the alar’'s rost frome
and gne oannot conelder beyond 2 or 3 mean thermal unlte of the gas velocity as tha frequency-angle mesh he-
comes unmanageably large. The alternatlve approach to computing linea In rapldly expanding medials to
work In comoving frame. In thls frame the observer moves with gas and, therefore, notices no Doppler shille
which directly effact the absorption coafflalent and one can use the profile functlona corresponding 1o those of
atatie madla. Thie will ba qulte helpfu) particularly when we considar angle dependant partlal frocuency redlst-
ribution. Simmoneeu (1873) worked on the problem ot comaving frame but It has restrigted utlllly coneldering
the few velocity laws for which the methed s veild. Recently, Mihalas ¢ &/ (1978) developed solutlon of line

tranafer In comoving frame. Thia method ssems 1o be
quite versatile In many respeots. Howevar, on
to meke adjusimants when one trles to use differant kinds of velacity iaws. o hae

We shall present a method of calculating the solutlon of line transfer In comaving frame which canaccept
erbltrary velocity lews In apherical medium. Here, we shell assume Lorentz profilea malnly to find ovt how
photons diffuse Into tha outer layers of tha stellar atmospheres in motion though the line wings. We ehall

devalop the eolutlon on the Iines of Grant and Peralah (1972 .
by Inv
cangervatlve case, for tha Integration of the comaving fﬂrms.) oking the flux conservation condilon In &
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2. Solutlon of Line Transfer In the Comoving Frame

Woe shall conslder the formation of apectral line with Non-LTE two level atom approximatlon, In a apheriocal
medlum expanding with velaclty
Va—V
B—-A

V() =Va+ * (r=A) (1)

where Vi, V, and V (r) are the veloclties &t the Inner redlus A, outer radlus B and at the radlal polnt r,
respectively In unlts of mean thermal velocity of the gas. We shall measure the fine frequency points In terms
of eome standard frequency Interval Aa by defining the quantlty

¥I— Vo
X = As (2)

where vo Is the central frequency of the line, We shall select the Lorentz proflle funatlon glven by

i H
¢ x) - T (3)
which |8 normallzed such that
+ oo
.( $ (x) dx = 1 (4)

Wa shall conslder a beam of radlatlon wlth Intensitles [ (r. ). x) where /)" ers the angles made by the raya
with the radlus veotor st the redlal point r. We expreas thls In the farm of a veotor

e— —

1(r, o1, %)
1 (rl' He, x)
()]

1 (rl' ﬂJl x)

where g, fia= - - u; are the roots and welghta of 8 polynomlai sultable for evaluating the Intsgrals. Simllarly,
an oppos!tely directed beem wlil have the Intenslty vector

T(r, - g, x}
I{r, — . x) 0
i
1 (I', iy T K)

— —

J belng the total number of rays In the beam. Similarly, If we are consldering a polychromatlo problem, then
for each frequsncy we shali have to attribute a beam of radiation with Inteneltles glven by
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I (r| #ll x])
I(r, pa, 1)

I(r. p X}

I(r, 4y R1)
J (rl Hisli Hl)

L{r, 5, )

Tharefore, the total number of rays wlll be JxI whara I is the total number of frequency polnts.
chromstlo problems, we heve to conslder the soattaring Integral

+1 400
ij J ¢ () I (x, 4, 1) du dx
—1 -

0

In poly-

(8)

because this will contrlbute photone dliferently Into different frequencles. Now, write the equation of

tranefar In apharloal symmetry for a two-lavel atom In comoving freme &as

al o puor) 1—-u?al{x, )
ar L Au

+1 +ca

y}(1—e)¢(x)J. j.¢(x)l(x,p.r)dxdﬂ+ ¢ (x)eB (r) + B¢ (x) p (r) B (1)

- ke (0} T (%, 2, 1) (ﬁ'+¢ (x))

+ [(1—#’) Vri) + ut

v (rL] al x, u, 1)
dr ax

and for the opposltaly direcled bearn of rediation,

J B ) -l ) (Arom )

or T du
+1 4o

+§(1-9) ¢ (x) J Jq}(r)l(x. —, )y ax, du + @ (x) B (1) + B & (x) p () B (r)
-] —om

+ [ (1 _#!) Vr(r) +ﬂ1dvd(rr) ] al (xsx_' E' r)

Here K. (r) Is the sbaomtlon coefficlent glven by

Ke (r} = hvo (NiBja — NgBa)
47A

(2)

(10)

(11)
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N: and Ng belng the population densltles of levels 1 and 2 and B’e are the Einstlen cosafficlents. We ehall
speclfy the absorption coefficlent in terma of the optical depth , The quantlty £ Is the ratlo Ko/K. of absorp-
tlon per unit frequency interval, In the contlnyum to that In the centrs of the tine. B {r) Iathe Planck functlon
at tho radio! point r.  The quentity « {a the probabllity per ecatter that a photon ls destroysd by colllalonal
de-excltetion. Woe shall apsclfy ¢, B, f and p (r) varlation of Planck functlon, wlli be spacified In advence.
Equations (8) and {10} can be sclved by Integration as described In Grant and Peralah (1972). The [ntagrals
aro rapinced by the appropriate quadrature formulae and the differentlele by the welghted differencea. For
example we wrlta for fraquency dlscretlzation

-:I- oo

I
J P () f{x) dxex IE—I as f (n), I-?-.Il-1 (12)
I
and a; -~ @A /IE l:\l(pl (13)

where X; and A, are the roots and welghts of a sulteble quadrature formula on [—1, +1]. Simllarly, the
anglo diacretlzation 18 done by wrlting

1
m
ji (0) dn = IE‘ byf(u), = by =1 (14)
J1 ]=1
0

' and b* baing the obsclssse and welghts of a quedrature formufe on [0, 1]. We have to solve adl:fr;qa
gyslom of eqyuations corresponding to J number of angles and 21 number of frequency polnts. Wae shall deflne

b' oo [by 8uls Ma = [py 8]

and
—I {7e. g1, X)
W - At | 1T a0 (15)
I (o, ty, X1)
and

£ T
Un - [U:::lﬂr Uﬂ:lnl lj:.ln: ----- . lf':!ﬂ PRI UIm] (1 G)

T represents the tranapoge. -

and B’ (r) = 4mra2 B (1)

B (r) being the Planck funotlon at r.
With these definitione, we ghall Integrate equatlona
equivelents as,

M [U*n,1=U%a] + e

(9) and (10) end wilte thelr corresponding discrete
- ’n 1 -i)
[A* Utan + A UTeu] + Taat OFnyt Ulnet = Mok Bzt + H

) (18)
rayy [OOTWT [U*+UThy + M dU*t



244 A. Paralah and G, Raghunath

and _ - -
M [U-.-U-,“] — P: [A‘ U-n+} + A_ U+u+]] + To,i & 0. U Dah ™ Tugl s o + 1k (1 —G)

Taui [@OT W] [U* U], + MidUT, (19)

Hera the quantities with the subscript n +§ reptesents the average value of the quantlty over the cell bounded
by radll . and ra, .  And detlne

tﬂii - [@u']m = [ﬂ + ¢:Ii]f::’
k= ]+ (0-1)J,1€KaK = LJ

+
G = ¢ (x L rosn) (21)

+ @ i)
Sa = P+ aPu/f By, '
PWe = 8 G
with g belng defined as In aquatlon (13), and C’a are the welghts of the angle quadrature, and
M = [Ma 4yl
Mln - [ﬁ] Jlj]
+ *
. A = [Am i
where An 8re the curveture matrices deflned In Perelah (1978a).

The curvature factor p. le deflned as

Pe = Arlra,y (22)
-and
Tagh = Kus oyl Ar (23)

Ar belng the geometrical thickneas of the cell,

The last tarma on the R. H. S. In equetlone (18) and (19) ers the discretized equlvslents of the comoving
terms appearing In the equatlona (9) and (10). The quantitiez M, and d are given by

M[ ™ [MI A Vn...i + M! pn Vn',i ] (24)
Ml B
My
M - (26)
M,
M1,
M,
M = [
. (26)
. M,Im
L —
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M‘m - “‘I’ dli] .

s
M = [(1-47) 3, (27)
A Vn,,} - (Vn.,.!"'vn) (28)

and V, { is the average veloclty of the shall bounded by radl ry and Mgl
Appendix 1) from the condition of flux conaervation and ts given by

k-1l2l J

The metrlx d (s determined (aes.

y —

—d dy
—ds G dy
—~dy O dy
d -
(29)
di.t
—~th di
. -~

whare
= iy ~Xi_)"tforl=~2,3, .. ,1-1

di = (Xg~X1)™1 end dp = (X;-X_)! (30)
Wo shell dlacuss the boundary conditlons for frequency and radlatlon fleld in the next sactlon.
Tho average Intenelties U,,} are approximated by the dlamond scheme given by (see Wiscombe 1879)
(—t) Wlat o3 Utni=U% 4
(1=taet ) Ungt 4 do,d UTo = Umngi (31)
Wilacombe hes shown that dlsmond schems glven by

bn, b = #I {32)
glvos the best approximation.

On substituting equatione {31) and {32) into equations (18) and (19} and by comparing these with the:

cangmioal oquatlona of the Intaractlon prinoiple (Eq. 2.24 of Grent and Peralah 1872), we obtain the sxpras-
slone for the refiection and transmisalon operators for the *csll’’, These are glven In Appandix ]!,

Wae shall now turn our attentlon to study the step slze problems. Conslder the matrices A* and A~ wa
must havo thesa matrloes with non-negative slements. This requires that the dlagonsl elsments of (A}
should be positive and the off-dlagonal slsments should ba negatlva, We shall make use of thu.a condlifone
lo obtaln the crltical optical depth for the “'celi”’. Thoerefore, for the diegonal elements, we mugt have

2 £ pe AT — Ga {2 AV + (1T— i) paVa b Jf (33)
] = B+ ¢ ~+ (1~ (9PT Wl I

and In the oaea of off-dlagenal slemants, we have
[t v = 2 vt s (b Vasi I

Tk <

(1=) (D™ Wik na |

T.- 1} ﬁ+’<

for the upper dlagonal elements and
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1206 A etk + 20kt (W k AV + (1 =221 ) Po Vi) (36)
'|'k+l.ll<r (1—¢) (¢¢m)k+l.t

for lower dlagonal elamanta.

Teer = MIN {Th T, kb1 Tepin } (38}

Therefors, 7. Is glven by the equations (33), (34) and (36),

It 18 Interesting to notlce thet the step size Is determined not only by the anglea yi's, curvature factor and
curvature metrices, but aiso by the elements of the frequency derlvative matrix d and the velocity of the
medium. The computational espects are dlscussed In the next esctlon.

3. Computational Procedure and Disausslon of the Results

By calculeting tha r and t opsratore (see Appendix Il) In each ‘‘cell”’ subjscted to the restriction (36), one
can calculate the Intsrnel radiatlon fleld (see Peralah 1978a) In the comoving frema. Wae have to trangform
this radistion fletd into thoae of ster‘s reat frame and observer's frame at earth ao thata comparison wlth
observations can be made. In this peper, we have presented resulta In the obssrver’s frame. Tho proceduro
1 described In Peralah (1878b) (sse aleo Fig. 14.7 of Mlhales 1978). Wa shall now dlscuss the angle-
frequency mesh to be employad in comoving frame celoulatlona, Since Ina comoving frame of referenco
thare ara no relatlve valocltlea between the observer and the moving gas, one can employ the proflle function
corresponding to that of a atatlc medium. In such a sltuation, we can affard to employ a considerably amall
number of angla-fraquency points, whareas In the ster’s rast frame calculatlons, we need 10 employ a largo
number of frequancy-sngle points We have tested ths program with several sete of fraquancy polnta, tho
totel number of trequency palnte helng B, 11, 13, 16 and 19 and odd numbar of frequency points nre chosen
80 that the centrs of the line Is always Included at x = 0 by choosing the trapizoldal equaily spaced points.
The frequency Independant source function (Se for 9 polnts and S, eto.) for varioua aets of frequancy polnta
have bean compared. Very Interestingly, onty Sy differs from othere In 4th place and al} others agree within
8th and Bth places. One must cauticn, however, that for substantlally large veloclties of tho order of 98 or
100 mean thermal units the differsnces would occur even In 4th place for Ststo Sis. Thls again can be
correctad either by Increasing the number of frequency points or reducing the stap-size o, And correspondingly
the veloclty In each *‘cell’” and then employing the doubling algorithm (Paralsh 1978). Wa have selactecl
four angle polnts and we have used a Larentz proflle functlon glven In equatlon (3).

We have treated two different physical sltustions : (1) € ~ 1073, f « Oand (2) ¢ = =~ 10°2, tha first
cass reprasents madia with |Ine emisslon and the sacond case represents madla with both line and contlnyum
smisslon. The total optical depth Is 10¢.

The problem |s constralned to two kinds of boundary conditione glven by :
1) the radlatlon Incldent on elther alds of the atmosphers and
2) the frequenacy dsrivatlve g: appearing In the comoving terms,

As there Is elready emisslon In the medlum elther line or line plus contlnuum, we have not glven any
axternal radiatlon incldent on elther slde of the medlum to ses how the medlum affects line formation. In this
case, we have the boundary conditlon for the radlation fleld glven by

Ungr O, 7 = T, gy =0

Ut (KT =0, ) =0 (37)
And In the case of the frequency derlvatlve, wa shall set that In the c:ontlnuumll = 0, or,
3
[ g | =0 (38)

forl = 1 andl
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Equations (37) and (38) will speolfy our problem. In additlon to these boundary conditions, we have to
choose a veloclty law. This Is glven In aquatlon (1). We have setv (R} =~ 0, 20, 30 and 60, and the ratio
of outer to Inner radll B/A equal to 3 and @ and a linear velocity law has besn used glven by squatlon (1),

We have prasented the resulta In Flgures 1—8. Tha frequency Integrated sourae functions

S=XAZS M u, ) C

Log
Fig. 4, 8ama aa In Flg. 1 whih B/A=p,

LOG
Plu. 4, Same anIn Pig. 2 with B/Amp,
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ara plotted In Flg, 1 for ¢ ~ 107%, f ~ O and B/A = 3. Wa have usadV, = 0, 10, 20, 30, 60. The corres-
pondling tote]l meen Intensitles are ploited In Flg. 2. As thero le no Incident radlation on slther side of the
medium, we notlce sharp drops af 7 0 and ¢ =~ 7.y Both the source functlone and mean Intensitles reach
meximum inslde the medium aa there 18 emigelon In the (ine. S and J for B/A = 8 show simllar tandencies.
Line proflles at tho ohsarvar‘a point, carrasponding to the sourcs functions glvan In Fig. 1 and 3 are pressnted
{n Fig. 6 end 8. Here Q(X) = Flux (X} /Flux (Xmax} OQne notltas puraly emigalon lines and these ere very
similar to those obaerved in quasars {sas Baldwin 1876, Baldwin and Netzer 1978),

1 1 1 !
ﬂﬂ <08 -08 -04 02 00 02 04 08 08 10
a

flg. 5. Une proflles 81 obsarvet’s palat corrsaponoing to the sourca lunctlona given in FBg. 1. Here Q=Flux (o (Xmax)

28

-

[ ey
04 02 00 02 G4 08 08 10
(e}
B, but with soures lunations given In Fg. -

23

PFlg. 6. Gama as In Fig,

08 -08

4, Conolusions

A atable solutlon for the line tranafer In comoving frame hea been presentcd. “This method can be used
{of any kind of arbltrary yeloolty law and physloal Inhomogeneitisa,
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Appandix I

In a purely soattering medla, radlatlon Is nelther created nor destroyed. Thls conditlon can bo used to
calculate the d matrix of the frequency derlvatlve appearing In squationa (18) and (18). Wae follow Granl
and Hunt (1868a, b} in derlving the neture of d matrix. In terma of the Infinlteslmal generators, we obtaln
the r and t oparstors aa,

ti{h+t,n) I-ryp* -l—-rM"[dl - o (PPTw) 4 -E'-.:\—+ - -MTLd--] L O{r) (A1)

r{n+1,n) = ry* = -rM"'[ io(P P w) -+ -&—A‘r—h—-] + O{7)

where g = 1 —d¢

For & congervative case, we must have,

Ht(p+1,p) +r (p+1,p) 11 = 1+0O(r) (A2)
where I1.1] ls the radiomatrlc flux norm defined (see Grant and Hunt 1889b).
'a || = Max X - :
k'k,kmmh, (A3)

where D = 2nMw. From (A1), (AZ) and (A3), we obtaln for the flux norm,

N t+1,n)+r{p+1,n) Il =

K
n,::xkf" 20 Mw ([-M (@ - (PPTw) + pu (A*-A") - _Mﬁ!_} (2 Mw) "t (Ad)
T T kk'
For a conesrvative cess o = 1, ¢ = ¢. Furthermore the normalization of ihe Hne profile ia glven by
+ o
I¢m¢_1 (AB)

or In lts disorata form, we have

Zhiw =1 (AB)
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The curvature factors A = satlefy the Inequality (Peraiah and Grant 1973)
J
1):1 Ci(A’n = AT) =0, 1= 1,2 o (A7)

This identlty satlefies for every frequency point in the line. By making use of (A8) and (A7), the relation
(A4} |s simplifled into,

Nt{p+1,p) +rp+t,p) I =1 + Zdya - 0(r) {AB)
whers &0 = uws
For the conservation then, wa must have
Zda~0 (A9}

or the welghted column sums of the d matrix should Identioally be equal to zero.

Appendix Il

t(ni1,n) - a*" [A*T*+f* 7]

t(n,n+1) = et [A"T" 7 f*7]

rint1.n =a*fgriarAT] {33)
rnn+1) =a* A [N1+AT"]

and the cell source vectors are glven by

1¢

T,y = Tat [A’8*+ fPTATE7]

EHM =zt [ATBT+ATATEY) (34)

where,
ad-- - ﬂ_ﬁ!--ﬂ-i-]"l' ﬂi— - iAfy__ (35)

(slmliarly a=* and f~* are deflned)
A-k - [M+ {r24]7, F*-[M-{TZ:I:]

per” _ Mud

Z=0-Y, T, =Z+————
7 -z PN M
T T

Y g (-0 (99w, Y, =Y+ ED y Ly LA

F

@~ @ 1 sa we are conaldering a statle profile funation,
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