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MOTION OF A PARTICLE IN THE BACKGROUND OF A WHITE HOLE

RAMESH CHANDER KAPOOR

ABSTRACT

A aludy haa been mads of the motion of a teat particla In tha haokgraund aof a white hals partloularly frem
the view point of Its vialbllity 10 an obesrver at Indinliy. It {a shown that radial as wall s nan-radial photons
from such a particle can lesk through the Schwarzschild radlus evan when (ho particlo and the wlilte holo
boundary havs not yet burst through. Implicationa of the rasulls when applied to tho onse of a groy hoio aro nlao
discussed
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1. Introductlon

The concept of the white hole has been with us for the past fiftesn yeara (Novikov 1936 ; Ne‘sman
1965). A white hole le @ system In which mass-eretgy gush out from a highly derse state, To
start with, the aysiem Is well Inslde its avent horlzon, elthough en observar &t Infinity can recelvo phalons or
slower than Ilght slgnale amlitted from Its surface, The event la witneased aa an exploalon ralensing
tremendous emount of energy. The white hole le gray when matter shot outof the singularity lacks sufficlent
energy to smerge from the horlzon Into the external universs. In what follows, wo study the motion of a

partlcle In the back-ground of a white hola particularly from the view point of its vislbllity 1o an observer at
Infinity,

2. Modal of the White Hole

The canonical white hols we shall be concerned with here ls & epherlcal object of unlform denalty p 1)
and zero pressure In the frame of reference comoving wlh the outward moving particlos (Norllkar and
Apperao 1876). The Interlor of the white hole ls essumed to be Frledmennlan except lir emall doneity
fluctuetions superposed thereupon. The object emerges from & singular stals and subsequently ocboys
Einetaln’s fleld equations. A dust modal ensures geodesle motion of all the particles, whioh can ba Inferred

grom the Frledmann metrlo that desarlbes the whita hola Interlor In terms of the oonstant, comoving co-
ordinates (r, 4, ¢) of a comoving partiole :

dr2
det = cdt? - S(t) [1_——m—,+rl (d0* + aint adqbi)]. (1a)

[ % [,

Here, t la the proper time of a comoving observar and § (t) the scale factor. At the boundary t=r,, 8 dust
modsl eneurea zero presaura go that tha metrlo matches periaatly with an exterlor Schwarzachlld metrla ;

26M
d,:_cld-r\(1_ Ael .-(1—_%”-)—!1" (d6% + aln? 0 d ) {1b)
Ro?
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In cosmology, r=0 refsrs to any asalgnad particla, but In the present case, r is defined auch that the ecele
factor S =1 when tha expension of the white hole |s complete. Than, r=0 refers to the centre of the object.
The scale factor S (1) varles wlith time accordlr g to

das BrGp 1
e + (—3—8’—ac’). (2)

where + eign rofers to axplosion, and £, the matter danslty, is time dependent, evalving according to

Peo
P - ﬁ [l (3)

pu belng the denalty corresponding to the epoch when expanalon Ia complete (S = 1). The parameter a, &

constant, s givan by
87Q
Q= TI& (4)

Eq. 2 can be Integrated to glve

t- ‘1:1?‘[ sln™1 84 — S (1—8) ] (6)
The proper time for exploslon from S = 0to S = 1 la
1
ds ”
o = J (@Sd) ~ Zeab (8
U

The white hola boundary crosses the avent horlzon at an epoch
§(t) =and=2aln3 (aay}, (7)
from eq 4. The maas of the white hole can be wrltten as

amic?  tosin? X ¢t
M="26 G @
In the followlng sectlon, we study the radial time-llks tra)ectorles of particlsa and frequency ehifte In thelr
mdiation, particularly from the Instant of thelr leaving the white hole boundary onwards For the sake of
complatenass, we shall brlefly study the radlal gaodesice of a partlcle of nonzaro rest mass [n pecullar motion
inslde 1s white hole as well, which may be of Intarest from the cosmlc ray physice polnt of view.

3. ARadial Tima-iike Trajectorles

The motlon of e particle can be studied by sclving equatione of geodesic matlon for the Intarlor Frledmann
metric (1a) and for the exterlor Schwarzachlld metrle (1b) matching them at the boundary of the white hole,
r.. The Schwarzechild coordinates R and T ere related to the comoving coordinates r and t through (Narlikar
and Apparao 1970) ;

t 4

R=rS(t), T=P (A): A= c2dt rdr
'[s (d5/at) J{ T ()
ip r

auch that the eq. (1a) Is
de? « or dT2 —8A dR2—R2 (df? + sln? § dP?) (10).
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whore . S2 (dS/dt)? (1 —ar?) she 1 d (10b)
o c‘(1 —arz—wgﬂ)—i) ' (1 —ar’—-r:—(dts_'zﬂgi) i dA
In what follows, we restrict oureslves to a study of radial geodeslcs. The aquation of motlon
ol S
aolves, in view of the matric (18), to give
c%-(1+§-)" (12)

k belng » conatant, 8 measure of energy of the perticle with raspaect to the comoving frama of raferance, and
S m 51, where S, la the epoch of the commencement of the pacullar motion. Hence, eq. (1a) suggests

g:T" + k (1 é—:aﬁ) l (13)

The three-veloclty of a particie, according to an obsarver whose [nsteantaneous poslition colncides wilh
that of the partfcle at (r, t). I8

v = (—gu)ij:{g: - i(sz’szﬂ (14)

This shows that v decreases from o al S=0 to kc {(1+k2)"t at S~1. For very small k (ond k < <5, &leo)
v (t) = kc/S. Solving eq. (14) for k, we have

S
= e i

For kto be > 1, v {1+8%)1 >c. The linear momentum per unit maas ls given as

k
P 8)= v =S ae)

which deoresses with expanslon. Eq. (2) and (13) together enable one to study the radlsl motlon of o particly
whlle Inslde the white hole. As long as the expanelon proceeds, eq (13) can be ugad In the form ;

1 S2
Iy = aldr  _ ds
' J.(1—arz kJ.[s (1-8) (k2 +83)]+’ (17)
I 5

whille the particle le In motlon between the spochs S| end S,.

For the seke of convenlenos, one may choose
ri=0 and rg=rv 80 that

=T = aln™! (ars2)} = const

The upper limit on the Intagral on the right hand side of the eq. (17) would Lhen rafer ta the epach of
emergence, |.e., one of reaching the white hole boundary, By flxIng constant values for S;, X and k, one
can find S by lteratlon. If Sy = 1, the particle reaches the white hole surface when the expanslon.|s Just
complete. It can be seen from the eq. (16) that the particie contlnues to move along & geodeslo even aftar
the expansion ls complete oncs It [s set Into peoullar matlen Inalde the white hole, uniesa brought to rest by
Irregular forces llke grevitaticnal ecatiering etc. Eq. (17) can be rewrltten In terme of the tranaformation

Sw=aintn, (0w nwafl)



Partlole motlen 265
Na
I~ 2 dn '
.[(k3+sln"‘ n)k an
m

We find that the approximations to aq. {(17°) in the limits k>> 1 end k < < §; are

na
P [Zn— :E(%'J ———g sinncos ”—}Bfn’ncosn)] (18a)
n
end
2k aln (ne—n\)
sinny sin nz (13b)
respectively. As k—co (v—c), Z-+2 (n2—mi), or,
£ + 2n,
Ng —» 2 (19)

Thus when n; <-;—, the particle reaches the boundary of the white hole before the lattar crosses the event
horlzon (at the epoch S (t.,) =~ &in? X). In the extreme caese, |.e., X =m/2 (expanslon complete at the event
harizon, the white hole fs grey), for ny to be =x/2, n shouid be <x/4. The algn of equaiity refers to the
case when the particles and the white hole boundary reach the avent horlzon simultanesously.

For k <<sin? n,, i.a., for a slowly moving partlcle, ng would be quits larger than n; and eq (18b)
auggesla

T 2kcotni; ngnf2, (20)

For instance, If Z« 7{100 and k ~ 0.006, n; ~ 18°.

In cese 8 particla aat Into pecullar motlon at an instant when the white hole expanslon ls nearing com-
platlon, or, & slowly moving partlcle, reachea the boundary of the white hole at epochs later then ny=/2, eq.
(17) should rather be replaced by

2 t

2kdn . ef 8\ g (21
E'J(kﬂ+slnin)t' '°(1+k=) J
nj 1o

The sesond pert here arlsea by setting S=1 In eq. (17) and It ls preaumed that the white hole remains atable
at least for e perlod t' such that to <t 2 ti, where t; |8 not arbitrarlly large. In the limlt k> >1 (which means

that ny = ng~ w/2),

T-»2 (,} —nt ) + cat (¥ —te) (220)
l.e. 2t,
t —P%"(E+2m—1rlz) o T(E+—121) (22b)

For the cese of a slowly moving particle {k <<sin?n) ,

t' =-—2’:—°(E—2k cat n -+ —;—) ! (23)
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4. The Frequenoy Shift of Radlation

It has been shown by Narliker and Apparac (1975) and Narlikar and Kapoor (19 8) that leakngo of radlally
end nonradially emitted photons respecuvely through the evant horizon ol a whits tiole is poasiblo even bofore
Its surlace bursts out of 1he horlzon. Cen & radisting particle ejected {rom the boundary of the white hole eiso
be vielble batore It comes out of the event horizon ?

For thls, let ua conalder the sltustion whan a particle ejectad with a pecular epocd v in tha frame of
referance of an obeerver camoving with the outgelng while hole maitar Instantanecusly happens (o ba st the
boundary of the white hola, What ls the fraquency shift of a photon radiated by the pestelo In the radlal
ditectlon according to e dlstant cbaerver ? For radlal emlasion, we tocus our attentlon on an ejection along
the sight llne through R -0 toward the obeervar, Eq. (9) suggesta that for such a particle

dR{ _ (r(dS/dndt .dr 1 r (dS/dt)
o r-n,( = +sds)L_n’ 5 [(h=+s=)l . 4k(1—ar1)i],rmrh (24)
and
drf _ (aTdt aTdr - T AL @1 kr
d |y .y, (atda +ards)I,_,b ['s (dS/dt) ”57) b (ian 'sf]‘r--r.. (26)

whers @ = %and %';-= “'J-d‘?’—”” refors 1o the white hole boundary.” Now, the frequancy shift is given by a

formule due to Schroedinger (1850)

——
142 = yT.:___ iﬂ aourca ‘25)

u. p | obaerver

whars p, le the fraquency at the time of emission, v that at racepilon and

P drl, dﬂ
U ghem= (1,0,0,0), Us youres = & s 0.0)
7 dT, dR dar ’ dR 2GM
P“ =\ 3 o 2 - -y —_——-
(dJ- dd 00) AT R (27)

In thls equation, 4 le an &ffine parameter and P, refcrs to the 4-momentum of tha photon

manipulation (eads one to A lie lgobrale

Aslnn a " -
1 2 a o (Kteintng)l -k
2 )’ A (28)

T eln {ng+Z 8l ny

For k = 0. ed. (28) refers to the fiaquency shHt of the radlally sml
tted phot
Netlar snd Avptrae 15761 o A ¥ photone from the white hale surfuce

T4z (1-k 2n,) o M
( cozac? n,) o (et D)’ (28a)
while If kfgIn® nz > >1, A~ aln? ny/2k snd the rasult (g
sin? ny
Zxoln (ng+ X) {28h)

Thia suggests a highly savare fraquency blus shift [{1+2)
hols surface, It ls obvious from eq. (28) that at Ry =R, =
the white hole radlatlon.

T+zex

"] compared ta that for radlation from the white
2GMfo?%, (1+2)"! |8 finlte and larger than that for
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Now we conslder the e]ectlon of the particle In an arbitrary directlon, Thers would alweys be photons

with a gertaln value of Impact parameter p to be able to reach Inflnlty. The Sohwarzschlid metric and
equations of motion suggest that for a nonradially emltted photon,

FE=F @B = (1- %)

d h h _a dl dR d
'ﬁ-ﬁ‘:p' -?_l'!P - a_'raTrol £)| (30)

where h ls the orbitel anguler momentum parameter for the photon ; F~1 for radlel and F=0 for tangentlally
emltted photons. Then, the frequency shift of a nonradially emltted photon as according to eq. (26) Is

g -y'e (A+v)/2

K2 \H { (1 -ar’)*—ugclﬂF }

+ -
(1-R./R) S (1 —R/R) —

(31)

which ls lesa sevare than thet tuggested by eq. {21). For k=0, thls reduces to the result derlved by Nerllkar
and Kepoor (1978). Eq. 31 aleo ls well behaved at R,=~R,. To demonstrste thls, wa Ist Ry—R,, |.8., F—+1 —
e? p2{2R2,, sa that

A picos X 2k
42| g R, " Tcos s * 2RA (A 8in? g (32)
which [s finite. If k/sin2 ng > >1,
k oot X coaso X
142 Ro->Re ™ R s (338)

In order that a null ray have a blue shlft, the corresponding Impact parametsr can be found out by the follow-
Ing considerations. We multlply eq. (31) by a factor

ka\t k r (dS/dt) k2 \¥ r (dS/dt) k
[(1+ —3—,) (1-er)t + =———" + F{(1 +-S—,) e (1—ar’)'§}]|r_" (33b)
In the numerator and denominator. The factor (1 —R./Ry) oanocsls out. The result Is
14+ [%{(1 + 'é-})'l-("—so’d—th (-ami&]’
11z = T\ r KA\t 1 (d5/di k (33c)
[(1 + ks—,) (1 —ar3)i +—§ﬂgsu'—dt)4 F{(1 + §) ! c’ + (T—ar’)*g}] _—
Now we let Ry—R,. Then (1 —ar%)t —» s (d$/dt)/c and F-+1; conasequently,
p AU ANE
1+ [ﬂ (1 —ars?)} {(1 + §?) + 5 }]_ 330

T+t = 2\
2 (1—-ar|.1)*[(1 + s%f) + s_k."]

For S< <1, 1 —an? cz an?/S. Henoe, raqulring (1+2)™! =1 we are led to

P g ST'n.: 812 (5"1-»1 ) (340)
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Thls is considerably smaller than that for @ nonradial phoion from the whiie hole surfage (k=0). For k.s « 5y,
@ almilar cons/deration leads us to

P g (1 - %‘:) ro? Sqf (34D)

This la about the sema ge thet for nonradlal photons from the white hole aurface (p  nS). Eaqs. (34) apply
only ta epochs whsn the perticla just leavas the suiface of the white hole. In the exterlor ol the white hole,
Schwarzehlld geometry governs the propagatlon of photons. Photons emittad at an angle

[33R ¢, Ry
3 < Gomeln i[-—-—-—nl (- ] (36)

whan the particle 18 st R=R, from the center of the white hole, are capturad by the iatiar. Here § =7 refers to
& radla} phatan golng Into the white hole and d =0 for ona golng outwards. Photons emitted ot the eaplure
angle §~dJo |.e.. oneg with an Impact paramater = 3.3} R,f2, contribute to tha ring of amisalon farmed round
the white hole by the nonradially emlttsd photona from the latter's eurface. Tha rlng perslats till the white hole
boundary cccuples the region R=~3GM/c?,

In the extarior of the white hale, the Schwarzechlid metrlo suggests the frequency shift of radlotlon from

the perticle to be R ) A, 5\
-1 dn '
T4z (y+ 5o 0 ), F‘[?"(“T)] (38)

for ejectlon at an angle ¢ with respect to ths lina of slght through R=0. Here ¥ Is the cnergy of the particle
per unlt rast meas as measured at Inflnity which can be evalualod with reference 1o the position of the particle
whan [netantansously coincldent with the white hole boundary. Comparing the last equation wilh sq. (24},
wo have

P {m) =~ _ETI%—I'I;[ (k2 + sin* ny)t cos X'+ kein X cot n, ] (37a)
It kfSy > >1,
ok lelnm+ L)
Y (na) & — n,[ i | >>1 (a7b)
Eq. (38) would than supgest
(14+2)" e y (I Fcos §) - const (38)

and, from Liouville’s theorem, It can be seen that intenalty enhancemant takes plecs whan

cos ( > (-_;-——1) (38)
If the partlicle |a s|acted at an epoth S; ~1 or aftar the axpanalon of the white hale Is camplets,

4 G') = (1+k3)tgoe X (40)
Hence, In general, .

Y (M) > y (nf2) (41)

B. The Case of a Grey Hole
In the case of a gray hole, the axpanslon ia complete at Ru~R,, a0 that
Qru?mgin?y = 4 (42)
The frequency shitt for a photon ls glven as
1+ B 1-8?—5-
E [1 -8 ]i (43)
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A radlal photon from the gray hole surfaca, for Inatance, will ba blueshlfted when r» (dS/dt) = 1 or n = w/4,
Tha radlal photons from a particle In pacullar motlon gsuffer a frequsncy shift emounting to
1+z = Atanng ’

as according to eq. (28). For this parlicle,

dR
de

. F(ds [dt (1 (44)

Pmrb F=rh

Therefore, If the particle reaches the grey holo boundary just when the expanslon ia completa, 3 —--a-n and
(1- 2) =, L.e., nalther the particle nor the photons It ‘smlts can leak through the Schwarzschild barrIel The

photons and the particle lesk through only when Sg<1, slnca then the-eqs. (33c) and (44) auggest that
(1 1 7) and dR/ds are flnita.

Our studies have been based on an |deal white hole model. However, It is a crude approximation to the
white hole explosions that In genoral would be anisotrople, the axpanalon mey be nbnhomodanecmrand the
exleriar spacellme may quite possibly be non-empty. Can n‘latmr electlon, In the farm of high anergy perticlcs
and lumps of gasecus masses, frcm & white hole be posalbie ? Tha posalbl"tv at feast In pripciple exlsts,
Although our resulls apply to ieat particles, they should as well be applicable 1o lumps of messag pegligible
compared to that of the white hole In the flrat approximation. Conasldering a simple geomatry, the speed of
separation batween the particle and Lthe white hole can be shown to be suparlumlinal for 2.1 (see, o.g. Roge
1973). As k I3 posltlve definlte, the frequency ahlft In the radiation from the white hole end the sjscted
particle would be different. In principle, the veloclty of ejectlon of & particle from the white hole eurface
ahoull be 0% v< c; although the condltion 2 1 Is aaslly met for sjectlon during the expansion phase ol
the white hole, our enslysls would not be adequate for larga sjecta masses. When ejection s oot violen{ and
the ejecltum carriea an Inelgnlflcant fraction of the white hole maas, Its emergence from the white hqle
boundary would appear as & flare phencmenon, An answer to the quastlon whethar a white hole can davalop
inlo a multl-component object wilh its companents {of comparable Iuminoslly) separating from each other at
appreclable epeeds and with different frequancy shifts can, however, come from a many-body treatment of the
problem only.
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