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AN ANALYSIS OF BABINET COMPENSATOR FRINGES 
USING JONES CALCULUS 

r P PANDYA· and A K SAXENA 

ABSTRACT 

Fallowmg Jonll'l Cllioulull •• campruhllnillYII theorY of the Bablnal Comp.nNlor hi. been pl1lHnl.d Th. 
porformance of the -v.tam governod by lha oampenlllior polaroid URit hi. bellm ov.lulIl.d In I.,m. offrlngll YlII b,llIy 
Cnum. hlvo bean avolvod for tho proper aho_c. of the compenlltor lind the polaroid palf lor opllmllmg the IOCUlaoy 
01 mll •• uramllnl. 

KIY Word. Dablnol companHloI-JonOl OIlaulu-----.polllrlZllllon 

1 Introduotlon 

The Muellel and Jones calculi ere two powerful 
tool. available for the enelysil of problems involving 
polerlsed light and optical deVices A detailed acoount 
of mathematical formulations, deductions and analysi. 
has been given by Shurcllff (1962) A comperatlve 
ItUdy (Park, 1948a, 1948b, 1949a, 1949b) of these 
technlquea leveals that 

I) 8y follOWing Jones calculua It IS posslbla to rata In 

Information about the absolute phaB8 Thla faCIlity 
II not prOVided by Mueller calculu. 

II) The Janos calculus IS weil SUited to the study of 
Intel ference of coherent beam. Mueller oalculus 
on the olher hend presents difficulties In dealing 
With almllar problama 

III) The Jonas calculua II battar 8ulled to the ItUdy 
of problems involVing a tram of opllcal devices 

IV) Problems involVing dapolarlaatiOn devlcae cen, 
howavsl, ba hendlad only With the help of 
Mueller oalculua 

It, tharefora, follows thlt the cholca between 
tha two would depend on the problem that needa a 
aolutlon Howavar, for analYSIS of a problam involv­
Ing polall8ad light, the Jones calculua provide. a 
Simple and ,!),stematic approach 

The Beblnet compensator hal baan known as a 
sansltlve devlca for meaeuremsnt of small pha89 

.Ollpirlrnonl of Phy • .c., Luaknow Umvtrilly Luaknow 

ohlngas In polerlsed light It haa baan ahown that, 
with IUllable precautions, the minimum detectable 
phlse ohange (Jerrald 1949) may ba made as low al 
2'17 mliliradiens Such phase changes may althar 
result from vallatlone In the nature of polarised light 
inCident on the compensator (a. for example, when 
the source IS loceted In a r&glon of changing magnetic 
field) or from small changes In the direction of light 
propagation through the compenlator Whlla the 
fOlmer circumstance has been explOited for the study 
ofsunspots (Treenor, 1960, Adam, 1983, Adam, 1 967, 
Adam, 1969, Adam, 1971) thelattar has baen recently 
(Sexena and Slivastava, 1973) employed to determine 
the magnitude of refractive Index gradients In tranl­
parant media 

A high eccuraoy of meaeurament can, however, 
be ettelned onlv If careful attention 18 paid to saveral 
aspects of the Instrumental combination The ballc 
Unit of the relevant optlcel system, namely the com­
pensator-polaroid Unit hes, therefora, to be stUdied 
m detail for optimising the WOl king cOndltlOnl 

2, Bablne! Compenlator 

The compenlator conl18tl of two quartz wadgls 
of equdl anglea kept With their hypotenule feces 
opposite eech other so as to form a plane-parallel 
plate The OptiC axes In the two wedges are mutually 
at tight angl8s and elso perpandlcular to tha incident 
beam Whan such a plate IS placed (Figure 1) bat­
ween two crossed polerolds the fl81d of view IS S8en 
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to be oovered With d set of equally ,paced dark and 
bnght fnnges Ths spacing between thue fringes 
depends upon the aZimuth of the compenbator (the 
angle between the optlo aXIs of the hrst wedge and 
the X-eXla). 

In the ca&e of an Idealsetol pole risers and eccurate 
fabncatlon end mounting of the compensstor wadgss 
and other optical elements, the theory of the lnetlU­
ment (Jerrard, 1948, Born end Wolf 1969) 18 fa Illy 
straightforward For a ray entering tha compensatol 
at y ·0, the lengths of path hi andh, thlough the two 
wedge~ are equal (hi hz- h) Hence, the phase 
difference 271"1). [n.-n,)h, between theoldlnary and 
extraordlnery Vibrations Introduced by the filet wedge 
II balanced by an equal and opPOsite dlffelence 2.,,/). 
(n. - n.)h~ due to the second wadge The two v,b,a­
tlons, therefore, emerge from tha oompensstor without 
any change of phua and combine to glva hnedrly 
polallsed light With Ita electllo VectOI parellel to the 
tranamlsalon-plane of the polallser Tha same condl­
tiona are fulfilled on elthsr bide of tha V 0 plane, 
whara 

and n Ie an Int&ger The oorraspondlng POlnta on the 
faoe of the oompensator, away from the inCident light, 
theralore, appelr dark through a croaled anaiyeer. 

In general, the pha.Sl6, and 61 (numallCBI values) 
at pOints along the planas y-O Will ba given by 

el, 2J'1 21r/)" (n, -n,) (h y tan A) (2) 

<>. 2y, 271"/).. (n. - n,) (h I Y tdn A) (31 

where A II the angla of wadge For ~ertoll1 vdlues 
of y, the total phase chanqa ~ (211 I 1)17 If ths 
Bablnat companaator IS kept with Its axas at 46" to 
tha inCident light vaotor, ell thoae pOint (at regular 
Intarvals of y) Will have maximum blightneS6 when 
aeen through the croased analyser Thu~, under thaee 
conditions, tha frlngee woulddppeal to havo moxlmum 
VISibility 

3 Performanoe of the Compensator 

Such condilions are, howavor, rarely available 
In pracllce Consequently In any occurato qllantltallvo 
appllOdlIon tho vallous POB~lble defects hove to be 
taken Into eccount and thell effects on the performance 
of tho compona8tor heve to be eVdluated Tho~e de· 
fecta genereRy fall Into one or more of the foHowmg 
categolles 

I) Dafaellva PoIsloid. 

For e parfect pall of polallodb PII end P ~ (transmit· 
tsd mtsnsilies when the polarolds ora I e~poctlvely 
parsllel end crossed) have the valuos ono and zaro, 
In practice such a pall, 18 difficult to como acron, 

Ir) M/salrgnment of PoIBTolds 

Evsn With a perfact pell, the polarolda mayn ot bs 
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exactly at 90· when crossed or at zero degrees when 
parallal Thl8 sUuatlon results flom Inaccurate settings 
and may be eliminated, at lea8t In theory, by a skilled 
experimenter 

11/) FabrtC8tlon Defectb 

In addition, the fabrlcetlon of the Bablnet Com­
pensator may ba uaelffaulty Such fabrication dafacta 
may be the rasult of 

a) Unequal wedge engles 

b) Non-Parallelism of Iha optic axes to basal planes 
of the wedges 

c) Near parpendlcularlty of the two optiC axes 

In View of these poaslbilitles, a mora elaborate 
traatment of the BabUlat fringes, With all these factors 
taken Into account appaars to be worthwhlla It may 
be, however, mentioned that Jerrard (1949a, 1949b) 
uelng the claB6ICal treatment, has consldared the 
fabrication dafacts In soma detail Therefora, follow­
Ing Jonos' Calculus (Shurcllff, 1962) a more general 
trealmel t, taking 011 the fectors Into account, has 
been prespnted It mdY bo added that the effact of 
defectlvo polarOlds on the performance of the com­
penaatol la otherwise difficult to handle 

4 Bablnet fringes uSing Jon88 Calculus 

Let a plane-polallsed beam of monochromatic 
light represented by 

E, E •• exp I (wt 
2m ;. + c>.) 

2m E, E, n aXil I (wt -;. I ,),) E,. axp 14>, 

fall9 succe8slvely on a polarlser, e Bablnet compense­
tor end an anelyssr wuh thell faces normal to U and 
further wo assume that the transmission aXIs of the 
polarlser makes an angle 0 and the optiC aXle of tha 
fllbt wedge of the compensator makee an angle P 
With the X-axiS 

In tha Ideal caBe, thelecond wedge Will be orient­
ed With Its optiC aXil et an angle (90 I fi) to the &XIS 
under leference But, as outlmed Ebove, thla angla 
Will be taken as (90 + P +;) where + can have both 
poBltlve and negative values Also, when the polerolda 
ale perfectly crossed the angle between the enalyser's 
trensmlsslon eXls and the aXIs of X Will be (90 I a) The 
ca8e of Imperfect crossing of polarOldB can be Included 
by taking thiS angle as (90 I 1.1 I IJO) whare 150 18 the 

angular mlssllgnment of the poIarolde and which may 
again have negative or posltlva valuea 

The reaultant emergent mten8l!Y can be calculdtad 
With the halp olthe approprlste matrlCBS for dlffarent 
componentll follOWing Jonea CalculuB ThuB tha 
chain of matrices for tha above aystem may be written 

d' 
S{(90 I 0 I bO)}N,S{ (90 ~o I rlO))S{(90 I PI;) IN', 

(4) 

S{-(90 I fJ I ')}S(fJ)NI'S(-fJ)S(O)NIS(-O>[~:]-M[~:] 

where the S matrices dl e tha atandard rotator matrix 
(Shurcllff, 1982) Also, 

where P" and P! are respecnvely the tranamllBlonl of 
the two polarOlda indicated by tha aubscrlpts 1 and 2 
along and parpemilcuiar to the II tranamlSllon aKaa 
On aubstltutlng the values of Sand N matrloaB 
(ShUIChff, 1982) and appropriate rewctlOn, the M 
matrix become. 

where 

A _ [COb /I 81n /I ] 
Sin /I coa /I 

B - [P,II 0 J o P,! 

c, [-Sin (a I ,10) - cos (a~ 150)] 
cos (1.1 I CiO) - Sin (a + .50) 

o [
exp (/)'1) 0 ] E _ [-8tn~ coe~] 

o exp ( 1)'1) -(loa; -etn~ 

F _ rexp (IJ'') 0) ] 
o exp (-Irv 

G • I cos (0- fJ) 
Sin (0 Pl 

sln(a -fJ)] _ [Pili 0] 
cos(a-fJ) H 0 ~! 

_ rcosa alnuj 
Sin 1.1 ~oa 0 

where 

/I {(fJ I ~) - (0 I clO)} 

(6) 

(8) 

on Simplification, thlb reduces to a Bingle matrlK of 
lha fOlm 

[ 
B" 
Ba1 

B,Z] 
an (7) 
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Conalderlng the case when the polaroldB Bre 
pellett and there ele no fabllcdtlon defecte In tha 
BBblnBt compenBator (~ept et en eZlmuth zaro with 
respect to tha X-~XIS) 

Pili - PO\\ - 1 P" - P" - 0 p ~ y - 0 and dO ~ 0 

the mBtlix alementB reduce to 

ell - [exp (/()'I - I"~) I - exp - tt ()'I - ) ,1I] cosla Bm'n 

e'2- [exp(/()'I-)")} -exp-[l()'1 -l")!] Sln'u tOBa 

a,. [exp{l()'1 ),,)1 exp-(l()" - ),,)1] C08'0 Blno 

e,,- -[exp{l(Y,- ),,)1 -exp-[l()1 )',)I)c08'08m'(I 

The Intenalty of the emergent beem CBn hance be 
dpterm Ined by takmg tha aum of the products of theee 
matrix elementB with their complex conlugetBl It 
can thua be Bhown thet under Ideel clrcumstences Ihe 
emergent Inten"ty I I' given by the etanderd result 

(8) 

8 Cue of Imperfect pol.rold. 

ConSider now the ceses of Imperfect polerolda, 
where all tho other fectorB may ba laken to be Ideal 
and hence, It mev be a8Bumed Ihat a 46', P ~ 

- 0, and 60 -0 In thle alluatlOn the matrix alement. 
are gl~en by the axpraa8l0nB 

8\1- ~exp{/()'I-)dl' ~axp-{/()'I- h)} 

a,,- ~exp {/()"- )',)} I ~IXP-{/()"-;")} 

eu -: exp i/()'I- r,)} I ~ oxp f/(iI-,,)} 

a2ll-~exp{/()" I'd} I 4SXP-{/()'I-)")} 

whare 

a - (Pili P", I Pili P" I P" P," I P" PI.!) 

b- - (Pili p,,, - Pili P" P" P,li I P" p,,) 

C - (Pili p,,, I Pili Pi' - P" Pili - P" PI.!) 

d- (Pili Pili - Pili P" I P" P," - P" PlJ.) 

Once aglln, on mulliplYlng thes8 alementa with 
thllr complex conlugates, adding the productl and 

.,mpllfylng, the expree810n for I II found to be 

I - A [a' I b' I c' \ d' ' 2ab coa2 (YI - 11) + 

2ed tOB2 ()'I )'J) ] 

Here, It Bhould be mentlonad that, on lubltltut­
Ing different velu.B of PII and P, the factors a and c 
work OUt to be positive and band d come out 10 be 
negative Thus the celculeted valUes of I plotted 
eqelnet different velues of (YI y,) give the fringe 
profiles (Figure 2) for different degreee of Imperfect­
neB. of the polerold. 
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1 "Irftcl pDlllroldl, '} 10 I Imperio, Ina .. D"a 10 30-1'0 

7 Caae of Imparfeot orol8lng of polarOId! 

When Ihe polerolda are not perfoctly crouBd 
bUI other alignmants Bre IdBel II mBY be Issumed lhll 



An AnlllVIle of Slblnll Comp.".llor Fun981 ullng JonoJ ClIlQulul 1 I I 

p ; -0 and hence /I - (u I ,)0) 

Also, for perfect polarona 

Pili Pili 1 and PI" .. PIJ. • 0 

Tha valuaa of tha matrix elemants cen ba agam 
worked out by making these substitutions snd the 
intensity of the emergent besm found out e6 before 
It can be thus shown lhat 

COI'IISln'Il-28100 cosa sin (atc)O) cos (a I fJO) 

8 VISibility of Bablnat frmg811 

It Will be seen from aquatlon (8) that, whatsver 
be the vallle8 of (YI - l"), tha Intensity I of the Ileid 
of view undergoes variations on changmg tha vslues 
ofll Differentiating thiS expreSSion with r89pect to 
(I, we find 

dl 
del 

cos' (1'. - J'o) ~ cos'u sin' (u I (10) sm'u cos' «(I + clO) which becomaa zoro for u - 0, 'IT/" "/1 ate Tha 

(10) 
With a ~ 46°, Equation (10) raducasto 

1 1[1 - cos2c)Ocos2 (1'1 )'2)] (11 ) 

ThiS Islallon represant~ the effect of en Impelfert 
cro •• mg on frmge plofJie (Figure 3) 

I 
>­
l­
i 
" ... 
o 

10 

oa 

z 08 
e 
t 
" 0: ... 
! 
>-
I- o. 
in 

" .. 
I-
! 

01 

-------------3 

--- ----_ .... -- -_4 

~-----~----------~~--------I 

.. so 1l1li 

It, - t, I IN DEeRfES-

Fig 3 rnnga proflfo for dllf,ranl DUO .... In oro'll 
I ,,- 0" 2 U - S· 3 II ~ 12' 4 II -- ao' 
e 51'" 46-

Will thus be ~aan t(l have posItive values for a - 0 
end ... i. snd 0 negstlve vslue for 0 - ... /. Under 
Idael Cllcumstances, thOle/Ole, tha flald of view Will 
have a umfolmly dalk Illumination when the trans­
miSSion SXIS of tha polsrlser dnd slao the analysar 1& 

slther psrallel or porpsndlcular to the optiC axes of 
the compenastor wsdge8 (or VIC8 V8ISS) But when 
the tlansml~Slon axss happen to be al 46' to the 
optiC axas 01 the compensatol, tha Int.nallV of the 
field attains a maximum valua Undar thiS condition, 
however, bacouse of the 81n ()'I - y,) tarm the field 
of view IS Inter'pel Bed With a 8et of a dark frlngao 
Tho VISibility 0/ fringes, deflnad by 

v _ 1111&11- 1111In 

11111• I Jr.11 
(12) 

wliithua heve 0 mexlmum velue (of one) Accord­
Ingly, the Bablnet fllnge8 will be moat useful when 

II ... /1 
With Imperfe~t polalolda, the axplesalonl for 

1m .. ondl .. ,. equetlon (9) bocome 

1 
T ... - Ii[all b' I cl+d' - 2eb- 2ed] 

for (YI-YI) (2m j1)"/1 whera m· 0, 1.2,3, 

and 

1 
slal I b'~ c'+di t 2ab t 2cd] 

fOl (YI -1',) 2m",/, where m 0, 1, 2, 3, 

ThU&, tho VISibility In thl& Cd&e, (Sec 6) la U1ven by 

v (13) 
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The values of V calculated from equation (13). 
tor different arnOUl,lS of nnperfectn888 In Ihe pojelC)I(j8, 
have baen given In Table 1 Thslr plot (Flgule 4) 
shows thot the VISibility of fnngal do •• nol .'911111-
cantly aiter for 8 small (le68 then 10%) deQloe of 
Imperfsclnaas of the poI8rold~, which correspond to 
values of a 90 (fol Pit 0) Bnd 0 10 (for P, s) 

f.blll' Vllllb,llI." 01 B.blnllllnl\ONllor Imperfect pol.rolde 

Vatu •• 01 V_rue_ or . " 
No PIII&P211 PIII,8' I'1L Impef'1oclnOl. Vlllblhty 
--- -- --- -----
1 100 000 0 I 000 
2 090 010 to 0960 
3 aBO 020 70 0770 
4 070 030 30 0.78 
5 060 040 ~O 0180 
8 060 060 50 0000 

--- - -

,. 
•• 

I .. 
• 

i 
> •• 

•• 

• 10 

lllliI 4 V.,lblhtyor B.bln't hlllQl' for ImplffeollPo1.rold. 

It may alia be noted from equallon (9) thai the 
Beblnel frlngas Bre 11111 obtslned al phase Inlarvals 01 
21T bacBuu the lactors 8, b, c and d sre conal ant 101 
8 pelr of polaroid., but then vlllblhty undergoes. 
change 

In the CUB of Imperfect CIO.. (Sac 6) the 
VISibility can be Ilmllaliv obtarned wllh Ihe help 01 
squatton (11) 

ThUI, With the valuas of [ .... and I~h glvan by ths 
axpreulons 

I ..... 1(1 + cosUiO) 

end 

I ~'" - I (1 

tha vIsibility,. glvan by 

V ~ cos 2~O 

cos 2M) 

N • 
- ---------, 

2 
o 

10 
20 
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40 

t 000 
0939 
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0600 
0174 
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6 

.. 

.. 
1 .. 
j 
• • .. 
" 

The Vlllblitty In thiS caaa II seen to be d,reotly 
proportional to COline of tWice the ell or In Ihe 
croselng of pol.rolds For ths calculeted vAluea 
(Teble 2) the nelura of VISIbilltV ~UrV8 II given by 
F,gule (6) Once again e8 expected, the spaclnll 
bstween Ihe frrngea Ihe aeme allh~t obtained under 
ldeel clrcumatances It may be notld that Ihelr 
Vlllblltty r. not sOllou.ly Impaired by an en or of e 
few degrees In letting Iha polarorde In croased POSI­

tion 

9 Fabrication defeots 

ConSIdering fabrrcatlon delecls of the compenla­
lor, Jarr8rd (194ge,b) hIS shown Ihat 
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a) When tha wedge anglel ala not the same, 
ha 1Wc wadgas JOlnad together do not form a parallel 
.Iata Even tha normally InCident light, therefore, 
Imerges at a non-zero al1gle Accordingly, the 
I081110n of tha centrel dal k frlnga IS shifted from the 
,Yl1Vl1atrlCBI Bnd tha spacing of tha fringes altera 
rhlSlpSClng, howevar, rpnlaln' umform over the field 
:If VIew 

b) Whe~ the optlL axes 01 e not palallel 10 the 
bulBI planes (but are stili mutually perpendicular), the 
!lght failing normally on the compenaator Will be 
travailing at an angla slightly laqa (01 greatar) than 
,",2 Under theaa Clrrumqtances, tha birefringence 
(nc- n.) of the wedgeq hes to ba I eploced by (n. no) 
.lnsO for tha PUrposo of cakulatlng the pha,e changes 
InlrodiJct'd by asch wedge 

Thus 

and 

,'_, 2"hs ( ) '0 J ) n. 11. Sin 

ID Ihal 

.• 211" 
[I - ) (hi hi) (n. 11.) IIn"O 

II can hance be sepn that Iha dark fllngas oblalnod 
for () ± 2m" are \tlll 10lmed at regular Intarvala 
although tha new Irlnlle 'pacmg IS .llghtly laroar than 
Ihllll1 the Idsal casl 0 - 11"12 

Jarrard hll shown thdt surh a dafocl, II prelant 
In lhe compansator, 'jives 118e to a salol IIInga8 
acrOS8 Iha field of view If tha aZimuth 01 the wedges 
D\IIkea an angla 01 zsro or 11" 12 wllh Iho transmiSSIon 
IXIS of the palall8er (and henco 11"/2 or zelo With tho 
eAIS 01 Lhe analyser) Th" teqt csn bo, Iheralora. 
utilized 10 I8lsct or fallllcata a compensatol ,ullable 
for ule In studloa manllonad In Sac 2 

c) If tha two wedgas Bra cut In such a way that 
when mountad togathar, tho axaq are not exaclly 
perpendicular to aDch other but make an angla 
(.,12 ~ !t), than /01 small valuss of " tho Intanally 
of ths light amal glng from tho analyssr la given by 

r - al ami 2{1 I b' Iln" 2«(J f t) 2ab (AB I cOI2~) IIn" 
/1s1n2 (fl ~ ;) 

whars 

a - IInYI b - sin),. A - COSVI B· COB)'! 

8nd thD IntenSity of light emerging from the polellzer 
I' taken to be unlly 

II was shown thdt when the aZImuth of the fllst 
wp[J<ja I" at an dnllie of '8ro or 11"/2 to Lhe tranqmlS-
11011 OXII 01 the polall7ar, a Belles of fllnges 18 
oblalned acrosl ~le field of View, IIlstoad 01 complete 
oxtlncllon Thla te,t can be uaed once again for 
chOOSing a suitable ~ompenadtol 

It may bo, navel Iheloqs montlonaci thaI the ef/selL 
on the non-palellellty of Ihe tompen.atol fscea (rase 
0) and lhe non-porpencllC'lIlart1y of the Dptlcaxes (cale 
c) are less apparent when tho LompenBator II placed 
at an olimLlth of 460 

10, Conoluslons 

Thue, Jerrllrd's flndlllgs, dlong Wtth the re8ults 
Df the l)rSBBnt ondlysis PIOVlde gUide lines that covar 
soleLllon, fabrlcdtlon and the uea of tha companaa­
tor Tho main pOIilLS mDY bl8ummallzad 88 followa 

1 The companaetor ahould be examined for the 
presance of labnc8ltoll defeotl, Theae are readily 
revoalod, by the appeolance of Innge. when It IS 
mounted at an aZImuth of zoro or ."./2 With le.pect to 
lho Cloned polaroldl Itlhauld thpn be srrengsd at 
dn allmuth 01 11"/4 with rs'nect 10 the polaroid I, for 
optimum senslllvity 

2 The polaroid pall should be carefully chosen 80 
ae to satlaty the Clltollon thet the values of PI! and 
P! (for tho Unit) 8hould he of the order of 0 90 Bnd 
010 lor ths range of wavelength usad In the InVII­
tlgellon 

3 nle aoourale lettmy of !he polalOtda (In tha 
crae~od positron) II. howevor, not 80 critical An 
angular mllBlignmenl of a tow ciogreee IS not expected 
LO I11dlatlBlly elfect the performance 01 tha sl"tam 

Aoknow lodgmen t 

The ellthors are thankful to Dr M I( V Bappu 
lor hie contlnuod mlele8t and encoUlogsment 
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