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AN ANALYSIS OF BABINET COMPENSATOR FRINGES
USING JONES CALCULUS

' P PANDYA*and A K SAXENA

ABSTRACT

Following Jones Caloulus, & comprohenmve Lheory of the Babinet Compsnsator has basn prassnted The
porformance of the syalsm governod by the compenaator polaroid umit haa hosn ovalusted 1n terms of frings vieibility
Criteris havo basn avolved for tho propes ohoice of the compenssior and the polaroid pair for optimising the aocuracy

ol measurcmeanta
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1 Introduotion

The Muelle) and Jones calcul are two powsrful
toola available for the analysis of problems involving
polarised ight and optical devices A detailed account
of mathematical formulations, deductiona snd analysis
has been givan by Shurchff (1982) A comparative
study (Park, 1848a, 1848b, 1949a, 19438b) of thess
techniquea 1aveals that

i) By following Jonas calculus itis possible to retain
information about the absolute phase Thie facility
18 not provided by Musller calculus

1) The Jonos calculus is well suited to the study of
inteiference of coharent beams Museller calculus
on the othar hand presents difficuluses in dealing
with similar problems

n) The Jonea calcuiue 1s batter surted to the study
of problems involving a train of optical davices

tv) Problsme involving depolarieation devices can,
howavel, be handled only with the help of
Museller oalculus

It, therefore. follows that the choice betwaen
the two would depend on the problem that needs a
soluon However, for analyais of a problem involv-
ing polaniged hght, the Jones calculus provides a
simple and systematic approach

The Babinet compensator hea been known as a
sengitive dsvice for measuremsnt of amall phase

*Dopartmont of Physice, Luoknow Universily Lucknow

Babinot compansstor—Jonoa oalaulus—polarization

changes in polariasd light It hes been shown that,
with suitable praceutions, the minimum detectable
phase changs {(Jerraid 1948) may be mads as low as
27w milliradians  Such phase changes may erher
result from variationa in the nature of polanieed hight
incident on the compensater (as for example, when
the sourcae 18 located 1n a regron of changing magnetic
field) or from small changes in the directlon of hght
propagation through the compenaator While the
foymer circumstanca hae been axploited for the atudy
of sunspota (Treanor, 1860, Adam, 1983, Adam, 1887,
Adam, 1988, Adam, 1971) the |atter haa baean recently
{Saxena and Srivastava, 1973) emploved to determine
the magnitude of refractive index gradisnta in trans-
parent media

A high accuracy of measursment can, howsver,
be attained anly If careful attention 1s paid to several
aspects of the inatrumentel combination The basic
urt of the relevent optical system, namely the com-
pensator-polaroid unit has, thersfors, to be studied
in datail for optimiaing the woiking conditions

2. Babinet Compensator

The compeneator conalsta of iwa quartz wadgas
of equdl angles kept with their hypotenuse facee
opposite each other sc as to form a plane-parailel
plate Thaoptic exes inthe two wedges ars mutually
at right angles and slge perpandicular to the incident
beam When such & plate is placed (Figure 1) bet-
ween two crossed polaroids the field of view s ssen
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to be aoverad with a set of equally spaced derk and
bright fringes The spacing betwsen these fringes
depends upon the ezimuth of the compensalor (the
angle between the optio axie of the first wedge &nd
the X-axia),

in the case of en 1desl setof polarnieers and accurate
fabrication end mounting of the compeneetor wedges
and other oplcal elements, the theory of tha insiru-
ment (Jorrard, 1948, Born end Wolf 1868) I8 farly
straightforward  Fora ray entering the compansatol
aty - 0, the lengths of path h; and hy thiough the two
wedpges are equal (ht hy- h)  Hence, the phase
diffarence 2wr/A (n.—~ny)h; batween the cidinary and
extraordinary vibrations introduced by the first wedge
18 balanced by an equal and cpposite difference 2o/l
(ne - Ne} bz due to the second wedgs The two vibja-
tiong, therefore, emergs from the compansstor without
any change of phese and combine Lo give linearly
polansad lLight with ita electra vector paralle to the
transmisaion-plane of the polarieer The seme condi-
tiona are fulfilled on either side of the y 0 plane,
whare

5—5|+Jn"2f(n.-no) (hi—hg) - 2ngr N

andnis an integer The corresponding points on the
feoe of the compeneaator, ewey from the incident light,
therefore, appear dark through a croased analyser,

in general, the phases §; end Js {numerical values)
at points along the planes y—0 will be given by

(90 +v.1 o)

Sohematio arrangoment of Babinat Compenastor

ou 2py 2w (no—n,) (h vy ten A) (2)

g2 2y 2m{d (0. -0.) (h Ly tan A) &)

where A 15 the angle of wadge For cerlain values
of y, the total phase change & (2nt 1w I the
Babinet compensatar 1s kept with it axes al 46" to
the incident light veotor, cll thesa point (at regular
intervale of y) will have maximum brightness when
aean through the croaead analyser Thus, under these
conditions, the fringes would appeai to have maximum
vigibility

3 Performance of the Compenaator

Such condifions are, howevor, raraly available
inpractice Consequsntly 1N any accurata quantitative
applicauion Ltho vaiious posqible defects have 1o be
laken into account and then effects on the parformance
of tha componeator hava to be evaluated Thoge de-
fecls generally fall into one or more of the following
categories

1) Defactive Polatods

For aperfect pair of polariode Py and Py (tranemit-
ted intensities when the polaroide are 1especlively
perallel and croseed) have the valuos ono and zero,
In practice auch a pair, 18 difficult to como acroas,

Iy) Musalgnmant of Polarods

Even with a perfact pai, the polaroids meyn ot be
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exactly at 90° when crossed or at zero degrees when
parallel Thia situstion results from inaccurate sattings
and may be eliminated, at [eaat In theory, by & skilled
expsrimentsr

i) Fabricatian Dafects

In addition, the fabrication of the Babinet Com-
pensator may be 1mseif faulty Such fabrication defacte
may ba tha resuit of

8) Unsqual wedge engles

b) Non-Parallelism of the optic axes to basal planee
of the wedges

¢) Near perpendicularity of the two optic axes

[n view of theae possibilities, a more elaborate
treatment of the Babinet fringes. with all these factors
taken into account appears to be worthwhila It may
be, howaver, mentioned that Jerrard (1949a, 1849b)
using the classical trestment, has considered the
fabrication defects 1n some deteil Therefore, follow-
ing Jones’ Calculus (Shurcliff, 1962) & more genaral
trestmer t, taking oll the factors into eccount, has
been presented It may bo added that the effect of
defactive polaroids on the performance of the com-
pensato) 18 otherwiee difficult to handle

4 Babinet fringes using Jones Calculus

Let a plane-polaiieed beam of monochromatic
light repreaented by

27z
L. Ew axp s {mt 1 +04)  Evo 0P toghe

E, Eynoxpy{mt —2;_?1 1 dy) Eye 0Xp b,

falla saucceasively on e polariser, a Babinet compenaa-
tor and an analyaer with their faces normal to it and
further wo assume that the transmliesion axie of the
polarieer makes an angle ¢ and the optic axis of the
first wedge of the compensator mekea an angle f}
with tha X-axis

In the Ideal cass, the second wedga will be orient-
ed with its optic axis at an angie (80 | A} to the axis
under 1eference  But, as outlined ebove, thia angle
will be taken as (80 + 5+ ¢¥) where y can have both
positive and negative values Also, when the poleroida
aia perfactly croased Lhe angle between the anelyser'a
tranemission 8xia and the axie of Xwillbe (90 | @) The
caea of impserfact croesing of polaroida can be includad
by taking this angle as (80 { u t &0) where 50 18 the

angular misalignment of the polaroids and which may
again have negative or positive valuas

The resultant emergent intansity can be calculdted
with the heip of the appropriate matrices for different
camponents following Jonss Calculus  Thus the
chain of matricea for the above aystem may be written
ds
S{(90 ) 00)}N2S{ (80 +0150))S{(901 f1y) }N'g

(4)

S{-(80 | ) IS(NN/'S(-)5(a) N15(-0) [E:]-M[E:]

whaere the § matrices 10 the atandard rotator matrix
(Shurcliff, 1962) Also,

Nl_[':;ll PE_] ' N]__[l:;" P:i
Ne [Bxpé:r.)exp(o I?'l)]'N‘l [E*Pé’?ﬂ)axp?_m)]

where Pj;and P, are respectively the transmiseiona of
the two polaroide indiceted by the subacriptas 1 and 2
along and parpendicular to thair tranamiselon axea
On subsatituting the velues of S and N matrices
(Shuichiff, 1962) and appropriate raduction, the M
matrix hecomes

M AXBA.AC>DXExFxGxH=xI
where
cosn sinp Pan O
A'[amu cosn] B-[O P:LJ
. [-sln {a1d0) -coa(ad d0)
cos (¢ 1 00) - sin{a+d0)

> [ 0] & [oom ]

F_l'exp (ma) 0) ]

0 exp (-9
cos (v-f/) ain{u-ff} _[Pm O
G- laln ¢ B cos(a—ﬂ)] H [0 PJ]
cose s8ing
I _[ SN c.osUJ (6)
whera
n {(f1¢)- (utod} (8)

on aimplification, this reduces to a single matnx of

Llhe foim
a1 a1z
[ an az ] ()
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b Ideal case

Considering the case when the poleroids are
peifect and there aie no febrication defects In tha
Babinet compensator (hept at an ezimuth zero with
respact to the X-axis)

PiumPay -1Py, -Fy -0 fi=y-0andd@ -0
the matrix elemants reduce to
au - [oxp {1{11- 1)} - exp- {i(p1— 1)}l costasin’a
aiz— [exp {1(31 =y} ~exp—y1(n -71))] ein'e cosa
an  [exp{s{y 1)} oxp-{/(1n - 1)} cos?o sing
ary- ~[exp{r(n~ )} —exp— (31 72)]) costo min‘u

The intenaty of the emergent beam can hence be
determined by taking the aum of the products of theas
matrix elements with their complex conjugates It
can thus be shown that under 1desl circumstances the
emergent intensity 1 13 given by the etandard result

I- ain?2asin(y, - 1.} (8)

8 Casa of imperfect polaroids

Consider now the cases of imperfect polaroids,
where all tho other factors may ba laken to be idaal
and hence, It may be assumad thata 46', 8 ¢
=0, and 50 =0 Inthis situation the matrix elementa
@ra given by the exprassions

au-iaxp{f(h—n)} 48P ={1(n- 1

Bra= 7 OXP {ifl'l- ")

4 %P

o
i fomfinen)]
) o )
s

4‘““’ {
82~ —axn {r(rn 11}
whare
8- (PuyPou t PuiPay 4 PigPan | Py Pyy)
b= — (P Pm — PPy PiyPm 1 PiyPey)
¢+ (Pu P t PiyPyy — Pry P = Piy Pyy)
d= (P1uPm — PPy 1 PiyPay - Py Pyy)

Cnce again, on multiplying themse elements with
their complex conjugates, adding the products and

| r8xp-

simplifying, the expraseion for 118 found to be
1- JB_ [a’+ B? 1 e y dt ' 2ebcosl (y1 - y3) +

2cd cos2 (¥ J'z)]

Here, It should be mentioned that, on subgtitut-
ing different values of Pyand P, the factors a and ¢
work out to be positive and b and d come out to bs
negative Thus the celculated velues of | plotted
against different values of {y1 yz) give the frings
profiles (Figure 2) for different degrese of imperfeci-
nesa of the polaroids
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Fig 2 Fnnge prohilas for diffrront degraos of impotfecines of
ths polsrolds

1 Perfect polarolds, 7 1o 7 Imperlociness B', to 30%,
7 Case of imperfeot orosaing of polaroids

When the poleroids are not parfoctly crossed
bul othar alignments ere ideal 1t may be assumed that
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f ¢ -Oendhencen - (u10d0)

Also, for parfect polaroids
Pm Pw 18nd P, wmPy =0
The valuea of the matrx elements can be again
worked cut by meking these subsututions and the

intensity of the emergent beam found out as before
It can be thus shown that

I cosu sinu—2sine cose sin {u +00) cos (u | 0f)
cos? (71 —7) +coste eint (v | 00) sinty cos? (u+08)

(10)
with ¢ = 46°, Equation (10) reducas to

1 §[1-cos20fcos2(y 79)] {11

This 1alation represents the effect of an impeifect
crosaing on frings piofile (Figure 3)
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8 Vistbility of Babinet fringss

It will be seen from equation (8) that, whatever
be tha values of (¥ — ya), the ntenaity [ of the field
of view undergoes variations on changing tha values

of ¢ Differentiating thie expression with respect to
¢, we find

dl

da 231n 4o sin? (34—7q)

which becomee zaro for ¢ =0, 7/, w/ratc
wecond differential

Tha

::l,—- Bcos 4a ain? (y)—7¥s)
will thus be saan ta have positive values for ¢ = O
and 7/; and @ negative value fore - afsx  Under
ideal cncumstances, thoiefore, the field of view wil|
have a uniformly daik llumination when the trans-
miasion axis of tha polarser and alao the analyser 16
gither parallel or porpendicular to the optic axes of
the compensator wedges {or vice veisa)  But when
the hiansmiqsion exes happan to he at 46° to the
optic axes of the companaato), the Inteneily of the
field attaing & maximum value Under thia condition,
however, because of the ain {y; — y2) term the field
of view 18 interspetaed with a zat of a dark fringes
The vieibility of fringes, defined by

y - Jas=Tmin (12)

will thus have @ maximum velue (of one) Accord-
ingly, the Babinet ftinges will be most useful when
a wh

With imperfact polaioids, the expiessions for

Imye A0 Iryie 8Quation {9) bacome
Tww— %[a’ | b | 624 - 2ab- 2cd]

for (y1—ys) (2my1)m/y where m= 0, 1,2, 3,

and
Imin %I_a’ i b24 c?4-d? | 2ab | 2cd]

for (yi -7)) 2mm/y where m 0,1,2, 3,
Thus, the visibility n this case, (Sec B) 18 given by

2(eb |cd)

v - @l b? el d (13)
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The veluas of V calculated from equation (13),
tar diffarsnt amounts aof imperfacingss in the poisioids,
have besn given in Teble 1 Their plot (Figure 4)
ghows that the visibility of fringes does not signifi-
cantly alter for a small {lesa than 10%,} degiee of
imparfectness of the polarotds, which correspond to
values of 0 80 (fox Pys) and 0 10 {for P, a)

Table 1 Vieibslily of Babinot Iringss lor imperiect polaroide

Veluas of Veluen of T

n
No P111& Pzn Priiy & P2y Imparfociness Vimbity
1 100 000 0 1 000
2 0 8¢ 010 10 0 860
a o 6o 020 20 0770
4 i) 030 3¢ 0478
B 080 040 40 0160
a 0680 D80 BO 0000

T P Pandyr end A K Saxsna

Imx = § {1 + cos 240)
and
V(1
the vigibitity 15 given by
V = cos 20

cos 240)

Table 2 Visibilily of Belunet Inngen for pmpaifect ringe

- - ———— e — o —

™

Miarljgnment 1n degreos Visibility
1 0 T 1 000
2 10 0 839
3 20 0 708
4 3o 0 0O
]

40 o 174

VTSI | T T r—

rTERCANTARN

IMPERFECTHERS DF POLARMD Y~

Flg 4 Vieduhty of Babinat tringes for imperfeat polaroids

It may also be noted from equation (8) that the
Babinet fringas are still obtained at phase intarvals of
211 becauss the factors g, b, ¢ and d are constant foi

a peir of polaroids. but their visbiity undergoes &
change

In the cagse of imperfect cioss (Sec 6) the

viatbtity cen be mimilerly obtained with the help of
equation {11)

Thus, with the veluas of [, and 1.5 given by the
axpreasions

VIR TY =

Fig &

e —
So iy stenery—

Visibihiy of Babinet frnges for ymporfoot crovs

The visibility in this case 18 se8n (o be directly
proportional to cosine of twice the erior in the
crosaing of polarods For the calculated values
(Table 2) tha nature of visibility curve in givan by
Figwre {6) Once again s expected, ths spacinf
between the fringee the saine as that obtained under
idoal circumetances It may be noted that their
visihility 18 not eetiously impaired by an erior of a

few degrees in setting the polaroids in crossed pog(-
tion

8 Fabrication defects

Considering fabrication defects of the compensa-
tor, Jorrard (1949s,b) has shown that
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a8) When the wedge anglea aie not the sams,
he two wedges joined together do not form a parailel
diate  Even the normally incident hight, therafors,
imerges at & non-zero engle  Accordingly, lhe
sosition of the central deik fringe 13 shifted from the
;ymmetrical and the spacing of the fringas alters
s apacing. howsver, remaings uniform over the field
H view

by When the opli. axes oia not paiallel o the
basal planses (but are stll mutually perpendicular), tha
light falling normally on the compansator will ba
traveling at an angle slightly leas (o1 greater) than
{2 Under these circumatances, the birefringence
{n- n.) of the wedges has to bo 1eplaced by (n. n,)
ain3{) for the purpose of calculating the phase changes
intraduced by sach wedge

Thue

& =2 (n na) antd
and

hE 21;“’ {ne n.) sin?0
2o lhat

d - 2;" (i ha) (N ne) min20

[l can hence be seen thaet the dark fiinges obtainod
for ¢ £ 2m gz are sull loymed at reguiar intervale

although the new ringe spacing is slightly larger than
that in the ideal case { — /2

Jarrard has shown that such a defact, If presant
in the compensator, «ives riee to a set of fiinges
across the field of viaw If the azimuth of the wedges
makes an angle of zero or 7/2 with tho transmission
axia of the polanser (and hence 72 or zeio with tho
as1e of the enalyser) This test can bo, therefore,
utiized 10 sslact or fabricate a compensator suilebla
for use In studios mentioned In Sec 2

c) If the two wedgee ara cut in such a way that
when mounted togethar, tha axas ara not exactly
perpendicular to each othar but maeke en engle
(w2 4 ), then for small valuss of ¢, the intenaity
of the light emaiging from tho analyser ia given by

I = elain?2f | b28int2(f 1 §) 2ab (AB | cosy) sint
B an2 (f44)

whore

a—siny b-—seinys A=cosy, B = cosye

and tho intensity of hght emarging from the polaiizer
19 taken to be unily

It was shown that when the azimuth of the fuat
wedtae 18 at an angle of zaro or /2 1o the tranamie-
sion axie of the polerizer, a seiles of fringes 10
obtainad across Whe field of view, instoad of complats
oxtingtion  Thia test can be ussd once again for
choosing a suitable compensatot

[t may bo, neveithelods mantioned that the effacts
on the non-paiallelity of the tompensato) faces (caee
n) and lhe nen-porpendlicularily of the opticaxes (cage
c) are |ess apparent when the compenestor 18 placed
gt an azimuth of 46°

10, Conelusions

Thus, Jerrard’s findings, along with the results
of the present nnalysia piovide guide linaa that covar
aolection, fabrication and the use of the compensa-
tor Thomain pois may be summarized aa followa

1 The compsensator ahould be examinad for the
presenca of febricetion defecte. These are readily
revoalod, by the eppemance of fringes when it 1a
mounted at an azimuth of zoro of 72 with 1espact to
1ho cioseed polaroids It ahould then bs arranged at
dan azaimuth of w/4 with respect to the polaroids, for
optimum sensttivily

2 The polaroid pair should be carefully chosen so
aa 10 eatiafy the critetion that the values of Py and
P, (far tho unit) should he of the order of 0 80 and
0 10 for the range of wavelangth used In the 1nvee-
figation

3 e acourale setting of the polmoids (in the
crossod position) 19, howevor, not so crtical An
angular misalignmaent of r fow degreas 18 not expected
Lo materislly effact the performence of the syntem
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