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THE ROLE OF ROTATION IN STELLAR EVOLUTION
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GENERAL CONSIDERATIONS :

In the past two decades, phenomenal advances have
been made in our undetstanding of stellar evolution.
Many of these advances, both qualitative and quantitative,
can be traced to the introduction of the Henyey method,
which is particalatly well-suited for machine computa-
tions, and the massive use of high-speed computets. The
total number of models calculated (and published) during
this period can be estimated to be of the order of a few

times 10%. In all but a minute fraction of these calcula-
tions, sphetical symmetty has been assumed and no
attempt made to include the effects of rotation. This
minute fraction will constitute the basis for much of
our discussion of trotating stars, but before entering
iato this discussion it is of interest to consider why rota-
tion has been so widely neglected in the other models.

Basically, there are two teasons for ignoring the
effects of rotation. First, these effects are inhetently non-
spherical, and dropping the assumption of spherical
symmetry leads to a substantial increase in the complexity
of the equations and in the computing effort required
to solve them. Second, spherical stellar evolution theory
has been so successful in explaining the obsetvations
that the assumption of spherical symmetry would seem
to be justified. We must remember, however, that this
@ posteriori justification applies only to those stages of
evolution for which we have solid observational tests,
particalatly since theoretical arguments indicate that these

ate the stages for which rotation will be /ast important,

The  classical observational tests (mass-luminosity
and mass-radius relationships, H-R diagrams of clustets,
etc.) refer either to the main-sequence and eatly post-
main-sequence stages of evolution ot to stars of low mass
(such as are found in the globular clustets). Low mass
stars ate genetally slow rotatots, an obsetved fact which
is related to the formation of planetary systems and mag-
netic coupling of sutface convective zones to solaz-type
winds. For the more massive (2 2M ), rapidly rotating

stars, calculations show that in otdet. for totation to
grossly alter the overall structute, the interior must be
rotating much mote rapidly than the surface layers-(see,
e.g., Sackmann 1970; Bodenheimer 1971). Otherwise,
equatorial mass shedding and loss of angular momentum
occuts at velocities too small to affect the central regions.
Fot reasons to be discussed in the next section, main-
sequence stars should be faitly close to solid-body rota-
tion and the cote contraction during the eatly post-main-
sequence stages is of insufficient magnitude to produce
any strong differential rotation. Thus, the classical obset-
vational tests apply exactly to those cases for which, on
theotetical grounds, we would not expsct rotation to be
ithportant.
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The situation changes drastically for the evolution
after exhaustion of helium at the center. From the obser-
vational standpoint, unambiguous tests either do not
exist or have not been successtully met by existing models.
From the theoretical standpoint, consider the ratio of the

centrifugal force (F ) due to rotation to the force ( F g)
due to gravity. As successive fuels ate exhausted and the
cote contracts, F. [ F, incteases in inverse proportion to

the radius of the cote, if angular momentum is conserved
locally. To see why this is so, write
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where v is the linear vclocitjr, w the angular velocity, and

.the other symbols are defined a5 usual. For conservation

of angular momentum, ¢ o 12, s0 F¢ [ Fg ooz T Ina
TM stat evolving from the rﬁaix}jsequcpcc to carbon
detonation, the core density increases by a factor of
«10°, implying a decrease in radius of a factor of 10%

Thus, in ordet to teach catbon detonation without fitst
encounteting critical rotation, the main-sequence coun-

terpart must have F¢/F,, < 10~ in all of the core (the inn-
er 1.4M g region). Model calculations (Endal'and Sofia

1976a) show that, for a typical surface-rotation velocity
of 320 km/s on the main sequence, this condition is not
met. Obviously, some angular momentum redistribu-
tion will occur but the model calculations referred to
above indicate that this only makes the situation ‘worse
by moving angular momentum from the very centtal
regions outward to the edge of the helium-exhausted
cote, where F¢ | Fg is already at 2 'maximum. It is inter-

esting that carbon detonation in stars of apptoximately
this mass represents one of the clear-cit failures of non-
totating models in predicting the observatip
ler, Mazurek and Truran 1974, for a re review of
this problem). Thete are several other notable failures
of spherical stellar-evolution theory for which rotation
may be critical. These will be discussed later.

ANGULAR MOMENTUM REDISTRIBUTION :

Before we can attempt the tealistic evolution
of a rotating star, it is necessary to consider the
mechanisms which can redistribute angular momentum
in such a star. At present, these mechanisms are
poorly understood and we can only make order-of-
magnitude estimates for most of them. In some cases
(the role of magnetic fields, for instance) the theoretical
picture is so unclear that the best strategy is to ignore
them completely and test the resulting models against



the relevant observations. If these models fail to predict
the observations, then there is at least a good possibility
that the mechanisms which have been left out are impot-
tant. This is, of course, the strategy implicitly adopted
in leaving rotation completely out of most previous inves-
tigations of stellar evolution.

(a) Redistribution in Radiative Regions :—

Even the most elementary considerations will show
that angular momentum transport due to the viscosity
of the gas and radiation in a stat cannot have any noti-
ceable effects. The time scale for such a randomwalk
process is

D2
T, (2

whete D is the distance over which angulatr momentum is
to be transported and v is the kinematic (mictoscopic).

viscosity. A typical value for v is of the order of 10 cm’/s

and v is invatiably less than 10° cmzjs in any (non-crysta-
lline) gas found in stellat interiots. With a typical stellar

dimension of one solat radius this gives ¢ > 10" years,
which is much longer than any stellar-evolution time scale.

(i) MERIDIAN CIRCULATION : Historically meri-
dian circulation has been the most widelv considered
mechanism for redistributing argular momet tom.  This
type of circulation was fitst propesed by Eddington (1925,
1929) and Vogt (1925) in order to circumvent the von
Zeipel (1924) paradox. von Zeipel showed that, in a rota-
ting star, the rate at which energy is carried away by
tadiation has a latitude dependence which cannot be dup-
licated by the local energy - generation rates. To solve
this patadox, which follows from the equations of hydro-
static and radiative equilibrium, Eddington and Vogt
suggested that a circulation is set up which exactly
ba%anoes the von Zeipel effect. As a result of a large num-
ber of investigations (see the reviews by Mestel 1965
and Kippenhahn 1974), the time scales for meridian cit-
culation are faitly well known. These time scales are of
the order of

Fo \ .
cMCz(-F;) KH 3

whete is the Kelvin-Helmholtz time = scale

"KH
{(~2x 10" yz for the Sun ). Exceptions occut in regions
of low density and near convective zones, whete the time
scales may be considerably shorter than indicated by
equation (3). A patticular important result was obtained
by Mestel (1953), who showed that meridian circulation
can be choked off by regions of varying mean moleculat
weight (y-baztiers). In fact, y-batriers can quench all the
angulat momentum redistribution mechapisms which we
will discuss here. 'This is the basis for assuming, in the
discussion of carbon detonation, that angular momentum
will not be transported across the edge of the helium-
exhausted cote. One problem which has not been solved is
that of the angular momentum distribution created by
meridian citculation.  Circulation-free distributions do
not exist (Baker and of Kippenhahn 1959) but the typical
Reynolds numbers of the flows are supercritical and the
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large (macroscopic) viscosities associated with turbulence
may tend to enforce solid-body rotation in any stages of
evolution which last much longer than ¢ Ky The main

sequence is, of course, the best example of such a stage.

In addition to meridian circulation, thete are a number
of other mechanisms which can redistribute angular mo-
mentum. These mechanisms, which are associated with
vatious instabilities of differential rotation, can be classi-
fied as either dynamical or secular, accotding to the type
of analysis used in deriving the stability conditions and
according to the time scales involved.

(ii) DYNAMICAL INSTABILITIES : The dynamical-
instabilities follow from consideting adiabatic pertur
bations in a rotating (or sheating) fluid. The time scales
for growth of such perturbations are of the order of the
free-fall time scale (~1 hour for the Sun). Thus, the angular
momentum distribution in a star evolving on a Kelvin-
Helmholtz or nuclear time scale should always satisfy
the requirements of dynamical stability. For axisymme-
tric perturbations, the stability criteria are expressed by
the vector Solberg-Hoiland condition (Wasiutynski 1946).
For non-axisymmetric (switling)) displacements, the sta-
bility ‘condition is usually expressed in terms of the
Richardson number :

Ri = 8 _ds_/(_dl)z, @)
p dg dg :

where § is a displacement length, g the component of
gravity along (, p the specific heat at constant pressure,

and S the specific entropy. The condition for stability
is that R; be greater than some ctitical value which lies

somewhete between 2 and 1/4 (Yih 1965). The impot-
tance of this instability, known as a shear instability,
becomes appatent when one considers displacements in
the hotizontal ditection with respect to gravity. In this
case, thete is no entropy gradient (or gravity component)
and any differential rotation is unstable. Thus, as has
been emphasized by Zahn (1975), a star should maintain
a very close approximation to a spherical distribution of
angular velocities throughout its evolution.

(i) SECULAR INSTABILITIES : The conditions fo®
dynamical stability define the balancing point between the
destabilizing effects of a velocity gradient and the stabi-
lizing effect of an entropy gradient. This latter gradient
may be thought of as being composed of two compo-
nents : a gradient in p[y, (ot temperature) and a gradient
in the mean moleculat weight, (P is the density). Because
of the small Prandtl numbers (P, = 7/ ,., where x is the

thermal diffusivity) found in stellar interiors*, the cool~
ing time for a petturbation is much shorter than the time
scale for angular momentum diffusion. Thus, it is valid
to considet a slow (non-adiabatic) perturbation which
maintains both pressute and radiative equilibrium with its
surroundings but fetains its otiginal angular momentum.
The effect of this is to substantially reduce the stabilizing
effects of a gradient in [y, and this leads to the seculat

* The Prandtl number may be consideted as the ratio of the
momentum and heat transpott rates. A typical value for stellar
interiors is P, _ 100
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instabilities. For an axisymmetric perturbation, we have
the well-known Goldreich-Schubert instability (Goldze-
ich and Schubett 1967 ; Fricke 1968). We will not discuss
this any detail since it has been widely discussed in the
literatute (cf. James and Kahn 1971).
log of the shear instability was first considered by Town-
send (1958) in order to explain the turbulence observed
high in the earth’s atmosphere. Aan attempt by Zahn
(1974) to apply Townsend’s theory to stellat interiors
leads to the stability condition

Ri 2 1Rerit Prs ®)
whete Rt is the critical Reynolds number (~ 10* )
For typical stellar interiot conditions, this raises the cri-

tical Richardson numbet to ~ 10° to 10*. The time scale
for the Goldreich-Schubert instability is of the order of the
time scale for meridian circulation, wheteas the seculat
sheat time scale may be considerably shortet (though not
as shott as the dynamical time scales).

(b)'Redistribﬁtion in Convective Regions:i—

Thermal convection will tedistribute angular momen-
tum on a very shott time scale. This much is known with
great certainty.  Unfortunately, we do not know what
type of angulatr momentum distribution it will lead to.
The two possibilities seem to be solid-body trotation and
something approaching constant specific angular momen-
tum throughout the convective region (Tayler 1973). The
latter case would imply infinite angulat velocities on the
axis of rotation, bat this can be avoided by considering
quenching of certain modes of convection by rotation.
In otdet to decide which possibility is correct, we need
a better understanding of the (possibly anisotropic) tut-
bulent viscosity and of turbulent convection in general.

EFFECTS OF ROTATION ON STELLAR STRUC-
TURE AND EVOLUTION ;

In this section, we will try to give a general view of
the effect of rotation on main-sequence and post-main-
sequence stars. We will not consider pre-main-sequence
evolution because the problems encountered there ate of a
very different natute.  Also, we will not desctibe the
methods used in the calculations. An excellent summary
and compatison of the various methods is already avail-
able (Papaloizou and Whelan 1973).

(@) Main-sequence structure :—

The effects of non-critical rotation on the struc-
tute of main-sequence stats can be undetstood by think-
ing of rotation as reducing the effective mass of the
stat. ‘This is because the effective gravity is teduced below
the value which would be computed by considering
only the GM/t2 term. Thus a rotating star has a lower
luminosity, a lower central temperature, and a higher
central density than its non-rotating counterpart. The
increase in central density is 2 second-order effect due
to the decteased importance of radiation pressure. Thesc
. effects have been explored in detail by Sackman (1970),
who finds that, for solid-body rotation and critical sut-
face velocities, the maximum decerease in the luminosity
is about 25 percent (the effect is greatest for low mass
stars which have higher sutface gravities and, thus, spin
faster at critical rotation). For the other paramsters,
the changes are smaller and can be thought of as being
due to, at most, a 4 percent decrease in the effective
mass. On other hand, for differential rotation, the lumi-
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Fig. 1 Evolution in the H-R diagtam of rotating (solid
lines) and non-rotating (dashed line) TM stats.

In CASE 2, solid-body totation was enforced on
all chemically homogeneous regions (both radia-
tive and convective). This corresponds to assum-
ing that -barriers can decouple two regions of
diffcring chemical composition. In CASE 3,
no redisttibution of angulat momentum was
allowed. CASE 4 is the same as CASE 2 except
that constant angular momentum per unit mass
was used in convective tegions. The tracks are
displaced vertically to avoid confusion. From
Endal and Sofia (1976a).

nosity dectease can easily be 80 percent (cf. Bodenheimet
1971), though we would not expect to find such strong
diffetential rotation on the main sequence.

(b) Post-Main-Sequence Evolution :—

We have alteady indicated what the effects of rota-
tion might be on the catbon detonation scenario. Anothet
possible means of testing totating models is in the H-R
diagram. Figure 1 shows the evolution of a rotating TM o

stat from the main sequence (A to B), through helium
butning (C to D), and on to formation of thin double-
shell energy sources (E to F). The solid lines correspond
to rotating models with different assumptions about
angular momentum tedisttibution  (for more details,
see the figure caption) and the dashed lines to non-rotating
models. The calculations wete performed for stars with
typical (observed) rotation velocities (in the main-sequ-
ence models) and illustrate that it would be vety difficult
to test rotating models using the H-R diagram. Except
for CASE 4, where constant specific angular momentum
in convective zones was assumed, the differences between
totating and non-rotating models are very slight. This is
because the effects of differential rotation are strongest
in the core, which spins up as it contracts. Unfortunately,
detailed colculations have not yet been catried to the
point where obsetvational tests in terms of nucleosyn-
thesis in the cote or of catbon detonation, for instance,
are possible. :



FURTHER WORK NEEDED :

The angular momentum redistribution mechanisms
are pootly understood and a great deal of wotk remains
to be done here. In the case of meridian circulation, the
time scales aze fairly well known but the angulatr momen-
tum distribution produced by the circulation is still un-
known. For the various instabilities, we may safely
assume that the resulting angular momentum distribu-
tion tends towatds one which meets the stability criteria.
Such criteria do not exist for meridian circulation. An
investigation by Sakurai (1972) indicates that the effect
of circulation in the Sun mgy be to spin up the core by
moving angular momentum toward the center. The
results, however, are incompatible with the recent solar
oblateness measutements (Hill and Stebbins 1975).

For the dynamical instabilities, the time scales ate
certainly so short that they may be assumed instantane-
ous. The secular instabilities, on the other hand, pro-
bably have time scales compatable to the time scales for
post-main-sequence evolution. In this case, accurate esti-
mates of the time scales are needed and they should be
based on nonlinear analysis because the lincar analysis
is generally misleading. For example, the lineat cstimates
of the time scale for the Goldreich-Schubert instability
indicated something on the order of one rotation period
(Goldreich and Schubett 1967), whereas cven the sim-
plest nonlineatr considerations raises this time scale to
the otder of the Kelvin-Helmholtz time scale (Kippen-
hahn 1969). A picturc of angular momentum redistri-
bution due to magneto-hydrodynamic effects would be
nice but this will have to await some basic advances in
MHD theory.

In tetms of modelling the evolution of rotating stats,
a great deal can be done even with out present poor under-
standing of angular momentum redistzibution. All the
previous studies have assumed asymptotic angular mo-
mentum tedistribution laws and have ignored the time-
dependent aspects of redistribution. They have also
ignored the fact that the known angular momentum re-
distribution mechanisms all involve chemical homogeni-
zation, as well. Efforts ate now underway (Endal and
Sofia 1976b) to include the time-dependence and chemical
mixing but thete is still plenty of toom for more investi-
gations.

In looking for problems to tackle with models of
rotating stats, a good guide is to look at the ateas where
non-rotating models have failed or have run into severe
ptoblems. Some of these areas are :

(1) the carbon detonation scenatio - non-rotating models
indicate that intermediate-mass stars ignite carbon
in an explosive manner which leads to complete disrup-
tion. 'This is completely at variance with numerous
observational results.

(2) surface composition anomalies - many stats show
atmosphetic abundances which must have originated from
nuclear reactions within the stellarintetiors. The difficulty
lies in bringing the elements to the sutface. While the
helium shell flashes were once thought to be the answer,
detailed calculations indicate that the resulting mixing is
only effective for a small range of masses. The mixing
associated with angular momentum redistribution might
help. This might also have an impact on the problem
of the solar sutface lithium abundance (cf. Dutney 1976).
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(3) the final stages of stellar collapse - this cannot be
consideted an area of failure for non-rotating models.
because detailed calculations ate not yet available. How-
ever, the atguments presented in the first section with
respect to carbon detonation ate even more compelling

here because the increase in density is so much greater
(see Sofia 1971).

(4) solar neutrinos - atguments presented eatlier would
indicate that the Sun does not have a rapidly rotating
cote but the situation with regard to the missing solat
neuttinos is so desperate that this possibility should be
re-examined. Rotation is certainly capable of loweting
the neutrino flux to the present obsetved upper limits
(Demarque, Mengel and Sweigart 1973; Bahcall and Davis
1976) and, as long as the rapid rotation is confined to a
small enough region, the oblateness limits can also be
satisfied. This solution certainly does less harm to present
physical conceptions than most of the solutions which
have been proposed (and have failed).

The above list is not exhaustive, but it should keep
researchers busy for quite some time.
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