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ABSTRACT

In this thesis titled “Many-body theory of Electric Dipole Moments of Atoms
and its Implications for the Standard Model of Particle Physics”, we have car-
ried out theoretical studies of the electric dipole moments (EDMs) of closed-shell atoms
arising from the violations of P and T" symmetries. It has been proved experimentally
that parity is not a conserved quantity of nature. Weak interactions violate parity. C'P
violation was observed in the decay of neutral kaons, which means from the validity of the
CPT theorem that there must be a violation of the time-reversal symmetry if the C'PT
is to be a conserved quantity. There has been no direct evidence of the time-reversal
violation till the most recent experiments on the B® — BY decays. Existence of a nonzero
EDM on a non-degenerate physical system would be a direct unambiguous evidence of
independent violations of the parity and time-reversal symmetries. In physical systems
having degeneracy, there can be a non-zero EDM due to the mixing of opposite parity
states. Such an EDM is not due to any discrete symmetry violation. An atom being a
non-degenerate physical system, can have a nonzero EDM arising from various sources
— parity and time-reversal violating electron-nuclear, electron-electron, interactions. In
addition to this, an atomic EDM can also arise from the parity and time-reversal violat-
ing interactions at the nuclear, nucleon and the quark levels. Measurement of an atomic
EDM and its comparison with the theoretical calculations of the enhancement factor
R = dé“ﬁ, where C, is the coupling constant associated with the parity and time-

reversal violating interactions and d,.m, is the atomic EDM, gives information about the

XVi



coupling constants which can be used to set stringent limits on the C'P violating param-
eters at the fundamental level predicted by various models of particle physics - SUSY,
left-right symmetric, multi-Higgs, etc. The connection between the atomic EDM and the
fundamental C'P-violating parameters at the quark-gluon level, involves nuclear shell-
model and quantum chromodynamical calculations. Our calculation of the enhancement
factor, being model independent, has the potential to test various particle physics models

that describe physics beyond the Standard Model.

In the present work, we have calculated the EDM of Hg (Z = 80), which is one
of the most promising candidates experimentally. It has a nuclear spin I = 1/2 and
hence it’s nucleus is a rich source of C'P violating interactions arising at the nuclear,
nucleon and at the elementary particle levels. This is due to the fact that the dominant
interactions responsible for C'P violation at various sectors in closed-shell atoms are
highly sensitive to the nuclear spin. For example, the dominant source of '’Hg atomic
EDM is the nuclear Schiff moment which arises from the C'P violation in the hadronic
sector at the elementary particle level and the nuclear Schiff moment is related to the

nuclear spin I.

In the present work, the various underlying many-body effects playing a crucial role
in the atomic EDM of Hg have been highlighted. We have calculated the enhance-
ment factor for the EDM induced by the tensor-pseudotensor (coupling constant Cr)
and the nuclear Schiff moment (coupling constant Q) using a very powerful relativistic
many-body theory, the Coupled-Cluster theory (CCT). This is has been applied for the

calculation of EDMs of closed-shell atoms for the first time.

XVil



Coupled-cluster theory to all levels of excitation to all orders, is equivalent to all
order many-body perturbation theory. Beyond second order it is very difficult to cal-
culate atomic properties like EDM, etc because of the proliferation of terms in higher
orders of the many-body perturbation theory. On the other hand, coupled-cluster the-
ory contains, at a given level of order of excitation of the cluster operators, those effects,
which would otherwise have occured at a higher order in perturbation theory. We have
applied coupled-cluster theory for the first time, to calculate closed-shell atomic elec-
tric dipole moments. The atomic EDM induced by nuclear Schiff moment (Q) and the
tensor-pseudotensor interactions have been calculated using the coupled-cluster singles
and doubles approximation, where only the correlations arising from singly and doubly
excited cluster amplitudes are treated to all orders in the residual Coulomb interaction.
We have also calculated the atomic polarizability of Hg and our results lie within the
error bars of the measurement. Our EDM calculations give an improved limit on Cy,
compared to an earlier calculation, where the correlation effects arising only from a few
kinds of excitations, of 2-hole — 2-particle type have been treated to all orders. These
effects form only a subset of the effects we have included in our present calculation. In
the framework of the Standard Model of Particle Physics, the parameter C'y is zero and
our calculated values of () and C'r can be used to obtain new limits on quark-chromo
EDMs and other fundamental coupling constants including the QCD vacuum angle. In
other words, our values of Cr and () can be used to test the Standard Model of Particle

Physics.

xXViii
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of Particle Physics



Chapter 1

Introduction

1.1 Atomic Electric Dipole Moments(EDM)

The three discrete symmetry operations under which the laws of physics were thought to
be invariant till the year 1957 are parity (P), time-reversal (7') and charge conjugation
(C). The search for violations of these symmetries could have profound implications for
our understanding of particle physics. Of the three symmetries, P violation was observed
by Wu.et al.[1] in 1957. Some years later, C'P violation was observed in the neutral kaon
system [2]. The three symmetries are linked by the C'PT theorem [3] * from which it
can be inferred that C'P-violation implies T" violation.

The origin of parity violation can be discerned within the frame work of the Standard
Model (SM) of particle physics through the weak interactions, but there is no clear
understanding of the origin of time-reversal violation in nature. The presence of a nonzero
electric dipole moment on a nondegenerate physical system is a direct signature of parity
(P) and time-reversal (T') symmetry violations [4]. The total angular momentum of a
physical system is related to its intrinsic EDM given by, D = d J, where J is the total
angular momentum, D and d represent the intrinsic EDM its magnitude respectively.
Table 1.1 illustrates the consequences of P and T violations on the intrinsic EDMs.
Under a parity transformation D being a vector changes sign and J being a pseudo
vector doesn’t change sign, whereas under a time-reversal transformation J changes sign

and D does not. The above table demonstrates in a simple way that for a system to

! Any quantum theory, formulated on flat space time is symmetric under the combined action of C PT
transformations, provided the theory respects (i) Locality (ii) Unitarity (i.e., conservation of probability)
and (iii) Lorentz invariance.
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Quantity Parity Time-reversal
D D =-D D=D
J J=1J J =-J

Table 1.1: P,T violation for a nonzero EDM

have a nonzero EDM, both P and T have to be simultaneously violated. This can
be rigorously proved for a nondegenerate physical system using some important ideas
of quantum mechanics and is presented in Appendix A. Hence, it follows that atoms
being nondegenerate physical systems can possess a nonzero intrinsic EDM if there are
violations of P and T' symmetries. They offer advantages from an experimental point of
view, of being electrically neutral and hence can be subjected to external electric fields. In
addition, atoms are rich sources of EDMs as we shall explain later in this chapter. They
allow studies of C'P or T violations in the leptonic, semi-leptonic and hadronic sectors.
Searches for an atomic EDM can be broadly classified into the following categories - EDM
of paramagnetic atoms (atoms having open-shell structure), EDMs of dia-magnetic atoms
(atoms with closed electronic structure) and EDMs of nucleons, particularly EDM of the
neutron. In this thesis, we discuss only the EDMs of diamagnetic atoms. Theoretical
studies involve the parameterization of the atomic EDMs in terms of the C'P-violating
coupling constants at various levels as shown in Fig. 1.1 [5]. Some of the extensions of the
Standard Model, like the multi-Higgs, Supersymmetry (SUSY) and left-right symmetric
models, predict C'P-violation at the level of elementary particles. The atomic EDMs
can hence be expressed in terms of these coupling constants, with the knowledge of the
C P-violating parameters of the intermediate - nuclear, nucleon and elementary particle
sectors as shown in Fig. 1.1. As shown in the chart 1.1, we begin with the EDM of
electron and quarks as well as the P and T violating interactions between electrons and
quarks and quarks and quarks, which are predicted by certain extensions of the Standard
Model [6]. Their manifestations at the levels of the nucleon and the nucleus are shown in
Fig. 1.1. The P and T violating electron-nucleus interactions of of two types. As shown

in the chart, one of them arises from the scalar-pseudoscalar currents and the other from

2



Chapter 1. Introduction

the tensor-pseudotensor currents, the former contributes to the EDM of an open-shell
atom and the latter to the EDM of a closed-shell atom. In the present work, we focus on
the EDMs arising in closed-shell atoms. The most dominant source of the closed-shell
atomic EDMs is the nuclear Schiff moment (NSM) which is related to dy through the

nuclear spin.

atomic,
elementary nucleon nuclear
particle molecular
level level level level
d. d para
Scalar—pseudoscalar —= d
P&t P& P& para
e—q eenn e e NN
Tensor—pseudotensor — d .
dia
d d d d
N .
9 " dia
P&T
q—q gn ’ — dN - d .
P &T NN-NN dia
PB&T e q : Parity and time—reversal d q " Chromo EDM of quarks
violating electron—quark
interactions de : EDM of electron
P&T q—q : Parity and time—reversal
violating quark—quark dn : EDM of nucleon
interactions
= = d : EDM of nucleus
P &T NNNN . Parity and time—reversal N
violating nucleon—nucleon
interactions d dia - EDM of closed—shell atom
P &€ e N N: Parity and time— 1
e e N N: Parity and time—reversa dpara . EDM of open—shell atom

violating electron—nucleus
interactions

P&T eenn: Parity and time—reversal
violating electron—nucleon
interactions

Figure 1.1: Origin of atomic EDM [5]. The chart shows the connection between the observable
atomic EDMs (the atomic, molecular level) and the underlying C'P violating interactions that
produce them.
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1.1.1 Closed and Open-Shell Atomic EDMs and their Implica-

tions

The permanent EDM of a physical system is aligned along its total angular momen-
tum. This can be inferred from the Wigner-Eckart theorem [7]?. Since the EDM of
a closed-shell atom has zero total angular momentum from the electronic sector, the
atomic EDM must lie along the nuclear spin. This EDM arises primarily from the C'P-
violating electron-nuclear interactions and the NSM. The electron-nuclear interactions,
which violate T" and P are the tensor-pseudotensor (T-PT)? or the scalar-pseudoscalar
(S-PS) interactions. In this thesis, we study atomic EDMs of closed-shell atoms which
arise mainly from the T-PT electron-nuclear interactions and the nuclear Schiff moment.
At the elementary particle level, the origin of closed-shell atomic EDMs is attributed to
the P and T violating electron-quark interactions and quark-quark interactions which
are predicted by the lepto-quark models [5]. The limits on the T-PT coupling constant
(C7) has been obtained from the comparison of the most recent experimental result of

99Hg atomic EDM [8, 9],
d(*Hg) = (—1.06 £ 0.49 + 0.40) x 10" e cm

and the enhancement factor (ratio of atomic EDM to the coupling constant of the inter-

action in question) calculated by [10], using the coupled-perturbed Hartree-Fock theory,
d(*Hg) = —6.0 x 107**Croyem
where oy is the nuclear spin, which gives the limit on C7,
Cr = (1.77 +0.82 & 0.67) x 10 %0y

A nonzero value of Cp would imply physics beyond the Standard Model. The source

of uncertainity in dpg is purely experimental, where the contribution comes from the

2Essentially which states that any vector pertaining to a system, must align with respect to the
direction of the internal property of the system.

3In ée— NN interaction, we treat the electron and the nuclear currents as the tensor and pseudotensor
currents respectively, given by .0, ¥, and ¥y0,, 75U y.
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Chapter 1. Introduction

systematic and the statistical errors. The uncertainity in C'r arises from the theoretical
value of the ratio daom/Cr as well as the experimental result for dyom,. The uncertainity
in the theoretical estimate of dutom/Cr depends on the method used for the determination
of Cr. Higher is the order of the Coulomb perturbation incorporated into the theory,
higher is its accuracy. The accuracy of the calculations of enhancement factors would
lead to a more stringent limit on C'7. Coupled-perturbed Hartree-Fock theory accounts
for two-particle, two-hole kind of electron correlations to all orders in perturbation. In
addition to these correlation effects, it is important to include the correlation effects
that have not been accounted for by the coupled-perturbed Hartree-Fock theory. A
more accurate atomic theory should be able to treat all kinds of electron correlations to
all orders in perturbation, which includes four-particle, four-hole, three-particle—one-
hole, etc effects. It is a challenge for many-body atomic theorists to be able to account
for these important correlation effects and in this thesis, we have attempted to address

this problem.

The NSM (denoted by operator S) is related to the EDM of the nucleus through
the nuclear spin and can be caused by the nucleon-nucleon interactions or a nucleon
EDM, which at the elementary particle level could arise from the interaction between
the quarks and the chromo electric dipole moments of the quarks. The coupling constants
associated with these interactions can be predicted by theories like multi-Higgs, SUSY
[5, 11]. The dependence of the T-PT and NSM interactions on the nuclear spin makes
closed-shell atoms, in particular, those having nonzero nuclear spin the best candidates
to look for atomic EDMs sensitive to the nuclear sector. Closed-shell atoms can also give
information on the electron EDM and scalar-pseudoscalar electron-nuclear interaction
by considering the hyperfine interaction as a perturbation [12], but the limits on the
corresponding coupling constants would not be as sensitive as those obtained from the
paramagnetic atomic EDMs. For 1Hg, the EDM induced by the NSM is calculated and
parameterized in terms of the Schiff moment operator S. The most recent calculation

by [13, 14] gives,

efm3

digg = —2.8 x 10717 <%) ecm

3



Chapter 1. Introduction

where Sy, corresponds to the Schiff operator for '*’Hg. At the nucleon level, the op-
erator S can be obtained in terms of the pion-nucleon coupling constants; pions being
the dominant mediators of the nucleon-nucleon interactions (more detailed analysis is

presented in Section 5.5 with our results) [15, 16]:
ditg = 3.92 x 10~%° 1, ecm

where 7, is an intermediate parameter that is related to the C'P violating pion-nucleon
coupling constant g,nyn. This calculation involves nontrivial nuclear many-body physics,

and it gives [17],

Gpm?
dyg = —3.92 X 1072 x < \F/§7T)ngN JrNN €Cm

where ¢,y is the C'P conserving pion-nucleon coupling constant. From the above, the

observable atomic EDM can be expressed in terms of the chromo EDMs of quarks by

[17],

- Gpmi 1 1
ng =—-3.92 x 10 % X ( \/5 )ngN X 2<du — dd)ecm

where d; and d, are chromo EDMs of the d and the u quarks respectively which are
predicted by SUSY and the left-right symmetric models. The constant g,ny is also
related to Ogep, the QCD vacuum angle [18] by,

This allows us to constrain the value of fgcp through the Hg atomic EDM.

1.2 Experiments on Atomic EDMs

The atomic calculations involve the calculation of ‘enhancement factor’ which is the
atomic EDM parameterized in terms of the P and T violating coupling constants (R =
datom/Chptv ), Where Clyy is the coupling constant associated with any P and 7' violating

interaction. Comparing with the measured value of the atomic EDM, the value of Cly,

6



Chapter 1. Introduction

can be extracted. Atoms are very excellent candidates for the search for atomic EDMs.
In particular, heavy atoms are the preferred choices as the EDM scales as Z2 or Z3. If
a physical system has an intrinsic EDM d, then its interaction with the external electro-

magnetic field, in analogy with the interaction of the magnetic dipole moment  is,

Hip = — <dE + ,ug) §

where .J is the total angular momentum of the system. In the presence of external electric
and magnetic fields, the EDM d and the magnetic dipole moment p precess about the
field axes. This precession is referred to as the Larmor precession. The basic idea in
an EDM experiment is to measure the difference in the Larmor precession frequency

corresponding to the parallel and anti-parallel configurations of E with respect to B [4],

2u|B| + 2d|E|
w; = h
2u|B| — 2d|E]
Wy = 7
4d|E|
) = — -
w w1 Wo n
Therefore,
 héw
4|E|

Owing to the precision to which the frequency is to be measured, the EDM experiments
are susceptible to a number of systematic effects like the motional magnetic fields, which
is one of the most important sources of error. Atoms moving in an external electric field
experience magnetic field in their rest frame, known as the motional magnetic field, given
by, Bm = v x E/c. This field is odd in P and can mimic an EDM signal. The second
important systematic effect comes from the leakage currents induced by the electric field.
The leakage currents caused by high voltage are difficult to control and account for. Laser
cooled atoms are excellent candidates for an EDM experiment. They offer the following

advantages over the conventional beam and cell apparatus :

1. The environment is relatively perturbation free due to extremely low temperatures.

7



Chapter 1. Introduction

2. The average velocity of the atoms in the sample is nearly zero and hence there is

zero, or negligible motional magnetic field effect.

3. They allow high coherence times as the atoms can maintain spin coherence for a

relatively long time.
4. Low leakage currents.

5. It is possible to apply high electric fields as high as 100 kV/cm, as the sample

region is small.

1.3 Present Status of the EDM Experiments on Closed-
Shell Atoms

To date, the EDM experiment on '“’Hg gives the most sensitive limits on P and T
violating coupling constants [8, 9]. '%Hg has a nonzero nuclear spin, I = 1/2 and
hence is very sensitive to the P and T violating interactions in the nuclear sector as
both the nuclear Schiff moment, and the tensor-pseudotensor interactions, depend on
the nuclear spin. Also, with Z = 80 it is sufficiently heavy which would enhance the
relativistic effects, in turn enhancing the EDM. Any nonzero result for the **Hg EDM
would indicate physics beyond the Standard Model. To set limits on specific models of
C' P violation, using atomic theory, the atomic EDM must be related to the C'P violating
parameters at the level of elementary particles. Our aim in this work is to improve the
present limits for T-PT coupling constant and the Schiff moment which would in turn
help in obtaining more accurate limits for the P and T violating coupling constants at
the level of quarks and electrons. Limits on .S can also be used to set further limits on
the nucleon EDMs [19]. The Table 1.3 summarizes the on-going EDM experiments on
closed-shell atoms. For experiments on various other atomic systems, see [20].

With the present apparatus the EDM of "Hg was measured to be [8, 9]

d(*Hg) = (—1.06 £ 0.49 + 0.40) x 10" e cm
8



Chapter 1. Introduction

Atomic system | Present limit of EDM measured Laboratory
| (datom) | (e _cm)
19 g <21x107% Univ. of Washington, Seattle
Xenon (0.7+£33+0.1) x 107%7 Princeton University
Radium In progress Argonne National Laboratory
Ytterbium In progress Kyoto University
Radon isotopes In progress University of Michigan

Table 1.2: Ongoing experiments on closed-shell atoms

There is further scope of improving the sensitivity of the measurement by a factor of 4,

which could further improve the above result.



Chapter 2

Closed-shell Atomic Electric Dipole

Moments

Atomic EDM can arise from one/more of the following sources :

EDM of an electron d,.

e P T - odd electron-nucleon interactions which could be ‘scalar’ (scalar-pseudoscalar),

‘tensor’ (tensor-pseudotensor) or ‘pseudo-scalar’ (pseudoscalar-scalar) couplings.

e PT - odd electron-electron couplings (this interaction gives a negligible contribu-
tion as its strength cannot be as large as the electron-nucleus interaction where the
contributions to the electron-electron interactions do not add up coherently and

hence do not scale as Z2 or Z*, where Z is the atomic number).

e EDMs originating in the nucleus (NSM) due to the presence of P and T violating

interactions at the level of quarks.

Electric dipole moments of closed-shell atoms arise predominantly from the ‘tensor’ kind
of the electron-nucleus interaction and the NSM produced by the P and T violating inter-
actions in the nucleus[5]. This is mainly due to the electronic and nuclear structure and
related effects in closed-shell atomic systems [4], which will be discussed in subsequent

sections.
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Chapter 2. Closed-shell Atomic Electric Dipole Moments

2.1 Atomic EDM Induced by Tensor-Pseudotensor
Electron-Nucleus Interaction

Consider the atomic EDM arising from P,T" - odd electron-nucleon interactions and treat

the nucleus nonrelativistically. The interaction Hamiltonian has the form,
HS_DI\IIVLT = Z.GFOT\/ﬁzo'N "YipN(’l“) (21)

where, G is the Fermi’s coupling constant, C'r represents the T-PT coupling constant,
pn(r) is the nuclear density and 7; = [a; represent Dirac matrices. The operator oy
is the nuclear spin which is sometimes written in terms of the nuclear spin I in this
thesis. This interaction is responsible for the mixing of opposite parity electronic states
producing a nonzero atomic EDM and it is this dependence of the H, E_Dl\lI\A "I on the nuclear
spin that makes closed-shell atoms having nonzero nuclear spin to be more sensitive to
this interaction. The above form can be arrived at, starting from the second quantized

form of the Hgpy operator,

CrGr = -
Hepum = ! \T/§F [\I]NU;W\DN} [‘I’eVE’UW‘I’e] (2.2)

Consider the term, (\IJNUW\I/N). We have, Uy = \Ifjv%. Hence,

i
Y 0w = Yoz V¥ — TVl

2
= 0ifu=vr
= iYYwifp#v (2.3)

Using {7,,7} = 0, we have,

YN = 1% [0% + YWl
= 1% + 1Y%
= 1% + oy
= (v + am) (2.4)
11
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Substituting the expression for vy, from Eq. (2.4) in Eq. (2.2),

Hgpm = iUl (i + Vo) (i) ‘IJN] (07’0, V] (2.5)
V2
Consider the second term of Eq. (2.5),

U’ ouVe = Wlyoys (i) Ve
= i Uloys7,7 Ve
= — i U077 P
= — iUl (3 + ¥ (2.6)

where [V =0, 27 = =0 = =077 = —7) Now, Eq. (2.5) becomes,

Hepw = === [Ty (0 4 ) ) T] (W0 (0 + 0) 0]
= — = W (n + oo + amy)Un] [Ths(v + ano + i) T
_ CrGr [\pjv am\IfN] [Wins cin; W]
_ CrGr (O By UN] [Plvs B Te]

= —F [‘I’j\/ Oéiﬂoéj‘PN] [Ulys aiBa; W]

— |:\If}rVﬁOéiij\I]N] [‘111’755041'049"116]

(2.7)

Consider

0;0; 1 (28)

12
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where I is the identity matrix and o; are the Pauli spin matrices. Consider,
5 - 0 -1 0 (%
T% = \-1 0)*\ox 0
- —0k 0
- 0 —O0k
- Ok 0
— —\0 (%
1€k 75 o
= i(21I) (2.9)

Treating the nucleus nonrelativistically,

CrG
Hipy = - \T@F [2T1][Wivs8 75 e pn (1)

2iCrG V2

= = Baln ()

— (1CrGr) (V2)(Ba-T) px(r) (2.10)

For an N-electron system, the above equation becomes,

Hyon = (i Cr Gr) (V2) D2 (3-1) pu (1) (2.11)

7

Note that the nuclear density py (r) is proportional to the atomic number Z. The
product of the Dirac matrices, (8 & «) is an off-diagonal matrix, hence the matrix ele-
ment of the Hgpy between the spinors which are proportional to v/Z, and the dependence
of the # matrix on Z, finally results in the scaling of the enhancement factor (the ratio
datom/Cptvs Cpty 1s the P and T violating coupling constant) as 2 73. This suggests that

heavy atoms are preferred candidates for EDM experiments.

2.2 Atomic EDMs Arising from the Nuclear Schiff
Moment

According to Schiff’s theorem [21], the EDM of a point like nucleus is completely screened

by the atomic electrons and hence it cannot be measured [22]. If a set of charged particles

2See Appendix D for Hgpy matrix elements
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with EDMs, are in equilibrium under their mutual electrostatic forces, the first order
correction to the energy due to the interaction of EDM with external electric field is
zero. Consider an atom as a set of quantum mechanical charged particles, placed in an
external electric field. The atom gets polarized and hence this induced charge distribution
produces an internal field to cancel the external electric field. Hence, there can be no net
force on the atom or the nucleus. This cancellation of the internal and external fields
is exact for a point nucleus, but not for a finite one. The s;/, and the p;/, electrons
have nonzero densities inside the nucleus. The nuclear Schiff moment arises due to the
P and T odd nuclear interactions. The interaction of this P and T odd potential with
the electron is responsible for the mixing of the opposite parity atomic wavefunctions
and gives rise to an atomic EDM.

The electrostatic potential produced by the Schiff moment is of the form [15]
Dsvi(R) = 4nS - V(R)

for nonrelativistic electrons, where R is the electron coordinate, S is the Schiff moment
operator and ¢ (ﬁ) is the Dirac-delta function. Now the contact interaction —e®gy mixes
the s and p;/, orbitals and produces EDMs in atoms. Using integration by parts and
property of Dirac delta function, the matrix element between the s and p; /, atomic states

is given by

<S‘—6(I)SM

P> — 4reS - (V\Ifi\lfp)Rzo = constant

is finite. The general P, T odd electrostatic potential inside the nucleus, is derived by
[23] and a detailed derivation is presented in the Appendix F. A more rigorous expression

for the nuclear potential arising from the nuclear Schiff moment is given by [23]:

vl

Do (F) = — 3§. p(R) (2.12)

i

where B = [ R'p(R)dR. The Hamiltonian of the interaction of electrons with this

potential is

Hsy = 3e p(R) (2.13)
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If p(R) is considered as the normalized density function, which is 1 for R < Ry — J and
R > Ry +9, where Ry is the nuclear radius, then the dimension of B is L. Substituting
in Eq. (2.13), we obtain the dimension of S as QL3. If p(R) is considered as the usual
nuclear density (dimension L™3), then the dimension of B becomes = L* x QL™3 x L =
QL?. Substituting the dimensions of all quantities in Eq. (2.13), the dimension of S now

Q> Ld  L?

becomes:fxax T =

the Eq. (2.13) can be reduced to

@ L3. Further, considering the quantization direction as 2,

P (R) = — 3 5 p(R)
S R cosf
=3 —F—r(B)

in spherical polar coordinates. The matrix elements of Hgyr in terms of the single particle

orbitals are given by?,

<<1>k81/2 Heu @mp1/2> —(35¢) (_%)
7{1%1 (r) Po(r) + Qa(r) Qp (r)] @ RdR (2.14)

The matrix element (®,,,, ,|Hsm|®Pps, ,) can be derived in a similar way and is found to

be exactly the same as Eq. (2.14).

3See AppendixE for derivation
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Chapter 3

Coupled Cluster Theory and its
Application to Atomic EDMs

Calculation of physical properties of many-body quantum systems primarily involves the
calculation of many-body wavefunctions. The accuracy of such a calculation hence, de-
pends upon the accuracy of the many-body wavefunctions. Consider an atomic system
composed of N particles. Let |¥q) be the ground state exact wavefunction of the system
and E be its total exact energy. The reference state of a system corresponds to the
ground state configuration of the system. The exact state and the exact energy can be
determined starting from the reference state of the physical system, constructed from the
single particle wavefunctions of the N constituents. The best choice of a many-particle
reference state is the Slater determinant, |®¢). For an atom, the Slater determinant
describes the Fermi vacuum (core) state, constructed from the set of occupied orbitals.
These single particle orbitals are solutions of the Hartree-Fock equation in the indepen-
dent particle model and satisfy the Pauli’s exclusion principle, described in detail in [24].
A more realistic picture is that the particles are not moving independently due to their
mutual interactions, termed as the electron-electron correlation. Coupled-cluster (CC)
theory [25, 26, 27, 28] is a way to treat these correlations systematically, in which the
exact atomic state is realized as the state of the atom where all possible electron corre-
lations to all orders in terms of exciting clusters are accounted for. The operators that
describe these excitations are known as the cluster operators. It can be imagined that
two particles in the occupied space interact with each other via Coulomb interaction and

get excited to unoccupied space. This can be mathematically described by the action of
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an operator Ty on the reference state |®g), to produce a state Ty|®Pg). The new state is
formed by a double excitation in the reference state giving rise to two ‘holes” and conse-
quently creating two ‘particles’ outside the reference state. A similar process can occur
where, two pairs of particles excite themselves independently. This can be achieved by
acting Ty twice on the reference state |®q), with the inclusion of a statistical weighing
factor of (%) to avoid counting pairs twice. The resulting contribution to the exact state
from the two double excitations is now (%) T2|®y). This process of excitation of indepen-
dent pair of particles from the reference state is obtained by (%) T3 |®g), which describes
the amplitude of excitation of m independent pairs. All the double excitation amplitudes
can be superposed to give the total amplitude > o (2;) T5"|®o) = exp(13)|Po). Simi-
larly, the amplitudes for the simultaneous excitation of three particles can be described

by T3|®¢) and the total contribution of all triple excitations can be obtained by summing

over all the independent triplets, > <1%> T%|®g). Also, the simultaneous independent

1

15 T3 |®o). Summing over p and

excitation of m pairs and p triplets is given by
m, the total amplitude is given by exp(7h + T5)|®y). Proceeding as above, for an N
electron system, all possible single, double, triple and so on to ntuple excitations can be
obtained from the wavefunction exp(77 + 715+ T3+ - - -+ Tn)|Po). The operator exp(7})
produces single particle excitations and hence the total eract atomic wavefunction can
be described by the wavefunction |¥) = e(zgle")kI)o). This is the exact atomic state
in the coupled-cluster formulation and 7" is known as the cluster operator. Throughout

the thesis we consider only the correlations giving rise to single and double excitations,

to all orders and the exact atomic Hamiltonian is the approximate relativistic Dirac-

@ o (b) © |.. @) | .o

Figure 3.1: Physical realization of the coupled-cluster wavefunction - (a) represents Fermi vac-
uum, (b),(c),(d) represent single (7}), double (T2 /2!, Ty) and triple (T} /3!, T1 T, T3) excitations
respectively [25].

Coulomb Hamiltonian described in the next section. Also, the above formulation of the
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many-body exact state is valid precisely for a closed-shell atomic system. The exact
wavefunction of an atom of open-shell structure is obtained by partitioning the excita-
tions into three parts - excitations from the core to virtual, core to valence and valence
to virtual shells, described by an additional operator S. The many-body exact state
now becomes, |¥) = eTe%|®y). This thesis deals only with the coupled-cluster theory
applied to closed-shell atomic systems. CC theory applied to open-shell atomic systems

is explained in [29].

3.1 Coupled-Cluster Theory for Closed-Shell Systems

3.1.1 Unperturbed Coupled-Cluster Equations

The starting point of setting up the coupled-cluster equations is the relativistic atomic

Hamiltonian in the Dirac-Coulomb approximation,

N , N

H= Z {cai -pit (ﬂi — 1)(: + VN(m)} + Zq: o (3.1)
where, ¢ is velocity of light, & and § are the Dirac matrices, 1/r;; is the Coulomb
potential energy between two electrons, in atomic units (m. = 1, el = 1 and A = 1)
and Vy(r;) is the nuclear potential. In the above Hamiltonian, the rest mass energy
is subtracted from the total energy eigenvalues. This is the Hamiltonian of an atomic
system considering only the inter electron electrostatic interactions. The single particle
equations are obtained by approximating the two-electron term in Eq. (3.1) by a central

field potential Upg (i), known as the Dirac-Fock potential [24, 30], then

Hpc = ZN: {cai - pit <ﬁi — 1) A+ Vn(ry) + UDF(i):| + Ves (3.2)

i
Define the residual Coulomb interaction Vg as,

Vi = (ﬁj Lo UDF(z'))

/r’. .
i<j Y

18
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The above Hamiltonian in Eq. (3.2) can be rewritten as,

Hpc = Hy + Vi
where
N
Hy =) ho(i)
i=1
and

N N

—1

Vs = — E U; + E T'ij
i=1 1 <J

The non-central (or) correlation effects are included by treating Vi as a perturbation.

The single electron wavefunctions satisfy the relativisitc many-particle Schrodinger equa-

tion [24, 30]
¢a> = €q
where |1),) are the single electron wavefunctions in the two component form,

(el =2 (Bl 60) ) -

"7\ Qe (1) Xoama (0, 0)
where P, .. (r) and Qp,,(r) are the large and small components of the single electron

[cai i+ <ﬁi — 1) A 4 V() + UDF(i)]

wa> (33)

wavefunction respectively and the angular part is a product of the orbital and spin
angular momenta of the electrons, given by

l s l s
la ma> X |Sq ma><la, My, Sa, M

where [, and s, are the orbital and the spin angular momenta of the electron respectively,

Xeama (0,0) = >

1 s
Mg, Mg

Ja; Ma>

angular momenta, m!

a’

m; are their projections, J,, M,, the total angular momentum
and its projection. Here, a denotes the quantum numbers needed to specify the electron.
The quantity (I, m., sq, mg|J,, M,) are the Clebsch-Gordan coefficients. The orbital
part are the spherical harmonics and the terms involving spin are the Dirac spinors.

These single electron wavefunctions are simultaneous eigen functions of J, J., L and S.
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k, the relativistic quantum number, is the eigenvalue of the operator K = —1 — 2L - S,
given in terms of j and [, Kk = — (j + %) a, where a = +1 for [ = (j — %) and a = —1
for | = (j + 3) [31, 32]. The many-electron wavefunction of an atomic system with the
Hamiltonian given in Eq. (3.2), is the Slater determinant obtained by constructing the

linear combinations of the single particle wavefunctions respecting the Pauli’s exclusion

principle, and is given by

RS
- | B

VW oooonn (3:5)
Un(1) n(2) - Pn(N)
where the coefficient \/W is the normalization constant, and a single particle orbital
¥;(j) represents the wavefunction of electron with the space coordinate j and specified by
the set of quantum numbers 7. Throughout the thesis, we denote a, b, ¢, - - - for occupied
orbitals (holes) and p,q,r,s,--- for unoccupied orbitals (particles). The challenging
problem in atomic many-body theory is to solve the Hamiltonian Eq. (3.2) with Vi
as perturbation to all orders. Solving Eq. (3.3) variationally by minimizing the energy

functional with respect to the form of orbitals and by imposing orthonormality condition

[24], the Hartree-Fock equation is obtained as

(i)

where h? and ¢° are the single and two-particle operators respectively in Eq. (3.2),

W) =o (3.6)

together termed as the Fock operator f°. The subscript 0 refers to the equation without

the EDM perturbation. The operator ¢° is the central field approximation of the two-

w2 )} - (uslofo Yot )

where v = 1/r;; = 1/ry2 is the two-electron operator and the sum runs over all occupied

w>¢®]—£

electron Coulomb interaction

i) =3 [(

b=1

(% (%

go

orbitals. Substituting for ¢°, the Eq. (3.6) becomes

w2> s Kws w£> w2> - <w£

b=1
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Eq. (3.7) is the Hartree-Fock equation. The perturbed equations are obtained by
introducing the P and T violating tensor-pseudotensor interaction Hamiltonian in addi-
tion to the residual Coulomb interaction. The wavefunctions and the Hamiltonian are
perturbed by the Hgpyr interaction thereby giving the perturbed Hartree-Fock equations
demonstrated in the next few pages.

The many-body Schrodinger equation of the Dirac-Coulomb Hamiltonian for an

)

where the superscript on T is used to distinguish the unperturbed cluster operator

atomic system, in a state |¥) in the CC formalism is given by

H'\I!> - E'\I/> = Hel c1>0> — BT

from the the EDM perturbed cluster operator, introduced in the subsequent sections of
—1(0)

) = E[t)

Expressing H in normal ordered form, H = Hy + Epp, where Epp = ($o|H|Py) —
(®g|Hn|Po) is the Dirac-Fock energy. Then,
c1>0> - E‘(I>0> (3.8)

€_T(O) (HN + EDF) 6T(O)

Projecting Eq. (3.8) with singly and doubly excited states (®7| and (®77| respectively

this thesis. Operating from left side by e

_7(0) (0)
e HeT

and restricting the cluster operator T to T® = T 1(0) + T 2(0), the single and double
excitation cluster amplitude equations are obtained. The second quantized form of the
cluster operators is given by
0
10 = Y ajatrfoo)
a’?p

1
0
22( ) — E —2! a; a; ap Qg tZZ

q>0> (3.9)

a,p,b,q

and

Z ho (Z) = Z CL;-rCLZ'EZ'
V = — Z ajaj<i
]

-1
U Tii

: 1 -
j> + 3 Z aja;-alak<1j

ijkl

21
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Each term in the above equations can be represented diagrammatically described in
detail in the later sections and in this thesis all subsequent calculations are performed
using the diagrammatic approach. Expanding <€_T(O) H NeT(O)) using Campbell-Baker-

Hausdorf expansion,

1 1
e T Hy ™ = Hy+ {HN,T“”} + 5 HHN, T“’)} ,T“’ﬂ g [HHN, T“’)} ,T“ﬂ ,T“’)}

+% HHHN T(o>} ,T(o>] ,T(o>] 7T<o>] (3.11)

Examining the Eq. (3.11), the first term Hy is a connected! term as it contains only

one vertex of Hy. The second term [Hy,T©] is also connected using [Hy,T"] =

{H NT© } — {T(O) Hy }, where the curly brackets refer to normal ordering 2. Considering

a general term, [HN,T(O)}(n) = [[HN,T(O)}(H_D ,T(O)]. Any nth commutator would
consist of all connected terms, provided the (n — 1)th commutator is connected. Hence

the term <€_T(O) Hy eT(O)> is built only from connected terms. Using {T(O)HN} =0,

we get,
(0) (0)
e ™" Hye™ = Hy+ {HNT(O)} + {HNT(O) T<0>} + {HNT(O) 7O T<0>} +
—
| —
{HNT<°> 7@ 70 T<0>} (3.12)

= (HN@T(O))

where, the curly brackets in the above equation represent normal ordering of the opera-
tors within the brackets, the symbol above the operators represents contraction and the

subscript ¢ representes completely connected terms. Two operators, under this symbol

IFor any two objects Hy and T(O)7 we have HNT(O) = HyTO — {HNT(O)}

2Two operators A and B in second quantization form are said to be normal ordered if the creation
operator associated with a core (al, ) or the annihilation operator associated with the virtual (avirtual)

appears on the right side of the rest of the operators in the product AB.
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are said to be contracted if their respective creation and annihilation operators contract
with each other, always in pairs of one creation and one annihilation operator, in all
possible ways. Substituting the above in Eq. (3.8) and projecting from left hand side by

singly and doubly excited determinantal states,

() o -
() o -

Expanding (H NeT(O)) ,

(

{HNT(O) + HyTO 7O g y7© 7O 70) g 70 70 7 (0) (0) } “bo>

(o)

., = == ' = !
{ HATO 4 70 70) 4 7 0 PO 7). 7 740 () 70 T(o>}‘¢0> _

<<1>:;z
—<c1>gg c1>0> (3.15)

Note that the maximum number of T®) operators contributing to the contraction in the

Hy

Hy

above equation is four, due to the two-body nature of Hy. Since we use the approxima-
tion 7O = T 4 7V Eq. (3.15) can be written in the matrix form as,

Hy (1, 1)) Hor®, 1"\ [ 177 ( —Ho ) (3.16)

Hor (T, 1) Hao (T, T3) 73" —Ha

where the terms on the right hand side are independent of 7 1(0) and TQ(O) and the dressed
Hamiltonian matrix elements on the left hand side are dependent on the 7 amplitudes.
In the above equation, the size of the column vector is /N, which is equal to the sum of
the single and the double excitations and the matrix on the left hand side is of dimension

N x N.
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Combining the above equations,
A(TOHTO = C (3.17)

where A is dependent on T and C is independent of T®. This is a nonlinear matrix
equation which should be solved in a self-consistent way to obtain the unperturbed cluster

amplitudes.

3.1.2 EDM Perturbed Coupled-Cluster Equations

The Hgpwm operator is a single-particle EDM operator and has the same diagrammatic
representation as the electric dipole operator and the one-body part of V' (Eq. (3.10)).

Consider the Hgpy perturbed Schrodinger equation for the atomic Hamiltonian H.

(1) -6

where H = H + MHgpy and |U) = eT|Dy) = eT(O)JF’\T(l)\(I)O). Taking terms upto one

He™ (1 + AT<1>> ‘cpo> — Eel (1 + AT<1>) ‘<I>O>

Substituting for H in the above equation,
(H + AHEDM) e (1 + )\T(l)) <1>0> = B (1 + AT(”) ‘<I>O>

order in A,

Comparing A and \! terms on both sides,

(H eT(O))

(HeT(O)T(l) + HEDMeT(O))

<I>0> = BT

<I>o> (3.19)

and

q>o> — BT T

<1>0> (3.20)

Multiplying Eq. (3.19) by T™ on both sides,

TOHT

(I)0> = ET(I) eT(O)

<I>o> (3.21)
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Using the normal ordered form of H = Hy + Epg, Eq. (3.20) becomes,

(HNeT“”T(l) + HEDMeT“”) ‘@0> = (AECOH@T(O)T(”) 'q>O> (3.22)

since T and TW commute and E,,, = E — Epp. Operate Eq. (3.22) on both sides by

A0
e T,

(FNT(D + FEDM)

(I)O > = AEcorrT(l)

<I>o> (3.23)

Operating by e T on Eq. (3.21) and converting H into normal form,

T(l)ﬁN

(I)O> = AEcorrT(l)

<I>o> (3.24)

subtracting Eq. (3.23) from Eq. (3.24),

o)

(I)O > = _FEDM

<I>o> (3.25)

where O = e T0eT® where O is any operator. The equation for the coupled-cluster
perturbed singles and doubles can be derived from the basic equation, Eq. (3.25) by

projecting on both sides of the equation with singly and doubly excited determinantal

(0| o) = (o] on)
<c1>;z [FN,T“)] c1>0> = —<c1>gg c1>0> (3.26)

which are equivalent to
(T o) = (o)
<c1>;z {FNT“)H@O> = —<c1>;z c1>0> (3.27)

These equations are the Hgpy perturbed coupled-cluster equations and are termed as

states.

Hgpwm

Hgpwm

Hgpwm

Hgpwm

CCEDM equations in this thesis. Further expanding 70, these equations can be recast

in the form of a system of linear matrix equations,
HyT& + HpTy) = —Hyg

Hu T + Hypo TSV = —Hyy (3.28)
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where Hq1, Hio, Ho1, Hoo are dressed Hamiltonian matrix elements and Hyy and Hyg are
the dressed Hgpy matrix elements. The above equation can be expressed more compactly
as ATM) = C, where the matrices A and C are independent of the T amplitudes. The
Eq. (3.28) is classified into four blocks, T1-T1, T1-T2, T2-T1 and T2-T2 ; where T1-T1
and T1-T2 contain the diagrams contributing to the Tl(l) equation through singles and
doubles respectively, and T2-T1 and T2-T2 contain the diagrams contributing to the
TQ(l) equation through singles and doubles respectively. The diagrams contributing to
the CCEDM equations with zero orders in T are shown in Fig. 3.3, 3.4, 3.5, 3.6. The
diagrams 3.7 and 3.8 represent the terms present on the right hand side of the CCEDM

equations. The diagrammatic representation of the operators is shown in Fig. 3.2.

(0) (0)

T1 N XA T,

4&] HEDM —® D

Figure 3.2: Notation. fxy and Vi denote the one- and two- electron parts of Hy respectively.

Csl. cs2. Css.
P a
fy fu P
q b
a p

Figure 3.3: Diagrams contributing to T1-T1 block.
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CD1. CD2.

Figure 3.4: Diagrams contributing to T2-T1 block

CsSy.

CS10.

Figure 3.5: Diagrams contributing to T1-T2 block
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Chs. CDA.

CDS5. CDS6.
a
p ,,,,,,
r o b a
I I 2
ko
CcD7. cDS.
p a
O
;
. b A
I ‘ I o
Ko
cDo. CcD10.

Figure 3.6: Diagrams contributing to T2-T2 block

BS1. BS2. a BS3. p

w < %

a

P b a 4
B&A4. BSS. BS6.
q b
q b
ax\ﬁ//p 4 b a p w

Figure 3.7: Diagrams contributing to the right hand side of the singles CCEDM equation.
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BD3.

3
b b
a r c p q p*fcr; 1a\%q

Figure 3.8: The diagrams contributing to the right hand side of the doubles CCEDM equation.

BDA4.
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3.1.3 Reduction of the Perturbed Coupled-Cluster Equations

to Unperturbed Coupled-Cluster Equations

In the absence of an external perturbation such as the EDM interaction, the EDM
perturbed CC equations given by Eq. (3.27) can be reduced to the unperturbed CC
equations given by Eq. (3.14). Hence, the unperturbed cluster amplitudes assume the
role of the perturbed cluster amplitudes and the CC equation can be solved to obtain
the unperturbed cluster amplitudes. This exercise can serve as a good check for the
CCEDM code. This can be implemented at two stages — linear and nonlinear in the
T© operator. The calculation of the unperturbed amplitudes from CCEDM equations
in the limit Hgpy — 0 at the linear level is discussed in the next few pages. Consider

the CC equations (Eq. (3.14)) with upto one order in T® (linearised CC equations),

(o
<<1>;z

(Note that in the present section, we have renamed T in Eq. (3.14) as T(®).) Since we

{HN+HNT(O)H<I>0> = 0 (3.29)

{HN+HNT<O>H¢O> = 0 (3.30)

use the approximation 7 = Tl(o) + TQ(O),

<<I>2 (I>o> + <<I>2
<<I>zz <1>o> i <<I>zz

The above equations can be written in the form,

Hy

{H NI+ Hy T }

<1>0> = 0 (3.31)

Hy

{H T + BT }

<1>0> = 0 (3.32)

HuT® + Hp,T" = —Hy, (3.33)

HyTO + Hyy TV = —Hy (3.34)

where the right hand side of the above equations is independent of T®. The above

equations can be combined to give,

AT

C (3.35)



Chapter 3. Coupled Cluster Theory and its Application to Atomic EDMs

where A and C are independent of T. This is a linear matrix equation. Now, consider

the CCEDM equations (Eq. (3.27)),
(I)o> = _<(I)*‘FEDM

*

where |®*) is a singly or doubly excited Slater determinant. The linearised CCEDM

o)

<I>o> (3.36)

equations are obtained by approximating, H y ~ Hy and Hgpy ~ Hgpw. This gives for

(o=

where T assume the role of of 7M. In the absence of the EDM perturbation, on the
right hand side of the Eq. (3.37), Hgpy is replaced by Hy. Also, the T amplitudes

singles,

Hepwm

o)

<I>o> (3.37)

take the role of the ™) amplitudes. Hence the singles equation becomes,

<c1>g {HNT(O)} c1>0> - —<c1>;

In the left hand side of the Eq. (3.38), the terms of { HyT®} contributing to the singles

Hy

<I>o> (3.38)

and linear in T(® arise only from the (2-hole — 2-particle) (diagrams CS3, CS4 Fig. 3.3),
(3-particle — 1-hole) (diagrams CS7, CS8 Fig. 3.5), (3-hole — 1-particle) (diagrams CS9,
CS10 Fig. 3.5) and particle-particle (CS1, Fig. 3.3) and hole-hole (CS2 Fig. 3.3) form
of the residual Coulomb operator. With the inclusion of only these diagrams and under
the linear approximation, in the absence of the Hgpy perturbation, Eq. (3.38) becomes
mathematically equivalent to the unperturbed CC equations, Eq. (3.32). Similar changes
for the CCEDM equation for doubles gives,

(ol { oY) = ~(ay

For the doubles, the diagrams contributing to the left hand side are (4-hole) (diagram
CD6 Fig. 3.6), (4-particle) (diagram CD3 Fig. 3.6), (3-particle — 1-hole) (diagrams
CD1, CD2 Fig. 3.4), (2-particle — 2-hole) (diagrams CD4, CD5, CD9, CD10 Fig. 3.6)
and particle-particle (CD7) and hole-hole (CD8) (Fig. 3.6). The Eq. (3.38) and Eq.

Hy

<I>o> (3.39)
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(3.39),

HyNT© Hy

() - (e
(ofmTole) - (w3

are the ‘unperturbed’ deduced from the linear CCEDM equations in the limit of Hgpy —

o) o0

HyxTO Hy

<I>o> (3.41)

0 and can be represented in terms of elements of a matrix as

H, T + H, T = H, (3.42)

H§1T1(0)+H§2T2(0) = Hy,

where Hj, and Hj, are the Coulomb matrix elements on the RHS of Eq. (3.41) and (3.41)
respectively and Hi,, Hi, and Hj,, H), represent the matrix elements on the LHS of
Eq. (3.41) (3.41) respectively. These are equivalent to the coupled-cluster equations Eq.
(3.34). The term (@] |Hx|Po) = 0 on the right hand side of Eq. (3.41), due to Brillouin’s
theorem !. The singles equation after substituting T® = TI(O) + T2(0) becomes,

<(I)Z CI>0> =0

For the initial guess, set the matrix elements of TQ(O) = 0 and hence

<<1>2 @0> _ XI:<<I>; <1>I><<1>I cpo> _0

For a given value of I, the matrix elements of Tl(o) = 0. The initial guess values for the

HNT" + HyTy"

HyTY Hy T

doubles cluster amplitudes are obtained from the doubles equation by setting T 1(0) =0,

(o] 0 ) = (o3
The matrix elements on the right hand side of Eq. (3.43) reduce to

()~ (o) - ()

!This states that the Hamiltonian Hpy does not connect the determinantal states which differ by a
single excitation and hence there can be no first order mixing of such states

HyT Hy

) o

Hpy v v
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and the initial guess for 7. 2(0) becomes,

|t )

The Eq. (3.41) are then solved for the unknown 7(®) amplitudes. Appropriate changes

(% (%

)~ (rs

€q T € — € — €

corresponding to the reduction of the perturbed CC equations to the unperturbed CC
equations are made to the linear CCEDM program to calculate the unperturbed cluster

amplitudes and the correlation energy.

3.1.4 Non-Linear EDM Perturbed Coupled-Cluster Equations

Consider the Hgpy perturbed singles and doubles cluster amplitudes equation (the prime

denotes that the reference state and the excited Slater determinants are opposite in parity

e -
(e [{mio ey = (o

Expanding H y in the equation for singles,

<(I)7"l

due to the parity odd perturbation)

{FEDMH@O> (3.44)

| —

Ho+ HoTO + L goro o 1 gm0 70 70 4 7o
N N 2‘ N 3‘ N

_ _<q>;' {HEDM}

)

) oss

Using TO = TV + 1Y,

r/ 1 © o, 1 (0) (0) (0) 1
O (< Hy + HyNT +2!HNT T +3!HNT T T
1 © 7o) 4 L (0) 7(0) 7(0) (1) - !
+ 1 Hy + HNT —1—2' HNTY'T +3' HNTVYTY'T 7,7\ ®y ) = &< Hepwm ¢ |Po
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Similarly the double excitations satisfy the equation

—— 1

<<1>;;’ Hy + HNTO 45 HVTOTO 0 HyTO 7O T 5 17 (3.46)
— 1 —

1 1
+ H + HyTO 5 HyTO 70 4 HyT© 7 70 & 71

o)~

1)

writing the equation for singles in terms of matrix elements,

Ay (TOYTY + Ap(TOYTY = —(Hgpy), (3.47)
where

Ay (TOYTD = <<1>;’ Hy + HyT© 4 HyTO 7O 4 HyT© 70 70 § 7V

2l 3!
— —
(©0) (1) v 1 © po 1 ©0) () 7(0) ()
Alg(T )T2 = (I)a Hy + HNT —|—2' HNTWY'T +3‘ HNTVWTWT T2 P,
Similarly for the double excitations,
A (TOYTY + Agy(TOYTLY = —(Hgpy)? (3.48)

where the matrices Ao (T®) and A (T©) are the coefficients of T and T4" operators
in the doubles Eq. (3.46) respectively. The Eq. (3.47), Eq. (3.48) are nonlinear in 7',

but linear in 7™ and can be combined and written as

All A12
A21 A22

T B

B,

")

(3.49)

73"
where

B, = (HEDM) <(I)T Hgpwm
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)

and

By = _(HEDM)?) = < ot | HEDM

These equations can be recast as,
A(TOHYTH =B (3.50)

which are solved, to get the perturbed cluster amplitudes, where the 7 amplitudes are
assumed to be known. Splitting the matrix A(7®) in the above equation into diagonal

and off-diagonal parts,
Adiag(T(0)>T(1) + Aoﬁdiag(T(0)>T(1) =B
gives an equation of the form

W B — Afidiag(TO)TW (3.51)

T Aueg(TO)

This equation is solved iteratively until the self-consistently is achieved for the unknown
T amplitudes. That is, starting from an initial guess for the 7W’s, a new set of
TMW’s are calculated, each time with the latest iterates. This process is repeated until
convergence of the ith and the (i — 1)th iterates. More details of the iterative scheme

are presented in Section 4.2.

3.1.5 Selection Rules for the Cluster Operators

The tensor-pseudotensor electron-nucleus interaction Hamiltonian has the form (Eq.

(2.1)),

V2

The operator in the electron space (7;) is a vector of rank 1. The perturbed cluster

G rC
HE—DBII\/LT = T ZUN “Yipn (T) (3.52)

amplitudes are associated with the electron space, which can be noted from the second

quantization representation of the cluster operators (see Eq. (3.9)). The rank of the
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interaction Hamiltonian must be incorporated into the cluster amplitudes and the dia-
grams representing them. Consider the diagrammatic representation of T 1(1) shown in

Fig. 3.9(a) . In terms of the multipole components

1
nW=>% (n"), (3.53)

q

Algebraically, Tl(l) can be written as
T = Z ala, t (3.54)
a,p

where, p is a particle, hence represented by an out-going line, and a is a hole represented
by an incoming line, and #? is the corresponding cluster amplitude. The rank of T() is

denoted by ko = 1.

@ (o))

Figure 3.9: Diagram representing 7'(") - (a) Tl(l) (b) Tz(l)

The vertex formed by the orbital lines (a,p, k2) in the Tl(l) diagram corresponds to

the matrix element <p]T1(1)|a), and satisfies the triangular condition 2,
|J, — 1] < J, < J,+ 1,
and the magnetic quantum numbers satisfy,
Mg +my +q =0,

where the J;’s and m;’s represent the total angular momenta and their projections re-

spectively. The operator ™™ is odd under parity therefore,

(~Dle Tl =1

3as dictated by the Wigner Eckart theorem for the matrix element of Tl(l)
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where [; is the orbital angular momentum of the ith orbital. Consider the diagram
representing T2(1) operator. The vertices formed by the orbital indices (a, p, A1), (b, q, A2)

and (A1, Mg, ko) satisfy the triangular conditions
o= T <M < Jo+ J,

Wy — Jo| < X < Jy + J,
A1 — Ao| <hy < A1+ Ao

and the vertices satisfy,

(~1)fHr = (=) (~1)He

Note that for the unperturbed cluster operator T® and the residual Coulomb operators

preserve parity and hence, we have,

(_1>la+lp _ (_1>lb+lq

3.2 Application of CC Theory to Atomic Electric
Dipole Moments

The EDM of the atom in the exact state |U’) is

D, = M (3.55)

(o)

where D is the electric dipole operator and |U’) is given by,

x11’> — ‘\1/0> + A‘wg>>

where |W) is the unperturbed state, A is the perturbation parameter and |\I/(()1)> is

the first order correction to the unperturbed state due to the EDM perturbation. The

exact state can be written in terms of the cluster operators as

(0) (1)
\I//> — eT + AT (I)0>
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where |®) is the reference state. Retaining terms upto order A,

)

Substituting the above expression for |[¥') in Eq. (3.55) and keeping terms only of order

\p’> = " (14 ATW)

A, we obtain the expression for EDM 4,

<<1>0 {ET“) 4 T(l)Tﬁ} ‘®0>
D, = (3.56)

oD

{ET(I) + T“)TE} ‘(I>O>

oDy

where D = eT(O)TDeT(O), using the fact that T and D operators are odd and T

which can also be written as,

>
D, =

(3.57)

operator is even under parity, the bra and the ket vectors in the above expression must

have the same parity. To simplify the calculations, we expand D in the following manner,

2
_ 701
D= <1+T<0>T+ o +) D™
This can be written as [33]
— © 1 t\" (0)
D=De™ +3 (T<0> ) De” (3.58)
=1

The diagrams representing the electric dipole operator are shown in Fig. 3.10.
In Eq. (3.58), the one-body nature of the electric dipole operator D restricts the

maximum possible contractions with T to just two. Define
q>1> — 7 (I)o> = (Tl(l) —|—T2(1)) <I>0>,

4The symbol of contraction appears using DT = DTW +{ DTM L where the curly brackets refer

to normal ordering and the expectation value of normal ordered operator between the vacuum states is
zero
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R A A

Figure 3.10: Diagrams representing the electric dipole operator

b <c1>0 c1>1> + <<1>1 E‘CI>0> B 2<c1>1 E‘q>0> 50
COR O

The last step follows as the two terms are the complex conjugates of each other and give

o0 1 n
D, — 2<c1>1 D 1Y ~ <T(0)T) DeT(O)] ‘cpo>/<x1/0 qf0>
n=1 :

(e q%>+<¢1m w)| /{w

3 1 <T(0)T )” Dl
n!
The complexity of the above expression can be mitigated by exploiting the fact that not

then

D

equal contributions. Substituting the expanded form of D

= 2 DeT(O)

xpo> (3.60)

n=1

all the terms containing the T7OF operators contribute to the infinite summation. In
this scheme, the zeroth order D, is terms without TOF operator, first order D, is terms
having one order of T’ (O)T, and so on. The unlinked terms of the numerator cancel with

the denominator and only linked terms contribute in the numerator.

3.2.1 Zeroth Order EDM

Consider the zeroth order contribution

Expanding (®1|

(e

0)

De™ TI(I)TDeT(O)

%) =

c1>0> . (3.61)
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The level of excitation (l.0.e) is the excitation number, assigned to a diagram taking into
account the hole and particle creation and annihilations at the vertices of one and two-
body diagrams. For example, the operators, T} and T, have l.o.e = 1 and 2 respectively
since T7 involves the annihilation of a hole a and the creation of a particle p and T,
involves annihilation of two holes and creation of two particles Then, Tf and Tg have
l.o.e equal to —1 and —2 respectively. Since the operators T ) and T( have fixed levels
of excitation of +1 and +2 respectively, the possible terms contributing to the dressed
dipole operator are restricted in Eq. (3.61). In other words, the term Z1 is nonzero only
when (DeT(O))1 has l.o.e = 1 (indicated by the subscript). Similarly, for a nonzero Z2

contribution (DeT(O)) must have a l.o.e = 2. Hence the terms finally contributing to

2
zeroth order EDM can be read off as,

1
(per”) = 501"+ DT + DT + D (3.62)

1 3 1 2
(D), = DT + DT + S0 + DI + DT (363)
2 . .

The diagrams of (De”™); and (DeT"”), are shown in Fig. 3.11 and Fig. 3.12 respec-
tively. The linked diagrams of (De”); are connected, but for (De™” )5, disconnected

diagrams also contribute.

1.

a b. C. - ~( /
S N

Figure 3.11: Diagrams contributing to DeT( ").. The diagram named (Deg); is the effective

operator obtained by summing the dlagrams (a, b ¢, d,e,f). All diagrams are connected.

In Fig. 3.12, among the (De”), diagrams, (a), (c), (g) and (j) are connected and
the remaining are disconnected,

conn discon
(D), = (D) ™ 4 (D) T (3.64)

2 2
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2' NVAVEVERVAVAVIRVAVES,
AVAVAY IR VAVARRGE NS

0. \X/ h\T[@\Z i.$®\f j-\i/
4’\4@) NS "

0
(Dat ), x Ti) = (D )ZZ(A) (D )ZZ(B)

Figure 3.12: Diagrams contributing to (DeT(O))2.

where the first and second terms represent the connected and disconnected terms. The
connected terms resemble the diagrams contributing to the doubles on the right hand side
of the CCEDM equation, again with the Hgpy operator replaced by D (see Fig. 3.8).
The topology of the diagrams shows that diagrams of (DeT(O)) , arise from (DeT(O)) X T

conn

and (DeT(O))2 diagrams. That is

discon
<D6T(O)> — (DeT(O)> w T (3.65)
2 1

All the diagrams having same number of free lines and components are grouped together
to obtain effective diagrams shown in Fig. 3.13(II). The diagrams contributing to the
zeroth order EDM in Eq. (3.60) are shown in Fig. 3.14 and are obtained from the
contraction of the effective dressed electric dipole operator with the perturbed cluster

operator.
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NN

( Deff ) Z1
‘ (Der ) 22 (Dt ) 22(8)
Effective diagram | |
for singles Effective diagrams
for doubles

Figure 3.13: Effective diagrams for singles and doubles for zeroth order

3.2.2 First Order EDM

Next, consider the n =1 term in Eq. (3.60), it is the first order in TOf

(ol - o o)

— <<I>0 <I>0> + <<I>0 Tz}l)TT(O)T De”

We now determine the terms contributing to F'1 and F2, expanding 7O in F1

<<1>0 (I>0> _ <<1>0 7' (TfO”DeT@) <1>0> n <<1>0 7O’ (TQ(O)TDeT(O))
1

Further, expanding De”” in F1(A),

7O et T 7| 7O D

(0)

7

7O 7O pr®

- 7
'

o)

T 7O P

)

1

F1(A) F1(B)

<T1(O)TD6T(O)> = Tl(o)T <D6T(O)>

1 2

t]1 3 1 2
= 7O bDT}O) +DI{"Ty" + 501" + D" + DT,
! ! ,

_ qof (D) ™ 4 (D™ x T (3.66)
2

T, diagrams arise from (De™”); x T\

As discussed in the zeroth order case, the (De
and the actual (De”™ )™ diagrams. We saw that the effective diagrams listed in Fig.

3.13 are sum of all the diagrams arising from (De””); x TI(O) and (DeT”),. Hence,
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EDM EDM b EDM
1. @ 2@ 3. é
Deff D
eff Deff
EDM % EDM

4 (0) > (0)

0 0

Detf L Dest L

Figure 3.14: Diagrams contributing to EDM from the effective diagrams at zeroth order

— N

( Dt JFL(A)

Figure 3.15: Effective diagrams at first order contributing to F1(A)

the effective dlagrams of (T, ( DeT( ))1 are contraction of the effective diagrams in Fig.
3.13 and T these are shown in Fig. 3.15. To calculate the contribution from F1(B),

consider

o\ |10 1 200 Lo
(De )3 - LNDT +2‘DT +2!DT1 1, + 5 DT,

pTOT 4 'DT +DT2(0)}

2! 3
_ < DeT“))m + (DeT(O)>Conn x T + (DeT(O)> {1 7O TQ(O)](?, 67)
3 2 2! ‘
Similar to the previous cases, (De?”)s is the sum of (De?”); x T° (DeT(O)) x T

and (DeT™)gomn x Tl(o). In the present calculation, we do not include the (De (O))Conn,
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which are true three body diagrams. That is, we define

conn ]_
<D6T(0)) _ <D6T(0)) x T 4 <D6T(O)) [ﬁTl(O)2 + Tgo)} . (3.68)
3 ) 1 .

The diagrams in Fig. 3.16 represent the sum of all the diagrams arising from these

terms. The effective diagrams at first order can be obtained by the action of TQ(O)T on

. W NS S
o, NS AT N
c.\/é\/ Vi

_'.
Figure 3.16: Open diagrams at first order for the term (D 3. Multiplication of TQ(O) with

these diagrams gives the effective diagrams contributing to F1(B)

€T(O))

the diagrams listed in Fig. 3.16, then

conn 1
<T2(0)T DeT(O)) _ 7o [( Dem) CTO | ( Dew) (_Tw)? +T2<o>)} (3.69)
2 1

1 2171

i . . . 1
The contribution to EDM are then obtained by the contraction of these terms with 7 1(1) .

Adding Eq. (3.66) and Eq. (3.69), define an effective operator of D as

D' — (TfO”DeT(‘”) + <T2(°”D6T(°>) , (3.70)
1

1

where the subscript represents the one-body character of the operator and superscript
indicates the order of TOT.

Similar to F1, expanding F2

(2 %) = (

-

TV 7O pr® V" <T1(O)TD6T(O)>

(I)o> + <(I)o

7 (1 per®)

2 2

)

7

F2(A) F2‘(,B)
(3.71)
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Consider F2(A), expanding the term within the parenthesis
<c1>0 TV (1 D) c1>0> _ <c1>0 V' (pet)
From the definition of (De”"”); in Eq. (3.68)

conn 1 2
_ <q>0 T 7Of [(DeT(”) T 1 (DeT“”) <—T(O) + T§°>)] ‘cpo>. (3.73)
2 1

Pl
As mentioned earlier, the open diagrams contributing to (DQT(O))g are listed in Fig. 3.16.

<1>0>. (3.72)

2 3

= 1 . L —
The D diagrams are then the contraction of Tl(o) with (DeT”)s, these are shown in Fig.

3.17. Fig. 3.18 shows the effective diagrams arising from summing the diagrams listed

1’%;\42'%/M ;
gﬁ/\z VAV N AV

7. % w 8. % E 9. %
10. 11.

Figure 3.17: Effective diagrams at first order for F2(A) - Tl(O)T(DeT(O))g

in Fig. 3.17.

Ny N+

Figure 3.18: Effective diagrams at first order for F2(A) - TI(O)T(DET(O))P,
Now, consider the F2(B),
<<I>0 T2(1)T <T2(0)TD€T<0>> (I)o> _ <<I>0 T2(1)TT2(0)T <D€T(O)> ‘1)0>- (3.74)
2 4
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Similar to (De"”)s, we can define

conn | ] 2 1 3

(pr), = oo [t o (o), [ o] o
L= . )T~ 7 O)F ~ 7 .

We can define effective D diagrams of (177 De' " )q and (T, De' " )y. However, unlike

ﬁi these terms have connected as well as disconnected diagrams

ﬁ; _ E;COHH + E;discon _ <T1(O)TD€T(0)) ) + <T2(O)TD€T(O)) ) 7 (376)

—=lconn —=1ldiscon . . . .
where D, and D, are the connected and disconnected contributions respectively.

The EDM contribution from second order 7O can be calculated from Ef and Ei.
Substituting n = 2 in Eq. (3.58), we get the second order contribution to EDM from the

terms,

2
., TOf
D2 = 2‘ DeT(O)

12 (0)T2
Tl(O) T, 2 )t 7(0)
=\ o o Ty B Pe

where T = Tl(o) +T 2(0). Diagrammatically, the effective diagrams of F2(B) are obtained
by the multiplication of T: 2(0) by diagrams of (DeT(O)> as shown in Fig. 3.19.
4

of

Actionof T, on

1 2
e ey
N NN NAVAV.EV

Figure 3.19: Effective diagrams at first order for F2(B) - TéO)T(DeT(O) )4. As shown, the action

T
of T2(0) on the diagrams labelled 1 to 4, give rise to the effective diagrams of F2(B).

The results presented in the thesis correspond to the contributions of zeroth and the

F'1 terms. Following are the terms contributing to the EDM expectation value at the
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y

linear level :

Ditors = <<1>0 DI 4+ 7OD

where

D— 6T<0>T D€T(O)

_'.
= (1 - T<0>) D (1 - T<0>)

—D+ DT+ 7O D = D4 DT® + D+ DT + T D+ T D

At the linear level,

Now the EDM expectation value becomes,

Datom = 2<(I)O

{Tfl)TDJrTl(l)TDTl(O)+T1(1)TDT2(O)+T2(1)TDT2(O)+T2(1)TDT1(O)}

cpo> (3.77)

3.3 Comparison of Coupled-Perturbed Hartree-Fock
and Coupled-Cluster Theories

3.3.0.1 The Coupled-Perturbed Hartree-Fock Equations

In this section, we give an outline of the coupled-perturbed Hartree-Fock (CPHF) equa-
tions and explain how the diagrams arising from the CPHF theory can be related to the
diagrams present in coupled-cluster theory. The results of the numerical comparison are

presented in Chapter.5. Consider the Hartree-Fock equation Eq. (3.6),

(i)

The introduction of P and T violating interaction, hgpy, as a perturbation, modifies the

w2> =0 (3.78)

Hamiltonian and the single particle wavefunctions

e

where ) is the perturbation parameter and [¢!) is the first order correction to wave-

%>+A

’QD;>, and ho — ho + )\hEDM

function. The operator hgpy is used to distinguish from Hgpy operator at the single
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and many-particle levels respectively. There is no first order energy correction as the
perturbing Hamiltonian hgpy is an odd parity operator. We then get the perturbed

Hartree-Fock equation

Noce
(M+ammM)(¢§4am@>)+§:Kw&+m@v¢£+xw>¢£+M@>
b=1
Noce
—}:Kwﬂhw%v%+%%§u£+A%>]—£¢£+Mﬁ>=0 (3.79)
b=1

Keeping only the terms linear in A,

Noce
(ho w2>) - Z<w£
b=1

~({utfes o)+ (oot

Rearranging

(% (% (Y

o))

(3.80)

w2> + <w£
wﬁ

w>

w>w§+<w
w>+<w ¢$

w>
%})—@

¢i> + hepm

o)

0

(Y (Y v

(ho +¢°— 62) ¢;> = (_hEDM — 91)

o) (3.51)
where the perturbed Hartree-Fock potential is given by
%)

¢2> _ %:K%g ¢;> ¢g>_<¢g ¢2> ¢;>+<w; ¢2>—<¢§ ¢2> ¢§>]

b=1
(3.82)
The Eq. (3.81) is the CPHF equation. Expanding the perturbed orbitals as a linear

(% (% (% (%

gl

combination of the opposite parity unperturbed orbitals

w;> => Cpa w2>
p

where (), are the mixing coefficients, then

Z(ho + 90 - 62) Cpa ¢2> = (—hEDM - 91)

<_hEDM - 91) ¢2>
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Similarly, expanding [¢}) = > Cplt))) in g' (Eq. (3.82)), the mixing coefficients are

the solutions of the linear algebraic equations

Cpa (Eg - 62) + Z |i‘7pqabC;b + %banqb} + <p

bq

hEDM

a> =0 (3.83)

where Vigap = ((pq|v|ab> - (pq|v|ba>) and Vypa, = ((pb lv| aq) — (pb |v] qa>).
The wavefunctions [¢7), |49), [¢y) and [¢0) are represented by the orbital indices
(p, a, b, q) respectively and hereafter we follow this notation for the single particle orbitals.

The zeroth order contribution to the coefficients is

oo _ _ <p a> (3.84)

pa
0_ 0

The superscripts on the coefficient denotes the order of the residual Coulomb interac-

hEDM

tion and that of the hgpy perturbation respectively. The diagrammatic representation

of this term is given in Fig. 3.20(a).

Figure 3.20: CPHF diagrams at zero and one order residual Coulomb interaction. The
diagrams (d,e) are called normal CPHF diagrams and (b,c) are the pseudo CPHF diagrams.
The dotted line is the residual Coulomb interaction and the line attached with X is the EDM
interaction.

The Eq. (3.83) is expressed in the form of a linear matrix equation,

> Apa 4Cqp = —Bpa (3.85)
qb
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where A,, o = \z)qab + f/pbaq + (62 — 62) OpgOap and By, = (p|hgpm|a). This equation is
solved iteratively starting with the initial guess for the mixing coefficients given by Eq.

(3.84). The coefficients of the kth iteration are obtained from,

(k—1,1)*
B - C
(k) _ __DPpa S
Cpa”’ = 0 _ 0 Z [(Vanb> 0 _ 0 +
P %o T P~ ‘a
oE=11)
- b
(VPbaq> 62 — 63 ] (386)

(0,1)*
B - C
(1,1) pa_ gb
Cpa ' = O _ 0 Z <quab) 0 _ 0 T

a bg D a

N C(gvl)
Omog%gl (3.87)

D a

The diagrams arising from the above equation are shown in Fig. 3.20.

o ) (0,1)
Substituting the expression of C,

B ~ (Bp)'
C(l,l) - _ pa_ Vova q
pa €0 — €0 zbq: ( & ”) (eg_eg)(eg—eg)+
5 B,
Voba 4 3.88
(Vo) =yt —egﬂ (3.88)

The contribution of the normal CPHF diagrams for one order in residual Coulomb in-

teraction is,

(€ o = =X | (V) == (3.59)

bq

This expression is used later to compare with similar expression arising in CCEDM.

Consider the two pseudo diagrams of CPHF. Writing only the pseudo diagrams,

. By)'
o) _ v (Bgb N
(e psente = =32 | (o) G= g =t

(3.90)

These terms are diagrammatically represented by Fig. 3.20(b,c).
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3.3.0.2 CCEDM Equations

Consider the CCEDM equations,

<<1>§’ [FNT(”] q>0> = —<<1>§’
(o | [fT)] o) = ~(wy

In the CCEDM equation for singles, set Hy = Hy and Hgpm = Hgpw and ignore the

(i) --(o

using HyTW = {FNT(I)}. Introducing a complete set of singly excited states,

HEDM

<1>0> (3.91)

HEDM

<1>0> (3.92)

doubles for the present.

HyTY Hgpy

<I>o> (3.93)

Z<q>g’ Hy <1>g’> <<1>g’ T q>0> = —<<I>§ Hgpu q>0> (3.94)
bg
we get
D (HN) g (Tl(l))bq = — (Hepm),, (3.95)
bq
where (Hy),, 50 = Vobag = Vobiga + fpg — Joa considering only the terms of Hy which have

a CPHF counterpart. The operator, Hy = fy + Vi, where fy and Vy are the normal
ordered one- and two-body operators respectively. The one-body terms contribute to the

single particle orbital energies. In terms of single-particle wavefunctions, the CCEDM
equation becomes
S (o) = o) = Gl ot | o) = o)
bgq

= Z f/pb,aq tz(l)} + (62 — 62) tg(l) = <p‘—hEDM a>
The perturbed cluster amplitudes are hence given by,

bg -
) _ <_ By -V, b,ath(”) / (62 _ 62) (3.96)
bq
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Where the matrix B,, is given by,

2o~ )

Expressing the above equation in an iterative form,

tg(k’l) = (—Bap - Z %b,aqtz(k_l’l)) / (62 o 62) (3.97)
bg

The perturbed cluster amplitudes are solutions of the Eq. (3.97), where the initial guess

()
tZ(Ovl) —
=

For one order in residual Coulomb interaction, k = 1 and get,

tﬁ(l’l) = <_Bap - Z %b,aqtgm’l)) / (62 - 62) (3’98)
bq

hEDM

is given by,

hEDM

Substituting for tZ(O’l), we get,

D) — <p’_hEDM a> - Z(<pb‘v

(ie) & o)~ (oY

The second term of the above equation is exactly equivalent to the equation for the

()
V-9

(3.99)

q

CPHF mixing coefficient, Eq. (3.89). The diagrammatic representation of the terms
in Eq. (3.89) and the second term of Eq. (3.99) are shown in Fig. 3.20 (d-e). This
establishes the equivalence of normal CPHF diagrams and the corresponding diagrams
arising in the coupled-cluster theory. A detailed comparison of the mixing coefficients
of CPHF and the cluster amplitudes from coupled-cluster theory is performed and is
demonstrated numerically for atomic mercury. The results of the comparison are sum-

marized in Chapter.5. Now consider the contribution of the atomic EDM in terms of the

)

CPHF mixing coefficients,

EDM =) <¢3

D D

w2> Clool) 4 Opa*<°°’”<w2
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The zeroth order contribution to EDM is,

D hEDM

w2>

(it (ot
EDM =2 Z

ap (62 — eg)

since Cp,, = Cpe. The diagrams contributing to atomic EDM in CPHF theory are shown
in Fig. 3.21. The atomic EDM in terms of the cluster operators is

EDM = <<I>0'T(1)TE +DTW

c1>0> (3.100)

where D = 7' De™™. The same diagrams in coupled-cluster theory (Fig. 3.22(III))
arise from the term D (Tf”) e at the level of the final EDM matrix element. The
e

effective operator <T1(1)> results from the contraction of singles cluster amplitude

eff
operator (Tl(l)T) and the residual Coulomb interaction.

Figure 3.21: CPHF diagrams contributing to EDM

As shown in Fig. 3.22, the CPHF diagrams of the kind shown in Fig. 3.21 (b,c)
are obtained by summing the two MBPT diagrams Fig. 3.22(I(a,b) & II(a,b)). These
diagrams seem to be arising from the terms (D(Tl(l))eﬂ + Tl(l)TDT2(0)> where (T\M)oq is
the effective diagram arising from the contraction of the cluster amplitude Tl(l)T and the
residual Coulomb interaction. The diagrams listed under (III) are directly present in the
coupled-cluster theory, but (I) and (IT) can be shown to be present only indirectly. The
CPHF coefficients computed during the first iteration of the CPHF equation contain one
order residual Coulomb interaction. The EDM computed using these coefficients can be

compared with the coupled-cluster terms as indicated above.
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(1)
by T, D T2
_|_ a P
q b

(1) (1)+ (0)
@ D(T 1 Dt 0 1, DT,

@
D (Tl )eﬁ

Figure 3.22: Diagrams contributing to EDM - Solid interaction lines in I(a)&(b), I1I(a)&(b)
and III(a)&(b) represent the Coulomb interaction treated to all orders. The operator (Tl(l) eﬁ)

. . T . . L
is a result of the contraction TQ(O)TI(I) , which, when contracted with the electric dipole operator

(D), gives the diagram contributing to D,. Here, the diagrams (I) and (II) are the pseudo
diagrams of CPHF. We extract the corresponding terms in coupled- cluster theory.
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3.4 Comparison of Coupled-Cluster Theory with Con-
figuration Interaction

Before we move on to the calculation of atomic EDMs using CC theory, we make a com-
parison between the coupled-cluster, the Configuration Interaction (CI) and the many-
body perturbation methods. The exact atomic wavefunction in coupled-cluster theory
is expressed as

[Pee) = e”'|@o)

where |®g) is the reference state and T is the hole-particle excitation operator and |V )

ala.tP. This gives

is the exact atomic state. In the present discussion let =T, =} a)

2

T,
|Wee) = [1+T1+2—1,+---] | Do) (3.101)

and
Ty Do) = Y abaq|®o) th =) |BE)EE
t? is the amplitude for the excitatioanpfrom a to p. Co;Zider the CI wavefunction,
(Wer) = Col®o) + Y Cil @) + Ca Y [®a) + -+ (3.102)
s d
where |®g), |®;) (set of all single excitations), |®4) (set of all double excitations) and so

on form a complete set of basis vectors in Hilbert space. Comparing Eq. (3.101) and

Eq. (3.102),
Tl‘q)()) - Z ‘@5)155 = ZOS‘¢S>

a.p
Hence, T7 is equivalent to the set of all the single excitations as given by the CI wavefunc-

tion. From Eq. (3.101) and Eq. (3.102) it can also be noted that for double excitations, it
is necessary to include them explicitly in the CI wavefunction, but the CC wavefunction
can give the same through 77 term at a lower level of truncation of the exponential. The
|®;) of the CI is identical to |®2) of CC theory. Now consider the exact wavefunction as

described in the many-body perturbation theory,

W) = |®g) + |®) + |P2) + - - - (3.103)
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where |®g) is the unperturbed wavefunction and others are the higher order corrections
to |®y). We have,

i |H,‘I0>
Pl) = E P 7< !
| 0> ; 0| I> Fo E;

where for |®}), ‘T’ stands for all the single excited intermediate states and H’ is the

perturbation. |®}) can be expanded in terms of the complete set,
@) =Y CHE,) + Y ChlPa) +---
s d

Similarly,
B3 =D C2D,) + > Chldg) + -
s d

The exact wavefunction |¥) can now be written as
[U) = [@g) + > [CE+C24 -] |0+ > [Ch+Ch+--]|®a)+--- (3.104)
s d

|®}) has one order of the residual Coulomb interaction(perturbation), |®3) has two orders,
and so on. This implies that there are infinite number of residual Coulomb interactions
giving rise to a single excitation, infinite Coulomb interactions giving rise to double
excitations and so on, where C!, C? etc. represent one order in the residual Coulomb
interaction with one intermediate state(I), two orders in residual Coulomb interaction
with two intermediate states (I,J) respectively. Comparing Eq. (3.101) and Eq. (3.104),
we get

Ty|®o) =Y [CL+CI 4] |,) (3.105)

which indicates that T contains infinite orders of Coulomb interaction corresponding
to all possible single excitations. The above T} refers to the unperturbed cluster oper-

) contains, in addition to infinite orders in

ator Tl(o). The Hgpy perturbed operator Tl(1
Coulomb perturbation, one order in Hgpy. The above equations also demonstrate that
under a given approximation of singles and doubles, the summation over the correspond-
ing mixing coefficients is equivalent to treating the perturbation to all orders. Hence, the

calculations of the coupled-cluster amplitudes ¢? and "] is equivalent to the calculation

of the mixing coefficients to all orders using the many-body perturbation theory.
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3.5 Size Consistency and Size Extensivity

Size consistency : A method is ‘size consistent’ if the corresponding energy of two well-
separated (in the limit of infinite separation) subsystems A and B is equal to (E4 + Ep),
the sum of the energies of the two systems computed independently.

Consider a CI wavefunction |U¢y), which is expanded in terms of a linear excitation

operator, unlike the CC wavefunction,
[War) = (1+C) [®o)
where C' is a linear combination of various excitation operators,
C=C+Cqg+Ci +
which can be represented in a second quantized form as,

C= Zc al a; + = anb alalaa; + - - (3.106)

zg ab

Truncation of the operator C' to singles and double excitations (CISD) leads to a

wavefunction with exactly same number of amplitudes ¢ and c{’, as that needed for

2]?
the CC singles and doubles (CCSD) approximation, t¢ and tf]b. However, the CCSD
theory implicitly includes the higher excitations like triples, quadruples, through the
inclusion of higher powers of T which arise inherently due to the CC exponential ansatz.
Both the full CI and full CC produce exact wavefunctions. Consider the structure of
the CC and CI wavefunctions for a system involving two non-interacting and infinitely
separated components, A and B. It is possible to dissociate the cluster operators for the

two components, assuming that the orbitals used to define T and C' are localized on each

of the two components,
T=T4+1Tg and C =Cy+Cp

Hence,
‘\Dcc> = GT‘(I)0> = 6TA6T3|(I>Q>
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Under the localized orbital description, the reference determinant |®g) is factorizable into
independent determinants of each fragment, the total CC wavefunction can be written
as a product of CC wavefunctions of each fragment. The resulting energies would then
be a sum of energies of each of the fragments and would be the same as that computed

for the system as a whole. In other words,
Ecc = Bl + EE,

This property is known as size consistency. Since for CI, multiplicative separability is
not possible,

[Wer) = (14 C) [®g) = (14 Ca + Cp) |P0)

the sum of the energies of the separate fragments is not equal to the energy of the system

computed as a whole,

ECI 7é EéI + Egl

If CI is nontruncated, then it is possible to write the full CI wavefunction as a product
of wavefunctions for separate fragments by transforming the linear operator into an
exponential. For a Hydrogen molecule, there are only two electrons to be correlated and
hence CCSD and CISD are exact for this system. But the CCSD gives correct total
energy and CISD doesn’t due to the inseparability of the CI wavefunction.

Size extensivity : A method is said to be ‘size extensive’, if the energy calculated
thereby scales linearly with the number of particles. The SCF and the CC methods
are both ‘size extensive’. Size consistency applies only to non-interacting molecular
fragments, but size extensivity is a more general mathematical concept that applies to
any point on the potential energy surface.

Consider the structure of the CI Shroedinger equation,

ma(tveirceYla) = (B 5) (1ecrecr o)

where Hy is the normal ordered Hamiltonian and intermediate normalization® is as-

5(®g|¥) = 1, where |¥) > is the exact state.
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sumed. Projecting the reference state from the left,
(Ect — Eo) = (Qo|Hy (C1 + C2) Do)

where CI expansion is truncated using Slater rules. By the application of the Wick

theorem, this equation can be written in algebraic form as,

(Ber — Bo) = 3 fuct + 3 S (idlolab)es?
ia ij,ab
For the HF choice of the single particle orbitals, the first term is zero due to the Brillouin
theorem. Assuming a localized orbital basis, for a given orbital |¢;), the two-electron
integral will be zero, unless the orbitals |¢;), |¢,.) and |¢,) are reasonably close to |¢;)
due to the relatively short range nature of the inter-electronic potential.
Full CI is a size extensive and size consistent theory, but most truncated CI methods

are neither size extensive nor size consistent.
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Chapter 4

Computational Aspects of CC
Theory of Closed-shell Atomic
EDMs

In this chapter some important steps in the implementation of the coupled-cluster pro-
gram to compute closed-shell atomic EDMs are discussed. The program is written in
FORTRAN-77. The basic skeleton of the program is presented in Appendix C. The
number of diagrams contributing to the EDM perturbed CC amplitudes in Eq. (3.27)
are Niotal = 154 with ngne = 42 and ng, = 102 where ng,e and ngy, are the number of
diagrams representing the single and the double excitations respectively. The additional
10 diagrams arise from the right hand side of Eq. (3.27) from singles and doubles. The
program is composed of 54 subroutines. Details of the diagrams, the angular factors,

description of the program etc. can be obtained from the documentation [33].

4.1 Conventions and Symbols

The coupled-cluster equations consist of the matrix elements of the dressed residual
Coulomb operator, the cluster amplitudes and the EDM operators (Eq. (3.27)). Each
of these operators are expressed in terms of the creation and annihilation operators,
which are represented diagrammatically as explained in Chapter 3. The matrix elements
present in the coupled-cluster equations are computed by separating them into the radial

and the angular parts. The angular part is manually calculated by representing each
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cluster amplitude diagram by its corresponding angular momentum diagram. The closed

part of an angular momentum diagram is evaluated using the JLV theorems [24].

conventions used for the evaluation of the angular factors are shown in Fig. 4.1.

The

In

addition to the rules shown in Fig. 4.1, the arrow on the incoming free hole line is

removed and the sign at the vertex formed by the three multipoles of the TQ(I)

operator

(A1, Ag, K3) (see Fig. 3.9) is given a ‘4’ sign by our convention. For the complete details

of the angular factor evaluation, see the documentation [33].

Incoming hole line Sign of the vertex

) ) ] mcomi ng
Incoming particle line

Outgoing particle line

N

Outgoing hole line

% out90| ng Rank

S LSS

Figure 4.1: Notation for orbital lines

4.2 Implementation of the Iterative Scheme

The EDM perturbed CC equations given by Eq. (3.27) are,

R LY G Ly
<<1>;z {FNT“>}\<1>O> _ —<<1>;z_ <1>0>

Hgpum
Introducing a complete set of orbitals and expanding 7! = Tl(l) + Tz(l),

XI:<¢2_ <1>1><<1>1 <1>0>+2J:<q>; ¢J><¢J ¢0> _ _<q)2_
o) (o S N

Z<c1>;; <1>0> + Z<c1>;;

I J

T Hy 73"

Hy T Hy T

61

Hgpwm

(4.1)

>
o)




Chapter 4. Computational Aspects of CC Theory of Closed-shell Atomic EDMs

which can be written in the form of a set of matrix equations,

ATY + 4,1V = B (4.2)
AT + ATV = B, (4.3)

which can be compactified as
ATY =B (4.4)

In terms of the elements of the matrices, Eq. (4.4) can be written as,

A Agg Tll) By
= (4.5)
Ay Az T2(1) Bayg

where A; are identified as the dressed Coulomb Hamiltonian matrix elements which form

a square matrix and B;q, the matrix of the dressed EDM Hamiltonian operator, and the
)

Y

cluster amplitude matrix 7 is a column vector. The Eq. (4.2) is first solved for Tl(1
with an initial guess for T2(1), and is used in Eq. (4.3) to obtain a new set of T2(1)’s. The
TQ(I) amplitudes are then used in Eq. (4.2) to obtain a new set of Tl(l) amplitudes. This
procedure is repeated until convergence is achieved for both Tl(l) and T2(1) amplitudes.

In other words, we have,

(Blo”' - 35 ATy ’k_l))

1k
Lk
(320,3' -2 ATy ))
TP =
g Ajj
where k£ = 1,2,3,--- is the iteration count.

Usage of the latest determined amplitudes in each iteration helps speed up the con-

vergence of the EDM perturbed CC equations.

4.3 Complementary and Equivalent Diagrams

Complementary diagrams arise due to the contraction of an asymmetric operator (T2(1))

with a symmetric operator such as Vy or Tt 2(0). The asymmetric character of T2(1) arises
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due to the product of the parities of the two orbitals at the two vertices being opposite in
sign, which gives rise to two distinct diagrams from a single contraction with any symmet-
ric operator. While it is necessary to calculate the contributions from complementary
diagrams, it is important to avoid repetition of the diagrams that are generated when-
ever the complementary diagrams turn out to be topologically equivalent to normal
diagrams. One example of the diagram for which the actual and its complementary are
distinct is shown in Fig. B.2 (CD4). The cluster amplitude diagrams are calculated
in the subroutines, named after the form of the two-body Coulomb operator they arise
from and are ‘called’ in the driver routine. The complementary diagrams are calculated
by calling the routines of the cluster amplitudes twice, where the first and the second
call to the routine differs in the arguments of the routine. The arguments corresponding
to the open orbital lines of the TQ(I) operator (ia,ip,ib,iq,l1,12)are flipped and those
corresponding to the internal lines (ir, ic) are fixed. As an example consider the diagram

CD4 of Fig. B.2. The normal and the complementary calls are :

call dpphh(ia, ip, ib, iq, ir, ic, 11, 12, ...... ) (Normal)

call dpphh(ib, iq, ia, ip, ir, ic, 12, 11, ...... ) (Complementary)

where the routine is named dpphh(), to mean that it calculates the cluster amplitude
diagrams arising from the PP-HH form of the Coulomb operator ((PP|VN|HH)). It is
important to note that the parity of the vertices (ia,ip, 1) is fixed to be odd and that
of (ib,1iq,12), fixed to be even. The evaluation of the complementary diagrams this way
gives rise to equivalent diagrams when the normal and the complementary diagrams are
symmetric with respect to the interchange of the open orbital lines and hence are not
distinct. Equivalent diagrams for the unperturbed and perturbed coupled-cluster ampli-
tudes originate due to the presence of diagrams of symmetric topology, which results in
the repeated evaluation of the cluster diagrams that are not distinct. In this thesis, we
discuss only the equivalent diagrams arising from the implementation of the linear EDM
perturbed CC amplitudes. These diagrams in particular arise from the contraction of
the diagrams of the kind where the Coulomb operator and a cluster amplitude operator

are involved (VyT. 2(1)). The cluster diagrams arising from the contraction of the four-
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particle, (two-particle, two-hole) and four-hole forms of the Coulomb operator and the

), generate equivalent diagrams. In the next few sections, we ex-

cluster amplitude T2(1
plain in detail, the diagrams that contribute to the double counting of cluster amplitude
diagrams in linear CCEDM and the numerical factors associated with them to account
for it. For the T2(1) diagrams, the outermost loops correspond to the orbital indices
(ta,ip,ib,iq,11,12). Due to the parity condition at the two vertices of the Tz(l) diagram,
the simultaneous flip of (ia, ib) and (ip, iq) is not allowed during the loop execution. But,
the flip of either (ia,ib) or (ip,iq) is possible. In the following sections, we consider these
issues separately for the cluster diagrams arising from the (four-particle), (four-hole),
(two-particle — two-hole), (three-particle (three-hole) — one-hole (one-particle)) form
of the Coulomb operator and deduce the factors associated with them. For the cluster
diagrams arising from the (four-particle) and (four-hole) form of the Coulomb operator,

evaluation of the equivalent diagrams amounts to evaluating the diagrams identical to

the mirror reflection of the original diagrams.

4.3.1 Four Particle Form of the Coulomb Operator

Consider the diagram shown in Fig. 4.2. The normal and the complementary diagrams
are equivalent for the cluster diagram with the bare Coulomb operator, but not for the
diagram with the dressed Coulomb operator, which contributes through linear CCEDM.
Therefore, the complementary diagrams need to be calculated with a factor (1/2) for

the diagram Fig. 4.2 (I).

Exactly the same arguments given above are valid for the cluster amplitude diagrams
arising from the (four-hole) form of the Coulomb operator. Hence, these diagrams are
calculated along with the complementary diagrams, including a numerical factor (1/2)
for the cluster diagram arising from the bare Coulomb operator and no factor is associated

with the cluster diagrams arising from the dressed Coulomb operator.
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Complementary

Figure 4.2: Equivalent diagrams - Diagram (I) shows the contraction between the bare-

Coulomb and Tz(l) operators and diagram (II), the dressed Coulomb (H NTl(O)) and T 1(1) oper-
ator.

4.3.2 Two-Particle — Two-Hole Form of the Coulomb Operator

The cluster diagrams arising from the (two-particle — two-hole) form of the Coulomb
operator contributing to the linear CCEDM is shown in Fig. 4.3. Note that there are

no equivalent diagrams as the normal and complementary diagrams are distinct.

4.3.3 Three-Particle (Three-Hole) — One-Hole (One-Particle)

Form of the Coulomb Operator

The cluster diagrams arising from the (three-particle, one-hole) and (one-particle, three-
hole) form of the Coulomb operator are shown in Fig. 4.4. The complementary diagrams
are distinct from the normal diagrams and hence there is no numerical factor associated

with the diagrams.
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(8 Normal (b)  complementary

Figure 4.3: The normal and complementary diagrams are all distinct and hence there is no
numerical factor associated with these diagrams.

@ Normal (b)  complementary

e

Figure 4.4: The normal and complementary diagrams are all distinct and hence there are
no numerical factors associated with them.

66



Chapter 4. Computational Aspects of CC Theory of Closed-shell Atomic EDMs

4.4 Intermediate Storage Scheme

Consider a diagram contributing to CCEDM equations shown in Fig. 4.5(a). This
diagram contains four particle and four hole lines. To calculate this diagram, the total
number of operations required is = nj X né. For a reasonable basis, with number of
occupied (holes) and unoccupied (particles) orbitals given by n, = 22 and n, = 40,
the number of operations would be ~ 6 x 101, Such diagrams demand a large amount
of computational time. Using the Intermediate Storage Scheme (IMS), it is possible to
reduce the number of operations by calculating an intermediate diagram, (a portion of
the complete diagram) that is commonly present in a set of diagrams, only once and
storing it. Such diagrams are termed as effective diagrams and the cluster amplitude
diagrams are then calculated in terms of these effective diagrams. The diagram in Fig.
4.5(a) is termed as an EDM-IMS diagram, where the portion of the diagram, V]V'_Ié(l)
is calculated and stored in terms of an effective diagram and used later to calculate
the actual diagram as shown in Fig. 4.5(b). The number of operations now become
= nj Xnd+nj xnd = 2nj xni = 6x107 which is reduced by a factor (1/2)nzn, = 10*. The
CCEDM diagrams arising from the (2-particle — 2-hole) form of the Coulomb operator
have been classified into EDM-IMS and Coulomb-IMS diagrams based on the topology
of the diagram and the number of orbital lines connected to TQ(O) and T 2(1) respectively.
The IMS diagrams are calculated only once and are used for further calculation of the
complete cluster amplitude diagrams arising from the particular kind of IMS diagrams.
At present, this scheme has been implemented only for the (2-particle — 2-hole), but
in general can be used for the diagrams involving orbital lines as large as 6 - 8 because
such diagrams consume a large amount of CPU time due to the execution of loops
corresponding to the orbital lines. The Fig. 4.6 shows the cluster diagrams that require
EDM-IMS storage. The diagrams contributing to EDM-IMS diagrams are shown in
Fig. 4.7, 4.8 and those contributing to the Coulomb-IMS are shown in Fig. 4.9. These
diagrams are of (hole - hole) or (particle - particle) form. The actual cluster amplitudes
are then obtained by the contraction of the effective IMS diagrams with the corresponding

cluster operator diagrams - the T. 2(1) diagram for Coulomb-IMS and T 2(0) for EDM-IMS
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diagrams. The possible cluster diagrams in terms of the IMS diagrams are shown in Fig.
4.10. For details on the cluster diagrams calculated using Coulomb-IMS diagrams, refer

to the documentation [33]. The pseudo code is presented in Appendix C.

q
b /A s/ \d _ @_@
p L E P
(a) (b)

Figure 4.5: EDM-IMS diagram (particle-particle type) contracted with T. 2(0).

Figure 4.6: Cluster diagrams that are calculated using EDM-IMS diagrams - They arise from
the terms VNTQ(I) and VNTI(O)TI(I).
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(a) (b) (c)
(d) (e) (f)

(a) (b) (c)
(d) (e) (f)

Figure 4.8: Hrpwm perturbed particle-particle one-body IMS diagrams.

From the topology of the EDM-IMS diagrams it is interesting to note that the rotation
of the free lines of the Coulomb vertices generates a diagram which is topologically
identical to the cluster diagrams arising from the singles CCEDM equations. This is a
very useful observation which enabled us to use our program where the singles cluster
amplitude diagrams are calculated (in particular, the cluster diagrams arising from the
(3-particle — 1-hole) and (3-hole — 1-particle) form of Coulomb diagrams).

The EDM-IMS diagrams are only a one-body kind, whereas the Coulomb-IMS dia-
grams are both one- and two - body kind. The two-body Coulomb-IMS diagrams are
shown in Fig. 4.11. The angular factors of the IMS diagrams can be obtained from the

documentation [33].
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Figure 4.9: One-body Vi effective diagrams

@) % (b) (© ; (d) ;
Figure 4.10: (a)& (b) - Cluster diagrams arising from hole-hole and particle-particle Hgpwm

perturbed IMS diagrams, (c)& (d) - cluster diagrams arising from hole-hole and particle-particle
Coulomb-IMS diagrams.

(a) (b)
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Figure 4.11: Two-body Vy effective diagrams - ph-hp(I), hh-hh(II), pp-pp(III), ph-ph(IV)
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a b. Cc
© © ©
VNT2 VNTZ VNTZ
i; |
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©) 0) ©
VNT2 VNT2 VNT2
| |

Figure 4.12: Cluster diagrams arising from the two-body Coulomb-IMS diagrams - contraction
of IMS diagrams with T2(1).

a b. C
vl vl
N NN

Figure 4.13: Cluster diagrams arising from the two-body Coulomb-IMS diagrams - contraction
of IMS diagrams with TI(O)TI(I).
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4.5 Evaluation of Atomic EDM

The atomic EDM in the coupled-cluster formalism is given by Eq. (3.60),

[e.e] 1 n
D, =2 <<1>1 De™™ <1>0> + <<1>1 > = <T<0>T) DeT” cpo>] (4.6)
n=1 "
The terms contributing to the zeroth and the first order (n=1 in Eq. (4.6)) are
D" <<1>1 De™” <I>0> (4.7)

(e

DeT(O)

%) =

Tl(l)TDeT(O)

<1>0> + <(I)0|T2(1)TD€T(O)

Do

\\/
—~
-
(0.¢]
~—

-~

-~

Z1 Z2

and

(e

T(O)TDeTm)

w) = (o
_ <q>0

The terms F1 and F2 are given by,

[Tfm + Tg“)q 7O e <1>0>

<1>0> + <<1>0 TV PO per®

N -
F1 F2

S

F1 = F1(A) + F1(B); F2 = F2(A) + F2(B)

where
F1(A) = <c1>0 el (TfO)TDeT@) <I>0>
1
F1(B) = <c1>0 7' (Tz(O”DeT(O)) <1>0>
1
F;(rB)
and

| T <T1(O)TD6T<O))

7o' <T2(0”D6T<O>) <1>0>
2

'
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As explained in Chapter.3, the terms contributing through the dressed electric dipole
operator in Eq. (4.8) are,

1 2
(DeT(O)>l = —Q'DTfO) +01," + 1" + D
(0) 1 0)3 0) (0 1 0)2 0 0
(DeT )2 = —3!DT1() + DT )TQ()+—2!DT1() + D1y + DT

The diagrams arising from the term <D6T(O)>1 shown in Fig. 3.11 are topologically
identical to the diagrams contributing to the right hand side of the singles CCEDM
equations (Eq. (3.7)), with the Hgpy operator replaced by the D operator. Similarly,
the connected diagrams arising from the term (DeT(O)>2 are topologically identical to
the diagrams on the right hand side of the CCEDM equation for the doubles. Hence,
the programs developed for the calculation of the B matrix (see Eq. (3.49)) for the
singles and the doubles are used to calculate Z1, Z2 and F1(A), with the replacement
of the Hgpy operator by the D operator. The term F1(B) involves the calculation of

(DeT(O)>3, given by

3 2 ! |20t 2
The diagrams representing F1(B) are topologically equivalent to the nonlinear EDM
cluster amplitude diagrams for singles arising from the (particle-hole — particle hole)

)

form of the Coulomb operator, where Tl(l is replaced by the electric dipole operator,

D.

The effective diagrams of F2(B) are obtained by the multiplication of T2(0) by diagrams
of <D6T(O)> given by,

4
70) ro\™ [ 1 02 | 0 7@\ |1 103 | (0 p©
(De ) :<De ) S0+ 1 +<De ) ST+ TOTO
4 2 ! 13!

The resultant diagrams have the same topology as the diagrams arising from the terms

<VNT1(O)T1(O)T2(1)>, (VNT;())T;U), <VNT1(O)T1(O)T1(O)T1(1)), <VNT1(O)T2(O)T1(1)>, where the resid-
ual Coulomb operator has a PH-PH form and is hence replaced by the operator T: Q(O)T.
This enabled us to use the same programs that were written for the calculation of the

cluster amplitude diagrams mentioned above, for calculating F2(A).
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Chapter 5

Analysis of Hg EDM Results

The single particle orbitals for all calculations in the subsequent sections were generated
using the Gaussian basis set expansion whose salient features are presented in this section.
In the central field approximation, the solution of the Dirac equation in terms of the four
component spinors is given by
o Bee(r) X m(0,9)
\I]n/im(/rv 97 ¢) =r .
1Qni(T) X—nm(0, ®)

where P, (r) and @Q,.(r) are the large and the small components of the radial wavefunc-

tions expanded in terms of the basis set[34],

Pﬂlﬁ(,r) = Z gr{p
Qna(r) = ZCS (1)

where the summation over the index p runs over the number of basis functions N, g,fp(r)
and gfp(r) correspond to the large and small components and C,fp and C’,fp are their
expansion coefficients for each value of k. This is known as the method of Finite Basis
Set Expansion (FBSE).The functions g/, (r) are chosen to be Gaussian Type Orbitals
(GTOs) of the form,

N —apr2

L L
gnp(,r) = CNKP r €
where a;, = ap BP7!, where o and [ are input parameters and n,, = 1 for s, 2 for p and
so on and Cﬁ,ﬁp is the normalization factor for the large component. The large and small

components are related by [35, 36]

d K
5) = G5, (5 + 5 a0
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where

C']{*;W = \/anp_l{él(mz—l—/i—i-nﬁ)—l

The coefficients Cf/i are obtained by the diagonalization of the Fock matrix [34]. The
calculations presented in this thesis correspond to the Even Tempered (ET) basis set,
where the parameters ag and 3 are different for different symmetries. Though ET ba-
sis leads to a huge number of basis functions, large scale coupled-cluster calculations
have been performed with the currently available computational resources. The nuclear
density py(r) for the Fermi type distribution of the nuclear structure is given by,

£o

ION(T) = 1+ er—/a

where r is the electronic coordinate. The nuclear radius is taken as the root mean square
radius of the nucleus [37]. It is approximately related to the isotope number via the

formula,
V(r2 ) =0.836AY% 4 0.570 fm

where A is the mass number of the nucleus. a and ¢ are the nuclear parameters, where

a is the skin thickness parameter, a = 2.3/4In3 and ¢ is the half-charge radius given by,

V(5r2,./3 — Ta?m2/3) [38]. The quantity po is determined by normalising the nuclear

density over a spherical volume. The radial grid has the form, r, = rg (e(k_l)h — 1) k=

1,2,3,---,ny, n, is the total number of grid points.

5.1 Accuracy of the Single Particle Wavefunctions

The comparison of the single particle basis sets used in all the subsequent calculations,
with the orbitals generated using the numerical approach with the GRASP2 DF code
[39] is presented in this section. In this approach, the Dirac-Fock equation is solved nu-
merically. The single particle wavefunctions and the energies of the core and the virtual
orbitals are calculated step by step. This approach generates only the bound orbitals,
but the analytical approach explained in the previous section using the FBSE method,

produces both the bound and the continuum orbitals in one stroke. The accuracy of the
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orbitals generated using the FBSE approach depends on the choice of the parameters «y
and (. The large and the small components of the relativistic wavefunction generated
using the analytical approach for a particular choice of these parameters can be com-
pared with those generated using the numerical approach. The most important criterion
which determines the accuracy of the properties is the convergence of the basis set. The
convergence of the properties with the size of the basis and the choice of the oy and
parameters is related to the completeness of the basis considered. The results of this
comparison are shown for the large component in Fig. 5.1, 5.2, 5.3, 5.4, 5.5 for selected
orbitals in each symmetry. The horizontal axis corresponds to the radial grid in atomic

units whose form is given in the previous section and the vertical axis is the relative

Peg(1)] [P 1) | /| Pt

percentage error given by ‘

Cr
o

40F

[y B %
oW
T T

o

Percentage Error{5s)
o
Percentage Error{Es)
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s
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0 : i Ok . .
0.0 0.1 02 0.3 04 05 08 00 01 0.2 03 04 05 08
Radial distance radial distance

Figure 5.1: Relative percentage error for 5s; /5 and 6s; /5. The distance is presented in atomic
units.

76



Chapter 5. Analysis of Hg EDM Results

E;i 25 E; 60
o 20F 9 o 20F 3
=+ un
e T 40} 3
S 15f ] g
o o 30F E
w 10 1 o
g' E‘ 20 3
5 °f 1 S 10F 3
O 0 JL
E 0 — ! A : : r:LE 0 ™ - .

0.0 01 0.2 0.3 04 05 0.8 0.0 01 02 03 04 05 08

Radial distance Radial distance

Figure 5.2: Relative percentage error for 4p; /5 and 5p; /5. The distance is presented in atomic
units.
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Figure 5.3: Relative percentage error for 4p3/, and 5p3/,. The distance is presented in atomic
units.
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Figure 5.4: Relative percentage error for 4d3/5 and 5d3/,. The distance is presented in atomic
units.
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Figure 5.5: Relative percentage error for 4f5/,5. The distance is presented in atomic units.
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Table 5.1: Number of basis functions used to generate the even tempered Dirac-Fock orbitals
and the corresponding value of oy and § used. The total number of active orbitals are shown
in the brackets for ‘Active holes’.

S1/2 D1/2 D3/2 d3/2 d5/2 f5/2 f7/2 gi/2 99/2
Number of basis 31 32 32 20 20 20 20 10 10

ap(x1077) 725 715 715 700 700 695 695 655 655
I} 2.725 2715 27715 2.700 2.700 2.695 2.695 2.635 2.655
Active holes (36) 2 2 2 2 2 1 1 1 1
Active holes (39) 3 3 3 2 2 1 1 1 1
Active holes (43) 3 3 3 3 3 2 2 1 1
Active holes (45) 3 3 3 3 3 3 3 1 1
Active holes (51) 5 5 5 3 3 3 3 1 1
Active holes (57) 7 7 7 3 3 3 3 1 1
Active particles 6 4 4 3 3 1 1 0 0

For all the subsequent calculations in this thesis, the details of the basis used is shown

in Table 5.1.
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5.2 Calculation of Correlation Energy

The reduction of the perturbed CC equations to the unperturbed CC equations as shown
in Section 3.1.3 can serve as a good check for the CCEDM code. After a suitable reduc-
tion, the perturbed CC equations acquire the same mathematical structure as the un-
perturbed CC equations. The calculation of the unperturbed amplitudes from CCEDM
equations in the limit Hgpy — 0 at the linear level has been performed and compared
with a completely independent program, known as the CC with Singles and the Doubles
(CCSD)[40] under the linear approximation. The T amplitudes obtained from the two
methods are in good agreement.

The correlation energy is calculated starting from the Eq. (3.8),

) = £|n)

Projecting by the reference state on both sides of the above equation,

<(I>0 (I>0> = E<(I>o
)

where E.,,, = F— Eyp. In linear CC theory, the diagrams contributing to the correlation

e T (HN + EHF) el

€_T <HN + EHF) eT

q>0> (5.1)

Hence,

Ecorr - <CI)0 HN

energy are shown in Fig. 5.6.

(a) (b)

Figure 5.6: Correlation energy diagrams in linear coupled-cluster theory.

Table 5.1 shows the details of the number of basis functions used to generate the
Gaussian basis set and the active orbitals used in the present calculation. The compar-

ison of the correlation energy calculated using the cluster amplitudes generated by two
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independent codes has been done for a variety of basis sets. The results obtained in the
two cases are in good agreement with each other. This constitutes a very good check
for the validity of the linear CCEDM code used in the atomic EDM calculations. The
results of the correlation energy using the CCEDM code after appropriate changes are

shown in Table 5.2.

Table 5.2: Correlation energies calculated with converged unperturbed cluster amplitudes in
atomic units

Basis  Eio (linear CCEDM
reduced to CCSD)

36 —2.33 x 1077
39 —1.64 x 1072
43 —1.86 x 1072
45 —1.91 x 1072
51 —0.78 x 10~*
57 —1.79 x 107!

5.2.1 Application of CC Theory to Polarizability
5.2.1.1 Static Polarizability

The concept of polarizability arises from the interaction of electric field with matter.
In the presence of an external electric field, a neutral atom gets polarized, where the
positive and negative charge distributions shift from their original positions and reach
an equilibrium. This gives rise to an induced electric dipole moment on the atom Djyq
which points in the same direction as the external electric field £ and is proportional to
it : Dinq = a&€. The constant of proportionality « is called the atomic polarizability. An
external time dependent electric field gives rise to dynamic polarizability. We now derive
the expression for static polarizability from first principles using quantum mechanics.
The polarizability is identified by considering the interaction of an atom with an uniform

external electric field.
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The induced electric dipole moment is the expectation value of the electric dipole

operator in the states perturbed by the interaction H' = —D.E. ltis given by,

Dind - <\Ija D

where |U,) = U + |0{) and

Hl

) =Y

1

(e
x11§0>>

EL(lO) . E;D)

Hence,

Dipg = 2X <\ng> D \pgl>> (5.2)
<\1/£P) D‘w§°)><qf§0) D‘qfflo)>
- 2 I 70 50 £ (5.3)
Hence, the polarizability can be identified as,
<qu0) D‘m§0)><qf§0) D‘qfﬁf’)>
U o

The above expression suggests that the polarizability of a system in a given state can
be determined by taking the expectation value of the electric dipole operator D in that

state when it is perturbed by D itself. Let

(5.5)

()
ol >
(-}

where |U(©) and |[¥(P)) are the unperturbed and the first order electric dipole perturbed

)3

I

wavefunctions respectively and E(©) are the unperturbed energy eigenvalues. The unper-

turbed atomic Hamiltonian H satisfies the Schrodinger equation,

(132 -

82



Chapter 5. Analysis of Hg EDM Results

Operate (HO - Eéo)> on both sides of Eq. (5.5),

since |\If§0)> is an eigen function of Hy. Since D is an odd parity operator, \\IJ§O)> must

be opposite in parity to |\IJ((LO)>. Using this fact and the completeness condition, we get

<H0 — E50>) ‘quD>> = —D‘\pg°>> (5.6)

The polarizability can therefore be determined as @ = —2 (‘IJELO)\D\\IJELD)> (see Eq.
(5.4)). The CC equations for polarizability are similar to the CCEDM equations (Eq.
(3.27)) with the Hgpy operator being replaced by the electric dipole operator. (Eq.
(3.27)) The polarizability calculations are necessary in principle to get an idea about the
accuracy of our perturbed CC approach and our code based on it to calculate the EDM
of closed-shell atoms. The sample calculation of polarizability for atomic *Hg is shown
in Section 5.2.2. This could have served as a very good check on the CCEDM program,
if the polarizability of Hg had been known to high accuracy. However, the uncertainity
in the measurement of this quantity is about 50 % [41]. Nevertheless, we have calculated
the polarizability of Hg in its ground state, as no other experimental data is available to

test our EDM calculation.

5.2.2 Sample Calculation of Polarizability of ""Hg

The polarizability of a closed-shell atomic system is calculated by replacing the Hgpwy
operator by the induced dipole operator (see Section 5.2.1.1). With the same input given
in Table 5.1 for 57 active orbitals, the individual contributions of terms in Eq. (3.77) are

presented in Table 5.3
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Table 5.3: Individual contributions

Contributions in units of eaj

' p 25.40
7O p7© 0.16
7V 7 221
V' pr® 0.298
V' pr© —0.01

Total 23.32

The Dirac-Fock contribution is = 34.66 a.u. The leading contribution arises from the
term Tl(l)TD and the next dominant is the term Tl(l)TDTz(O). The experimental value of
the polarizability in atomic units [41] is 34.45ea3, the uncertainity in the measurement
being 50 %. The earlier calculation [13] with V¥ form of orbitals gave a value 40.91 a.u
for the Dirac-Fock and 44.92 a.u with the CPHF. The difference is due to the nature of
the orbitals and the basis used. Though the results for the polarizability of *Hg might
not reflect the validity of the linear CCEDM program due to the large error bars in its

measured value, our result nevertheless is within the error bars of the measurement.

5.3 Linear CCEDM for Atomic Hg

The calculation presented in this chapter is for a test basis of 57 active orbitals. A sum-
mary of the results obtained by gradually increasing the size of the basis set is presented
towards the end of this chapter. The single particle wavefunctions are calculated using
GTOs which are generated with the input for 57 active orbitals are shown in Table 5.1.
The individual contributions presented further in this chapter correspond to this basis.
This is followed by the generation of the unperturbed cluster amplitudes using an inde-
pendent coupled-cluster program. The perturbed cluster amplitudes are then calculated
using the CCEDM program. The program converged in 8 iterations for a tolerance of

10~7. The terms contributing to the atomic EDM at the level of the linearised CCEDM
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are,

Datom =2 <(I)0

{Tf”TD +7 1@+ 1 pr® 1 pr® +T2(1)TDT1(O)] ‘(I)O> (5.7)

It must be noted that the operators D and Hgpy are both single particle operators and
have the same rank (K3 = 1). Also, diagrammatically both the operators have same
representations. Hence the atomic EDM calculated by considering Hgpy as the pertur-
bation and subsequently calculating the expectation value of the induced dipole operator
between the perturbed states or treating the induced dipole operator as the perturbation
and taking the expectation value of the Hgpy operator, are identical. Computationally,
it is much more efficient to calculate the EDMs induced by the T-PT, NSM interactions
and also properties like the polarizability, by using the cluster amplitudes perturbed
by the induced dipole operator so that the calculation of the perturbed amplitudes is

performed only once.

5.3.1 Results for Hg EDM Induced by the P and T Violating
T-PT Interaction

Contributions from each of the terms in Eq. (5.7) are shown in Table 5.4 for the basis

with the number of active orbitals = 57. The final result can be expressed in units of e-m,

Table 5.4: Individual contributions

Contributions in units of e ag G Cron

™' p —47.830
7O pr© 0.0815
7O 14.320
V' p© 0.386
T pr© ~0.059

Total —33.874

Dyg = —1.125 x 10722Croyem The Dirac-Fock contribution is —73.89Cr Groyeay =
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—2.45x10722Croye m. It can be noticed from the above table that the largest contribu-
tion comes from the term Tl(l)TD. This can be inferred from the fact that the Dirac-Fock
effect, which is the dominant, is contained in it. In addition, certain types of pair cor-
relation effects are also present, some of which are given in Fig. 5.7. The trend shown
by the individual contributions in Table 5.4 is related to the fact that the Tl(o) cluster
amplitudes are smaller in magnitude compared to the TQ(O) cluster amplitudes. Also, the

) amplitudes again due to

Tl(l) amplitudes are larger in magnitude compared to the TQ(l
the presence of the Dirac-Fock contribution in Tl(l). For example, from the above table,
we see that the contribution of T l(l)TDTQ(O) is greater than that of TI(I)TDTl(O). Similarly,
the contribution of T2(1)TDT2(O) is greater than that of T2(1)TDT 1(0). These arguments are
equally valid for the atomic EDM induced by the nuclear Schiff moment shown in the
next section, which follows the same trend as above. It is also interesting to note that

)

. o T :
in both cases contribution of the term T 1(1 D is =~ 3 times larger than that of the term

Tl(l)TDTQ(O), which is the second largest contribution.

Figure 5.7: Leading diagrams contributing to pair correlation

5.3.2 Results for Hg EDM Induced by the Pand T Violating
Nuclear Schiff Moment

The " Hg atomic EDM induced by the nuclear Schiff moment is calculated for the same
input given in the previous Section 5.3.1. The method of generation of the perturbed

and the unperturbed cluster amplitudes is the same as described earlier. The Dirac-Fock

contribution is Dy, = —0.546 x 10°¢ a9 S = —0.390 x 10~'7e cm efilg. Contributions
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from each of the above terms is shown in Table 5.5. Again, the leading contribution is
that of the term Tl(l)TD and it can also be seen that the contribution of the term TI(I)TD
is ~ 3 times of that of the term T fl)TDTQ(O), which was also true for the results of the
T-PT induced EDM. Our result is not in agreement with Dzuba et al. [13]. They have
used CI + MBPT method for the generation of the orbitals. We have compared the
Schiff moment interaction and the electric dipole matrix elements of the 6s;/, and the
core py /o orbitals for ' Hg with the results obtained by the authors of Dzuba et al. at
the Dirac-Fock level and found that the agreement was very good. This suggests that
the discrepancy in our results could be majorly due to the different choices of the virtual
orbitals in the two calculations. We have used Dirac-Fock orbitals in our calculation but

the details of the orbitals used in the calculation of Dzuba et al. [13] is not clear.

Table 5.5: Individual contributions

Contributions in atomic units of S e xag

™' p —0.177 x 107
V' pr©® 0.030 x 10%
TV p® 0.525 x 10°
' pr® 14.258 x 10"
V' pr® 0.252 x 10~

Total ~0.126 x 107

The final result is in the units where S is expressed in e fm?,

2x107% S

Dy, = —0.126 x 10°
He 05292 S o

3eCIl’l

Dyg = —0.0901 x 107 Yecm 5 3
efm

5.3.3 Summary of the EDM Results for *"Hg

In this section, a summary of all the results obtained for the atomic EDM induced by

the T-PT, NSM and also the polarizability, with basis sets of different sizes is presented.
87



Chapter 5. Analysis of Hg EDM Results

The interaction Hamiltonian for the T-PT and the NSM are both dependent on the
nuclear density py(r) and hence their matrix elements are sensitive to the s/, and the
p1/2 orbitals, which have a nonzero probability density inside the nuclear radius. In
addition, the NSM interaction Hamiltonian is proportional to the electron coordinate
R. Also, the matrix elements of the atomic EDM contain the electric dipole operator
D. Hence the atomic EDMs arising from these interactions require the single particle
orbitals to be very accurate all through the radial coordinate. The trend followed by the
T-PT and NSM induced EDM is shows that the atomic EDM is very sensitive to the
inclusion of s/, and the p;/, virtuals. On the otherhand, there is not much variation
in the polarizability as it is more sensitive to the orbitals having higher orbital angular
momenta. We have also performed linear CCEDM calculations, without including any
T© cluster amplitudes. This in other words, amounts to the linear CCEDM calculation
with the cluster amplitudes generated under the approximations H y ~ Hy and Hgpy ~
Hgpym in Eq. (3.27). Hence all the correlation effects that are present through the
T© amplitudes have been omitted. The results of this calculation for a basis of 39
active orbitals are presented here. The Dirac-Fock contribution for this basis is Dy, =
—3.17x10"?2Croye m. The total contribution is Dyg = —5.77x107*Croxe m. For this
basis, the CPHF calculation gives Dy, = —4.64x107?*Croye m. Similar comparison can
be made for a basis of 57 active orbitals, for which the Dirac-Fock contribution is Dy, =
—2.45 x 1072Croye m, the bare-Coulomb calculation without 7@ amplitudes gives
Dyg = —6.60 x 107*Crone m, CPHF calculation gives Dyy = —5.61 x 10722Croye m.
This comparison helps in understanding the interplay between the various many-body
effects at the CPHF level, which contains the Coulomb effects only of the two particle-two
hole kind, the bare-Coulomb, which contains all the effects of the Coulomb interaction
and the linear CCEDM, which collectively contains the effects of the CPHF, the bare

Coulomb and more.

5.4 Results for the CCEDM-CPHF Comparison

The details of the basis used are shown in Table 5.7.
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Table 5.6: Summary of all the results.

Basis size In units of In units of Polarizability
10722Crony em 107 e cm efilg, ine a}

36 —2.703 1.830 28.89

39 —2.968 —0.228 30.83

42 —2.205 —0.146 23.59

45 —1.414 —0.112 22.60

51 —1.404 —0.112 23.22

57 —1.125 —0.090 23.31

Table 5.7: Number of basis functions used to generate the even tempered Dirac-Fock orbitals
and the corresponding value of ag and ( used.

S1/2 P12 P32 d3/2 d5/2 f5/2 f7/2 gr/2 go/2
Number of basis 31 32 32 20 20 20 20 10 10

ap(x107?) 725 715 715 700 700 695 695 655 655
16} 2.725 2715 2.715 2.700 2.700 2.695 2.695 2.655 2.655
Active holes 6 6 6 4 4 4 4 3 3
Active particles 6 4 4 3 3 1 1 0 0

The calculated Tl(l) amplitudes are in excellent agreement with the CPHF mixing
coefficients to an accuracy of 99% (Table 5.10). We attribute this difference to the type
of orbitals used. The variation of D, with normal diagrams for the chosen basis, with
the inclusion of higher angular momentum virtual states shows the following trend with
the inclusion of normal diagrams : The Table 5.8 indicates that the higher angular
momentum states give a positive contribution. The dominant contribution arises from
the 6s1/2-p1/2 and 6s;/9-p3/2 intermediate states, whose matrix elements are tabulated
in Table 5.9. Total contribution (normal + pseudo) from 6sy/o-npy/2 is D, = —1.78 x
10~ Creagon. The contribution of all the core is D, = —5.81 x 10722Cre moy. We
attribute the slight discrepancy between this and the result of an earlier calculation [10]
to the numerical differences arising primarily from the generation of the single particle

orbitals used and the size of the basis in our calculation and the coefficients calculated by
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Table 5.8: Variation of D, with the inclusion of higher angular momentum virtual states.
Here nsym refers to the symmetry of the orbital.

S.No. nsym EDM ( x1072Croy e m )
Normal (Normal+Pseudo)

1 3 —6.30 —5.48
2 ) —6.31 —5.93
3 7 —6.16 —5.81
4 9 —6.16 —5.81

solution of differential equation approach in [10]. From the present study, it is evident
that the contribution from pseudo diagrams though important is 6 % of the normal
diagram contribution and opposite in sign. An increase in the number of virtual orbitals,
results in deviation from the values listed in Table 5.9. For example, with the basis (1-
14)s1 /9, (2-14)p1/2,3/2,(3-12)d3/2,5/2, (4-8) f5/2,7/2 and (5-9)g7/2.9/2, the total contribution
and the contribution from the normalis —6.54 x 10722Cpon e m and —6.31 x 107 2Croy
e m respectively. Hence, there are certain terms in the coupled-cluster theory for EDMs
that are exactly equivalent to the terms known as the normal diagrams in the CPHF
theory. This is demonstrated numerically in the context of electric dipole moments,
a property which is sensitive to the accuracy of the wavefunctions in the near-nuclear
diagrams can be realized as the sum of two MBPT diagrams [42]. Hence, in the coupled-
cluster expression of D, Eq. (3.57), the direct and the conjugate terms, which when
added give exactly the pseudo diagrams of CPHF. This shows that the coupled-cluster
theory clearly contains all the CPHF effects and many more. With the increasing number
of virtual orbitals in each symmetry, the difference between the Dirac-Fock contributions

in the CPHF and the CCEDM-CPHF framework is ~ 10~"Cp e m.
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Table 5.9: Dominant contributions to D, (in units of Cpeag) from normal and pseudo diagrams
for np intermediate states calculated using the coupled-cluster theory for EDMs.

Core np T, (atomic units) D (atomic units) D, =71V x D

Normal Pseudo Normal Pseudo Normal Pseudo
6512 6pis2 111.753 95.739 0.872 0.835 —0.204 0.038
6512 Tpie  —269.402 —-233.805 —1.821 —1.734 —1.027 0.185
65172 8pis2 270.725 242.544 1.388 1.311  —0.787 0.126
6s12  9Ip1e  —198.267 —189.975 —0.344 —0.319 —0.143 0.017
6512 10p12 —106.923 —108.978 0.068 0.059 0.015 —0.002

6s12  6p3/2 20.542 15.054 0.995 0.904 0.043 —0.015
65172 Tp3/e —54.653  —39.743 —-2.372 —-2.109 0.271 —0.104
Gs1/2  8p3/2 —58.035  —41.318 2311 —1.876 0.269 —0.118
65172 Ip3/e 30.418 20.049 0.771 0.513 0.049 —0.033
Total —1.514 0.094
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Table 5.10: Comparison of the CPHF mixing coefficients and the CCEDM-CPHF T(!) am-
plitudes in atomic units.

Index CCEDM-CPHF CPHF
1 0.2924205119  0.2924205118
2 —0.7982275466 —0.7982275462
3 —1.1155643358 —1.1155643352
4 1.8377536946 1.8377536937
5 3.7317822454  3.7317822436
6 9.6787847632  9.6787847589
7 —30.008015414 —30.008015412
8 0.0001165862  0.0001165862

Nej

0.0002421674  0.0002421674
10 —0.6387746775 —0.6387746765
11 1.7436575790 1.7436575763
12 24365130942  2.4365130904
13 —4.0126091898 —4.0126091835
14 —8.1347997133 —8.1347997011
15 —20.937517787 —20.937517755
16 60.693370926  60.693370912
17 1.2843746175 1.2843746168
18 —3.5056043989 —3.5056043963
19 —4.8962935559 —4.8962935525
20 8.0527485401 8.0527485326
21 16.227995315 16.227995299
22 40.569138706  40.569138625
23 —95.030635781 —95.030635790
24 0.0006727996  0.0006727997
25 —0.0021685273 —0.0021685274
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5.5 Implications of Atomic EDMs for Physics Be-
yond the Standard Model

The Standard Model of particle physics does not accommodate the tensor-pseudotensor
P and T violating electron-nuclear interaction. Any nonzero value of C'r would mean
physics beyond the Standard Model. The present limit on Cr = 0 is obtained from
the comparison of the ratio R = daom/Cr using coupled-perturbed Dirac-Fock theory
[10] and the latest experimental result [8]. More details of this theory are presented in
Section 3.3. The diagrams arising in the CPHF theory Fig. 3.20 form only a subset of

the correlation effects shown in Fig. B.2. This comparison gives [8, 9, 10],
Cr = <1.77 +0.82+ 0.67) x 10 %oy

An improved accuracy of the calculation of the quantity R would give an improved

estimate of Cr. With our linear CCEDM calculation, we obtain the limit for C'y as
Cr = (0.94 +0.44 + 0.36) x 107 %0y

From the Fig. 1.1, the contribution to the closed-shell atomic EDMs induced by the
tensor-pseudotensor electron-nucleus interaction arises from the electron-nucleon inter-
actions which originates from the electron-quark interactions. The interaction involves

the nuclear spin o and hence C7 is weighted by the neutron and proton spins :

CT = <CTpZUp + CTn Zgn>
p

n

where o, and o, are the proton and neutron spins respectively. The nucleus of '“Hg
has an unpaired neutron with [ = % Certain models of C'P-violation can in principle
predict the coupling constants associated with the T-PT electron-quark interactions.
For example, the coupling constant C'r at the quark-electron level can be nonzero in
the models that can accommodate the scalar leptoquarks. However, it is difficult to

determine C7 at the quark-electron level from a knowledge of the atomic EDMs. This
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is associated with the lack of a clear cut approach in finding the contribution that the
EDM of a current quark makes to a nucleon EDM [43].

It has already been explained in earlier sections that the EDM of atomic '“Hg could
arise from the P and T violating nuclear interactions. These interactions produce the
NSM. In this chapter we discuss the connection between the NSM with the P and T
violating quark interactions.

The contribution to the nuclear Schiff moment (NSM) can arise from

1. The nucleon EDM : The nuclei which consist of unpaired nucleons can induce an

EDM due to the EDMs of the lone nucleons.

2. P and T violating nucleon-nucleon interactions : The presence of C'P violation
at the quark level can induce nucleon-nucleon interactions which are P and T

violating, in addition to the nucleon EDMs of the form

G = . -
Hpr = 7;77ab (NaWsNa) (NbNb>- (5.8)

In the nonrelativistic limit, Eq. (5.8), reduces to,

— GF Tab 0a-Vp
PT 2 2m,® b
This interaction can be written as an interaction of a single valence nucleon N, and the

nuclear core with the density distribution p as,

1
Gr ——Nq0a - Vp (5.9)

an = T =
V2 2my,

where
ni=[MpZ +nm (A= 2)] /A
For 129Xe and '"Hg, the unpaired nucleon is a neutron. The NSM caused by the
internal proton excitations is parameterized in terms of the constant 7,,. It was later
shown that the contributions of the internal nucleons to the T-odd nuclear moments is

as important as the contribution of external ones [15]. The most accurate measurement

of the ""Hg atomic EDM is [8],

dyg = —(1.06 £0.49 + 0.40) x 107> ecm (5.10)
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and the numerical calculations of the Hg atomic EDM induced by the nuclear Schiff

moment with our CCEDM calculations give,

S
dyg = —0.090 x x107""(——) ecm (5.11)

efm

The NSM, S is related to the parameter n,, by [15],

S
== —1.4 x 107° (5.12)
e fm
From Eq. (5.11) and 5.12, we get,
dygg = —0.090 x 1077 x (=1.4) x 107® e cm
= 0.126 x 10" *n,,ecm (5.13)
From Eq. (5.10), we obtain,
—(1.06 + 0.49 £ 0.40) x 107 = 0.126 x 10~ %1, (5.14)

Hence,

(1.06 £ 0.49 £ 0.40) x 10728
0.126 x 10-2
= —(84+3.9+32)x107 (5.15)

Thp = —

(see Ref.[13], Table VIII.)
To estimate the 7,, parameter, it is assumed that the terms (G r/ \/§) NapNivsN NN
arise from one pion exchange. The lowest intermediate state contributing to 7y, is the

7 meson, which is related to the pion-nucleon coupling constant by,

@ __GannN GrNN
Mo NG 77”7%

where, Gp = 1.17 x 107 (MeV)™? is the Fermi’s coupling constant, m, = 140MeV is

(5.16)

the pion mass, g.nyn =~ 13.5 is the usual pion-nucleon coupling constant, and g, yy is the

P and T violating pion-nucleon coupling constant. For *"Hg, we have,

Grm?
— grNN JrNN = Tnp X I:/iﬂ (5.17)
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where Gpm?2 = 2.29 x 107", Substituting for G pm2,

2.29 x 1077
— Gr Jr = —(84+394+32)x103x 227
grNN GrNN ( ) NG
2.29
Jr = (844+39+32)x10710x 77
o ( ) 13.5 X /2

= (84+3.9+32)x0.11x107"
= (0.92+0.43+0.35) x 107" (5.18)

(see Ref.[13], Table VIII.)
According to [18], the above value of g,nn for 1%Hg can be used to set limit on the

QCD vacuum angle fgcp using,
g=nN ~ —0.027 Ogcp

which gives,
fqep = (3.4+£1.6£1.3) x 107° (5.19)
(See [13] Table VIII).

Apart from the limit on fqgcp, it is also possible to set a limit on the linear combination

of quark chromo EDMs using,

- 1 3gﬂppm(2)
P AnGr fam2

x (dg — d, — 0.012d;)

where fr is the pion decay constant, ¢,, is the C'P conserving coupling constant.
Also, the I = 1 component of g,y is related to the chromo electric EDM of the light
quarks[17],

gy = 2(d, — dg) x 101

where the terms on the right hand side are all expressed in centimeters. From the limit

on grnn, we obtain the limit for the linear combination of the quark chromo EDMs,

(0.9240.43 £0.35) x 1071°
2 x 101
= (0.46 £0.22+0.18) x 10 **ecm

o(d, —d)) =
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(See [13] Table VIII).
It is also possible to obtain a limit on the neutron and proton EDMs from the *"Hg
EDM. The neutron EDM dy is estimated in terms of the the C'P-odd # terms in the
QCD Lagrangian [44],

dy ~ (5.2 X 10_166cm) 0

Using Eq. (5.19),
dy = (52x10"%ecm) x (34+1.6+1.3) x 107° (5.20)

we get,

dy = (17.7+£8.3 +£6.8) x 107 %ecm

which can be used to set limit on the proton EDMs [19],
Q=sp,dy,+s,d, (5.21)

where the NSM @ is presented as the sum of proton and neutron EDMs and s, =
0.2 £ 0.02fm? and s,, = 1.895 & 0.035fm?. It is possible from the above relations, to get
a limit for the proton EDM from **Hg EDM.
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Conclusions and Future Directions

The study of atomic electric dipole moments is of fundamental importance involving
the fields of atomic, nuclear and particle physics. These can provide an unambiguous
test for the Standard Model and some of its extensions. Atoms are rich sources of P
and T violating effects and hence can be used to study C'P violation in the leptonic,
semi-leptonic and hadronic sectors. In particular, the closed-shell atomic EDMs can
throw light on the C'P violating interactions that originate within the nucleus. The
observation of an EDM is a direct evidence of time-reversal violation. Tremendous
progress has been made during the past few years in the search for EDMs. Experiments
are currently underway on Hg [8], Xe [45] and new experiments are being planned for Ra
and Yb. Sophisticated techniques like laser cooling and other state of the art techniques
could help in improving the sensitivity of the EDM experiments significantly. Certain
molecules and solid state materials also serve as promising candidates to look for EDMs.
Molecules can have enhancement factors =~ 100-1000 times larger than that for atoms
due to their large interaction energy. For example, a limit for the EDM of an electron has
been obtained from YbF molecule [46]. Experiments with molecules are more promising
compared to atoms because of the elimination of various systematic errors due to the
large interaction energy and strong tensor polarizability of the molecules. Solid state
materials like gadolinium garnets could also be good candidates for the electron EDM
[47].

In this thesis, we have attempted to calculate the EDM of closed-shell atoms using
relativistic coupled-cluster theory; an all order relativistic many-body theory. We have

obtained new limits for various quantities of fundamental importance — the tensor-
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pseudotensor coupling constant (Cr), the nuclear Schiff moment (S), the neutron EDM
(dn), the pion-nucleon coupling constant (g.yn), the QCD vacuum angle (fgcp) and
the EDMs of linear combinations of quarks. This is the most advanced calculation
of EDM of closed-shell atoms to date. Inclusion of nonlinear terms in the CCEDM
equations would give more accurate limits further and together with the experimental
result, would give an improved estimate of the P and T violating coupling constants.
The validity of the CCEDM program has been checked at various stages. We have
performed the calculations of the unperturbed coupled-cluster amplitudes by appropriate
modifications to the CCEDM program. The correlation energy calculated from these
amplitudes match fairly well with the results of an independent existing CC program. We
have established that the normal CPHF diagrams are subsumed in the CCEDM theory
and have shown the numerical equivalence of the two theories for normal diagrams at
all orders of Coulomb perturbation. We found that the pseudo diagrams are present;
though not in a transparent way in the CCEDM theory. Our calculation of the T-PT
interaction coupling constants and the nuclear Schiff moment includes the correlation
effects arising from the four-particle, four-hole, (three-particle — one-hole), (three-hole
— one-particle), etc. that are not present in the CPHF theory, which contains only
the (two-particle — two-hole) effects. A more detailed study could be performed to
understand the importance of each of these effects independently in a heavy atom like
Hg. The results of the Dirac-Fock, the CPHF and the CCEDM, reflect the fact that
the correlation effects are very important for Hg. One more interesting thing is that
the results obey the same trend for the NSM and the T-PT induced atomic EDMs.
The CCEDM program can be used to calculate the atomic polarizability by replacing
the Hgpwm operator by the electric dipole operator. This would have been an excellent
check for the program if the error bars of the experimental value of atomic Hg were
small. Nevertheless, our result of the polarizability of Hg lies within the error bars of its

measured value.

An improvement in our CC calculation can be achieved by the inclusion of triple

excitations, quadrupole excitations, etc. The demands on the computational resources

99



Chapter 6. Conclusions and Future Directions

become increasingly critical for the inclusion of higher order excitations. As the size of
the basis increases, the number of Coulomb integrals proliferate and this consumes an
enormous amount of computational time and memory. In addition, the triangular and the
parity selection rules satisfied by the EDM operator are also responsible for huge amounts
of computational time. An alternative approach to perform these calculations is by [48]
which is a string-based algorithm and can handle any level of excitation. In addition,
theories like the unitary coupled-cluster (UCC) and the linear response theory (LRT')[42]
can be used to perform EDM calculations. The linear CCEDM theory presented in this
thesis is applicable to any closed-shell atomic system, but our focus has been on Hg as
it is presently the most interesting candidate from an experimental point of view and a

new result for this atom is expected soon.

The results shown in Section.5.3 correspond to a linearised coupled-cluster theory
applied to the calculations of closed-shell atomic EDMs. The linear CCEDM calculations
with accurate and large basis sets are critical for these calculations and are in progress. In
particular, there is the challenging task of optimizing the single particle basis. This could
be explored to a large extent by using the even-tempered (ET) and the well-tempered
(WT) bases. Undoubtedly, the accuracy of the single particle basis is very critical to
any many-body calculation. It can be noticed that the basis used in our calculations is
quite accurate near the nucleus and also far from the nucleus. Since this is an important
requisite for the atomic EDM calculations, particularly the EDMs induced by the T-PT
and the NSM, which are sensitive to the s;/, and p;/, wavefunctions near the nucleus,
the quality of the basis used in our calculations is indeed very good. The high accuracy
calculations of the coupling constants are underway and it should be possible to obtain
the results of the nonlinear CCEDM calculation in the near future considering the present
status of the CCEDM program, and the accessibility of the techniques of parallelization.
The stage is now well set for further research on the EDM of atomic Hg. Given the
prospect of an improved measurement of this quantity, there is clearly a necessity for
accurate calculations of R; the ratio of the atomic EDM to the P and T violating coupling

constant. The accurate calculations of the coupling constants would help in providing
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important insights into many models of particle physics that predict C'P violation.
From the nuclear physics point of view, there is a necessity for an improvement in the
calculation of the nuclear Schiff moment, which can connect the C'P violating coupling
constants at the atomic level to those predicted by the models of particle physics. Clearly,
atomic physics has the potential to probe new physics beyond the Standard Model.

101



Appendix A

P and T Violation and Electric

Dipole Moments

Implications of P symmetry on intrinsic electric dipole moments
The permanent electric dipole moment(EDM) is defined as the expectation value of
the electric dipole operator between non-degenerate atomic states. Let Dj, denote the
intrinsic or the permanent EDM of a non-degenerate physical system in a state |U).
Then, its EDM is given by,
Ding = (V |Ding| V) (A.1)

where Dj,q is the induced dipole operator. Consider the above quantity in a parity

transformed coordinate system,
Dine = (' | Dina| ¥')
where | U') = P|¥). Since P = PT = P!, the above can be modified into,

Dt = (V' |( P P")Dyq (P P")| V)
= (U |P"P (P' Dy P) P' P|V)

(A.2)
Since, (PT Diq P ) = — Djinq, we have,
Dint = — (¥ [Dina |¥) (A.3)
(U |Dina| ¥') = — (¥ [Dina |¥)
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The state |U) is a stationary state and hence if the Hamiltonian determining the system
is H, then, H|¥) = £|V). Assuming the Hamiltonian to be invariant under P, we have
P~YHP = H. Hence,

(PHP~') P|U) = £P|U)
HY = &)

This implies, both |¥) and |V’) = P|¥) describe stationary states with same eigenvalue
E. If this energy level is non-degenerate, then the two states cannot be independent and

hence P|¥) = ¢|¥), where ¢ = £1. From A.1 and A.3,

(U [Dipa W) = — (' [Dipa| V')
= — (U |Dpq |¥)
- - <\D |Dind ‘\D>
In other words,
<\If ‘Dind |\If> - O

It is hence proved that
If the Hamiltonian is invariant under a P transformation, and if the state is non-

degenerate, then there can be no permanent electric dipole moment in that state

Implications of T symmetry on intrinsic electric dipole moments

In the previous section, it was shown that there can be no permanent electric dipole
moment in a non-degenerate state if the Hamiltonian is invariant under space inversion.
It can be be shown that electric dipole moments are excluded by invariance under time
reversal too. If the Hamiltonian H is rotationally invariant, it must commute with the
angular momentum operators. This further means that there is a complete set of common
eigen vectors of H, J? and J, denoted by the state |E, j,m). Tt is assumed that the only
degeneracy of these energy eigen vectors is that associated with the (2j+1) values of m,

where m is the projection of j, the eigenvalue of the total angular momentum operator
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J. The electric dipole moment operator d is an irreducible tensor operator of rank 1.

Therefore, the average dipole moment on one of these states is, from projection theorem,
(E,j,m|d|E,j,m) = Cg,;(E,j,m|J|E,j,m) (A4)

where Cp ; is a scalar. We know that if the vectors |u') = 0|u) and |[v) = O|v), then,
(w'|v') = (ulv)” (A.5)

where 6 is the time-reversal operator and is anti-linear. Let |u) = |¢) and |v) = da|vY)
where d,, is one of the components of electric dipole moment operator. Then, |u’) =
[¢') = 0l¢) and [v) = bda|y) = daly')
= (W[ lt) = (P]dalt6)*. But dq is hermitian = (1d}') = (i]d|u) where [1) = 0]u).
Similarly consider J,, a component of angular momentum in place of d,. Therefore,
0Jy = —J,0

= (W[ = = (@) (A.6)
Also,

Jo|E, j,m) = mh|E, j,m) (A7)

= 0J,070|E, j,m) = mhO|E, j,m). Therefore,

Restricting the degeneracy to m values alone, the vector 6|E,j,m) can differ from
|E, j,—m) by at most a phase factor. Therefore by taking, |¢) = |FE,j,m) we have

<E7]7 _m|J|E7]7 _m> :_<E7j7m|J|E?]am> (Ag)

From these two results, by substituting m by -m, the right hand side of Eq. (A.4) changes
sign, while left hand side doesn’t. This is possible only if both sides vanish separately.
Hence the spontaneous dipole moment of the state must vanish under combined assump-
tions of rotational invariance and time reversal invariance and the degeneracy of the state

being only that due to m.
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Appendix B

Classification of the CCEDM

Diagrams

Diagrammatic representation of Coulomb operator and classification of

diagrams according to the form of Coulomb operator

F_PP

S

\"A/

Figure B.1: CCEDM diagrams at the bare Coulomb level listed according to the form of H y.

The operator F' denotes the single electron part of Hy. The leftmost side is the list of diagrams
of F' and on the right side are given the cluster amplitude diagrams arising for each F'.
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V_HHPH

V_PPHP

CD3. E%z

CD6.

CSa. CD4.

Cs4. \/,( - CDo.

{L

Cs7.

CSo.

CD1. - }\/

CD2. \\:ENW }\/

CD5.

CS10.

Figure B.2: CCEDM diagrams at the bare Coulomb level listed according to the form of Vi
- contd. Vj is the two-electron part. The leftmost side is the list of diagrams of Vy and on the
right side are given the cluster amplitude diagrams arising for each V.
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Appendix C

Technical Details of the CCEDM

Program

Flow chart for the CCEDM program is shown in Fig. C.1.
The program consists of routines to calculate various parameters/quantities necessary
for setting up the CCEDM equations. The routines important for the actual EDM

calculation are described below :!

e Subroutine readinp: Reads the input containing the number of basis, number of

occupied orbitals and the rank of the EDM and induced dipole operators.

e Subroutine symm: This routine sets up the equation indices for retrieving 7
amplitudes and also the skip information necessary for defining the locations of

the Coulomb integrals.

e Subroutine symm-edm: This routine sets up the equation indices for the 7 am-

plitudes.

e Subroutine findlam: This routine calculates the multipoles (A1, A2) of the Tz(l)

operator, stores them in an array and also defines the locations for storing them.

e Subroutine coulims: This routine calculates the bare Coulomb integrals, i.e. (4-
particle), (4-hole), (2 particle, 2 hole), (3 particle, 1 hole) diagrams and stores them

in memory.

'For a detailed description of the program refer to the documentation to be put up in our webpage
: http://www.iiap.res.in/research/NAPP /main.html
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Subroutine aimshhph: This routine calculates the (particle - particle) EDM IMS

contributions and stores them in memory.

Subroutine aimsppph: This routine calculates the (hole - hole) EDM IMS contri-

butions and stores them in memory.

Subroutine edmtp: This routine calculates the matrix elements of the tensor-

pseudotensor EDM operator.

Subroutine elmat: This routine calculates the matrix elements of the electric

dipole matrix element.

Subroutine schiff: This routine calculates the matrix elements of the Schiff

moment interaction Hamiltonian.

Subroutine vdriver: This routine solves the CCEDM equations for the unknown
T amplitudes. The method employed to solve them is based on the Gauss-Seidel
iterative scheme. The amplitudes are then stored in a binary format for property

calculations.

Subroutine vimsloc: This routine sets up the equation indices for storing the

Coulomb integrals (ij|V'|kl).

Subroutine sppph: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (3 particle - 1 hole) form of Coulomb diagrams, contributing

to singles CCEDM equations (See Fig. B.2).

Subroutine shhph: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (3 hole - 1 particle ) form of Coulomb diagrams, contributing

to singles CCEDM equations (See Fig. B.2).

Subroutine sphph: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (2 hole - 2 particle ) form of Coulomb diagrams, contributing

to singles CCEDM equations (See Fig. B.2).
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Subroutine dpphp: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (3 particle - 1 hole) form of Coulomb diagrams, contributing

to the doubles CCEDM equations (See Fig. B.2).

Subroutine dhhhp: This routine calculates the perturbed cluster amplitude dia-

grams arising from the (1 particle - 3 hole) form of Coulomb diagrams, contributing

to the doubles CCEDM equations (See Fig. B.2).

Subroutine dpphh: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (2 hole - 2 particle ) form of Coulomb diagrams, contributing

to the doubles CCEDM equations (See Fig. B.2).

Subroutine dpppp: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (4 particle ) form of Coulomb diagrams, contributing to the

doubles CCEDM equations (See Fig. B.2).

Subroutine dhhhh: This routine calculates the perturbed cluster amplitude dia-

grams arising from the (4 hole ) form of Coulomb diagrams, contributing to the

doubles CCEDM equations (See Fig. B.2).

Subroutine dppph: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (3 particle - 1 hole ) form of Coulomb diagrams, contributing

to the doubles CCEDM equations (See Fig. B.2).

Subroutine dhhph: This routine calculates the perturbed cluster amplitude dia-
grams arising from the (1 particle - 3 hole ) form of Coulomb diagrams, contributing

to the doubles CCEDM equations (See Fig. B.2).

compute-edm.f : This routine calculates the EDM expectation value for the tensor-
pseudotensor, NSM and can also be used for the calculation of atomic polarizabil-

ities.

Subroutine edm-1lin: This routine is particularly written for calculating the con-

tribution to the EDM expectation value from linear CCEDM calculations. In the
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Section 5.3.1, a sample calculation is presented, listing the specific terms contribut-

ing to the EDM calculation at the linear CCEDM level.

Further in this chapter, some of the milestones in the project of the implementation of

the CCEDM theory program are described.
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Figure C.1: Flow-chart for the nonlinear CCEDM code - The driver routine calls the routines
sppph, sphph, shhph, where the cluster diagrams arising from PPPH, PHPH, HHPH form of
the Coulomb operator (V) respectively, contributing to singles are calculated. Similarly the
routines, dpphp, dppph, dpppp, dppph, dhhhp, dhhhh are called where the diagrams arising from
corresponding form of the Coulomb operator contributing to doubles are calculated.The driver
routine also calculates the diagrams contributing to the right hand side -(B matrix) of the
CCEDM equation.

111



Appendix C. Technical Details of the CCEDM Program

Loop over two holes & two particles

Loop over ’ic’
Loop over "ir’
Loop over ’id’
Loop over ’is’

Hole—hole H .\, IMS diagrams

=

Loop over ’ia’

End ’ia’

Diagrams CS3 & CS4 — T1-T1 block

Particle—particle H,,,, IMS diagrams

Loop over ’ip’

End ’ip’
End ’is’
End ’id’
End ’ir’
End ’ic’

Loop over open lines

Loop over’ia’
Loop over’ ip’
Begin singles

Compute B—matrix diagrams
for singles

Loop over ’ib’
Loop over ’iq’

Loop over ’ir’

Singles clusters arising from

V_PPPH

Loop over ’ic’

Singles clusters arising from

V_PHPH

End ’ic’
End ’ir’
Loop over ’ic’

Singles clusters arising from
V_HHPH

End ’ic’
End ’iq’
End ’ib’

(1) . .
Compute T, for iteration

End singles
Begin doubles
Loop over ’ib’
Loop over ’iq’

Compute B—matrix diagrams
for doubles

Loop over " ir’

Doubles clusters arising from
V_PPHP

Figure C.2: Loop structure for the driver routine
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Loop over "ic’

Doubles cluster arising from
V_PPHH

End ’ic’
Loop over ’is’

Doubles cluster arising from
V_PPPP

Loop over ’ic’

Doubles cluster arising from

V_PPPH
End ’ic’
End 'is’
End ’ir’
Loop over ’ic’

Doubles cluster arising from
V_HHHP

Loop over ’id’

Doubles cluster arising from
V_HHHH

g1

Ir

Loop over

Doubles cluster arising from
V_HHPH

End ’ir’
End ’id’

Hole-Hole V IMS diagrams

End ’ic’

Loop over ir’

IMS diagrams

Particle—particle V

End ’ir’

iteration

Compute T (21) for

End doubles
End 'ib’
End ’iq’

End ’ip’
End ’ia’

Figure C.3: Loop structure for the driver routine (contd.)
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Loop over '’ia
Loop over 'ip’
Loop over ’icC
Loop over ir
Loop over 'id

Loop over ’is

a
Compute >
r,sd c
c P
ompute >
d,c,s r

End 'is

End 'id
End ’ir
End ’ic

End of singles loop

Loop over 'ib’
Loop over 'iq

Loop over ’ic éé a
2

Compute

C c
End ’ic p\ b>~_"7"q

Loop over 'ir’ p
Compute 2 @%
r r
é\ﬂ q

End ir

End of doubles loop

End ’iq’
End 'ib’
End ’ip’
End 'ia

Figure C.4: Loop structure for inclusion of EDM-IMS diagrams in driver routine and com-
puting the cluster amplitudes using the IMS
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Loop over ’iq’
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Loop over ’is
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Loop over ’id’
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VT
End ’id’ c+ +d
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End ’ib’
End ’ip’
End ’ia’

Figure C.5: Loop structure for one-body and two-body Coulomb IMS diagrams in the routine
coulims.f.
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The Tensor-Pseudotensor Hppyg

Matrix Element

Consider the general matrix element of Hgpy between |®,) and |®), (®,|Hepm|Ps)
where Hgpy has the form given in Eq. (2.10). Keeping the numerical constants aside

for the moment, consider
(Pa| Hepm|Po) = (PaliBor:Lpn(r)|Py)
Consider the Z-axis as the axis of quantization.
(Po|Hepm |Pp) = 11,(Py|iBa.pn (1) | Dp) (D.1)

The wavefunctions |®,) and |®,) can be represented in terms of the two-component Dirac

wavefunctions given by,

_ 1 Prka (7") KaMa (97 Qb)
(xlea) = <z’@nana (e (8 ¢>)

and

(r|®;) = ! (.an(ﬂxﬁbm,,(e?gs) )

T [ Npkp r X—nbmb 9

The Dirac matrices, § and « are given by

7=(0 )= (> 0)

Substituting for 3, , in Eq. (D.1), we get
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(®,|Hepm | Pp) =

[ 5 P 0.0 = @00 ] (5 F) [ om0 |

x pn (r)ridrdQ(il,)

[ PN 0:6) i (0 (0,0 ] | T Ty om0

npKp r X"{bmb

pn (r)drdQ(il,)

Simplifying further,
(| Hpm | Pp) =

/ [P (1)XC 1 (0, 0)02 Qo) X (0 ) ()] +

|Qnere X o, (8 9)5 P Xy (6. 6) ()| v (r)drd Qi)

Separating the integrals for radial and angular parts,

/ Prara (1) @y, (1) pv (1) drr / Xume (0, 0)TX sy, (0, 9)dQ) (i) (D.2)

7

'

I1

T / Quares () P (F)py (1) / X (0, 6)0 Xy (6, 6)d20) L)

J/

-~

12

To calculate the specific angular matrix elements corresponding to (®xs, P | Hepm | Pkrp, /2>

and (Pgs, /2|HEDM\<I>K/p3 /2> we evaluate the respective angular parts, I1 and 12 in Eq.
(D.2).
Consider the first integral, I1 for <¢K51/2‘HEDM‘©K’p3/2>:

1= [ N (6,007 (6. 0)02
Xfoma (0,0) © kg = -1 J, = 1/2 This angular wavefunction is for the upper component
of ®,). Hence, I, = (J, + Sign(k,) X 1/2) = 0 = ml = 0 and s, = 1/2. Choose the
projection of the total angular momentum to be the highest value. M, =1/2 =0+ 1/2.
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The state |J,, Ma) = |35,3) = [0,0)|3,5) in the L-S basis. Writing x[. . (f,¢) in the

uncoupled basis,

Xrama (0, 0) = Z |laamfz> X |$aamz><la>méa3a>mZ|Ja>Ma>

m,mg
= 10,0}]0,0) = Yoo|)

where |a) represents the wavefunction of a spin-up particle and Y, the spherical har-
monics.

The term X_y,m, (6, ¢) corresponds to the lower component of |®;). The orbital angu-
lar momenta of the upper and lower components [ and [’ respectively are related as
I' =2J — 1. We now have, k, = —2 J, = 3/2 The kappa for the lower component,
—Kp = 2. Therefore, I} = 2J, — I, and [, = 1. Hence, [j = 2. From Wigner-Eckart
theorem, the multipole moments, M,, M, and ¢ satisfy —M, + ¢ + M, = 0. Hence,
M, = M,. Hence choose M, = 1/2. Therefore,

Now,
O—ZX—KbWLb(97¢) = Yv20|a><2707 %7 %|%a %> - }/21|ﬁ><27 17 %7 _%|%a %>

The integral 11 becomes,

Consider 12:

anmb (97 ¢) :
==-2,J,=

=

l\DIOJ

%:1—>mé:—1, 0, 1. Fix M, = 5

anmb(97¢) leO‘a>< % %|%a%>+lel|ﬁ><171a;>_%‘%a%>
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X—rama (6 0):
Ko =—1, ke =1, J, =1/2,1,, = 2J, — I, = 1. Hence, m;, = —1,0,1. Fix M, = 5.

X—r{ama(ev ¢> = }/lo‘a><170a %a %|%a %> + }/ll|ﬁ><17 17 %7 _%|%7 %>

Using the orthogonality property of the Spherical tensors Y}, and Clebsch-Gordan coef-
ficients, we get 12:—§\/§. The EDM matrix element,

<(I)K51/2

B ) = (@)1 (<3V2) [QuRmar (03

HEDM
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Radial Matrix Elements of the
Nuclear Schiff Moment

Consider the matrix element of the Schiff moment interaction Hgy between two states,
<<I>a}HSM}(I>b>. The wavefunctions }(Da> and }(I)b> can be represented in terms of the

two-component Dirac wavefunctions given by,

DL P (M) (6.0)
o) = ( i Qo ()X (6, 0) ) (E1)

Expressing ‘(IJb> in a similar form and setting up of the matrix element of Hgy gives,

(2.

HSM (I)b> = / |: Pnana (’l“) X:rcama - Z Qnana (T> X—nama (97 ¢)T :| (_ 3 S 6)

Pnbnb (T> X/ibmb (97 Qb) @ d dQ E 2
[ i Qo () Xrgy (0.0) | BV (E2)
where dQ2 = sinf df d¢ and B = [ r*p(r)dr. Multiplying the matrices,

/ [Pnalia (T> Pnb:‘ib (T) XTﬁama Xﬁbmb + Qnalia (T> anlib (T> XT—Hama Xﬂme]

0 A B

1
(— 3Se E) p(r) r cosd dr dS2 (E.3)

Consider,

A=(—35¢€) / |:Pna.‘£a (r) Paysy (") XL 10 X"'@bmb:| % r cosd dr d)

and

B=(-3S5e¢) / [Qn () Quyry (1) X', X_ﬁbmb} % r cosd dr dS
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We now evaluate the angular parts of the specific integrals between s/, and p; /5 orbitals.

First consider the angular part of,

<q)k51/2 |HSM‘(I)mP1/2>

given by,
/Xlama cos0 Xyym, sind db do
Ko = —1;J, = 1/2= 1, = (Ja + sign(k,) X 1/2) =0
Using the above expression for [;, the values of k; are calculated by fixing the projection

of the total angular momentum J, = 1/2 and J, = 1/2 as M, = 1/2 and M, = 1/2 and
tabulated in Table E.

|

Kq | M | Kp mé

110 | 1]-1,01

Table E.1: Possible orbital angular momenta for x = —1.

The angular part x,,m, is expressed in terms of the spherical harmonics and the spin

functions a(up-spin) and [(down-spin) as,

Xkama = Z [la mg) @ |80 m5) X (la Mg 50 10 | Jo M)

! s
Me,Myg

= Yoo |a) (0053553
= Joo | (5500 [53)

= Yoo \Oé> (E4)

Now consider, k, = land J, = 1/2, =1, = landm), = —1,0,1. Fix

M, = 1/2, and using m{ +m! = M,, the possible values of m{ = 41/2. Hence,

Yo = VulBHITE ~ 53+ Yl ad10d 313 3)
= Yul|B) \/2/3) - y10\oz>< 1/3) (E.5)
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after substituting for the Clebsch-Gordon coefficients. Combining E.4 and E.5, the an-
gular part of (A) becomes,

/Xlama oS0 Xym, SINO dO dp = / (Voo ] (cosb)

[yu | B) (\/ﬁ) — Yol @) (M)} sind df d¢

= /— Yooio <\/1/3> cosf sinf df d¢

S (%) (E.6)

The integral (LA) becomes,

A=(=35¢) (%1) / Proe () Pou (1) % r dr

We now evaluate the angular part of (B) given by,

/XT_,{ama cost X _y,m, sind do do

Consider, K, = —1 = —kK, = 1l and J, =1/2. Hence, I, = 1 and m, = —1, 0, 1.
Fixing M —a =1/2, m} = =£1/2. Therefore,

Xorama = Y0 la) (1055155 + Ju 0115 —5153)

= Vi |a) < 1/3) Yu | B) <\/7> (E.7)

Consider, —ky = —1, Jy, =1/2 =1, =0 = m, =0. Fix M, = 1/2 = mj = 1/2.

Hence,
X—kpmp — yOO ‘O{>

We now obtain the angular part of (B),

_ / Vi Voo (—V/173) cost sind d6 do

_ (%1) (E.8)
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Appendix E. Radial Matrix Elements of the Nuclear Schiff Moment

Substituting in (B),
B—(—3Se) (—%) / Qv (1) Qs (1) % - dr

Combining (\A) and (B),

-1
<(I>ksl/2|HSM|(I>mp1/2> = (_ 39 6) (?)

[ 1Prasc 00 Prae 1)+ Qu 1) @y (01 25 7 (£

The matrix element of the Schiff moment operator between the states [mp o) and |ksy/2)

can be derived similarly and is given by,

<q>mpl/2 @k51/2> —(=38¢) <%1)

7{13 () P 1) + Quuns ) Qs 0|75 (.10

q)mp1/2>‘

Hgyy

Hay

which is exactly same as for <<I>ks1 P
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Appendix F

Matrix Elements of the P and T

Violating Nuclear Potential

We start with the derivation of a general P, T odd electrostatic potential inside the
nucleus, take the electronic matrix element of this potential and show that it is related
to the nuclear Schiff moment.

The nuclear electrostatic potential is

[e.e]

B(R) = |§pfl‘d3r+%(d.V)/‘é’(i)ﬂd?’r (F.1)

where ep(r) is the nuclear charge density, [ p(r)d®r = Z, d = e [ p(r)d*r = e(r) is the
nuclear EDM. The definitions of the vectors R and r are given in fig.1.

Surface of the nucleus

Note that both R and r are lying within the nucleus and Ry is the nuclear radius.

The second term cancels the dipole long range electric field in the multipole expansion
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Appendix F. Matrix Elements of the P and T Violating Nuclear Potential

of ®(R). Consider the multipole expansion of ®(R) around R = Ry

(R —Ry)”

2! ®"(Ro) +

®(R) = ®(Rg) + (R — Ro)P'(Ro) +

which is equivalent to Eq. (F.1) at R = Ry except that the second term in Eq. (F.1) is

defined per nucleon. Expanding |R—1_r‘

1 rl<
R = Z FP[(COS@)

1 >

where 0 is the angle between R and r and Pj(cosf) are the Legendre polynomials.

Consider the first term of Eq. (F.1).

60@") 3
d _
R \R—r\ |R—r\

Only odd multipoles of [ give rise to P, T odd potential. All values beyond 1=1 give
negligible contribution. Hence, in the ), only 1=1 is retained for the first term. Using

Py(cos ) = cos we get

R oo
1 3 ep(r) 3
=T /erp(r) cos 0d°r + R/ 3 €08 0d’r
0 R
oo R R oo
%d‘gr =73 /erp(r)d?’r +R- / erf§T>d3r. (F.2)
0 R

Consider the second term in Eq. (F.1). Retaining only the [ = 0 term

;(d-V)Zé’(r)rd?’r = %d-v (%) Zp(r)d?’rvL;(d-V)Zp(pd?’f (F.3)

Consider the first term in the Eq. (F.2) in the limit R — inf



Appendix F. Matrix Elements of the P and T Violating Nuclear Potential

Similarly in the limit R — inf first term in Eq. (F.3) becomes

R

—Z—Rge<r>/p(r)d3r = —%R.

These two terms cancel each other. Hence the integral limits in the first terms of Eq.

(F.2) and Eq. (F.3) can be changed using

[

Eq. (F.1) becomes

R3 Z

BR) = — [ rp(r)d’r + R / P <7°jjg L4 6% ‘R / p(r)dr
R R R

Rewriting the above equation

®(R) = eR 7(;23 - % + %) p(r)dr (F.4)

This nuclear potential goes to zero when p(r) becomes zero for R > Ry.

Physical significance of the different terms in Eq. (F.4):

e Consider the first term .

/ eR Z<23 p(r)d*r

R

Rearranging,
o0

|E

R
This term represents the interaction of the average nuclear electric dipole moment

per nucleon due to a charge distribution at a distance of r between R and Ry
with the electric field due to a point charge at a distance R from the centre of the

nucleus.
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Appendix F. Matrix Elements of the P and T Violating Nuclear Potential

Consider the second term .

/er~ %p(r)dg’r

R
This term is the interaction of the nuclear electric dipole moment produced due to

a charge distribution p(r) in the region between R and Ry with the electric field

due to a unit charge at a distance R from the centre of the nucleus.

[

represents an interaction of an electrlc field produced due to a charge distribution

The third term

between R to Ry with the nuclear dipole moment produced at a distance R from
the centre of the nucleus. The nuclear electrostatic potential, Eq. (F.4) mixes
the electron wavefunctions of opposite parity. We consider only the sy, and p;
electron wavefunctions as only these have a nonzero probability density inside the

nucleus. We are interested in the matrix element
(Vs — e®(R)[V}).
Using the relativistic form of the electron wavefunctions

_ FR)Qjtm)
Wm—(4wmm&mwm) (F-5)

in the above matrix element and simplifying
/ fsfp + gsgp (anQp) [(I)(R)] RQdRsmedeqﬁ
0

Using

/dR/dr:/dr/dR

and U, = fsf, + 959, the above term reduces to

=>ﬂ@@7%%—%+}(%%[ﬁ%m
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Appendix F. Matrix Elements of the P and T Violating Nuclear Potential

[ee] 1 T T
= —e*(s|n|p) / <E<r) —r) /Usde—F%/UspR?’dR p(r)d*r
0 0 0

Now expand U, = fsfp + gsgp = >, b R* and substituting in the above equation

) T S T \
= —e”(s|n|p) Z / ((E@} - r) bkk:——i-l + ﬁk——kélbk) p(r)d°r
0

k

= —cslals) 3 e {[%<r><7"’““> - kiw)]}

where (s[n|p) = [ QInQ,d¢ sin 0d6.

In the nonrelativistic case, (Za — 0), only b; # 0. Hence,

3
5

(1= W) =~ 1l | 004 -

! ()]

= 4dmeS - (VUID,) . o

where the Schiff moment S is defined as

5 iy — 2o | = ST

S = 10 {(rr ) BZ<T )(F}] =SI/I1 (F.6)
where I is the nuclear spin. The above form of the Schiff moment defines the
nonrelativistic expression for the P and T violating nuclear potential arising due

to the Schiff moment. Note that the quantities defining S refer to the nuclear

coordinates.
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Appendix G

Additional Notes

G.1 DMatrix elements of the Coulomb operator

The term representing the two-body Coulomb interaction can be expanded as [31,

32]

1
= SUR,2) Y (-nick et (2) (G.1)
k q
where
k 7"]2
U (172) )
r>

Cy = V4A7/(2k + 1)Yiy(0, 9)

The two-electron matrix element is given by,

1
(ab\r—|cd) = 0(mg + my, me +my) Z d*(jama; jeme)d® (Gymy; jama) R (a, b, ¢, d, k)
12 "

The d* coefficients are the angular factors and R*(a,b,c,d, k) is a two-electron
radial integral dependent on the large and small components of the orbitals a,b,c,d

and the multipole k. This can written as,

(o

12

. . . . ja—Ma+Ja—m ‘a k ‘C
Cd> - Z Xt? (]a7]b7]cajd) (_1>(] e < _j7na q 75710 )
( JasJc,dpydd )

ma,mc,mb,md,k,q

< jd k ]b) (G.Q)

—Mg q My
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Appendix G. Additional Notes

where

T
o
| <
o =0
~_
N\
o
l\DI»—A&
o
| <
o~
~_

Xg (jaajbajmjd) = (_1)(k_q) (_1)(3‘1_24‘% 2) (

L

2
|ijaa jc> jb> ]d:| Rk (0,7 ba C, d7 k)
and

k

R* (a,b,c,d, k) //[ rara(T1) Pros. (71) +Qa(7’1)Qc(rl)} x T,ZL
>
0 0

X |:Pnbf€b (TQ)Pnd/id (TQ) + Qb(r2)Qd(r2):| dry dry

With the selection rules,

(_1)la+lc+k _ (_1)lb+ld+k _ 1

G.2 DMatrix elements of the Induced Dipole Op-

erator

Consider the angular matrix element of the induced dipole operator between the

states of angular momenta (J,, M,) and (Jy, My),

Jo-Ma [Tk
<\:[JJ¢1,M0, \Iij,Mb> - (_]—) X <<]a
—M, 0 M,

where the reduced matrix element is

<Ja Jb> = (—1) o [(2Ja+ 1) (2, + 1)} < Jl (1) i )x<\11a(r)

and Dj,q = er.

k k
Dind Dind

)

k
Dind

N
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