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ABSTRACT

The equation of radiative transfer in comoving frame has been solved for rapidly
expanding gaseous medinm in spherically symmetric extended stellar atmospheres.
We have assumed a non-LTE two-level atom with Voigt profile function. The comoving
terms in the radiative transfer are discretized in the frame work of discrete space
theory of Grant. These terms simply reduce to a tri-diagonal matrix. The boundary
conditions for the frequency derivative can.be introduced through the elements of
the first and last rows of this matrix. This seems to be quite stable for arbitrary veloci-
ties in the medium. We have considered maxlmum velocities up to 60 units of mean
thermal velocmes

1. Introduction

- The effect of high velocities on the formation of spectral lines in the
outer layers of stars is very important. It is known that the matter moves
at very high radial velocities in such diverse objects as Wolf-Rayet stars,
quasars, novae, P Cygni, Planetary nebulae etc. The problem is compli-
cated because the physical properties of the medium (e.g. absorption,
emission, scattering characteristics) are affected by the local conditions
of the moving matter. Several people attempted to solve the problem
of transfer of line radiation by the moving media (Kunasz and Hummer
1974, Peraiah and Wehrse 1978, Wehrse and Peraiah 1979 and others).
However, these calculations have been done in observer’s frame and
naturally restricted to small velocities. Therefore, to study the formation
of lines in rapidly moving stellar atmospheres, one must study the solu-
tion of line transfer in the comoving frame. Chandrasekhar (1945) and
Abhyankar (1964) made some of the earliest attempts. These methodes
were restricted to-assuniptions sué¢h as coherent scattering, plane parallel
atmospheres efc. Recently, Simmonneau (1973) has developed a method
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for the comoving frame solution of the line transfer which is restricted
again to certain velocity laws. There is considerable amount of work done
by Mihalas et al. (1975, 1976) on comoving frame calculations. However,
these are iterative and, therefore, time consuming.

We shall develop a method to obtain a direct solution of line transfer
in comoving frame of the gas in the frame work of discrete space theory
(see Grant and Peraiah 1972). The comoving terms are discretized easily
into a single tridiagonal matrix with the velocity and frequency boundary
conditions prescribed in the elements of this matrix.

In the next section, we shall describe briefly the method and in section
3 a few samples of the results are presented.

2. Description of the Method

The comoving terms which appear in the transfer equation are (see
Chandrasekhar 1945, Mihalas et al. 1975)

V(r) , AV ()| ol(x, p, 1)
e

dr o ’ (1)

{(1 — u*)

where I(x, u,r) is the specific intensity of the ray with frequency = =
(v—w0) /4, 4, being some standard frequency interval, », is the central
frequency of the line and » is any frequency point in the line) making an
angle cos™'u with the radius vector at the radial point r. ¥ (r) is the velo-
city of the gas in mean thermal units at the radial point r. We shall incor-
porate the comoving terms given in Eq. (1) into the radiative transfer
and write it (see Mihalas et al. 1975, 1976) for a Non-LTE two-level atom as,

oI (x, p, 1) + 1—p? 0L(m, p,7)

= K(x, )8y (r)+

or r ou
+ B, (1) 8o (r) — [E (2, 1)+ E (111 (@, s, ) +
V(r) dV(r)) oI (x, p, )

2 2 2

oy S SO ZBRT )
and for the oppositely directed beam,
ol (x, — 1—pu? ol(x, —

—u (@) —p,y7) . u (®y, —u,7) — K(2, )8, (r)+

or r ou
+ Ko (1) S, (r) — LK (%, 1) + Ko (1)] L (@, —u, 1)+

V(r) , V() dl(z, —p, 1)
T dr } o ’

+ {(1 — 1) (3)
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where K (x, r) and K,(r) are the absorption coefficients per unit frequency
interval in the line and continuum respectively. The quantities S (r)
and 8S,(r) are the line and continuum source functlons respectively and
are given by

+4+1 400

(1 |
Sz(r) = 8) [ [ asp@1(@, u,r)+eB), 4)
8s(r) = e(r)B(r), ) (8)
K(z,r) = p(x)K(r). (6)

K, (r) is the absorption at line centre and @(2) is the line profile subjected
to normalization such that

+ o0

f p(w)de = 1. (1)

We have chosen Voigt profile given by

z_f ""diaz. @

The optical depth in the line is given by

ez N(r)f
mce A'V_D

r(@,7) = K(@,r) dr = p(a, @) 4r, (9)
where N (r) is the particle density. The quantity ¢ is the probability per
scatter that a photon is lost by.eollisional de-excitation. The quantity
B(r) is the Planck function and ¢(r) is an arbitrary factor.

We shall now integrate the line transfer Eqs. (2) and (3) along similar
lines as shown in Peraiah and Grant (1973), Grant and Peraiah (1972),
and Peraiah (1978) by incorporating the comoving terms. In discrete
space theory, we approximate the integrals by the appropriate quadrature
sums and the differentials by the weighted differences. For ~example
the integration over angle variable is effected by the formula

J

, f fwap = Y of(w), Zc =1, (10)

j=1

u; and ¢; being the zeros and weights of a quadrature formula over [0 11,
and J is the total number of angles. We shall define,

C = [Cjajk]7 M, = [ 0x] s
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and corresponding specific intensities as

I(z,, ., ;)

I .
0t | 100 50, a
I(Tny s ;)
and
;Jf = [Ufn7 U‘fn; Us,m IERX) U«?,:m LRRY U;:,n]T7 (12)
where T is transpose. Further, we shall write
D, e = [Prwr I = (B P0)ns1s2 Onr s (13)
where
/3 = Kc/KL7
and

-k =j+(-1)J, 1<k<EK=1IJ,

i and j being the running indices of frequency and angle quadrature
points and I is the total number of frequency points. The subscript n +%
represents the average of the parameter over the shell bounded by radii
r, and 7,.,. And write

P = ‘p(wz‘a ;uj)a
Sn+ll2 = (0B +5‘Pk)B;+1/2 Orer s
B;+1/2 = 4“ﬁz+1/2B(7'n+1/2)a (14)
‘PiWk = 0;C;,
A,
@ = i ’
2 Ay p(x;)
V=1

where A’s are the quadrature weights for the frequency points. With the
above definitions, qs (2) and (3) become after integration,

MU}, — U1+ 0,47 Uy e +47 Uy ]+

+
+ Tn+1/z¢n+1/z Un+1/2 = Tp+1/2 Sn+ 2 T

+3(1—¢) 7n+1/2 [¢¢T W] [U+ + U~ ]n+1/2 +
+M,dU; ., (15)
Similarly,
M[U;; - U;+1] — Qe [A+ n+12 +A47 U:+1/2] + 7n+l/2¢n+1/2 U:+1/2
= Tp412Sprz T3 (1 —8) Tn+1/2,[¢¢TW][UJr +U"1+M,dU, ,, (16)
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where

M = " , A* =

0 M,} 0 AL

M, = [p;0;] and A% are the curvature matrices (see Peraiah and Grant
1973 for their derivation). The comoving terms given in (1) are repre-

sented by the term M,dUZ,,, in Eqs. (15) and (16). This is explained
as follows: .

a7)

M, = [Ml AVn+1I2 +M? Qc Vn+1/2]7

M, 0
Ml
M = ".. y M, = [pidnl,
0 M,
o (18)
MZ, 0
M? ' .
M? = " s M, = [(1—u))d,],

0 M, '

J 2 0=21,2,...,d, AV iy = Voui—V,.
v

nt12 18 the average velocity over the shell bounded by the radii r,,
and r,. The matrix d is determined from the condition of flux conser-
vation (see Appendix ITI) and is given by -

| —d, d, 0
—dy, 0 d, . 0
a=] 0% 0 4 . , (19)
o —_—— i
B —d; dy |
where
d‘ = (wi_l_i'—'wi_l)—l fOI‘ ’i = 2, 3, csey I'—"l, (20)

and we shall set d, = d; = 0.
The average intensities UZ,,, are approximated by the diamond
scheme (see Grant 1968, Wiscombe 1976) given by, '

(I—.Xn+1/2)U;+Xn+1/2 U:+1 = U:+1/27 N (21)
(I —=X12) Upn + X012 Uy = Uy
with X, ., = 31, I being the unit matrix.
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Introducing Eqgs. (21) into Eqgs. (15) and (16) and writing the resulting
equations in the form of interaction prineiple (see Grant and Hunt 1969a, b)

[M+%QcA++%r¢~%ﬂ(¢¢TW)—%M1d Yo, A~ — Jor (pT W) —][U;{H]

—30cA™ —}10(¢ppT W) M—Lo. AT+ }rd—Ltro(¢pT W) — 1M, d]|U;
_[M—%ecﬁ—%m%w (ppT W)+ 1M, d "%QCA_““iTU((W’TW)]
" ocAd™+ 210(¢dT W) M+ fo. AT — trd+ Lro(¢pT W)+ 1M d

P R

where ¢ = 1—¢, and 7 = 7,,,,. A comparison of the Eqs. (22) with the
interaction principle. will give us the “cell” reflection and transmission
matrices and source vectors. These are listed in Appendix I. One can cal-
culate the diffuse radiation field by employing the scheme of Internal
Field given in Peraiah and Grant (1973) and by calculating the transmis-
sion and reflection matrices in each ecell. The optical and geometrical
depths in each shell should be chosen such that unique and non-negative
solution is obtained. This can be achieved by obtaining non-negative
r and ¢t matrices described in Appendix I. For this purpose the diagonal
elements of (4%)~' should be dominant and positive. This condition leads
to the inequality

2y, +0, Al;i—,k dkk{ﬂkk 4 Vn+1/2 + (1 - Mkk) Cc n+1/2}
(B+@x) — EO’(WPT Wi

Further, the off-diagonal elements of [4¥]' should be negative
and this gives us

Tkk (23)

{ 20, AlJcr,k+1 — 20 511 { AV g #i,kﬂ + 0, V(1 — Mk k+1)}
T k1 << T (24)
I o(pp W)k,k—‘rl

for the upper diagonal elements and

T 2Qc/lk+1 k+2dk—l—l k{AVn+1/21u'k+l T 0 Vn+l/2 (1— /uk—H k } {
k+1E

(‘P‘P W)k+1,k

for the lower diagonal elements.
We have to select 7.y(= togrz) such that

Tepsg = ININ {Tk,ka Thkt1y Thtlif - " (26)

We notice that the “cell” optical depth 7, depends on the number
of cosines selected for the angle integration, the frequency differencing,
the radial mesh, the differential velocity, the local velocity of the gas and
the profile function. In the next section, we shall discuss briefly some
of the computational aspects and present results.
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3. Computational Procedure and Discussion of the Results

The radiation field that is obtained by comoving frame calculations
will have to be transformed into (1) the star’s rest frame or the observers
frame and (2) the observers frame at the earth. The former calculation
would give the spherically symmetric solution of the line transfer whereas
the latter provides the fluxes received by the observer at earth which
facilitates comparison with observations. The procedure is described in
Peraiah (1978b, see also Figure 14.7 of Mihalas 1978). In this paper we
shall present results which can be compared with observations.

There is a computational advantage in eomoving frame calculations
particularly with regard to the angle-frequency mesh. In the rest frame
calculations, one has to cover the frequency mesh in the interval from
(—X — Vi) to (X 4+ V,00,.). When the velocity of the gas is large, we have
to select a large number of angle-frequency points. This increases the
size of the matrices and machines with large capacities are required.
In comoving frame calculations, as we are computing the radiation field
in the frame of reference of the gas there are no relative velocities. Conse-
quently, we can, employ the profile function corresponding to that of
4 statié medium and we need to employ only a. small number of frequency
angle points. The program has been tested for several sets of frequency
points. Trapezoidal equally spaced frequency points have been chosen
with 9, 11,13, 15 and 19 points, the odd numbers being selected for the sake
of including the centre of the line at # = 0. The frequency independent
source functions §,, §;;, 8,3, 8,5 and S,y have been calculated correspon-
ding to the 9, 11, 13 15 and 17 frequency points. 8, differs from others
in the 4th to 5th place whereas 8;;, 813, 8;5 and 8y agree to about 9th
figure. In order to save computer time and storage space one can easily
select 11 frequency points and 4 angles. We have congidered the line
emission and continuum emission with parameters (1) e = 1072 and
g =0 andl (2) e = p = 10-3. The total optical depth ajit line centre is
taken to be 10* and the dampmg constant is taken to !be 10-3.

We solve the problem subjected to two kinds of boundary conditions:
(1) the radlatlon incident on either side of the atmosphere and (2) the
frequency derivative term ¢I/0x appearing in the comoving' term. In the
first case, we have not given any incident radlatlon on either side of the
atmosphere or ‘

URT+1($ T = 7;“]) =0, U (@7 = 0 Au]) = 0. (27)

In the second case, we shall assume that in the contmuum oI |ox = 0.
This leads us to

- [ar, +1]2]z 1anar = 0+ . S N (28)
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Fig. 1. Frequency independent line source functions for ¢ = 10-3, 8 = 0, B/A = 3,

are plotted against

optical depth.

1

© Copernicus Foundation for Polish Astronomy * Provided by the NASA Astrophysics Data System

2. 3 4
LOGT
Fig. 2. Same as in those givén in Fig. 1 with Bf4 = 9.


http://adsabs.harvard.edu/abs/1980AcA....30..525P

DACA - Z.730: Z575P

rt

Yol. 30 533,

In addition to these we have to choose a velocity law which: should
include the boundary condition of velocity at # = N and n = 1. We shall
use a linear velocity law given by

| Vp—0 .
o o(r) = v, + —p——(r—4), (29)

where o(r) is the velocity at radius r and v, and @z are velocities at
r = A and r = B. We have selected vy = 0, 10, 20, 30 and 60 and we
have always. set v, = 0. ‘

Results have been presented in Figs. (1)-(10). The frequency inde-
pendent line source function 8 given by '

J

8, = Z-Ai 2 8(w;y a5 T4) 09

i=1 j=1

10 —

LOG T

' Fig. 3. Same as those given in Fig. 1 with s — 103 = § and B/4 = 3.
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and is plotted in Figs. (1)-(4) for various values of the parameters e, g,
B/A and V. As there is no radiation ineident on either side of the medium,
there is a drop in the source functions at v = 7,,,,(= 10*) and at = = 0.
These results look similar to those of Mihalas et al. (1975) although sli-
ghtly different physical situations are treated here. The line source function

10—

LOGT

Fig. 4. Same as those given in Fig. 3 with B/4 = 9.

for a higher velocity fall below the one for a smaller velocity. In Figs.
(5) and (6) we have plotted the frequency integrated mean intensities
against the optical depth. The same tendency as seen in Figs. (1)-(4) is
to be noticed here. We have not shown the mean intensities for B/4 = 9
for ¢ = 10-3, § = 0 and ¢ = 8 = 102 because these do not give any new
information. In Figs. (7)-(10), we have plotted the line profiles at the
observer’s point, corresponding to the line source functions given in Figs.
(1)-(4). These are narrow emission lines similar to those observed in quasars
(see Baldwin 1975, Baldwin and Netzer 1978). As the velocity increases,
the lines become narrow but with extended wings, and this becomes incre-
asingly apparent for larger geometrical extensions. ‘
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Fig. 7. Line profiles at the observer’s point for the source funetions given in Fig. 1.
@ (X) = Flux (X)/Flux (X,naz)- iR
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Q

Fig. 8. Line profiles at the observer’s point corresponding to the source functions
given in Fig. 2.
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Fig. 9. Line profiles at the observer’s point corresponding to the source functions

given in Fig. 3.

4. Conclusions

We have presented a method to solve line transfer in éoinovihg frame.
This method is stable and can be subjected to rigorous numerical analysis.
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APPENDIX I

First we shall define,
Y=%"[¢¢TW]? Z=¢—Y7

At M,d a-
7, =72+ -0, ¥, =y 0

+  M,d -
7.~z 24 _Md oy oA

T T T

A5 = [M+3:2.1", TI* =[M—}1Z.],
pr= = 1ratY_, at" =[I—pr-p ]

(similarly g+ and a~* are written .by interchanging the signes), and we
shall write the transmission and reflection matrices as '

T(n+1,n) = a™ " [4* T+ gt~ p+],
Tn,n+1) = a T[4 T + g1,
R(N+1,n) = a Tt [I+4TTH],
R(n,n+1) = a*~ gt~ [I+4"TI"],
and the cell source vectors are given by
2, =Tat T[4V BT AT]S,
ntl1z = ra~t[47+ g7 4*]S.

APPENDIX II

The nature of the elements of the d matrix can be derived from the
condition of flux conservation. In a conservative medium energy is neither
created nor destroyed. We shall employ this principle and follow closely the
procedure given in Grant and Hunt (1969a, b). In this case the infinitesimal
generators are given by,

_ o, AT M,d
G++=M1[¢—%G(¢¢TW)+ o~ ],

and

If we assume that v is the critical optical depth in the “cell”, then
the r» and ¢ operators are given Dby,

13
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t(n+1,n) =I—2G*, rin+l,n) = G~ (A1)
For a conservative case, we must have
[En+1, n)+r(n+1, m)] = 14+0(z), (A2)
where ||-|| is the radiometric flux norm defined by (see Grant and Hunt
1969Db).
1P| = max ZHPH iy, (A3)

where H = 2a MW,
The norm of r and t operators is

.

[E(n+1, n)+r(n+1), n)|
K
— max 2. 27rMW{I—rM“1 [qs— o(PDT W)+ 2 (A4+ 47—
k' -y T
M,d

T

}] @MW),  (Ad)

In a purely scattering media ¢ = 0 and, therefore, ¢ = 1 and g = 0,
hence @ reduces to ¢. Furthermore, the normalization of the line profile
gives us that

+ o

[ p(@)de =1, (A5)
or, in discrete form,
2Wee, =1, (A6)
and the curvature matrices should satisfy the identity
T
Doy —Az)=0 foralll=1,...,J (A7)

j=1
With the aid of (A6) and (A7), (A4) reduces to
[t(n+1, n)+rn+1,n)l| = 1+ 2d;a;+0(7). (A8)

Therefore, for flux conservation we must have Xd;a; = 0, or the
weighted columm sum of the d-matrix should identically be zero.

© Copernicus Foundation for Polish Astronomy * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1980AcA....30..525P

