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Redistribution Function for Zero Natural Line Width
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Abstract. Comoving frame calculations have been used to compute the
spectral lines formed in rapidly expanding spherical media. We have
employed the angle-averaged partial frequency redistribution function
R; with a two-level atom model in non-LTE atom approximation. A
linear velocity law increasing with radius has been employed with maxi-
mum velocity at =0 being set equal to 30 mean thermal units. It is
found that one obtains almost symmetric emission line profiles at large
velocities similar to those found in quasars.
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1. Introduction

Many stars (such as early type supergiants, Wolf-Rayet stars etc.), quasars and
nuclei of Seyfert galaxies show evidence of mass motion in their outer layers. Cal-
culation of spectral lines formed in such media is extremely complicated because of
(i) photon redistribution in the line which is again complicated (ii) by the radial
mass motion in the medium.

One must calculate accurately the effect of the latter on the former. The calcula-
tions become quite involved simply because photons can be redistributed from
any given point to any other point in the interval vy (1—Vmax/c) to vy (14 Vmax/c)
where v, is the central frequency of the line and Vpax is the maximum gas velocity.
In the atmospheres of many OB type stars, the gas velocities may be as large as
2000-3000 km s-1, which would be about 100 times the mean thermal unit. If one
intends to simulate profiles formed in such media, one has to consider the band-
width as large as 200 mean thermal units. Recently Hummer and Kunasz (1974),
Peraiah (1978), Peraiah and Wehrse (1978) and Wehrse and Peraiah (1979) attempted
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to calculate lines in the rest frame of the star. In both cases, the maximum gas
velocity employed was only 2 mean thermal units. The reason is that in the rest
frame, the frequency-angle mesh should extend from (—x—Vmax) to (x+ Vmax)
where x=(@u —v,)/A,, A, being some standard frequency intetval. As the velocity
Vmax increases, this interval also increases and so does the number of frequency-
angle points and the numerical operations. The excessive numerical operations
introduce round-off errors and ‘eat’ into the real solution. Therefore, one has to
restrict to small gas velocities.

However, in a comoving frame, the relative velocities do not exist and therefore
we need not consider a large frequency-angle mesh. Mihalas, Kunasz and Hummer
(1975, 1976) have solved the transfer equation in the comoving frame with both
complete and partial frequency redistribution. However, their calculations are
limited to show a comparison between the complete and partial redistribution.

In this paper, we present calculations of line formation in the comoving frame with
partial redistribution in the framework of discrete space theory of radiative transfer.
This is an extension of the calculations of lines in the comoving frame with complete
redistribution (see Peraiah 1980) to partial frequency redistribution.

2. Solution of line transfer in the comoving frame with partial redistribution
We shall consider the radiative transfer equation in the comoving frame with a

two-level atom approximation in non-LTE. The comoving terms are (see Mihalas,
Kunasz and Hummer 1975)

g V(r) o dV(r)g oI(x, k, r)
fa—py “D4 DT 0
where I (x, u, r) is the specific intensity of the ray with frequency x=(—vy)/As
(As being some standard frequency interval and v, is the central frequency of the line)
making an angle cos~*p with the radius vector at the radial point r. V(r) is the
radial velocity of the gas at r in mean thermal units. The radiative transfer equation
in the comoving frame is written after including the terms in equation (1) (see
Mihalas, Kunasz and Hummer 1975, 1976)

2
p G ) 1=p L5 k) gy s (v, 1)
or r op
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and for the oppositely directed beam,

—_— — u2 -
_“aj(x, [_z.,r)__l w2 ol (x, P’r)___K(x,r)SL (x, r)
or r 3#
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+ K(r) Sr) —[K(x, 1)+ K. (N 11 (x, —p, )
+{a— L0y T NACG —p 1) ©)
r dr ox

Here, K7, (x, r) and K, (r) are the absorptioﬁ coefficients per unit fréquency interval
in the line and continuum respectively. The quantities Sz, (x, r) and Sc (r) are the
line and continuum source functions respectively and are given by

+ 0 +1 )
St (x, r) = (16—(;)6) :—[odx’ ! 1 R(x; xYI(X', p')du' + € B(r), 4
and S.(r) =p(r) B(), | ©)

where B(r) is the Planck function and p(r) is model-dependent and is treated as an
arbitrary function in this work. K, (x, r) is given by

K (%, 1) = $@)KL, (), | ©6)

and the profile function ¢ (x) is given by

+
4@ = [ RGx¥)ax,

—

-where R(x, x) is the angle-averaged redistribution function (see Hummer 1962) given
by

Rpa (x, x) = }erfe (| x]), Q)
1 ¢ |
where erfc (|%|) = f exp (— t2) dt, ®
1r -
[x]
X being the maximum of |x | and | x'| . The line profile is normalised so that,
+ o '
f $(x)dx = 1. ©)
—

The quantity e is the probability per scatter that a photon is lost by collisional de-
. excitation.
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The integration of equations (2) and (3) is performed as described in Grant and

Peraiah (1972) and Peraiah (1978, 1980). After discretisation equations (2) and (3)
are written as,

MU, —U 1+ [A+ U, + A” Usiae] + Trsyz Onirse Up g

= Tas1iz Swtaa + (1 — € Turyjn Rpsyjp Waiya [US 1, + Up g0

+ M, d U, (10)
and MU — U ;] —p. [AY Uy, + A= Ul 0] +7niae Ouiaa Ui

=Tut+1/3 Sn+1/2 +3(1—e¢ Tnt1/2 Rut1/a Wn+1/2 [U:+1/z =+ U;+1/z]

+MdU,, (11)

M,
Whel'c M - : . N Mm = [Frj 8_”], (12)

M.,

us being the angle quadrature points.
AL l

At — . , (13)

A are the curvature matrices (see Peraiah and Grant 1973). And,

Ut=[Ut, , Ui, , Ut,,. ., Uf,,. ., Ui, 10, (14)
[7 G + 835 %)]
U3, = 4ar?, I (’"’f"‘z’ )|, - (15)

L(Tm + P‘J, xi)

r, being the radius of the nth shell and J and I are the total number of angles and
frequency points. The subscript n-}-} represents the average of the subscripted
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parameter over the shell bounded by the radii r, and r,;;. The optical depth 712
is defined as

Tatre = KL (Fap12) A 1 (16)
Ar =gy —rn)- ; , 17
The quantity @,.4,s is given by

Dnv1/2 = [Puwlnrre = B + Pdntrs S > - (18)

B = Kc | Kr, and

k=j4+G—1; 1 <k < K=IJ, 19
Sui1/2 = (B + €¢dns1/2 Brrjas (20)
b = (x;, Iy),

Bii1/g = 4mriiys B(r). | (21

The quantity R, 449 is the redistribution function. As we are considering the comoving
frame, Rt+ = R—— = R~* = R+~ = R, which corresponds to the redistribution
function in static medium, W, is given by

Ay Ry

Tt T TR 4G,
L7t B |

(22)

where A's and C'’s are the weights of the frequency and angle quadratures respectively.
The quantity p, is the curvature factor given by

Pe = Ar,;’ \ (23)

where r is the mean radius of the given shell. The last two terms in (10) and
(11) represent the comoving terms given in (1) and

M1 =M AVn+1/z -+ M? Pc Vn+1/2’ (24)
ML, T
M,
Ml = . ’ Mf.. = [P,? 811]
M2 |
— ] L =1, 0 (25
M,
M |
M2 = . ’ Mi:[l__y’,?] 8]1
YL
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Vatye is the average velocity in the shell bounded by radii r, and r,,, and
AVat1/2 is given by

AVu+1/2 = Vn+1 - Vn' (26)

The matrix d represents the frequency derivative and its form is determined from the
condition of flux conservation in a purely scattering medium (see Peraiah 1980).
This is given by

—~d, d,
—d, 0 dy
—dy 0 dy
d= @7)

dra

—d, d;

where d;, = (X4 — X)) fop i=2,3,... I—1 and we put

4 =d, =0, | (28)

By applying the diamond scheme to replace the average intensities u; ./, in equations
(10) and (11) and arranging the resulting equations in the form of the ° interaction
principle ’ we obtain the reflection and transmission operators(see Appendix). Cal-
culation of the diffuse radiation field in the line in the comoving frame can be done
as described in Grant and Hunt (1969). .

3. Results and discussion

The calculations in a comoving frame can be easily made as the redistribution func-
tion does not change when the gas moves unlike that in the rest frame wherein
the change in the redistribution function should be taken into account at every
radial point in the moving gas (see Peraiah 1978). However, the radiation field
obtained in the comoving frame should be translated into either (i) the rest frame of
the star which describes the solution of radiative transfer in spherical symmetry
or (ii) onto the frame of reference of the observer at infinity. In this paper, we
have performed the latter type of calculations as these may be useful for direct
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comparison with observations. In Fig. 1, we have described how the radiation
field in the comoving frame has been translated into the frame of reference of the
observer at the earth. The procedure is briefly as follows: We solve the radiative
transfer equation (see Peraiah 1980) in the comoving frame (see equations (2) and (3))
by assuming a velocity distribution given by

Vp—V4

where V(r) is the velocity of the gas at the radial point r and ¥, and ¥V and the
velocities at the inner and outer radii 4 and B of the atmosphere respectively. All
velocities are measured in mean thermal unit and we have considered the density
varying as

p(r) ~1/[rPV(N)], (30)

so that the optical depth varies as 1/r. When the solution of transfer is obtained,
we can calculate the frequency and angle-independent source functions S(r) at every
radial point by the relation

1 J _
Sn = zi=1 4 2j=1 SCeis pys ) Gy 31

The optical depth is calculated along the parallel rays as shown in Fig. 1 and not
along the radial direction in the atmosphere. With the help of equations (29),
(30) and (31) we can calculate the fluxes received at infinity. We have selected

©

Figure 1. Diagram to show how fluxes are calculated at infinity.

- © Indian Academy of Sciences * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1980JApA....1....3P

P i

pA

rT98DIA

10 ' A. Peraiah

a few representative values of the parameters e, 8, ¥, ¥, B/4. The total optical

depth has been taken to be as 10® at the line centre. For boundary conditions see
Peraiah (1978, 1980).

The results are presented in Figs 2 to 9. In Figs 2-5, we give the frequency and
angle-integrated source functions for the parameters shown in the figures. In
Fig. 2, the source functions are given for B/4 =3,and ¢ =8 = 0 and Vp=0,10 and

30. We notice that the source function is reduced by nearly 4 orders of magnitude
‘at the boundary in the static case, whereas in the case of moving gas it is further
reduced to 5 orders of magnitude.

Similar effects have been found when the ratio of outer to inner radii B/4 is in-
creased to 9. In this case the source function is reduced by 7 orders of magnitude
when the velocity reaches 30 at the surface (see Fig. 3). The radiation field is di-
luted over an extended medium and this effect is further accentuated when the gases
in the atmosphere move radially outwards. In Figs 4 and 5, we present the fre-
quency and angle-independent source functions corresponding to the parameters
e =103, 8 =0and B/4 =3 and 9. The same effects are found in general as for a
purely scattering medium (¢ = 0, 3 = 0). However, the sharp rise in the source func-
tion at 7. is due to the nature of the boundary condition we have given i.e. no

Log S

-5~ I I |
3
Log 1

Figure 2. Frequency and angle independant source functions for B/4=3, e=f=0.
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‘max’ ax, 10 the atmosphere, the

source function reaches a maximum as there is line emission (e = 10~3). We present
the flux profiles received by the observer at the earth in Figs 6-9. We have plotted
F, (=F(x)[F (x,,,)) versus Q (= x/x,, ). The profiles given in Figs 6 and 7 corres-

max:
pond to the source functions given in Figs 2 and 3 and the profiles given:in (8) and

(9) correspond to the source functions given in Figs 4 and 5. We notice absorption
lines in the case of purely scattering medium as seen from Figs 6 and 9. When the
velocities increase their line centres are shifted towards the blue side (see Figs
6 and 7). In Figs 8 and 9 the flux profiles for line emission are presented. In a
static medium, we obtain an emission line with central absorption. However, when
motion is introduced, we notice an emission line with reduced widths. These pro-
files are quite similar to those observed in some of the quasars, see for example Bald-
win (1975) and Baldwin and Netzer (1978).

radiation is incident at ==~ In the vicinity of =,

Log v

Figure 3. Same as in Fig. 2 with B/4=9.
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logr

Figure 4. Same as in Fig. 2 with e=10-2,

10

Log Tt

Figure 5. Same as in Fig. 2 with B/4=9 and =103,
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\

Figure 6. Flux profiles of the lines received at the observer F = F(x)/F(xy,,) and Q = x/x_ .
corresponding to the source functions given in Fig. 2.

8..__
V=0
6.—..
F
I B/A=9
41— €3=0
2f— \\
0 I \~—t---"")\\
-0-4

Figure 7. Flux profiles corresponding to the source functions given in Fig. 3.
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Figure 8. Same as in Fig. 6 but corresponding to the source functions of Fig. 4,

-08 ' -04 0 04 08

Figure 9. Same as in Fig. 6 corresponding to the source functions given in Fig. 5.
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4. Conclusions

Comoving frame calculations have been performed by using the angle-averaged
partial frequency redistribution function R; to obtain flux profiles which can be

compared with observations. The profiles calculated with line emission (¢ = 10-9)
resemble those observed in some of the quasars.
Appendix
The transmission and reflection matrices in the basic ° cell ’ are,
tr+ 1,n) =G+ [AT Ay 4 gt— g 1],
rz+ Ln)=G* g+ I+ A+AY),
and the source vector is
D' =G [a* + g ATl ST

Similarly t (n, n + 1), r (n, n + 1) and 2Z- can be written by interchanging the
subscripts and superscripts, namely the 4+ and — signs (I is unit matrix). Also,

Gt-=[I—gt-g ], gr-=47r A+ Y

A+ Mg

T T

At =[M+37Z]% Z, =0 —3oRW 2

Z_ = @ — joRW —PeA” M

T T

Y, =3cRWAPA vy _1orw P

T T

A,=M—3:Z, A =M—3-Z_.

Similarly G-+, g~+, A~, are written by interchanging the subscripts and superscripfs
-+ and—signs. And o=1—e.
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