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Summary. In order to study the effects of sphericity on
the radiative transfer in the hydrogen Lya line of
planetary nebulae, the radiation field in this line is
calculated for static pure hydrogen models with ratios
of outer to inner radiis approximately equal to 2,4 and 8.
For r,,/rin~2 the transfer equation is also solved in
plane parallel approximation for comparison. Both
reflecting and open inner boundaries are considered.
The transfer equation has been solved in the framework
of the discrete space theory. In the spherical calculations
the profiles of the emergent radiation are not found to
be very different in their shapes (one from another)
while there are large differences in the internal radiation
fields. Substantial changes occur for most quantities,
when the spherical approximation is replaced by the
plane parallel one.
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1. Introduction

The radiative transfer in the hydrogen Lya line of
gaseous nebulae has been studied by many authors
during the last three decades (for a review see Oster-
brock, 1974). To our knowledge however, there is only
one paper (Panagia and Ranieri, 1972), in which the
spherical geometry is taken into account for a static
nebula. Panagia and Ranieri solve the transfer equation
for a number of optical depths, ratios of outer to inner
radius and photon generation functions by means of
Monte Carlo techniques assuming a pure hydrogen
composition. Graphs of emergent fluxes and mean
number of scatterings are shown. As a consequence of
the small number of photons considered their results
however are rather crude, e.g. they estimate that the
errors in the mean number of scatterings may be up
to 10%, and the histograms describing the profiles
indicate even higher errors.

The intentions of this paper are (i) to present
independent calculations on the influence of the

geometry on the emergent fluxes with very high precision
(see Section II) and (ii) to give in addition the radial
dependence of the total mean intensities, which provides
information on the dust heating and center to limb
variation in the infrared. In Section II we describe the
model and transfer calculations, and the results are
given and discussed in Section III.

II. Model and Transfer Calculations

We consider static homogeneous, pure hydrogen nebu-
lae of density g =103 my=1.66 10~ 2* gr/cm?, each being
ionized by a central star emitting S=10*° photons/s
with hv>13.6 eV. This corresponds to the emission of
a blackbody of temperature 7,,=50000K and radius
R,,=3.510°cm=0.05R,. The electron temperature
is assumed to be T,=10* K. The radius of the central
hole r,, is taken as a free parameter. We determine the
ionization structure numerically by means of a program
described by Baschek and Wehrse (1975). The outer
radii of the nebulae r,,, are put equal to the Stromgren
radius r, defined by the distance at which the fractional
ionization drops to 0.5. The relevant numbers for the
models used in this paper are listed in Table 1. The
radial dependence of the ionization degree, which
controls both the absorption coefficients and the source
function, is shown in Figure 1.

With the data from these models we solve the
equation of radiative transfer in the hydrogen Ly «
line,

6I(x, i, r) + 1_”2 BI(x, U, r)

or r ou
=x(%, ){—I(x, p, 1)+ _500 Hx)(x)dx"+S(r)} - 1)

Here I(x,pu,r) is the specific intensity at frequency
x[=(v—v,)/4vp, where Avy is the Doppler width]
directed at an angle cos™! u with the radius vector r.
J(x, r) is the corresponding means intensity at r, y(x, r)
the line absorption coefficient, and S(r) represents the
generation of photons by recombination at r. For the
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Table 1. Characteristic data of the models used

Model n,=10>cm™3 T,=10*K §=10*
ionizing photons/s
Tin (cm) Fout (cm) T oul/ Tin

1 251016 2.1 107 8.40

2 5510 2.1 107 3.82

3 1.0 107 22107 2.20

line profile ¢ we use Voigt functions iH(az, v) with
T

«=4.310"*, which corresponds to pure radiation

damping. In the scattering integral | ¢(x')J(x")dx’

complete redistribution is assumed. This approximation
seemed to be justifield in this case, since we will restrict
our discussion to the comparison of calculations of
the same type. The effects of partial redistribution in
spherical geometry will be treated in detail in a forth-
coming paper (Peraiah, 1977). The transfer Equation (1)
is solved by the formalism described by Grant and
Peraiah (1972). 25 radial shells of the same geometrical
thickness were used.

As we are considering an optically thick medium,
the optical depth 7 in each shell is much larger than 7 crit
[which determines the stability of the solution of the
transfer equation and its value is determined by the
physical and geometrical characteristics of the medium,
see the inequality (3.11) of Peraiah and Grant (1973)].
Consequently we halve the shell n times until T pg0n
=2""penSTqi- The total response functions of re-
flection and transmission of the shell are calculated
by employing the star algorithm (Peraiah and Grant,
1973). For the various integrations, formulae of Gauss-
Legendre type were used throughout. We employ
20 points for the frequency integration and 4 directions
for the integration over p.

0 T

The accuracy of the program has been checked by
considering only scattering in the medium in which
case the flux must conserve. When the identity (4.3) of
Peraiah and Grant (1973) is satisfied and correct
normalization of the profile is achieved, the flux is
conserved to the machine accuracy but printed only
up to 8 digits. In this case we have considered an open
inner boundary.

II1. Results and Discussion

In Figure2a the emitted fluxes are shown for a
reflecting inner boundary. The profiles labelled 1, 2 and
3 are calculated for spherical symmetry and correspond
to models with ratios of outer to inner radii r,,/r;, &2,
4 and 8 resp. (compare Table 1). The dotted profile
refers to calculations where the ionization model with
Fou/Tin~2 is used, but the transfer Equation (1) is
solved in the plane parallel approximation. The inte-
grated flux increases in this case, since the emitting
volume is larger as a consequence of the neglect of r2
factors. The figure shows a drastic change in the outgoing
fluxes, when the plane-parallel approximation is re-
placed by the more appropriate spherical one. The
differences between the other cases are relatively small.
This is mainly due to the rapid change of the curvature
factor gom=—]b(1—rin/rom) for 1574,/rin <2 (note that
Fouw/Tin=1 refers to plane parallel geometry) and the
much slower one for r,,/r;, 2 2.

It should be noticed that the profiles are also
influenced by the differences in the ionization structure,
since the distribution of nZ (r) controls the generation of
photons and ny (r) determines the optical depth in the
line. By the use of our models we were however not
able to disentangle the ionization from the radiative
transfer effects.

In stellar atmospheres one must consider open
inner boundary as the photons leaving the inner

-3t

1 Fig. 1. Radial dependence of the fractional
ionization degree ny/(ny . +ny) for the
three models considered
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Fig. 2a. Profiles of the emergent fluxes for reflecting inner boundaries.

The dotted profile is calculated in plane parallel approximation using

the ionization Model No. 1. Since the line is symmetric, only one half
is shown
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Fig. 2b. Same as Figure 2a for open inner boundaries
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Fig. 3a. Monochromatic mean intensities for some shells within the
nebula. The ratio of outer to inner radius is approximately 4
(ionization Model No. 2) and the inner boundary is assumed to be
reflecting. The given shell numbers n refer to radial positions

1
Py ="ou— (Tout—Tin) * (n - 5)/25 (compare text)

boundary enter the star. In planetary nebulae, practically
all photons leaving the inner boundary will reenter the
nebulae at some other point and therefore it is
physically realistic to treat a reflecting inner boundary

. in the present context. However, it would be interesting

to see what fraction of photons leave through the open
inner boundary and make a comparison of the
emergent profiles obtained with open and totally closed
inner boundaries. The corresponding profiles for the
open inner boundary are shown in Figure 2b. In all
cases the total outgoing flux decreases and it is clearly
seen that the fraction of the outgoing flux is increased,
when the innter hole is enlarged.

Differences due to changes at the inner boundary
show up even clearer in the internal radiation field of
the nebula. In Figures 3a and b for r,,/r;, &4 the mono-
chromatic mean intensities are plotted for the two
cases and a number of shells. When photons are not
allowed to pass the inner edge (Fig. 3a) we have essenti-
ally box-type profiles everywhere except at the outer
surface, where photons are able to leave even at the line
center and therefore a central absorption results. When
the inner surface is open, the same phenomenon occurs
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Fig. 3b. Same as Figure 3a for open inner boundary

here, the central absorption is however appreciably
weak as a consequence of the peaking effect.

By integrating over the frequency the total mean
intensity J is obtained. The radial dependence of J for
the models considered here is given in Figures 4a and b.
Again the effects of sphericity and inner boundary are
clearly seen. The changes of J(r) with r,,/r;, are mainly
consequences of different surface areas of the models.
Since the calculated nebulae are optically thick and
ionized by the same star, the volumes of the H 1 regions
are practically the same, but the surfaces are proportion-
al t0 ((Fou/Tin)® — 1)*/® X ((rouy/T:n)* +9), Where & is O for
reflecting inner boundaries and equals 1 for open inner
surfaces. Therefore the intensity has to build up
strongest for r,,/r,~8, where the surface is smallest.

For the cases with reflecting inner boundaries it
should be noted that the differences of J(r) are larger
in the inner parts of the nebulae than at the surfaces and
and that we always find the maximum of the total mean
intensities at the inner edge. The latter is different from
the behaviour of the Heu Lya line (Wehrse and
Peraiah, 1977), where for spherical calculations a maxi-
mum inside was found. We attribute this to the fact
that we use here quite different source functions and
that no absorption is taken into account in the present
calculations.

When the inner boundary is open for the photons I
is reduced in every shell. Maxima occur at about

L8 I o e s S S e S S S S S e S S S S S B B

Model 3

0 UM N TR U SR TN SN S NN WU S S SN SUN S T S S W— —1
123456789 10M11R21BKI51617181922122232%425
SHELL NUMBER

Fig. 4a. The radial distribution (labelled by shell numbers) of the
©
total mean intensities J(r)= { J(x, r)dx for calculations with reflecting

inner boundaries. The dotte_d curve gives J(r) for ionization Model 1
and the transfer equation being solved in plane-parallel approximation

Shell number

Fig. 4b. Same as Figure 4a for open inner boundary

r=1.2«r,,. They show that photons inside this radius
preferably leave the system via the inner surface.

It should also be remarked that the curves of Figure 4
are interesting in connection with the center to limb
variations of planetary nebulae in the infrared, since the

. dust present in the objects is at least partially heated by

the absorption of diffuse Ly a radiation. In this respect
the graphs show that in sophisticated models of the
infrared emission the on the spot approximation is not
adequate (it would give a horizontal line in the figures)
and the transfer in the H Ly « line should be properly
taken into account.
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