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DISCRETIZATION OF THE EQUATION OF RADIATIVE TRANSFER WITH
COMPTON SCATTERING

A. PERAIAH

ABSTRACT

Woe have attemnpted to solve the equation of radlative transfer by Inoluding Compton and Inverse
Compton acattering. We axpandsd the apacific Intensity by Taylor serles at about v’ = v,.The rasulting
equation hes been discretizad for abtaining the solution.
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1. Introduction

Complon and Inverse Compton scattering play an Important role in the process of
emission of x-ray spectrum which has been observed In a varlety of objects. However
compton scattering s very poorly understood Insplte of the fact that many people clalm
to have successfully explained few observatlonal results. In this paper we shall solve the
transfer problem connected with Compton scattering.

2. Forinulatlon of the equatlon of transfer

From Pomraning (1973), the classical equatlon of transfer Is wrltten (with usual notation).
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We shall assume.that the electron temperatures and. ph_otdn' frequencles are .not high,
compared to the rest energy of the electron, l.e: Fokker-Planck. approximation. We first
expand I'(v', Q') In equation (2.1) In a Taylor series about V' =v, glven
by, o
v = D o —————— (v'- V) (2.2)
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Introducing 2.2} into {2.1) we obtain, (Pomraning, 1973)
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and P8 are Legendre polynomials.
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After simplification we can write equation (2.3) as
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Where cos © = 2. Q' = cos 8 cos ¢ + sin @ sin § cos ¢' (2.7)

The quantities A, B, C are given by,

A=gr (V)2 b (y-a)eg p, (1-y-6a)+73 b, (Y+sa)} (2.8)
B=E_(%_1“T__2_“l“_%|, 1_.%P2_1_-1p3) (2.9)

Cc (2.10)
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Equation (2.6} will be discretized in the next section. We  shall consider the time indepen-

dent transfer equation.

3. Discretizatlon of Transfer Equatlon

_Lét us write the equatlon from (2.6) as follows:
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The equation for Compton scattering can be written as,
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Let us write (Peraiah and Varghese, 1985)
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(vk+l - vk)
1
v o= 2 (vk+l +vk)
We can havela, [bl Ic’ Id, IE' If, Ig, Ih’ as the nodal values. Conslder the
Time-independent transfer only.
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Let us calculate the integral
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We shall replace the speclfic Intensity in equation (8) by that glven In equation (9) and
rewrlte equatlon (8) as followss
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The last term in.(29) should be worked out separately.
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Where Au Is given by equation (36). We shall now apply @V % Soooo. bmr?dr on

equation (37). First let us consider /\l in equation (36)
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Touv? = Aug o
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=0, (v) {(BO + XBu) + (Bp * Bup

Equation {36) becomes after GV operation,
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- 9.1095 x 10728 gr.
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We perform the v-integration.
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- qy(Ra, - %A_;: 'z—\':”puv] Lvp
ta, Ippto # 3 A%. Pre's = Gnpuly = 2Py 75% Iy
- % .2‘.% Qulon * 24y, 1—3 Iuv] +'pnu(—é— % a, - 1—\2, a ) Iyo
) qnu(_tli'."é?‘ 8 'l\% a1)lp1.m} Iy +
le lppgyly + ¢ A—; Paule = Gquly - 2Py, A_g Iy
i %'%\'qnu'ou ' zqnﬁ_'ﬂgluv] * Pl 'A_T?\ st w2 Iy,
-l Ba, - g e M) L e
{azt% A_’% Pulo * Renulp - G A_‘; TR 'BL'A_; Pnu Kg v
" Rap Loy * ; Inu o %_lu\i] + Ppy(Ra %%h\‘,) Lo
N i q“."{h:*'- i % éﬁ._;‘%”b.ﬁ\’} Tou *
{a_...[% :L;"PUHI:O + an.ulp é -%;.qnu'u - %-A—% Pru -A—g Iy
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-q(l CR—— I +ap
nu- 6 v T AV Tpuviu w Pt o uy

1 AA vV
- 4 48 - - Yoy
YT Py 7 A I Prn By el

an . 2
R @ Inutouluy * 22,9, 75 Ty

- ————— 3 ] -
s~ B Lupluy = 9l

>
p-
N
m
—
]r>
1=
[y
o

- azpnulolpu + asznqulpu -

L
3

5 z
P By olop - 3Rty

_Laady | AA 3,
+ P, (Ra 34 ) Teplon = dpuiRe, - ) Lopv!

I v & Rp T 1 - L AA

1

1 AA - aRq 1 1

375 %Pou & Cvienv T T et on oy
Y

We shall coliect the coeffic:.ientslof the like terms.
Equation (52) is rewritten as

2 1 a _ )

I * 3 a, : pquIp F ag(pT]IJ. qu)lolu

+ P (a - 2a 211 +-é'%a
y "

A P = ) LTy

+ (aqpml + 2.';u2c1"l A\))IOI + 2[}“(6

&l

(52)
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L AA
* {a~R(pnu ) qll) *3 Q Av}

2 . v y - L&A
- 8, qp, Ty - (a g, + 28, qp, A ! 3

v — — -
+qp(2a, gy - e )Ly + g A a, (Pyy - 9y



Equetion of Redlative transfer with Compton Scettering 83

1 AA 35 2.
+ P]-l(a - AR)IVD
Y.
+ {(pml qu)(aBR -3 x Av) Iuplpuv
1aa 3y, 00
duRa, - 3 X 7 ouw © Auey (53)
Let us introduce the following,
- 1 AA - = - v
t = 8,Pu? t, 6 x:' I, = Ppy - 9y i, % 8, W
2 2
t, = aR- -E-\gfz. t.=af -5
v 8,
B, =8Pt 28,9, 5y I, 7 aft, ¢ ??u &y
21 2
fB = ahR ol vt fz' fl = EI'IR:Es + anq].l AV
f = f = + 2a —j-
AT 0 e T A% 2Pni BV
2, Y
f,y= 2 nu“zau o R R PILREL v
_ v
15 fz(anqu * zazpnu)' fe = 28 & 1y
G 2a
f17= pu{fz(as ) Zaq ﬁ) i Wl}
- a
- Ny - ) =
flu" fz (alqu+_2aq Fou A\‘) zqu F&' te azanu
- ' '
fzo_ fqu'n-l(2 Av an),
a
fu: % Ria - 4, Phu A_\‘J—' e+ " 29nut,
v v ay
1,07 28,95, 3y ° Tan © fz.(aspTllJ"' 2a, E) ZPTII-I &y
. a a
- y - - 1
fe= Anuif,(a, = 28 53) +..2 ARk (a R - 2f 3)
27 puf“, Tye =, fzs" = qm-l'?as

With the coefficlents defined sbove, we rewrite equation (53) as follows:"
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ALEV

2
fllo + 2f1leolp + azf3[OIu + pufulolv

+ fzfaazlolpu + f7Iquv + 2pufslol\)p + falolpuv

5 2
Rfllb + azfzfalplu + pufszlplv + Razfalolou

+

2
* f2f7IOIU_V ¥ ZPUfSIDIVD ¥ floIDIDuV ) flllU flleIV

a

+

2f a q_ I 1 - q

2 2 N4 U PU (akfsz I

- 2 —
INTLIRETLITRY P 590 T tup

- f 11 - f 12 - f 11 + 1 1 + £ 11
13 U puv 14 V 15 V pu 16 V UV 17 Vv vp

I I - f 12 4+ f I I + f I I - f I [
18 V QUV 19 PH 20 PU UV 21 PH VP 22 PU PUV

f 12 4 f 1 1 + £ 1 1 + f 172
23 UV 24 UV VP 25 UV PpUV 27V

-+

f 0 + £ 12 = A (54)
28 Vp PUV 29 PMUV UEV

o
n
H
N
o
—h
oa
n
X
h
oQ
i
[}
[y
h
oa
1
©
-
-

oQ
1
~
o
)
o0}
1]
=
h
(030
1
N
©
.

oa
—
N
i
N
)
o
Na]
oQ
H
0
oQ
1
1]
-~
—h
i
N
=]

f
2 MU 13 Ny y 1y 2 3 nu Av (53)
- 2
Auiv = fIIO + g IOI +g Il I +g I 1 + g

2
+ gslolvp + felolpuv + gst + g7IpI +g I I+ g I 1

+ I 1 I 1 - 2
g10 puUv * g11 P VP * floIpIDuV flIIU f121Ll1\)

- N 11 - - -
Biotuion T Bygtutuy B Ity o T T -
1 1 f 1.1 - - 2

TR TR PR VL TRV S SR BV BN e loTony 1s pu

I 1 £ - z
TR TRTI NPV TL ISR SO DAY PRTN LY



Equation of Radiative transfew:with Compton Scattering &5

2 2
* f2L+ILI\)I\)£) ¥ fzslu\)lpu\) ¥ f271\)0+ fzaIVDIDU\) ¥ fzleLl\) (5€)
Equation (56) can be rewritten as

2 2 2 2 2 ; 2
: N ; - f 1
Augv f1105+ 8 lo SR TR PN flSIpU RPNV

2 2
I f I
+ f27I\)p + fzglpu\) + (glIp + g2 " g, 1y + gL+ ou Ll T PP

+ gsl\)p + falpu\))lo + (g7I]P1 + gsl\) + gglpu + glolu\) + 8111\)0

£ I = (+f 1 1 I I I I
NEEPPRTINR RV S I N IR U PATRRE - PO IVER R - NS s lown? Ty

1stH ¥ flslu\) ¥ f171\90 - f1t'slpkl\) V

" (fzoIU\) ¥ lelvo B fzzlpuv)lpu

57
(£, oo + 1, Loy + £ T 00 (57)

] - 2 - '
6, [K A“gv ] = K Augv (58)

= last term in equation (44).

&no.., B

Th I AA .
Now apply 6\) [T (I\)+ Z —A- va)] in (44)
_ V(y-20) _§ Lo _ 3
where B = e {1 5Pt 3P, 10 Pa}
Y = hvz - 8.1019 x 1072y = vy
m, ¢
1y 2 _6_ _1. - ..._3_.
B = {y'v® - 2av} {l-3p =+ 3 P, G pa}
=B {y'v? - 2av}

1y 2 _ 1 2
6, [B {y'v® - 2av}] = B v S(y'v 20v) dv

200 5. k+1
5Vl
k



86

A. Perajah

B
- 1 ..l_ 1 2 2
T I VAV e v v 2 sy Ve

k R
_ l t 2 2 -
=B 3 rv,, - Vko1VK V) -2a0)
= B,
&no.. B
Th Y
8’\) [ XY (.i\)-r 'g—;{ I\Jp)]
8o
T} I AA
AV (Iv % _E va)ev[B]
Sno

_ Fmogy, 1 2A Locvz b o) - 208
= Ay (I, o+ 2 A Top? By 37 vE 1+ v, Vig * V) - 209]

B, = E% {1—‘% P+ % P, - T% ps}
Then
Y O * Vi, y vy + V) -2a0)
ev £SHZ$hB (Iv + é éﬁ va)]
(3 YOV Vi Vi + V) -209)
=B, (1, + & -’*‘i; Lyy) (59)
Where
Bp i 2Z€h (- % P+ % P, - T% pa){ %Y'(v£+l + vk+l_vk + v;)—Zyﬁ)Kém
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¥y o= e = 81019 10" % sec, (61)

mcc

Now let us consider the term

anaThA

Where

6 L 3
A s E% Hl-y)e 5 p (y-0d+ 3 p,ll-y-6a)+ 75 p, (y+ha)

|

s

i { 6 6 6
m ez o5 e, - 5p, v e, - Dral-5p - 3p,+ 5p )]

- ,ml. ' 1 ! 1
T4 {pz e, upa}

unoThA

_ g 1 3 " 1
= “Th {p2 +oypro ctps}

. O 1 ) } . '
= Th {p2 RN raps}

4noa, Ay o , ! . \ '
8, L7795 Th) = 6\’[ Th {p2 FYplo4 aps} ] (62)
.6 4 _3 -
PL=35P, T3P, rTO P, T
v 1
p2 = {1 «+ 5 p2
v . 6 N &
P, =-5 P, - 3, *+ 5P, (63)
Vv
T v ¥. oploaq kel oyt o=
N S S N AL cril & A =gy Vb
by k
y'vo= ¥V o= ylal
brig,, Ay _ O ) - 1yl l i
8, I""Th] = YTh (p2 = y'pra, + upa) (64}

Now we shall consider the term

12 A

£ (v} {((0 + “é'—g'
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£(v) = ol (v) + OTh (1-2y)
! ~ “h\)/kT
g, {v) = Ua(\))(l-e )
: fi -25.-7]2 . ff
ol (v) = ap” = 1.7 x 107777 / Zzneni 8r = Og (65)

Where a;i is the Rosseland mean of the free-free absorption coefficient in  CGS
units (see page 163 of 'Radiative Processes in Astrophysics' by Rybicki and Lightman.
We can choose equation (5.19b) or (5.18b) on page 162). But these are frequency dependent
absorption coefficients depending on the criterion hv>>kT or hv<<kT. We should

consider the three types of absorption coefficients.

ff ar-3 2 -3 ~hv/kT,-  (Eq.5.18b)
a, = 3.7 x 10°°7 Z°n n,v (l-e )33”
If hv>>kT, then, e~h\)/l<T << 1 therefore, we have
ff g % 52 -3 -
o, = 3.7x 10°T Z'n n, v Byt
or
ff -3 B Byp=3 2 =
ayy = VT, o "3'7X10T Z°n N8
ff -3
Ogy = OV (hv>>kT) (66)
If hv<<kT, then we have
_ai(f: = uz\fz {hu<<kT) (67)
~ ~2.-3/2 . -
o, = 1.810 °7F Z nNniBey
_ 8~3 52 -
al‘_,3.7 X L0T7% Z%n nig .y (68)
Now let us consider the terms
1 AA I AA .
) {01+ = == 1 )ax(1. 4+ & 82
_ 0 6F\DXVP6A\)D)} (69)
- 1 )
L o(v} = gl{v) + “Th (1-2y)

if fi .
05’1(\)) = @, or ol (see equation 66 and 67)

Y =y'v
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L (v) = (t;!.\f’,;'c or u\f’ﬁ or aéf) + ITh(l-2y'v)
= (alv"3 or azv'z or uéf)fTh(l-Zy'v)

using the operator Bv-

-3 -2 ff, o ,
8, {[,(alv or & v or op )+ Th{l-2y'v)]

1 AA 1 aA
({1, + 2 X L) +x(T, + g P va)]}
_ 1 A if a _
= (1, + 5 _A Ip) [(mla5 or 6_a_ or ap )+ " Th(l 27'&3)‘]

1 AA ) -2¢y1°
+ (Iv + g A va) [(0187 or o.a or @) -2y'"Th a']

Bv [EtV) {(lo +

> B

1)ex(1, + % 1)1

[« T

_ ff, o 1 AA
= [(a_laa or @ a or ap )+ Th(l-Zy'as)][Io + g I_1]

L AA
+ [(c:tla7 or @ a or O)-Zy'UThaBJ[IV + 7 —E Iup] (70)

We shall now conslder the term

ol (v) [By(v) + xB (V)] + & éﬁ [B, (W) + XBy (V)]

' L AA 1 AA '
= 0 (V) (I8, + g 22 BV IaxB, (v) ¥ g 20 By, ()]}

in the equation (44)
Let us assume that

o! (v) = [a v" or.a v 2 or a{f{f]
6, Lo} (v) {(By + ¢ éﬁapm(aU . éﬁ Byo)1]
= 0, [(01'\"-3 or azv'z or a;f){(Bo + -IG-A—J;\ Bp)+x(Bv * %Q‘i B“p)}]
- (B, + 3 éﬁ B)(a e, aa, ag)e(B + ¢ éi By,) (a3, aa,, 0) (71)



20 A. Peraiah

Therefore Equation (44) on page 26 is rewritten upon using the operator

8, = ml— J oo.aady
E?" (01 + %Aulpu)fg‘\z} (1-0%) [“é" é% g
C (2 i"\'_.§‘,"é)14311]'2“ 357 o ar (2 E'4\\/_/‘}“)”3]
- 3bu [% él—\;‘ Lo+ —A-i- (2- i%é)lpu]

&

+ {(¢a , o a, 0)- ZoThy'ag}(I\) : %é——g ivp)

+ 9Th (p' + Y'p;aa +ap;)+Bp(Iv 4 % é% va)

+ K! Au&v (72}
Equation (72) is rewritten as,
2001, + Lau 104 22 (R0 13 9-% 1+ (2- 55 é—g)aw]
-2 g B 2 E{—%np] - jouiy B, - vy suns
= Ar(ulas, cxlzaz, uéf‘(Bo + —é -@—;— Bp)+Ar(a1a7, azah, 0)
(B, + é— é—% va)

+ Arc.rh(p; + Y'p;aa -»-.ap;)+£krk' AHEl\J (73)
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Let % ‘¥§ = 3{ , f =2 - E% é@
A 2 3o A
AR
fs: © Au (1-u%)
T,o= Ar {oo a , a a , aéf)
T = Ar (@ a , o a, 0}
2 T 7 2 4
- - ]
T, ArcTh(l 2y'a,)
- - ]
Tq = Ar.{(ala7, Otaa“, O) ZUThY ag + Bp}
- ' 1y ! I |
T, = Ar.cTh(p2 +y'pla + aps)
T = Ar. k!
6
T = T 4+ T (74)
7 2 3

With the help of (74}, (73) can be rewritten as,

N i .
Z(LJIp + GAU Ipu)4 f31(3f21u + fsnlpu)

S 20(3f 1+ £ 1)- %Au(af [ e f 1)

2 0 3e P 2 U s0 PU
= Tl(B0 + szD)+ Tz(BU + szvp)+ T7([v + levp)+ Tt TSAUEU (75)
Equation (75) is rewritten as,
- 6RE, 1y v 2R0LI-E VD 31 (£ - AW
@%Au PE B huE )T - L TN
= Tl(BD + szp)+T2(Bv + ngvp)+ T, TGAUEv (76)
Let -Gﬁfz = I
2u(i—f30) =1,
3 (F - 30u) = £ 77)
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- . - 1
f3210 * faalp * faulu T7iv f fsslpu 36 VO

- + + T A 78
vy = T Bo ¥ T1szD ¥ TzBV " TzszVp f T% AT v

- ] ’—— ]

ﬂ Tl | B ! It ! I

o cl
! e e e A

0 I
I -1 | | S - | 1 1 I

u ¢
L, ST N SRS B B A O A A R (79)
S T7S% I TS BT U S URES B S O

by e B e N R R AR

! -1 -1 -1 -

v I Lo-lo-0
T e L S T U B B 1hJ
L -l [ P I

|
3 faz(l + Ib ¢ IC ¢ ld + Ie b If + Ig } Ih)l
N S 5 D T S I I I
B Tes Tha Tb e T g T I T 1)y
+if (-1_ + 1+ 1 <1, -1 =~ 1 I I
§ "534 a b c d e £ Ly I
1 (80)
5 T7 [ Ib - IC - Id - Ie + If + lg - Ih)+
A B¢ T T T I I
8 “ssita T b T e gl g e I 1)
s I |
g .. a " Ip v I+ Iy - le 4 [f | lg - Ih)
_ L ‘
=3 T, (Ba ¥ By o+ B, + Bd + Be + Bf + Bg + Bh)

L .
8T1f2(-Ba - By - B. By o+ Be + Bf + Bg o+ Bh)
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or

1
1
+§T2f2(Ba +B -B. -B,+B, -B; - Bg+Bh)
+ T +\Ts AuEv
I (f - 1 - f + f - f + T )
a' 2 33 a4 s 16 7
* Ib(f:z - faa * fsn ) fss B fss * Tv)
+ lc(f32 - fs.'. + fsu - fss + f” - 1)
+ Id(f - f - f + f + I - T )
32 33 34 35 3
+ 1 (f + f - f - f - f )
e' a2 ) Y 1g 36
+ lf(f + f - f - f + I + T )
12 33 3 18 18 7
+ I (f + f + f + f + f + T )
32 33 i a3 '8 7
+ lh(f + I + f + f - f -T )
32 33 1 ’s 16

3(15+ TBAHEV)+

+ BB(T1 - Tlfz - T, 4 Tzfz)+BaFTl(l-fET-Tz(J—fa)}+Ba{Tl-Tz)(l-fz)

- Bb('r1 - Tliz - T, 4 Tlfz) + Bb('rl - Tz)(l-fz)

+ Bc('t1 - Trfz +T, - Tzfz) + BC{Tl(l-fz)+ Tz(l-fa)}

+ Bc('r1 + Tz)(l-fz)

+

Bd(Tl- Tlf’ T, - Tzfl) +> Bd(-r1 + Tz)(l-fz)

+ Be('r1 * Tlfz + 'l'2 + Tzfz) -+ Be('r1 + Tz)(1+fz)



o4

Let us write

32

32

32

32

32

32

32

iz

T
2

33

33

3

33

33

i3

33

3y

(l+f2)

* Bt (1+f Y-t (141 )}
1 27 2

- Tz)(1+f2)

Bg(r1 - Tz)(l+f2)

A, Peralah
-1 f)
272
+ Bf(T!
- T f ) =+
2 2
- Tzfz) * Bh('r1
- f f -
3h 35
+ 1 f -
34 35
v f f +
3h 35
- 1 + f +
34 35
. f -
34 35
- f +
3y a5
+ f 1 +
3y 35
+ f -
34 35
(1-f )
2
(1~f2)
(1+f )
. §

+ T J(1l+f )
2 2

‘36 7

35‘ 7
36 7
36 7
36 7
36 . 7
36 7

16 7

&)

(82)
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Tg = Tf

h Te

—1
i

With (82), (1) can be rewritten as,

Falh + Fblb + FCIC + F

5 §  MEV
+‘TaBa + TbBb + TCBC + TdBd + TeBe + Tfo + Tng + ThBh (83)
e h
AT A
e e
/ ! / i
/
7/ I // I
e | / |
7/ | /7 |
41 r { g |
I d be
Y :
T // K+ //
r yd //
/7
/
Ve /
7'k /
i a b
' J J+1
P—

Fig.1 Schematic diagram of the angle-radius-frequency grid.

I(r,u,v}) = lo 1 E;lp. q nIu " XI\) + E;nIpIJ
Fonxlyy xEva + «EnxipmJ
_ u-H
n o= Aulz
nl+u.+1
L
(w. -n.)/2
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j o

T Au/2
We shall now try for the - M rays.

31 (- 2 311 (-n)
W - —— -6l (W) B, - 1 (-w)]

r
r " 2.r "
BIV(Q ) 3 IV(Q )

—5—— + C ———— dq"

- 0 - Lo
Th(l 2v) Iv( u)+ Orh {n [A+B >

30Th c?y
3

T 15(-1) (1-v 52) 7 (1-cos @ + 05?6 - cos? @)

r n n .
Iv (Q") do (84)

Cos @ = cos O cos 6' + sin O sin O cosd = (-u)(-pu")+(l-p?)(1-p'?)

cos 0O
= Hu' o+ (L-p?)(1-u'%)cos o

From equation (21), for - u , we have,

+ nxlpuv) (85)

i
o
(e}
~
I
>
~

From equation (22), we have,

2 al(ry‘l—la\)) - l'uz

l-u 2
T I (Iu + EIQU + Xluv + Exlpuv)(86)

r or T

Therefore equation (23) for - u is written as,

2

2U l-u 2
- £H I Tl "4 .

i (Ip + nlpLJ * X1y, + nxlpw) o (1]J + EIpu + qu\) +5xlpw)
= same as in equation (23). (87)

Now applying 63.1 on equation (87), we obtain,

2 i dp
“dr (Ip o+ xIy)= 340 (I + XIg)

2(1-1%) .
S AR () L )
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A
-

U 1
+ 27 (I0 + Eip + XE, o+ xgl\)p)+ 3 (Iu+ Elpu + Xlu\) +Exipu\))

it

o Blr,-u,v)-lol(v)e op (1-2y10T )+ EL, + X1, + xilvp]

&m0, B

QNUThA + “"33“*(lv + Elvp)

+

3 0 czx
- Tg Th ep[l(r,-u,v) {PIO + PEIp - q[U - ql

h\)a 1}

2V
IHU + P(xE— EG)IUD

?kl

Vo .
- 2P gy I, - Bl v 2q

- g (Ex- 1,0 (88)
2

The last term in equation (88) = T% OTh 9_% A“
hv

When operated by 8, s equation (88) becomes,

It

Gé (v) (BO + XB\))-i-

L) {1 x[\))+—16-——— (lp * lep)} + bmog A

ang
Th 1 AA 30 cy
avo B (I, + g A va)' 16 Th | s Aug (89)

+

Upon using the dperator €, on equation (89), we obtain,

- 2 (i 1 2(1-1%) (1 AA L FAA
= o1l BA L rAA
T e VI DR i (2- =y )Ip]
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' %A“[% é{’\ ST 71'\7i (2- _E_e_é)[_pu]
= {aa, oa, uéf)(Bo + é é% Bp)F(ula%, aa , 0)
(B, + _é' é;—\_ Byo)
+ {(cxlas, @ a a}gf).;_ GTh(th'aB)} (l0 - —é——? lp)

‘ L AA
+ (o a_, o a 0)-2 UThYlag}(IV v g 5 1)

c

T Th (90)

1 ot . Ty
(P2 + Y Plaa v aPa)er (lv +

Equation {90) can be rewritten as follows; similar to equation (75)

- 1 - . :
—Z(MIp s Aulpu)wfal(.’ileu + fsoIp]J)

- ' ]
.2 o " — I . Fa
ru(31210+ f”lp)n 3aﬁ\u(Bl”zlu f I”Ipu)

(91}
Equation (91} can be rewritten as,
2 0 g’ P 2 31 3

6UF 1. - 20(1-f )1 - 3f (f -4 BT, - T

i - i
- (A, P [ - sAu.tf -
(3 Heloo# 30[31 3'&u fao)lml T7f21\)p

= TI(BO + fépr)+Tz(B\) + fzﬂvp)ﬁ- T5+ Te A (92)

or

“ TIBO + Tlszp + Tsz + Tzfzﬂvp + T + T A {93)

lntr’oducjﬁg_ (79) into (93), we obtain,
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|

-3 f“(la + lb 4 IC + 1
1

-7 fsa(mla - lb - IC -

4 I (-1 S (Y
8 34 a b
1

—"S“T? (Ia t ]b - IC - 1
l

-3 f3 5( [ - Ib - [C + 1

- L f (-1 - 1, + 1 t
& T a b c

= ) T (B + B + B + B
8 a b C

I T T
&8 12 a b c

+ 1 T (-B. - B+ B .
3 2 a b C.

c st f (B, + B - B - B
8, 2" "a b e

i Ts F Ts AuEv

Collecting the coefficients of the nodal points

N T
a 32 33 3y
' Ib("fsz ' iaé B Isu
+ 1 (- + I -1
C iz 33 E}h
+ Id( - f 4 s + f3 ; ¥ fal‘
+ 1 (-1 - f O
€ 32 33 34
+ If( - f - f p
12 13 34
b Ih( - f 5y " i vy f -

d * Ie ! If
ld + Ie + 1
Id - le -1
a " Te 'y
d " e = Iy
ld - Ie ¢ 1
d * Be " Bf
Bd b Be + B[
d Be - B
d " Be - By

and rearranging

- f + 1

35 36
v ¢ f

15 36
) - 1

) 36
- -

35 a6
v f + f +

35 36
v 1 - f

15 36
- 1 + f

35 36

49
+ Ig + [h) -
. Ig 4 Ih) -
: lg + Ih) -
+ lg - 1[1) -
1 Ig + Ilw) -
) ]g - Ih)
+ Bg + Bh) ]
+ B+ Bll) +
- Bg | Bh) ’
- Bg # By
(94}

equation (94) would give,
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A. Peralah

:8(1‘}\ + TG ANEU)
a

= —L
a qu, f = aHRf, + 2f 9, Ty

Razia' A N T Zpf

ZfzazqﬂU'.gls,= Dnuts’ By

Ar(ulas. uzaz;:uéfi
Ar(utqt.-azénf.Q)

Ar dTh(142y‘aB)

Ar.{(ulaT, azaq,ld)-Zchh-y"ag
ﬂr’“Th(P; « Y'p!

a_ + O{P;)

Ar, k!

=~
n

B
+ p}
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_ 1
f“ = 3fz(f“ 3Au)
f = 2p {1-f )
33 3
f = -6uf
12
_ 2 (1_q2
f = & (1-p*)
r AA
fsn = 2= Ry A
fzs * 9nu fzs’ 28 isfzs’ iz: = Py tas
a
f,, = (a R - 2f x3)
5y . 23,
By = Oulf (e, + 28, ) vt
v %
f2~ = f (aspnu + 2a AU)- Pou BV
) Y i}
s = 23,90, By te © 2% L
it
£, =28 Rf 2f oo WY
' v
fzo - fzqnu(z Av an)' fls =8, R Inu
v )
fH = f (a q, * 2a Pru I;) 2qu X
{ \-, 23’
£, = pd (a, - 28, » &
L v
le = ZaHRf
fFoo=f - N
18 (a v 2a pnu)’ 14 Za*pu Av
&
t,, = 2ap (e, - )
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Where P, P, and Py

K

are

147 x 1072

A, Peralah
2 {py - In { "”)}
(Av)? Yk
v -
2_ qin (Ktly o 3R
(Av)’ k k "k+l
V| =2
{Av - 29 In( k+l) . (3’ }
(ﬁv)a k k k+1l
L,
vk vk+l
2 1 v 2
— 1 - — )?}
Av “k “k+l “k vk+1
v
K% {% (VRo1 * Va1 Y * V) - (9)F)
6 1 3
lL-5p, +3P, - TP,

Legendre Polynomials.

Lot riy2
B { Y' {(vk+l Ve Yk

2

1

Th '
v BB, Y "

wnfon
i -
1
Nf—
-

_
+
M —
-

a6
3p2 +.5_p

8 I
x 10 T Z n nlgff

X iq_z T73/2 zz

-7/2 2

kT
s
mo .

o3 % -
- 16 . TO

1.687383 x 10710

1369257

nenJER_

2 -
+ vk)- 2av}

.8.1019 x 10~

e lgff

21

sec.
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=
—~
!

Tz)(l-fz)
Bb(T - Tz)(l-fz)

BC(T + Tz)(l—fz)

Bd(T1 + Tz)(l~f2)
B (Tl + Tz)(l+f2)
B.(1 -~

£ LT Tz)(1+i2)

Bg(T1 - Tz)(l+fz)

Bh(Tl ¢ Tz)(l+f2) {93)

Fquation (95) 1s rewritten 1 terms of equations (82) we thus obtain,

- raja - [b[b ~l_'ClC-FdId 'rele'- I"fIf —FgIg-FhIh
- 8(’r5 LT AUE\J)
f Taﬂa + TbBb r TCBC + TdBd + TeBe + Tfo + Tng + ThBh (96)
Lquations (83) and (96) can be written for both the directions as follows
Foly v Folp + FoIl v Full+ FoIZ 4 9 Fglg + F Iy

and,

+ T B; + T, B

- -+
= 8(’[5 b TG AHEV)

B; + TeBé +« T.BT v T8 &+ T. BT (97)

Folo - Fylg - Flg - Fyly - Folo - FIp
TB + TdBd + TeBe + Tfo + TR & ThBh (98)
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From the notatlon glven in Filgure | we have
Ia ‘: Iy I} Lk e k1 4 ‘} k 1
o Dk Sk Yy Hik o ok
and
S VR 8 I; tk Yo Ty 1 keld k1
S Iy Ii » I Lk T = | k1
Simularly the source terms are also written Thus
By B: By B} 1 k Be B; Lk 1 Ba By kul
Be B} By B: ” By B L B B: LKk 1
and
By Bi B, By ik B By ke By B; k 1
Be B} Bf B}Ii Bg B ik Bh B}ikl
Equations (97) and (98) can be rewrltten uslng equations {99 102) as followss
Fall k br} Lk Fcli+l ki1 Falyk1 F } itl
, Fal il i ¢ Fulj 11 BT, T A,
; kK * TbB; 1 k TcB} I k1 TdB} kel * TeB; "
TfB} o TgB} |k * ThB; | kol
and
Fol) Fb1:+l Kk Fc1:+l k 1 dl: k1 Fel:+¢ 1
Feli Fgl;+i k Fh1;+i k1 T, TAL

1

(99)

(100)

(101)

(102)

(103)
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] iy ivl,y-
' TaBj,k ! TbBJ , 6 * TCBJ+1 kel © TdBj,k+l * Tij,k+l

i+l,- i+l i+l,-
TR T TRkt ThB L ket

Equations (103) and (104) can be written as follows:

i,k i jrlyk 1,

[Fa’ l]’k * Fb J+l k]k

Cormbakel i Coeirlykel Qe

LA O Lt ket ke

jok pisly+ il k el
+ [Ff’ ]j,k’ F Fg ? Ij+1:k]k

) b k+l i+l,« Sjrlyk+l i+l
FIFST L kit Ty ikt kel

+
= 8(15 + TGAUEV)

. j opla+ jrl gl +
r [Ta Bj,k + Tb Bj+l,k]k ¥

j opla+ ] jrl o qi,+
Ty Bileet " Te Byln ket ke

joplalye gl gielys
T B Ty B
jopitd,+ jel i+l
T3 B Tkit * T Pjadnket ket

and

ikoi,- ojel,k
[F" Ly B ]+l kK

ek (i+l,y- jrlyk i+ly- 3
- [F}" SO A L)«

jak+l (1+41,- jel, kel i+l -
(Fe' ™ Llkir P B T ket dieet

= 8(15 + TsAUEv)

j i - j+1 -‘[’"‘ ] i,' i"}‘l ll’"'
P LT Bl T Bl e ) Biiker ¥ Te Byl ket Tkat

jak+l [i,- jrlyk+! (1, -
Py L+ Fo 7 iy ke Mk

105°

(104)

(105)
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] nl+l,- j+l S 1+1,-
+ ['1",f Bj,k, + T8 Bj+l:k]k +

) n)t+l,y- J+l gl+1,-
[Te Biiar * Th " Bji1 ket ket (106

\
s group all the coefficlents:

Tg = (T, -1 )0-1), T, =T, Te = (7, +1,)(1-£ ),
Td = Tb' T, = ('r1 + Tz)(l+ia)’ Tf = ('rl - 12)(1+12),
'l'8 = Tf’ Th = Te
F = f - f - f + f - f + T
a 82 19 iy a3 1a 7
Fb = f - f + f - 1 - f + T
8t Y 3y s8 LY 7
F_ =t - f + I - f + I - T
C 12 LR L} s LY} 7
Fd = fsz B fsn - fan + fas * fas B T4
F =1 + f - f - f - f - T
e 32 13 LR 35 LY 7

g 12 83 Bk ’s 38 7
Fp * f:z * faa * fsu ¥ faa B fus - T,
fae= Tolys fas T Ceotan % Au(ﬁ-tsn)
fa °F rT+l MR T LN r;
rh = rf+l + rf
Fg = r;+l Pyt rT+lrf * rl+1r; *r
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(1+21%)

=
1
QY

Sy B 2,1 o2
a = b gy 5y ()

Py = 9 M Au
_og o Mye (2, 2, 2 Loduy
Ay = 8 (Au) {54 WD Lt 30 ( ﬁ) 9,
I § 2
u u-3(u]+1 My My +uJ)
Lquation (105) can be rewritten as,
ab ;1,4 dc Ly f fg 1+l,+ eh 1+l +
Co L+ Do en * B e + B ks
- +
=8 (1« T AL
ab L1, dc 1y fg ni+l,+ eh [N
e T BT T BT I B T T Bua (107)
Similarly equation {106) 1s written as,
ab 1,-  pdc by - fg ,1+1,- _ ceh L+l -
- B L Fior Terr — B Ay et Lirl
ab ,1,- dc 1y~ fg pi+l,- eh 1+k,-
P BT T Bl I BT L Bied (108)
Where we have for J angles,
- -
Fjrk F]+l!k
a b
1+1,k )+2 4k
Fy Rl
Fab = R TS {109)
:uk "N--,.FJ“I,k N""«F‘w:],k
a b
FJ,k
— a —
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dc
Ek+1=

eh
~k+1 ~

F;j,k41

Flok

1 iakel
€

A. Peraiah
Fj+1,k+l
Cc
Fj+l,k+l Fj+2,k+l
d R c o

~ N

~

Fj+l,k
F&tl’k Fj+2,k
~ . g\\\
\\\Fg-l’k RN
Fj+l,k+l
h

j+l,k+1 '}2 k+1
Fe vl AN

< ~

\‘\FJ—l,k+l\‘
e

j+1l,k
Ty
Tj—t‘!‘"k Tj+2,k
a ~ b\\
\\ \\
Taopd-hk e
a

o pJ-1,k+1 s
Fym o

J,k+1
C

"F

FJ,k+1

~wdyk+l
Fh

pdrk+l
e

(110)

(111)

(112)

(113)



de

eh _
Tisl =

o
m

~kel T
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[} kel
TL t

ok
) Te’ )

j+rlyk+l
Te

J+1,k+l
Ty-~!

L]

J+l,k+l
T

k+l

bl

TJ"'{:
e

J+2,k+1
Te S

LY

“~\Tg-l,k+1 “~ pdrk+l
C
Tz,k+{_
TJ+2'k
B~
\\
\‘Tg-l'k ‘-,TJ'k'
g
1,k
T ]
£
~
'thf+l
-kl S~ kel
Te 7 . Thl
A |
T ]
lh
"u.‘l N --._1
L&

(114)

(115)

(116)

(117)
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We shall Incorporate all K frequency points
Therefo e equations (107) and (108) are rew Itten as

ab fg ab ig :
-Edc -11 Eeh Il 1 8 Q(T T A].IE\)) + rT-dc El I¢=L'h El 1 (118
ab ig ab fg
Fae 1 Een I, 1 8Q(t v Apy) T4 By T2 B | (119)
Wh re
rab dc
Ex Fy 1
Fab ch
~k 1 o
~dc F‘ab ch
K1 K
Fab
ig eh ]
By Ex 1
ig eh
F
¢ ~k 1 Bk 2 (121)
'EEE f h
B e
Fx™1 Ek
f
u Fi®
r —
H H
H H, (122)
Q
l;l H
N




Equatlon of Radiative tramsfer with Compton Soattering

Equations (118) and (119) are_wrltten In the form of Interaction Principle.

ig .+ _ ab .+ + ab p+
Feh 1141 = - Fic 1] + 8 Q('l's + TBAHEV)_ + Tie B
. gab - I8 ab

Edc 11 = Eep Tie1 * 3 QUT, + T AL + T4 B
If we write that

ab _ -1 _ab fg _ ig
E-dc -F-dc' Eeh =Q E-e

1
O

ab -1 .ab f f
Idc = Q Idc ' Ieﬁ =Q-.-T-eg

|

Then equatldns (123) and (124) are rewrltten as,

and

um
it
un
H e

E is the identity matrix.

T+ T

Ig o+
* Teh Biy)

ig

~eh B

I+1

ig + ab
Eeh 0 Iiel [Eac 9|1
ab| |- . f -
d 'E-dc B ..],j _0 Eeﬁ -I-l+l
[ p*
ab 1
* Tdc B .
LBl
B* E t . Al
o+ ng B '_1+1 + 8 5 ' 8 HEv
eh - ' -
Bl+1 _Ts * Ty Mgy
or,
— |- — - - - ™ -
+ _ ab : + B".‘
Livi Bae 0 [N A
- ™~ g ig - ~ ~de = BT
L § o Eeh Lyit =1

111

(1235

(124)

(125)

(126)

(127)

(128)



112

A. Peraiah
...l _ + _ ' +
+ K Iéﬁ E|Bi, f 8K 1 T T ALEy (129)
Bi—+1 Ts + TGAIJEV
- -
=fgy-1
(E.p) 0
K-
=ab, -1
0 -(Egqe) | (130)

From equations (129) and (130), we obtain the transmission and reflection operators.
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