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The equilibrium statistical mechames of a background radiation of superluminal pai ticles
15 1nvestigated, based nn a vectorial wave equation for tachyons of the Proca typc The
partition function, the speclral enetgy density, and the varous thermodynamic variables
of an 1deal Bose gas of tachyons n an open Robertson- Walker cosmology are derived
The negative mass sguarce 11 the wave equalion changes the {requency scaling in the
Rayleigh—Jeans law, and there aze also significant changes in the low temperalure regime
as compared to the microwave background, in particular in Lhe caleric and thermal
egualions of siate

1 Intieduction

We study the pogsibility of a cosruie background 1adiation of superluminal particles
(tachyons) m an open Robertson-Walker (RW) cosmology with negatively curved
three-space Tachyons are regarded as the eigenmodes of a real vector field with
negative mass square Like the electromagnetic field, the tachyon field 18 confor-
mally coupled to the background geometry, so that the frequencies of the speciral
elerentary waves scale inversely proportional to the curvature radis of the cosmc
thiee-space This allows us, despite the time variation of the backeround geometry,
to use the thermodynanne equihbrium formalism and to scale the time dependence
of the eipenmodes mto the temperature variable, which becomes i this way a func-
ton Of cosmic fime

It 18 crucial to consider superluminal signals 1in a cosmological contexi, because
an obvious causality problem arising in Minkowski space whenever events are con-
nected by superluminal signals' can readily be settled Ly invoking the galactic
background as the universal frame of reference for all untformly moving observers
This does not need any specific assumptions on the physical nature of the signal,
1e on s inferaction with maitter, as suggested 1 Ret 1 In fact, the causahty
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principle 15 not based on physical concepts like energy, just the reverse holds
Causality 18 a category of owmt thinking, 1t 18 not a physical principle, nor 18 1t a
matter of mathematical logic, that can be altered or generalized whenever conve-
ment It 1s not advisable to speafy cause and effect as physical processes in thig
principle, since physical processes are themselves described, usually facitly, on the
basis of the causality princaple Of course, causes and effecls ultimately turn ount
$0 be physical effects, they can be characterized by energy transfer, but this de-
scription itself imphes the causality principle In Ref 1, an attempt was made to
generalize the causality principle and to distmguish and define cause and effect by
the emussion and absorption of positive energy, which amounts to the mtroduction
of an antiparticle concept for classical superluminal pomnt particles Effects may
then precede their causes I do not think 1t permussible to modify the causality
prmerple by means of physical concepts which are themselves based on this prin-
ciple The Newton law, for instance, cannot stand without the causality principle,
nor can the energy conservation law, and not even probabilistic theories like quan-
tum mechanics The causality principle just asserts that cvery effect has a cause,
that this cause procedes the effect, and that all observers can come to the same
conclusion on what 15 cause and effect In Minkowsk: space, time does not have
an absolute meaning, and this gives 115¢ to confusion concerrnung the tume order of
events connected by superluminal signals, either the second or the third condition
of the causalty principle has to he dropped if one considers superlummal signals in
Minkowski space However, the time order of cause and effect 15 determined by the
ahsolule cosmic tume which defines the expansion of the galactic backgiound, if a
signal moves from one location to another 1 cosmic time, 1t 15 clear what 15 moant
by cause and effect, even it the time order of cause and effect may appear dufferent
1n the proper time of locally geodesic observers The galaxy background with 1ts
nearly petfectly Planckian mictowave spectium provides a unique reference frame
and on unambnguous cosmic time order Evory ohbserver can determine hus motion
relative to the mictowave radiation, and so relate his mdividual rest frame to the
comoving galaxy fiame In particular, he can compare the time oider of events 1t
his proper time to the umversal cosmic time ordet All observers can m this way
reach 1dentical conclusions on the causality of events connected by superlummal
signals

In Sec 2, the classical mechanics of tachyons 1n the comoving galactic reference
frame 15 discussed We mntroduce a scalar wave equation for tachyons designed m 8
way that the semiclassical approximation 15 exact 2 This real scalar ficld 18 extended
to a vectot field so that the phase of the spectral waves remains unchanged and the
wave propagation 18 transversal, we aruve at a Proca equation® with negative mass
square In Sec 3, the patittion function and the spectral energy density of 8 fiee
Bose gas of tachyons are calculated The high and low ternperature linuts of mtet nal
energy, entropy, and pressure, as well as the heat capacities ol the backgiound
radiation are determined The negative mass square 1o the wave equation changé
the Irequency scaling m the low frequency hmit, and there are also Slgﬁfﬁc"‘nt
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changes 1n the low temperature regime, m particular in the entropy per pariicle and
the calorc and thermal equations of stale In Sec 4 we comment on the inieraction
ot tachyons with matter in thns fiold theory and presont our conclusions

9, The Wave Equation {for Tachyons

The RW cosmology 16 defined 1 comoving coordinates by the line element dA? =
~dr? + a¥(1)do?, a{my) = 1 We use as coordinate 1epresentation of hyperbolic
space the Pomcare half-space H?, defined by the metiic do? = u?(du?+|d¢|?), with
Cartesian coordinates u, €1, &2, w > 0, and £ = & -+1éy do? induces constant nogative
curvature —1 on this half-space The mvanance group of #7218 SL(2,C)/{+1},
see Ref 4 for the group action on H® Tachyome world-lines are defmed by a
Hamulton—Jacob1 cquation with negative mass square, g#“ S5, = p? [u? > 0m
our notation, with g, given by the RW hne element dX? | This 18 equuvalent to
the action prmciple § = [ Ld), with L(A) = —py/guait? It we detelmine the
world-lines along the u-semiaxis of H2, then all olher trajectories can be oblamed
by the mentioned symmetry transformations of ¢ The Lagrange equations result
m dlogu = sa=1(s% — azpuz)“l/ 2dr for tachyon trajectories along the u-semiaxis
(s 18 an integration constant ) From now on we assume that the tachyon mass p 1s
a scalar, varying 1 cosmic fime, mversely proportional to the cirvatute radus of
the three-space, p = m/a(r), m > 0 The reason for this 15 that the wave equation
for tachyons 18 conformally coupled, which requires a tachyon mass depending on
cosmuc tune, see the discussion following Eq (4), and the Remarks after Eq (15)

‘We obtamn for the tachyonic world-lines
8

(1) = exp (é(s)fafldf), 8(s) =

—m2

' {1
with |s| > m, corresponding to the action
S:-\/sg—mzfa‘1d7+slogu (2)

Tachyonic enetgy and momentum along the u-semiaxis read®:®

- v _ S . _ﬂ
p - \/F’lT?I - GQ(T) H ]pl - a(’r) (4')

In the case of photons the etkonal approxumnation 1s exact in RW cosmologies, since
the electromagnetic potential 15 conformally coupled to the background geometry,
which means here that the freguencies scale with the inverse of the expansion tactor
This property we also want to retain for particles with negative mass square We
consider & real scalar field defined by the Lagrangian

__L v (1p 2\ lp 1,6 o
R L G v - T3 5)
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The msertion of the Ricar scalar and the scaling of mass with the inverse of the
expansion factor as indicated above guarantees the conformal coupling of the wave
equation,

b = (R/8— )9 =0 (6)
Let us at first consider wave fields independent of the £-coordinate of H® The
sepalation ansatz ¥(T) = x(7)a 3/2ul"* gives
x 1l o o, la 1la?
it Y S S R PR
dT2+<a23 # 2a+4a2 X ™

As p = m/a(7), we obtan the fundamental solutions
X = vaexp (:I:z\/32 —m? /a“ldr) (8)

Thus, the wave equation (6) 18 solved by
¥(r,u,8) = a~ (rucxp(~15) ()

(real and imaginary part, we use i the following complex notation for convenience},
the phase 1s 1dentical with the action (2) The energy of the spectral modes (9) 1
defined by F(s) = ~38/0+, which comncides with the classical enexgy (3), of course

Remark We have put ¢ = i = R = 1 £ 15 the enrvatue radus at the presont
epoch 19 To 1estore the natural units, we replace n the action m by me, and
multiply § by R In the wave equation (6), we replace m by mc/h, and m the
formula (5) for the Ricar scalar R we multiply the first term by R~?, and the
second and third by ¢=2 The curvature radius of the cosmic thiee-space 1s Ra(T)
Frequency and wave vector are related to energy and momentum as w = E/h, and
k = p/h, with p = g*“05/8u, ¢f Eq (4), since the semiclassical approximaton 18
exact For group and phase velocity we obtain |vy,| = ¢?|vpn| ™t = c|dé(s)| Group
and particle velocity comarde, and can be made arbit1anly large by the choiwce of the
witegration parametel (spectral vanable) s For tho rest of this article, w denotes &
complex spectral variable

A complete set of elementary waves (7,1, £, 8,w) 18 generated by applyné
certain symmetry transformations of H? onto the modes {9),

(,6) = (1€ — ] +u’) 7 (w,E—w), (10)
w €T cf Rel 4 This sunply means to substitute inte Bq (9) the Posson Lkeinel,
u— Plu,&,w) = u (1

E—wP ¥

In particular,

S(ryu,l,s,w) = —y/ 82 — mi’/a*ld'r + slog P(u, &, w), (12)
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s the gencral solution of the Hamilton—Jacobl equation, as well as the phasc of
the spectral waves The modes (9), with (11} and (12) substituted, constitute a
gomplete set of eigenmodes of the wave equation {6)

The vectonal extension of this wave equation is based on the Lagiangian

1 1
L=~ FogF™ 4 S AaA™ + Aag”™ (13)

with Fog = Ag o— Aa,g and g = m/fa(7), m > 0, which leads to the Proca equation

1 8(/~gFef N

with negative mass square for a roal vector potential A, Differentiating (14), and
using the skow symmetry of F*°, we obtain
2
A%+ %A“ — —Mlzjffa (15)

If the curreni 15 consorved, this evidently 1s the analogue to the Lorentz condition,
but unlike the Lorentz condition, Eq {15) 18 a consequence of the field equations,
and the masgs teim also breaks the gauge symmetry

To solve the wave equation (14) with 3® = 0, 1e to find 1ts spectial resolu-
tion, we try the separation ansatz Ay = A1 = Az = 0, Ay = @(7)u'®, s0 that
F9% = —a 2%/ (7)u?™ and F?! = 180 %p(7)u3+**, all other components of F*?
vamsh In this way the @ = 0,1,3 components of the field equation are 1dentically
satisfied, and the o = 2 component leads, it we write @ = a=2/?x, just to Eq (7)
Accordingly, the phase of the spectral modes comncides with that of the scalar wave
fields (9), namely with the action (2} A sccond mdepondent set of transvet sal modes
18 obtained by mterchanging As and Az in the above ansatz Finally, a complete
set of eigenmodes 13 generated by applying the symmetry transformation (10) to
these two linearly polanzed sets The phase of these modes 15 the action {12)

Remarks. By restoring the natural umits mn the Lagiangian (13), we find g =
me/(ha(r}) Energy and momentum are proportional to frequency and wave vector
via the de Broglie/Einstein relation, since the phase of the spectial modes comeides
with the classical action There are no antitachyons,! the choice of the Lagrangian
(13) as an extension of classical electrodynamics rather than of sublurminal massive
field theories 18 also suggested by the fact that tachyons do not have a rest mass
The vanation of the tachyon mass in cosmic time can also be mterpreted in terms of
a cosmic ether,”® and strongly reminds us on the varying fundamental constants
of BEddington, Milne, and Dirac The Lagrangian (13) determunes a well defined
mteraction mechamsm of the tachyon field with sublummal particles, analogous to
electrodynamics, the current 1 the wave equation (14) 1s assumed to be structured
ag 1n electrodynamics, ¢f Sec 4



4280 R Tomaschitz

3 Equlibrium Thermodynamics of a Free Tachyon Gas

Let us turn to the partition function of the cosmic tachyon background 1adiation,
calculated via the usual box quantization procedure!®!! of a free Bose gas,

logZ = 2log Z exp (*ﬁZhu(p)np)

(np)=0

= ~2 log[L — exp(~Bhu(p))], (16)

Bt =¥¥(r) = kTo/a(7)

The chemical potential 18 zero, which follows from an equihbiium condition to be
imposed on the free energy, see the discussion following Eq (23) The index p runs
over a disciete set of values, p = hL~Y{ky, ko, ka), k, € 7, L the box swze, and (n,)
18 & multi-index labeled by p Euchdean box quantization with periodic boundary
conditions also apphes here, if the box size 158 much smaller than the curvature
radius of the wmverse The space component of the spectral modes (9)-(12) of
the scalar wave ecquation (6) can be dentified in this hmmt with the Euchdean
exponentials exp(skx), if we use as coordinate 1epresentation of the cosmic three-
space Powmncaré’s ball-model for the hyperbolic three-space,*? also compare Sec 4
The proper frequencics of the Proca equation comncide with those of the scalar
equation, as pomted out after Eq (15), and the tactor of two 1n Eq (16) accounts
for the two independent transversal states The frequencies conformally scale with
the mverse of the expansion factor, ¢f Eq (3) and the Remark following Eq (9),
and this time dependence can be scaled 1nto the temperature variable 12 (If the
tachyon mass were constant, we would have to appeal to the adiabaiic time vatiation
of the expansion factor, m order to justify an equiibrium distribution ) In the
thexmodynamc limit, the summation over the lattice pomnts p 15 replaced by an
integral, and we arrive at

2V

= d*plog|L — exp(- Bhup))],  hv(p) = cr/[plF — (me)?  (1T)

log Z = —
|p|>me

If we put m = 0, thus comnades with the pairtition function of the photon £as, of
course The spectral energy density thus reads
8V hw(p)|pl*dlp| 8
)dy = (I )
P = S el ) [T 1

and the internal energy 18 obtamned as

U :/ p(W)dy = 8tmiPh VU (a),
(19)

O(a) — /°° 2 /1 + +2dx me?

‘explom) — 1 ° « = AT(7)
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[n the low and hgh temperatute hmits we find

mk? 8>

~~ 1 3 ~ T
U(T — 0) ~ 16m({3) B Vi, UT — o) 15 i VT (20)
The partition function (17) we may write as
. 8V [ o !piﬁ
log Z = — . |p|*d|p| log {1 —exp (—a me? 1, (21)
and the free energy as
8rmic® .
P —
3 R VE(a),
. 3 fo°
o) = —a/ ry/e? +1log(l —e ™ )dx (22)
0
o0 (2 3/2 _
- f @E+P-1
0 s — 1
Tnternal energy and entropy aue related to £(a) via
fr 1 AaF(a)) _ 8whmic? 20F(a)
Ula) = 3T A 5= —3 s Va B (23)

The rclevant quantities are of course u = U/V and s = 5/V, but we write n
the {ollowing the volume factor and capital letters Lo avord notational confusion
As OF(T\V,N)/ON = u = 0, the pressuie rcads P = —F/V The condition
OF/3N = 018 necessary {o mpose Tachyons, like photons, are not interacting with
each othet Thus, for equilibrium to be reached, we must assume mteraction with
sublurminal matter, absor ption and emission processes Therefore IV cannot be kept
constant, and then 8F /8N = 015 a necessary exiremal condition for equilibrium 11
Accordingly, we have to put 4 = 01n the partition function At any rate, the tachyon
number N 1s not an mdependent variable, and can be calculated as a function of
temperature,

YL A pIdlp|
h®  Jme exp [ay/[p/(me)2 —1] — 1
oo 3.3
= / n(v)dy = 8 mhac VR(q), (24)
0
- Va2 41

As the chemical potential vanishes, the enthalpy just reads H =TS Thus we
have for the heat capacities ¢, = OU/OT and ¢, = 0H/OT = ¢, + § In the low
temperature regime we obtain the asymptotic relalions

]
N~ s PV~ 2y B8
3" chl 2 72
(25)
gL, 30 183) & 3
2N RT T T 2 ’ o 27
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with ¢(3)/n? =~ 0122 The entropy and the thermal equation of state are mn the
mdicated leading order mmdependent of the tachyon mass, but not so the calore
equation (20)

The high temperature expansions are convergent, and we find m leading order

N~ 16w§(3)£VT3 PVt T i
h3.3 ? 3 90¢(3) '
ool AU 20t o4 (26’
3T 3T Ty e 3

'The tachyon mass drops out . this lunit, and relations (26) hold as equahties for
the photon gas over the whole tempetature range !
Let us finally return to the spectral energy density (18),

ZJW_?:
o(v) = 8ch v \/v? + m2ci/h @)

T ¢ exp(hw/(kT)) — 1

(We now drop the volume factor ) In the ligh frequency hrmt, Wien's radiation law
18 still 1ecovered, but not so the Rayleigh—Jeans law 1n the low lrequency 1egime,
because p(v — 0) ~ 8re 1h~ImpkT (In the massless case, we have for low fre-
quencies p ~ 8r¢ *v2kT, mdependent of the Planck constant, and quadratic in
the frequency ) Sunce the spectral particle density 1elates to the energy density as
n{v) = p(v)/{(h), ct Eq (24), n(v — 0) approaches a fimte value depending on
the tachyon mass, whereas the photon density vamishes mn this it There 18 of
couise no Bose condensation possible, due to the lack of a chemucal potential and
a 1est mass

4 Conclusion

I conclude by companng the theory of superluminal wave propagation suggested
m this paper with the “standard approach,” and I also shortly discuss the statc
tachyon potential and how 1t affects atomuc cnergy levels Tachyons aie usually
mtroduced as an exiension of the relativistic particle concept, as particles with
negative mass square, or, if one prefers, imaginaty mass 514 In the relativistic
Hamulton—Jacob1 equabion, this just means to assume m? < (0 without fua ther
alterations If tachyons are supposed to carry clectric charge, then thew coupling
to the electromagnetic potential 15 effected by mimmal substitution, S — S~
eA,, and the Lagrangian for tachyons can be wntien 1n the same way as for sub-
lummal particles, I = —\/—m2n,, 342" +eA,z*, dhag(n,,) = (-1, 1,1,1), but with
m? < 0 Sommoerfeld’s pre-relativistic study of superlunnnal motion'®1% was auned
at accelerating elections beyond the speed of hght by means of electromagnetic
fields, but otherwise his view of 1achyons as particles coupled to the electiomagnetic
field 1 the usual way was taken over by modern authois By contiast, i this
article superluminal signals aie themselves modeled as wave fields, by @ Procd
equation with negative mass square, very contiary to the prevailing view of tachyon?
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a5 charged pomnt particles with mmaginary mass and zero spin The superluminal
wave modes of the tachyon field are coupled to a current of sublumimal particles
py munimal substitution In shori, in the above Lagiangian we regard the field
Ay as superlummal rather than the particle Superluminal wave propagation, the
gpectral resolution of the wave equation (14), and the sermclagsical approximation
are turther discussed m Ref 17

Finally, if one contemplates on the possibility of superlumnal signals, one 1s
faced with the choice of an mteraction mechamsm with subluminal matter In
Sec 3, we had to assume some kind of mieraction of the lachyon gas with matter
for equilibrium to be reached The field theory studied m this paper suggests an
wteraction mechanism ot tachyons writh sublurminal matter in analogy to electro-
dynamics As an example, we derive the potential of a static point source carrying
tachyonic charge Because of the spherical symmetry of the poteniial, we use as
coordinate representation of the hyperbolic three-space the ball model of hyper-
bolic space, do? = 4(1 — |x|2)2dx?, |x| < 1, which 18 1sometric to the Line element
of the hyperbolic half-space H? as defined al the begmning of Sec 2, cf Ref 4
The potential of a static pomnt soutce defined by the current 3® = ¢{—g)~1/26(x),
4t = 0, 18 readily calculated from the field equations (14) These equations reduce,
by the ansatz Ay = a~1f(r), A, =0, and Fy, = —(7)f'(r)z, /7, to0

%(1 CrPALS 4 %(1 e mf = 1), (28)

with Agf =r~2d(r?f’)/dr The fundamental solutions ate
f:]:(?") — 7‘”1(1 - 162)1:|:M./m"—-1(1 - r):1:21,\.."'rn2—1 (29)
We assume m? > 1, which means a negative mass square 1n the notation of this

paper (except m ihe Lagrangian at the beginming of this section) Thus, the poten-
tial reads as

a4 cos(kd(r)) + Asmind(r))
©  4raR swh(a~1Rd(r))
d{r) = Ra(r)log % ; (30)

(&)

we have here restored the natural units d(r) 18 the 1acdial distance function of the
cosmic three-space (with hine element R%a?(r)do?) Both fundamental solutions
(29) have the same exponential decay at wfinity, 1 e for distances laiger than the
curvature rads, theretore one cannot select a special solution (defined by the
wtegration constant A) on the grounds of fastest decay, which 1s the usual argument
to fix the potential 1n a field theory with nonnegative mass square Howevel, we can
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require the tachyon potential to be smgularnity free al v+ = 0, so that 1t admits a finite
clagaical gelf-enetgy, which means to drop the cozine and to put A =1, cf Ret 18
Fo1 v — 0, we find Ay ~ —g/(8war), this 1s the singularity required by Eq (28),
which reduces to the Posson equation, Agr~! = —4nd(x), m this limt We obtan
the local Euclidean hmit of the potential, if we 1dentify d(r) with the Euchdean
distance and perform the hrmt R — 00 1n (30) In the Hamilton-Jacobt equation,
the tachyon potential 1s superposed on the Coulomb potential as a pertn bation,

Ulr) = % + -’?(cos(m) + Asmmixr)), (31)

where o = ejep/(4d7), B = —quge/(47), and & = me/h > 0 Here, €12 and gy 2
are the electric and tachyomc charges of souice and particle, and m denotes the
tachyon mass at the present epoch We can study the effect of the tachyon poten-
t1al on atomuc energy levels by Bohr quantization, and estimate the tachyon mass
by comparing high-piecision measutements of the 1.5 — 28,5 and Ly-a; transi-
tions m hydrogen and hydrogen-like 10ns with Lamb shift calculations '8 We find
m =~ 3 06 keV/c?, corresponding to a Compton wave length of 6 45 x 107% cm An
estimate of the coupling constant of the tachyon potential {pure sin-potential with
finite self-energy) 1s likewise obtained m this way, 3/a =~ 93 x 10~*? for hydro-
gen As the tachyon radiation 15 in equilibrium with the microwave background at
T = 2 T3 K, we find me? /(AT) ~ 1 3 x 107, and honce Usaen/Upn & 4 8 x 108 (encrgy
densities of tachyon and photon background 1adiations) Quantitative estimates on
atomic absorption and emusston rates for tachyon radiation are given in Ref 18,
the high tachyonic energy desntity can only in part compensate the small ratio
3/a of tachyonic and electiic fine structure constants, which makes the tachyon
background difficult to ohserve
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