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LiMB DARKENING DUE TO THE INCIDENCE OF A PARALLEL BEAM OF
RADIATION

A. PERATAH

ABBTRACT

We have Investigated how the radlstion s distributed from the osntra to the limb when the simosphere
recel/vas & parailel beam of radistion from Infinlly, We hava aonsldared a purely raflsoling curfaos at the bottam
of the stmosphera whaen the outer layers wrs ([luminated uniformly from all direalions, We have conaldered an
electron socattsring atmoaphsre with deoressing denmty from Ianer radlus towards the outer radius, The
atmoaphars under quastion s half the radius of the star Itsalf. The denslty of tha sleatrons at tha bottom ef the
atmosphere |s sat 10 be equaj to 1012 amd, The naturs of limb darkening Is vary simliar when Ne = 1012 om-?
whareas when Na = 10/4om< there is sonsideiable amount of differenos betwesn apharioal and plane parallal
capss. Although the extension of the stmosphere |s quits amali the differences In the laws of limb darkening are
considerable, the differances are further acosntuated when tha radlation Is sssumed to bs totaily reflaated from
tha botiom of the stmosphere. the situstion 2an be vary simllar to that of s planstary atmosphare.

Kay worde : [aw ol limb darkening, paraliel beam, refleating surface

1. Introduction

In a sorles of papsrs wa have Invesilgetad how the radiatlon incldent from extemal souices s reflected
from the atmosphere of 8 bhinary somponent, (Peralah 1982, 1983), There we have conaldered the radls-
tlon coming elther from & point source or from an extended surface. This was malnly meant to represent the
components of 8 close blnary system. Howaever we know from our exparlence thet the planetary atmosphere
recsivas radlation from distant eun and this radlation Is Incldent in pafaliel beams. The planetary atmospheres
are thin comparad to the radlus of the planet Itself and therefore psople have employed plana parallel approximat-
lons In obtaining the varlation of redlation from centre to limb. However the ourvature due to the small
atmoaphere or dus to the gecmetrloally thin atmospherd should be oaloulated acourately by émploying accurate
methods of eolving the radlative iransfer equailon, Although |t Is geometricslly 1hin, as this Is nearer to the
centre of curvature of the planet thls will aertainly Influence the emergent radlatlon from the etmosphere
bacause of high survature. In thle paper we shall caloulats the radlation observed at Infinity by employlng
both plane parallel and spherloally aymmetrio epproximetions and make a comparlson of the resulis of these

two approximeations. We shall also Investigate the ellects of density changes on the vartation of radlation
from oentre to limb.

2. The Computational Procedure

In Fig. ¥ wa hava glven the sohematlc dlagram of how a paraliel beam of radlatlon from Infinity Is Ineldent
on the etmoaphere, we wlll oslculate the ray PQ at Infinlty. One of the parallel rays anters the aimoaphere
at point T making an angle ee with the radius veotor OT. The ray traverses the path TPS, Woe have divided
the atmosphars Into esveral epherical shalls and P Is a point where the ray Intarsects the boundary of such s

apherloal shell. Wa wlll caloulate a ray origlnating from p>Int P and reaching the obastver at Infinity along
PQ. In deing so we wlii hava to caloulate the ray path TP where TP {s glven by

T - (.orz'- 0Q! - OP2)t - 0Q (1)
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Fig 2. Law of limb darkaning for the parametera shown
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Fig 3. Law of limb derkening for tha parametais shown
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whera OQ s parallel to SP and OT [s tha outer radlus of the atmosphere. Wae celculated the esgments such a»
TP for all the reys of the bsam and calculated thelr contrlbution to the source functinn at the polnts where the
rays along the line of sight Intersect the shell boundarles. To caleulate the contrlbution to the total source
function due to the Incldent perellel beam, we have employed the Rod Model (see Peralah 1882). Howaver
wa have 1o calculets the contrlbutlons to the total source functlon from the atmosphere Itself. Thls Ia calculated
by employlng the radiative transfer aquation in spherical symmetry glven by

H = arr' + 12 [(A—=p®) ulr, )] + o{yulr )

T3y
+1
=o{) {[1-@(M]1B () +ju (r)j plt g pyu {r, 4') d '} (2)
-1
whera
u = 4qr? 1{r,u) (&)

with 1 (r, 4) I3 the spacific Intenslty of the ray making an angle coa™! gz with the radlus vector 1. Hers P
reprasents the phase funotion with lsotrople scattering, @ Is the albedo for singls scattsting, B |s the Pianck
function and ¢ (1) la the absorption cosfflclent and as wa are oonsldering only scattering by electrons the

quantity o (r} becomea soattaring aosificlant, The gquatlon (2) le solved elong the lines describad In Peraleh
and Qrant (1873). The total souree functlon Ia glven by

81 -~ S| + 8[ (4)

By using the tetal souros functlon S: at polnt whera the line of sight Interascts with the shell boundarles we
obtailn the distrlbution of radlation st Infinity from gentrs to jimb,

Wa have assumed a refleoting surface at the Inner radlus of the atmosphere with operator Ra In which case the
Incldent radlatlon et the point A weuld becomae

Ungl = Ra u‘lq,l (5)
Utwer= [I = r {1, N+1) Ra]™* V*u, s )

and

for the derivatians and meaning of the symbole, see Peralsh & Grant (1873). Here Ra Is the reflecting matrix
and for a perfactly reflecting surface we put

Ra =~ I {7)

where [ [s the unlt matrix.
3. Results and Disousslon

We have presentad results in Figs 2 to 15. We have astthe Inner radius ae 101! cms and the outer
radius &1 1.6 x 10! cms. In cases where we do not llluminate the outer layers Isotroplcally we have glven an
Inoldent radlation of unlt Intensity for all z's at the Inner boundary. The Inoldent radlation from outsids |a
rapresentad by the parameter | [not to be aonfused with I In squation (7)] which Is glven values 1,5 & 10times
the radiation [noldsnt on the Inner boundary. In Flg 1 we have pressntad the distribution of Intensitles from
centrs 10 limb. For tha two cases B/A = 1 and 1,6 where B and A reprasent outer and |nner radl! of the
stmosphera raspectlvely, The plane paraliel calculations show almost & flat varlation whereas In the
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Plg 8. Law of limb darkening jor the paramaters shown
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Fig 12. Law of limb darkening for the psramsters shown
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spherical cese thera [s & steep rlse In the Intensities towards the certra. Although the differences In the
outer laysrs are quite nomlnal but thess dlfferences Increase towards the centrs where "the apharlcally
symmstrio solutlon glves en Intenalty nearly six times 88 lerge Bs that glven by plane parallel aolutlon.

in Flg 3 we have Increased this Incldant radietion flve fold. " The ditlerence between e plane parellel end
spherical symmetry eclutlon are very simllar to those shown In the previous figure but the differance st the
cutermost layere are small and tha differencss towards the centre increese only by a factor of two In the cese of
the solution glven by spherical symmetry. In Fig. 4 we heve Inoreased the Incldent beam further by fector of
10 and this reduces the ditterances between the plane parallel and spherical symmetry quite considerably,
This shows that when the atmosphere Is flooded by a parallel beam whith la of much higher Intenslty compared
to the self radlation of the atmogphere Itsalf the results of plane parallel approximation and epherloal symmatry
approximation tend to be the seme. However when the incldent radietlon !& not as powsrful es the self radla-
tlon eystem the differences between the reaults of plane parallel and spherlcal symmetry approximatlon Is very
conslderable. Thase resulta should ba tested In the case of the planetary atmospherss.

In Figs B, 8 and 7 we have Inoreased the dansity from 10'3cm™ to 10em™3, The characteristice of thess
results are very differant from what we hawe seen In Figs 2, 3, &4. The maln differences occur In tha spherlcal
case. The resulte of the spherlcal symmetry show more verlation than the result of plane paratlel calculetion.
Thae plane paralle! resulte rematn almost flat from centre to limb whereae the results due to apherical symmetry
show a minlmum and & maximum between the centre and the limb. The minimum belng neersr to the centre
and maximum shown towarda the outer surfece of the atmosphera. When the densily Ia Increased the differenca

Jbetween the resulte of the plane parallel and aphericel symmetry calculation perslat whether the Intenslty of the
incldent beam Is Increseed or reduced.

In Figa 8, 8, end 10 we have shown the results due to a perfectly reflecting surface at the botton wheresa
the outer layera are llluminated lsotropitally. Here the difference between the results of plane parallel and
spherlcal symmetry are not ae consplcuous a8 In the previous cases, Although soms dlifvrences betwseen those
two casos exlsts towarda the centre end hers we have taken Rg = | end No = 102 om™3, In figs 11 and 12
we heve plotted the lew of IImb darkening with Ne = 1014 cm™ with Ra = 1 and here we see strange behavlour
by the plene parellel solutlon which cannot be explalned whereas the resulte of aphetical symmetry solution

show the same characterlstic as seen In Figa 6, 6 and 7. In Fige 13, 14 and 16 we have employedRg = .B and
drawn the curves for% = {.6and = 1, & and 10.

We can clearly see how tha slectron density changes the law of limb darkening with N. -- 10!% cm™*, we

get almoat a lineer verlation but wlth N, = 10" :m we obtaln a law of limb darkening witlx minlmum and
maximum varlations from cantre te-limb.
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