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NUMERICAL EVALUATION OF SPHERICAL BESSEL AND RELATED FUNCTIONS

GHANSHYAM A, SHAH

ABSTRACT

Techniquea far aalculating the spherloal Bessel functions of complex argument lying in any quadrant of
tha 2-plane and srbitrary orders have bean developed. The mathod appliea to resl, purs imsginary or oomplex
arguments. Bample ragults are given for a range of argumenta and for saleated orders ranging from 0 10 200.
It has been found that thess funohions for varlous quadranta sre Intarrelated. We have noticsd the following

unususi reault: provided that Imz 18 large comparsd to unity and Re z le nat too near 2840, the funotions
Jo,i (2) and Yo,y (2) are Interdapendsny in the sense that one can be detivad from the othar'upto a centein

meximum orde1 n, Furthermors, If z llss an positiva or negative y-axis. It hes haen found that the aofrsapond Ing
Bessel funotions satlsty cartain speoial propertles.

Kev worda:  Spherloa| Besasl funotions, Gpeolal funotions, numerloal techniques.

Introduotion

The Sphericel Bassel and releted functlons ere used frequently In many flelde of physlosl aclences end
englneefing auch es acoustic and electromegnetic scatterlng, plesma physics, fiuld dynemics, nuciear physlos,
celestlal mechenics, etc. The definltion of euch apeclal functione are emenable to analytlcel treatment but In
actual numerical evalustion one often encounters difflcultles due to truncetlon errora andfor limlitetlon on the
range of avallable computer. In absorptive and dlsalpative systems, one le concerned with the Beassl functlons
of complex varlable {(or argument). Therefors, It Ia worthwhlle to develop a general practical scheme for fast
end accurate computations of these functions with arbltrery comlex srgument lylng In any quadrant of the
gomplex plane and with arbltrery orders, In what follows, we present a method for evaluating the Riccstl-
Beasel functlons and Besael functions; the latter have been considered In the usual forms defined by Watson
(1968) and Molachlan (1861) as well es by Abremowltz and Stegun (1884). A ralated Importent problem of
aleatromagnetlc saattering by a smooth, homogeneous and lsotrople aphere, flrst solved by Mie (1808) Involves

the uee of the spherlcal Besael funetions of the flrst and the second kinds of complex end real varlables,
raspaatlvely.

Analytioal and Numarloal Technlques

Lot the complox varleble (argument) be glven by z=x; + Ixs. Here xi rafers to X-coordinate and x; to
the y-cootdinete In the Argand diagram on the complex z-plene. The subscript n to & functlon Indlostss the
order end a prlme denotes the firet derlvative of the functlon wlith respact to the complex argument conoerned.
Following the notation of MoLachlen (1961), z Implles the Indspendent verlable or ergument of a funotlon,
such as z In Ja (z). To avold amblgulty, we deflne ‘phese 2’ 8¢ &= tan™! (xa/x;) In epprapriate quadrant; this

Is the angle between the radlal vector and posltive resl axls In the Argand dlagram. The order n cen take on
positive Integral values Including zero.

Let us daflne Rlccstl-Beasel funciiona of the fIrst kind, Sy {z), through the followling recurrence ralation :

Sa (2) = (?L;:l) Sut (2) = Sa_2(2) (1)

with the Inltla! values

So (z) = sInz {2)
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and

S1(2) = '—I'z—"—z —008 z 3

The Rlcceti-Bessel functlon of the second kind [s deflned through the reourrence relation ;

Ca () = (ZZ2)0us @) ~Coa (2 @
wlth the |nitlel values

Ce (2) = conz (5)
end

Ci(z) - 2%3 + 8lnz ()

The firet derlvatives of Sy (z) end C. (z) are found from the recurrence relations :

8a’ (z) = --z’-'-s, (2) + Suy (2) {7
Ca’ (2) = —3-Ca (2} + Cut (2) (8)

The numerical evaluatlon of Riccatl-Besss! funotlons remaln stable If ons performa downward recursion on
8, (z) and upward racureion on Cq (z) as revealed by earller worke by Sheh (18687, 1877). Recent works by
Gautsahl (1867) and Temme {1878) conform to thle conoluslon. Flrst we show the mathod for S (2).

The computational work on the functlon 8; (z) can be aconslderably simplifled by using the foHowing
scheme based on the continued fraotlons. In other words, we adopt 8 method of downward recurslon whloh
assures the atabllity of the computatijons of the functlons llke S, (z). Ju,; (%), |u (2) otc, Brouwer and
Clemenoce (1881) have disoussed an elegant method for evaluating higher order cylinder Bessel funotiona of
the first Kind of real variable. Here we have extended it to spharlcal Beese! and related functions of complex
argument lylng In any quadrant of the complex plene. The method has been applled successfully In develop-
Ing the Foriran programs for Mie theorles of soattering of eleotromagnetic wave by spheres (ase, for example,
van de Hulat 1867 ; $hah 1977) and by Infinite alngle end composlts eylinders (see Shah 1987, 1870).

Let ue dsfine a set of cosfiiclents Pa and Qa to represent the ratlo of succasalve ordere of 8, (2) as follows:

% -Pn"l"lol (9)
-1 LZ

From equation (1) ans obtalfna :

Subatituting from aquatlon (9), this reducea to :
2

1 n—1
Pn_l +m_1 = z - (P“ + lo‘) (11)

Lat the aquare of absolute value of z ba denoted by x, eo that

XK= lz|? = xi* + xo2
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Wa dsfine the following auxillary quantities for convenlence :

= .(2_";_1L£L _P. (12)

po =201 g,

(13)
A little aigebraio manlpulation among the squations (11-13) ylelds :
- dn (14)
Ry Al

Qs = ol (16)

The equations (12-16) heve baen used to cerry out downward recursions which provide the coefflclents
(Pa. Q) of all necessary ordera fora glven argument z. Initially, the sterting valus of N for n ls assumed
suificlently large, prefsrably much larger than the largest z antlclpatad, so that It ls pammisalble to ast Py = ©
and Q. = 0O, In the flret Instance. The aete of equetlons (12, 13) end (14, 16) ara emgloyed sucoansslvely to
calculate (Pu_1, Qu_j), (Pu_y, Qa_g). ... {Ps, Qa). (P1, Q)). The coefflolenta {P., Qa) should be stored by
tresting them aa dimensloned varlables In the computer program. The Initlal guess of N may be varled and
experimented upon to derive the related Bessel functlons of higher orders; the ergumant z would of course be
sel at tha largest valua Ilkely to bs encounterad in practice. N le ralaed successively untll the desired accuracy
Is achleved. Thle happens when, ralsing N beyond a certaln value, the eocuracy {s no longer aifacted. A
comparlaon wlith the publlehed tables or menusl calculations of the Bessal functions of complex varleble may
be halpful In the baginning. Thus let us supposa thet the cosfflclents (Pa, Q.) ars computed and stored for

n=NN-1---321. The higher orders of S, (z) can now bs computed from the definitions of the

aoeffiolents themselves as per equetlon (9) The sterting velue of S, (2) only need be calculsted according to
aquetlon (2).

The firet derlvatives of S. (z) can be evelusted by using the recurrence rslatlon In equation (7). However,

the celculations can be conslderably economlzed by using the logarithmic derlvatlves of Sa (z) and the pravious
poelflalents Pa and Q.. Wa dafine the logarithmic derivative of S, (z) ba:

As () - 53—{3 (18)

By using equations {7) and (9), thia leads to:

Au(2) = (Pa+ 1Qq) "1 -—I“— (7

Thus It Is easy to compute A, (z) from equation (17). Than one obtalns So* (z) with the help of aquation (18).

The numerlcal evaluallon of the Riccail-Bessel function of the aecond kind, C. (z), and Its derlvaiive can
be guaraniead to be stable by upwerd recurslon provided the argument la real. However, In the case of
complex argument, occaslonal Instabllity may be enoountered. The number of aignllicant digits {/.e. preclslon)
In the computer systern aan Impose serlous Iimitations on the use of the upwerd (forwerd) recumlon. Similar
aspoct has been dlscuseed by Lentz (1876) In connectlon with the spherical Bessel tunctlon y. defined by
aquetion {23) In the present article. 11 may be noted that Lentz's algorithm for the Bessel functlon of the fimst
kind may break down for certaln Indexea of refraction as ravealed recently by Jaaskelainen and Ruusksnen
(1881). Therefore, for more accurate and rollable reaults, we have adopted the use of Wronskaln relatlon ;
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Su_1 (2) Gu (2) - Sa(2) Cay (z) = 1.0 (18)

Dlviding equsation {18) throughout by S4_1 (2} and uslng equstlon (8), one obtalna :

Co ) = (P + 100) ot 2) + g (19)

Tha cosfflclents Py and Q, have already been ovaluated and etored while computing S. (z) for nw0 (1) N.
Wa bagln by calculating C, (2) accordIng to equetion (5). Then we can Initlate equetion (19) to compute

Cn (z) succeselvely for n=1 (1) N. Finally the first darlvetives of Cn (z) can be evaluated acoording to
aquation (8),

~ Next, tha Bessel lunctiona Jo,| (z) and Y,,; () as dalined by Wats*n (1966) and McLachian (1981) can
now be calculated according to their deilnltions In terms of the above Riccetl-Besse| functions s follcws :

b @ = (Z) sa (20)
i @~ ()" ¢t (21)

W"h I'l-o, 1. [ N|

Furthermare, tho Baseel functiona J, (z) and ya (2) deflned by Abramowltz and Stegun (1964) can be evaluated
from the followlIng relatlons ;

h@ = ()" dei @ (22)
end
Ya(2) = (-2’12-)' Yuyi (2) (23)

Sampla Results and Dlsousslon

The Fortran Program BELJAY, glvan In Listing 1, ls besed on the present schems of calouleting the Bessel
and related funotlons, Impartant FORTRAN words heve besn explalned In Table 1 (page 118). The phass & of the
complex argumant z must be sst In the correct quadrant because the computer may sclva only a right angled
trfangle [n evaluating the Ilbrety subroutine function @, = ATAN (xa/x;). The computed value of §. may
require some adjustment depending on the Individual elgns of X; and Xs. We have derlved manually ssmple
results {or Ju (), ya (2), .} (2) Ynod (2} withn = 0, 1 and 2 by using thelr delinltiona In terms of elementary
trignometrlc funotlons, Theae Indspendent results were very useful for checking purpases In the beginning.
For use with the modern mlorocomputers, the program BELJAY may bs be modifled aultebly. For example,
the dimensions of quantitles such aa Py, Q,, Sy, Ca 8o gan be redused depsnding on the storage oapeciry of
the avallable computer. Thle elso meana a restriotlon on the highest permiseslble argument. The two sets of
atatements with serlal numbers from 112 to 118 end from 178 to 185 provide bulli-In checks of the acouracy of
the funotiona [ Sa (#), Cs (2) 1 and [ Ja (3), ya (2) 1, respectively. Thase checks, based on Wronsklan relatjons,
wark out correctly only If the preclalon of the computer (a sufflolently large. Otherwlsa loss of leading
slgnificant digits in subtractlon of neaily equel quantitise may result In garbage sven If the oalculated functions
themsslves are correct. Therefore, Indlscrete use and Interpretation of such formulae must be avolded. Seme
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numerleal results on the spherloal Bessel funatlons have been eummarlzed [n Teble 2 to b for displaylng the
general trenda and for checking purposes. In each column, en entry conslsts of 7 or 8 diglt declmal number
followed by a deolmal mantless. A further cheok on the cortectness of tha numerlcal values of the apherica)
Bessel functions In varlous quedrants can be made by using the formulae besed on enalyticel continuatlon
(see, for example, Abramowl(tz and Stagun 1964 ; McLachlan 1881). These formulae can be expreased In a
mors diragt manner as follows :

Re Ju,p (=2) = (=1} Imdn,; (+32) (24)
|ITIJn,l (—Z) - ("1)nHBJﬂ+i(+‘) (25)
Re Ya,i (=2) = (=1)*Im Yn,4 {4 2) (26)
nd
: Im Yoy (=2) = (=1)%*1 R Ya,; ( +2) @7)
Table 2, Spherlcel Bessel Functions of ordera n+{ wlth argument z=56.0 + 2.0
n Re Ju+| fm Jﬂ{l Re Y|'|+| im Yn_‘i
0 -1.1611382+ 000 6.8191869 -~ 001 - 5.8644289 -001 ~1.1048266 + 000
1 —7.4478241 - 001 -9,2610678— 001 8.7383243-0M -7.31062680 — 001
2 6.7460450 - 001 —9.0833016 - 001 9.3870868 - 001 B.2474282 - 001
3 9.2761726 — 001 —~6.4317374 - 002 1.6344841 - 002 8.6083432 - 001
4 5.1869071 -001 3.9300776- 001 —b6.0360342-001 6.0806338 - 001
6 ° 1 2128348 - 001 3.4221106 -001 —4.8363496 - 001 2.3716677-001
10 -1.6100112-003 —0,8600214 -004 1.8231383 1 001 - 6.4396387 + 000
20 1.3248081 - 011 4.4803493 - 011 ~1.,06682978 + 008 3.2646731+ 008
60 2,12681187-044 6.85636892 - 045 -2,7700008 | 041 7.61088881 040
100 1.6238673-116 8.1768028 117 ~1.6163144 1113 8.6624140+112

——

Simllar reletions exist in the ceee of |» ( 4 z) and yo {+ 2). The resulte fora varlsty of complex variebles
z= £ X) % Ixg lylng In all the four quadrants conform to the above formulee (24-27). Furthermors, It hae been
found that the reaults for any one quadrant are sulflolunt to evaljuste the Besaal functlons In any other quadrant
provided the argument In elther case has the aame numerical values for gorreaponding reel as wall ss Imaginary
parts. Therefore, we hava glven the rasults In Table 2 to & only for the firet or fourth quadrant.

Tsble 3. Spherlosl Baseel Functiona of orders n + | with argument z=10.0 -1 10.0

n Re Jn,i Im Jn,j Re Yn,; Im Y,
0 —1.824738E 1 03 1.324923€E+03 1.324923E+ 03 1.924736E + 03
1 1.162440E + 03 1.894746E4- 03 1.884746E4- 03 —-1.162440E + 03
2 1.814880E4 03 --8,863448E 102 —B.883448E 1 02 -1.814880E | 03
3 -4.921310E t 02 - 1.867608E | 03 --1,867609E4 03 4.921310E+ 02
4 —1.408873E 03 1.138360E+02 1.139360F + 02 1,406973E4 03
6 -1.,822778E 1-02 1.075742E 1 03 1.076742E 03 1.922778E+ Q2
10 - 7.048671E 1 01 1.089829E + 02 1.098630E4 02 7.0486878E+ 01
20 8.0664d4E -03 —2,478288E - 02 —3.263046E-01 ~4,804763E~ 01
60 2.010208E - 23 —-3.001142E-23 -9,86811BE 19 ~1.380764E - 20
89 —-2.267827E-73 ~2,788428E~73 6.639978E 4 69 - 8.266806E | 69
100 -~2,611648E-74 —~2.617626E-76 1.247082€ + 71 ~1,374863E+ 70
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Table 4, Spherical Bessel Functlons of ordera n+  and argument z=100.0—] 10.0

Re ‘Jﬂil

Im Ju, g Re Ya,i Im Yaug
0 —4.056493E +02 ~7.770334E + 02 - 7.770334E+ 02 4.060493E+ 02
1 —7.802804E -+ 02 3.970643E + 02 3.076B43E+ 02 7.802804E+02
2 3.812018E +02 7.866243E +02 7.866243E + 02 —3.812918E+02
3 7.962626E+ 02 —3.667288E+ 02 —3.867298E + 02 —7.962826E + 02
4 —3.237022E + 02 —8.067364E+02 —B8.067364E +02 3.2397022E+02
B —B.169276E + 02 2,820471€4-02 2.820471E+ 02 B.169276E+02
10 —b6.367223E + 01 8.304771E + 02 8.304771E+4 02 6.367223E+ 01
20 7.174170E+02 2.608982E+ 01 2.608882E +01 —7.174170E+02
50 3.232162E+01 2.411763E +02 2,411764E+ 02 —3.232161E+01
100 —3.779284E-01 —2,727924E—-01 —2,8956123E-01 3.630760E--01
160 1.122606E~-18 4.403674E—16 —1.064084E+12 6.075069E+12

Table 5. Spherical Bessel Functions of orders n+{ wlith argument z=100.0—1 100.0

n Re Ja, ¢ Im Yo, Re Ya,} Im Ya,}
o —1.242886E +41 —8.831742E + 41 —8.931742E+ 41 1,242888E + 41
1 —8.89320BE + 41 1.192012E +41 1.192012E+ 41 8,893208E+ 41
2 1.091606E + 41 8.816223E + 41 8.818223E+ M —1.081808E+41
3 8.700182E+ 41 —5.443163E4-40 —98.443163E + 40 —8,700182E + 41
4 —7.640480E + 40 —~8.644767E€ + 41 — 8.644767E4 41 7.6404B0E +40
B —8.349600E + 41 6.2668896E + 40 5.268808E + 40 8.349600E+ 41
10 —9,420728E +40 6.783730E + 41 6.783730E + 41 9.420728E +40
20 2.496741E+ 41 —1.920328E + 41 —1.820328E + 41 —~2.496741E + 4
) 1.2168043E + 38 1.431730€+ 38 1.431730E+38 —1.216043E+38
100 —3.486481E+ 30 —1.843787E 430 —1.843787E+ 30 3,486481E+30
160 —~2,670873E+ 156 7.874082E+16 7.8674092E+ 30 2,570873E+18
200 1.610023E—0B —2.08BB04E - 06 —4,406181E+01 —3.818836E+01
220 6.831386E—-1b 2.418320E-160 —2,312362E+ 11 6'674830E+10

' z lles on the negetlve x-axis auch thet —z = —xi + ] 0.0, the equstlona (24—27) are etlll velld. However,

for z on the poaltive or negative y-axis, we may daflne i3=0.0 + | |xy, and z¢=0.0~1|xs. | It s found thetthe
following equailties hold :

RO Jog¢ (z2) = (=1)" Im Juyy (22) (28)
Re Ya,i (za) = (=1)"*1Im Ya,; (29) (28)
ek (Z0) = Jayy (24) (30}
Yot G = Yay (20) (31

where a bar over a function indlcates the compiex conjugate,
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From a detalled examination of the Tables 2 to B and related results for other quadrents, we have noticed
@ remarkable result which la not qulite obvlous enalytically, Provided that[Im (z} | ls large compared te unlty
and | Re (z) | Is not too noar zero, the followlng approximate relatlons are eatlsfied upto e ceraln value of
N = Nusa . For quadrants 1 and 2,

Re Ja,i (2) 2 Im Yo,y (2) (32)
d
o Im Ja,i (2) & — Re Ya,y (2) (33)
For quadrants 3 and 4,
Re Jo,; (2) & — Im Yo, (2) (34)
and
Im Ja,; (z) = Re Yo,y (2) (36)

The relatlone In equaetion (32-36) have been verlfled analytically also. Therefore, they are useful for checking
purpose. The highest order nmax upto which equations (32-3B) are valld ls eetout In Table 8 for varlous
argument 2 = £ x; X Ixg. Note thet we have consldersd at |east the firat two slgnifleant digits to be Identicel.
Thils conatraint Impllea that we have Impcaed equallly slgns In equations (32-3E) et laast for the firat two
slgnifloant digits.

Table 8. The highest order upto whioh equetlons (32-36) hold.

|Re z| Ilm z| Nnaa
0.01 2.0 0
1.0 5.0’ 4
2.0 B.0 4
8.0 2.0 0
10.0 5.0 10
10,0 10.0 10
100.0 6.0 80
100,0 10.0 98
100.0 100.0 190
800.0 40.0 518

Finally we show & sampla comparlson with the work of Lentz (1981). We ohoose a common get of
values for complex argument z and the orders n, viz,

z=10 ~ 110,

and
n = 40,41,

The oross product farmula reade

Jo (2) Yoot (2) = loot (2) ya (2) =—3 (38)

The real and Imaginary parts of';} are 0.0 and 6.0E —03, respectively, whereas the results of oaloulsting
the L.H.8 of equatlon (38) are shown below :
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L.H.S. of equation (38)

Author Real Part imaginary part
Lantz 2.38676836E — 11 ~4.89 ———17
Shah (present work) —0.9388938E — 18 —4.,0998p9BE — 3

it la now olear that tha present set up satlefles the croas product tast of aquation {38) far better as compared
to the work of Lentx.

Praatical Aspeots

While working with an actual physlcal problem, one may need Bessel functlons and thelr derlvatives of
ordera n ffom zero upto a certaln maximum, say n=N.. N. deponds on the complaex aergument z among other
things. As en llluetration, |81 us oonslder the Mle theory of scattering of slectromagneilc wave by a amocth,
homogenseous end Ieotropic ephere of radlus a and composad of materlal having refractlve Index m=m’ -Im"
. (see, for example, van de Hulet 1867). The relevant argument In thle case can be detflnad by z=ma, where
a =27 ajd, A bsing the wavelenglh of the incident elactromagnetic radlatlon. 1fz < <1, the Rayielgh acettering
domaln prevails and usually the flrat few terme /8. N,— 2 to B, are adequate for evelusting the Mle coefflalsnts
accurate to 10 eignifloant diglte. All the radlatlonscettering paramaters can be derlved from the Mie coafflolents,
Howevar, for z 21, ane Is concerned with the anomaloua acettering and geometrloal dlffractlon reglon. Here
the value of N, depends on a and m both (see, for example, Shah 1877). Let us conslder a sst of aize-10-
wevalength parameter, e=1, 10, 100 eand 1000. For dirty Ice spherea with m=1.33 —[ 0.05 In the visual
wavelangth region, one hae Ng = 8, 21, 124, and 1047, respeotively. For lce with m=1.78 -1 0.0024 In
mlllimeter and centimetar microwave reglons, corresponding No = 7, 20, 123 and 1048. For raln drops at
A=3 mlllimeters, m=3.41 — | 1.84 and for the esms sat of @, No turns outto be 7, 22, 123 and 1047,
respectivaly., Thus the highest order of Besesl functions needed In Mle theory caloulations Is dictated mainty
by the ratlo of the eize of the scattering particie to the wavelength of the Incldent radlation. An emplrical
relatlon for No=Ne {a, m’, m'") hae besn glven expllaltly by Shaeh (1877).

Conolusion

The numerical evalugtion of the spherical Besasl and related functions, even beyond the range of valldity
of the conventlonai asympiotic expanelons, can be effected efflclently by the present techniques. It [s hoped
that thia work will find wide application In varlety of flelds euch as Physloe, Astronomy and Astrophysics.
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Table 1; Explanatien of some Fortran words In the computer pregrem ‘BELJAY’.
Fev';';:l" Eq‘ﬁ:’h" Meaning or equlvalance in the text.
NMAX (8), {12-16) The arguments of the dimensloned varlables P., Qg R8 Ja,y (2}, IM Jn,; (2), oto.
{20-23)

Y1, Y The real (x1) and Imeginary (xs) parts of the complex srgumantz. Thase ars
entered through READ ststement number 1,

NN Maximum ordsr upto which Bessel functions ere to be evaluated,

N (12 to 186) The highest value of n adopted for starling the downward recurslon relstlons.

NX Order uptc which P., Q, are stored; NX depends on the absolute value of z,
All functlons are oalculated upto thls order, or upto NN,

NS, CN n, ourrent order of Rlccat!-Bessel functlons. Note that the zero ordared fune-
tlons are evaluated above the.loops DO 10, D0 11" and 'DO 12",

SR (NS)

SI(NS) {9)
The real and Imaginary parts of Rlacst|-Bessel functions.

CR {NS)

Cl (NS) {19)

DSA (NS)

DSl (NS) {16)
The same for tha firat derlvatives.

DCR (NS) °

DC1 (NR) (8)

TH The phasa of the argument z, located In the approprlata quadrant In the z-plans,

BJZR The real and Imeglinary parts of J; (z).

BJZI

BYZR The same for Y, (2).

BYZI

BJR (NS} The reel and Imaglinary parts of Ja,; (z), n=NS,

BJI (NS) (20)

BYR (NS) The same for Ya, (z).

BY!l (NS) (21)

ASJZR

ASJZI The reel end imaglinary parts of | (z).

ASYZR

ASYZI The same for y. (z).

ASJR (NS)

ASJI (NS) (22) The raal and Imaginsry perts of | (z), n=N5

ASYR (N5) The seme for yn (2).

ASYI (NS) {23)
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LISTING 1
Fortran Program BELJAY for Calculating

Riccati-Bassel and Beasel Functions

PROGRAM BELJAY(OUTP,QUTPUT=OUTP)
DIMENSION P{2001),Q(2001),S5R{2001)»SI{2001)
DIMENSION DSR(2001)},DSI{2001),B4R(2001),BJI(2001)
DIMENSION BYR(2001)sBYI(2001)
DIMENSION CR{2001),CI(2001),DCR(2001),DCI(2001)
DIMENSION ASJR(2001)»A5J1(2001)»ASYR(2001),ASYI(2001)
500 FORMAT(1X, 'INDETERMINATE FORM TwATAN(O/0) AT .STATEMENT NDB.T3')

502 FDRHAT(IIX;'-----w---d---------—-v-------—- - ——————
l-m—erm e e e - vem—m——==l])

BOO FORMAT(1XsI%,4(2XsE15.7))

801 FORMATI(BF10.5)

B02 FORMAT(//710(5X,18)//7) ‘

803 FORMAT(5X, "NEXT LOT GIVES BESSEL FUNCTIONS AS TABULAIED BY ABRANOD
1WITZ AND STEGUN{DOVER.1965)»PAGES 457-40b6¢)

BO& FORMAT{OXs'RE(S) Y, 7X) *IM(S 72X 'RELC) > TUs YIMICH54X» INS Ty

~ 15XpYAND THEIR RESPECTIVE DERIVATIVES?)

B05 FORMATASXKs» "N'»5Ks "REJIN#1/2)1V56Xs VIMJIN+L/2) Y, 6X»'RE YI(N21/2)%»
16X 'IM YIN+1/2)Y)

BO6 FORMATI2Xs2(5Xs15)»5X»4[2XsEL548))

B10 FORMAT(//10Xs YARGUMENT AND/OR ORDER TOO LARGE,DIMENSIONS NEED LAR
1GER NUMBERSsVIZe{NN+1)+CALCULATIONS NQT ATTEMPTED.'//)

O81 FORMATC/5Xs "NMAX > TXs ' NNt 7Xs INXT,TXp'N1/)

866 FORMAT(/3X,'REAL OF Z=',Ell.4,10Xs *IMAGINARY OF Z=',Ell.s%)
NMAXw»2001

OPEN(UNIT=2,FILE='BELDATA',STATUS='OLDT)
1 READ{2,801)YirY2

IF{10000.=Y1)999,999,1000

1 000 CONTINUE

IN SUBROUTINE FDRM THIS PROGRAM MAY BE. CALLED SUBROUTINE BELJAY(X»

Y:NN). REMOVE THREE STATEMENTSI1 TO 1000. INSTEAD SET YleX, Y2uY,
IN THE BEGINNING OF THE PRUGRAMJALSO REMDYE STATEMENT NN=100.
NN=100
YYmYLlkY14Y2RY2
YeSQRTLYY)
NY¥Yml,5%Y+10,0
NX=NYY
PRINY 800
PRINT 800
IFINN=NX) 22,2221

21 NX=NN

22 IFULNX=NMAX)29,29,28

28 PRINT 810
60 TO 999

29 CONTINUE
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31
32

a5

38
39

40
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N'NX+D|5*Y+50¢O
PJN1=0.0
QGJN1=CG.0
JNsN+1

JN=JN=-1
XNs2kJN+1
YN=XN/YY
PReYN*Y1-PJN1
PI=sYN®Y2+QJN1
PPuPREPR+PL¥P]I
PJN=PR/PP
QIN=PI/PP

IF(JN=NX)38,38s39
P{JN)=PJN
QUJIN)=QJN
PJN1=PJN

QJN1=QJN
IF{JN=1140,40»35
CONTINUE

n7

COEFFTICIENTS P(N) AND Q(N) IN DOWNWARD RECURSION ON RICCAT1I-BESSEL

FUNCTION OF FIRST KIND ARE NOW READY AND. STORED UP TO ORDERS N=NX.

NOW CALCULATE RICCATI-BESSEL FUNCTIONS AND THEIR DERIVATIVES,

SNY=SIN{(Y1l)
CSY=CDS{(Y}l)
XEP=EXP{Y2)
XEQuEXP{(=-Y2)
CHY=0.50(XEP+XEQ)
SHY=0,5%({ XEP-XEQ)
CCHYwCHY*CSY
SSHY=SHY®SNY
SCHY=SHY®CHY
CSHY=CSY¥SHY
CNZR=sCCHY
CNZI1==SSHY
SIR=»SCHY

SZI=CSHY

PRINT 881

PRINT 802,NMAX,NNsNX,N
PRINT 802

DO 10 NS=1lsNX
CN=NS
CNYRu=CN*Y1/YY
CNYI=CN®Y2/YY
IF{NS=1)7»7»8

SR{1)=P(1)*5ZR-Q(1)*51]

SI{(1)sP(L)*52I+Q(1}*SIR
COENwSZR¥**2+ 571442
CR(1)=P(1)¥CNZR-Q(1)*CNZI+SZR/CDEN
CI(1)=P{1)*CNZI+QUL)*CNIR=SZI/CDEN
DSR(1)=SZR=(SR(L)I*Y14SI(LI*Y2)/YY
DSI(1)=SZI+{SR{L)*Y2=SIL1}4Y1)/VY
DCR{1}=CR(1)*CNYR=CI{1)*CNYI+CNIR
DCICL)=CRILI*CNYI+CI({L)I*CNYR+CNZI



118

10

T4
71

72
T3

15
76

T8
77
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tu TO 10

SRE{NS)IuP{NS)*SR(NS=1)~Q{NS)#SI(NS-1)
SIINS)®P(NS)I*STINS=1)+Q(NS)*SR{NS-1)
SRSImSRENS~1)*k2+ST(NS=1) k2
CRENS)}=P(NSY®CRINS=1)=Q{NS}SCI(NS=1)+SR{NS=1)/5RSI
CIINS)=P{NS)*CI(NS-1)+Q(NS)®CRINS=-1)-SI{NS~1)/5RSI
PQe{P(NS)**2)+{Q(NS)*¥2)

PSRmP(NS) /PQ=CN¥(Y1/YY)

PSI=CN*{Y2/YY)~Q(NS)/PQ
DSRINS)=SR(NS)*PSR=SI(NS)*PS1]
DST{NS)nuSRINS)*PSI+SI{NS)I®PSR
DCRUNS)=CRINS)I*CNYR=CI(NS)®CNYI4CR{NS~1)
DCI(NS)=CR{NS}*®CNYI+CI(NS)*CNYR+CI(NS-1)

CONTINUE

MX®NX=-1

DO 50 I=1,NX

Kel+l
TSCRuSR{II¥CRIK)=SI(IVI*CI(K)=SR{K)®CR(I)I+SI(K)*CI(I)
TSCIsSR{IN®CI(KI+SI{I)¥CRIK)}~SR(K)I*CI{I}=ST(K)*CR(I)
PRINT 806,1»K,TSCR»TSCI

CONTINUE -

NEXT COWPUTE THE USUAL BESSEL J(N+1/2) AND Y(N+4/2)FUNCTIONS
THETA=ATANLY2/Y1)

IF(YL)IT5, 74,77

IFI{Y2)T71,73572

THETA»=1,5707963

60 TD 77

THETA=1.5707963

60 10 77

PRINT 300

60 Y0 999

IF(Y2)}76,78,76
THETA=3,14159265+THETA

G0 TO 77

THETA®3,14159265%
THeTHETA/240
TPR=0.79788456000286536/SQRTLY)
AR=TPR*CDS(TH)
Als=TPR*SIN(TH)

NSe0

BJZR=AR*SZR=-AI#*S71
BJZI=AR®*SZI+AL¥SIR
BYZRu~(ARM®CCHY+AI*SSHY)
BYZI=AR¥SSHY=AI*CCHY

PRINT 802

PRINT 888sY1,Y2

PRINT 502

PRINT 805

PRINT 502

PRINT 800sNS»BJIR,)BJZI»BYZR,BYZI
DO 11 NS=1sNX
BJRINS)®AR®SRINS)=AI#SI(NS)
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BJI(NS)=AR®SI(NS)+AI*SR{N3) .

BYRINS)u=(AR®CRINS)=AI*®CTI(NS))

BYI(NS)m=({AR®CI{NS)+ALI*CRINS)}

PRINT B800,NSsBJRINS)»BJI{NS),)BYRINS)»BYI(NS)
11 CONTINUE

NS=0

PBT=1,3707963

ASJZIR=PBT* (AR¥BJZR=-AI*BJ2I)

ASUZIsPBTH(AR*BJZI+ATI*BJZR)

ASYZR=PBTH*{ AR*BYIR~AI®BYZI)

ASYZI=PBTR(AR*®BYZI+AL*BYZR)

PRINT 802

PRINT 802

PRINT 502

PRINT 803

PRINT 502

PRINT 802

PRINYT 888sY1lsY2

PRINT 802

PRINT 6802

PRINT BO0O»NS»)ASJZR,ASJZISASYZIRASYLI

DO 12 NS=l,NX

ASJRINS)uPBTR(AR®BJIR(NS)=-AI%*BJIINS))

ASJLINS)wPBT*{AR®BJI(NS)+AI*BJRI(NS))

ASYR(NS)aPRT®(ARXBYR{NS)-AT*BYI(NS))

ASYIINS)wPBTH(ARXBYI(NS)+AI¥BYRINS))

PRINT 800, NSsASJRENS)»)ASJIINSI»ASYRINS)»ASYI(NS)
12 CONTINUE

PRINT 8502

AZZoYYHRYY

ZIRo {(Y1¥e2=-Y2uk2)/AZ1Z

22Ia={2,0%Y1l*Y2)/AZZ

TJYRmASJR{L)®ASYZR-ASJI(L)*ASYZI-ASJZR¥ASYR{1}+ASJZI*ASYI(1)

TJYImASJR(L)®ASYZI+ASJI{1)®ASYZR-ASJZR*ASYIE1)=ASU2I%ASYR{L)

I=0

N2=1

PRINT 806, I»N2,TJYR,TIUYLs»2IR,211

MXaNX=-1

DO 555 I=lsMX

Knl¢

TJYRSASJRC(K)*ASYR{I)~ASJI(KI*ASYI(I)=ASJRCI)EASYRIK}+ASJII(I)*
1ASYI{K)
TJYIoASJRAKI*ASYI(I)+ASJI(KI*¥ASYR{L)=ASJR{I)I*ASYI{K)=ASJI(I)*

1ASYR(K)

PRINT B806sIsKsTJYR)TIYI
553 CONTINUE

60 70 1
999 CONTINUE

stTae

END



