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Summary. The frequency shifts and line broadening of radiation from the
surface of rapidly rotating neutron stars are calculated using a rotationally
perturbed interior spherical metric and a representative choice of the
equation of state for neutron star matter. The effect of rotation on the
surface redshift and Doppler broadening are found to be substantial for
rotation close to the secular instability limit, relevant for fast pulsars. If
gamma-ray line emission originates from the surface of such pulsars, the
results presented here can be used to constrain the validity of the equation
of state of matter at high densities.

1 Introduction

A study of redshifts of radiation from neutron stars is of astrophysical significance because
the interpretation of observed gamma-ray line as redshifted electron—positron annihilation
line emitted from the star’s surface provides an insight into the neutron star structure and
can constrain equations of state for matter at high densities (Ramaty, Borner & Cohen
1973).

For all the neutron stars identified up until recently, the effect of rotation on the
structure is known to be negligible, and so, it is adequate to use the spherically symmetric
Schwarzchild metric in determining the structure, and hence the redshift factor and the
gravitational line broadening (due to variation of potential over small regions near the
star’s surface). Substantial rotation will alter the structure as well as induce the relativistic
effect of dragging of inertial frames, which will deform photon trajectories and give rise
to an asymmetry in the Doppler-broadened spectral line. The purpose of this paper is to
investigate such effects with a view of applicability to the recently discovered fast pulsar
PSR 1937 +214 (Backer et al. 1982) and pulsars of this class.

The Kerr solution, the rotational analog to the Schwarzchild space-time, does not have a
corresponding appropriate interior solution amenable to a straightforward theoretical treat-
ment. It is, however, adequate to use a rotationally perturbed interior spherical metric to
take rotational effects into account.

2 Rotating neutron star model

The effect of rotation on the structure of the neutron star (assuming the star to be
homogeneous and in rigid rotation) is to produce both spherical and quadrupole deforma-
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tions. For a fixed central density, the fractional changes in the (gravitational) mass (6 M/M)
and radius (8R/R) due to spherical deformation are proportional to % ( = angular
velocity), and can be obtained from a knowledge of the radial distributions of the mass
and pressure perturbation factors. The non-rotating mass M and radius R are obtained by
integrating the relativistic equations for hydrostatic equilibrium (see e.g. Arnett & Bowers
1977).

The mass perturbation factor mq(r) and the pressure perturbation factor Py(r) corres-
ponding to spherical deformation are calculated using the prescription of Hartle & Thorne
(1968), according to which the deformations § M and § R are given by (c =1 = G)

§M=mqy(R) +J%/R? (1)
5R=_P0(P+P) @)
dP/dr |,-g

where J and R are respectively the angular momentum and radius of the star and P(r) and
p(r) are the pressure and total mass—energy density at the point r. The metric (signature
+ — — —) that describes the perturbed geometry and that matches at the surface to an
exterior metric is

ds? = gopdx® dx® (0, $=0,1,2,3)

= e2’dr* — ¥ (dp — wdt)? — e**df? — e*Mdr® + 0 (%)) 3)
where the metric components correspond to the interior with
e® =P {1+ 2(ho + h,P,)} 4)
e*¥ =r?sin® 0{1+ 2(v, — h,) P,} (5)
62” =r2 {1+2(V2—h2)P2} (6)

1+ 2(mg + myPy)/(r— 2m
an L+ 20mo + myPy)/(r— 2m) -
(1—2m/r)

so that

g0 = €% — e2¥ (2

g =—e? (8)
822 T et
833 = — e??
o3 = we??

the rest of the components of 8ap being zero. Here @ is the gravitational potential, P, is
the Legendre polynomial of order 2, w is the angular velocity of the cumulative dragging and
hos hy, Mo, my, v, are all functions of r that are proportional to 2.

Fast pulsars such as PSR 1937 +214 are close to the onset of rotational instability. So,
for the sake of numerical estimates, we take rotating neutron star configurations to corres-
pond to the angular velocity at the secular instability limit (£2;), using the above formalism.
This can be justified, since g~ 0.5 2, where Q= (M/R>)"? is an upper bound on those
angular velocities for which the Hartle & Thorne prescription is valid.

The calculations of Datta & Ray (1983) show that for realistic equations of state and
stable configurations, the spherical deformation terms for mass and radius (characterized
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by the subscript (0) do not exceed 10 and 5 per cent respectively for the star rotating
at the secular instability limit. Therefore, we neglect the contributions due to the quad-
rupole terms [characterized by the subscript (2)] which will not be significant. The external
solution has, in general, a complicated form. Since we are interested only in the surface
radiation, equation (3) suffices for our purpose.

3 Frequency shifts

In calculating frequency shifts we use the geometrical optics approximation that photons
are zero rest mass particles which follow null geodesics, and neglect the back scattering
caused by the presence of the space-time curvature. The general expression for the frequency
shift is given by (Schrodinger 1956):

- Aobs =i) _ (u - P)source
Aem v (@ *P)obs ©)

where (U*)source = dx%/ds = 4 — velocity of the source, (u®)yps= 4 — velocity of a distant
observer = (1, 0, 0, 0) and p* = direction of null ray at position r. Our notation is: x° = ¢,
xl=r,x%=0,x3=¢.

The angular velocity of the star is

1+z

Q=udul. (10)
The photon impact parameter (¢) can be defined in terms of the constants of motion
q=p3/po=—h/y (11)

where % is the orbital angular momentum and 7 is the energy as measured at infinity.
Equation (9) then becomes

- pouo(] + Qq)lr
pouoia

=u®(1+Qq)l,.

1+z

(12)
For a material particle for which dr/ds =0 (which refers to surface of constant r), the
time-component of its 4-velocity is, from metric equation (3)

ol 1 &)
ds e’(1—vH)Y?
where
ve=e¥ “Y(Q— w).
The general expression for the frequency shift then becomes
1+Qgq
tres e’(1 - vH)¥? (14)

which, within the approximations used to obtain the structure of the star, can be written as
1+z=(1+Qqg)Ne®®(1 +2ho) — r?sin? 6, @2} 12 (15)

where @ =€ — w. The surface red shift of a rotating star corresponds to ¢ =0, and is
given by

1+zg ={e*®(1 + 2ho) — r?sin® 0, @2} X32. (16)

© Royal Astronomical Society * Provided by the NASA Astrophysics Data System


http://ads.ari.uni-heidelberg.de/abs/1984MNRAS.209..895K

I T982AMNRAS, 2097 895K

898 R. C. Kapoor and B. Datta

Here, 6 the polar angle of emission is that made by the line-of-sight through the centre of
the star with respect to the axis of rotation, such that ;=0 corresponds to looking along
the pole and 6= 7/2 along the equator. We have taken 6 to be identical to the angle of
inclination according to the distant observer since the polar bending in the trajectory of a
photon propagating in the perturbed exterior Schwarzchild space-time would be small
compared to the azimuthal bending. Interestingly, our results show that calculated redshifts,
etc., are relatively insensitive to large variations in 6.

4 Spectral line broadening

A photon emitted at a certain § = 65 would be bent in the azimuthal direction and dragged
due to space-time curvature. If the emission is localized and isotropic, then there always
exists a point on the trajectory of the emitter on the surface of the neutron star from
where such a photon will be received by a distant observer. For isotropic emission, whether
localized or spread over the surface, line broadening caused by rotation can be evaluated
from equation (14).

The gravitational field produced by the rotating mass possesses two Killing vectors: the
stationary Killing vector

and the space-like (rotational) Killing vector
na = ag (18)

where 6;: is the Kronecker delta function. As a consequence of Killing’s equations, the
scalars

Ep, = (19)
and
°pa=—h (20)

will be constants along the geodesics (Misner, Thorne & Wheeler 1973, MTW). These
correspond to the equations of motion for photons and can be written as

£°Pa=Do = £0aP" = 80oP° *+ £o30° = 7 A (21)

N°Da= D3 = 83a0° = go30° + &330° = — h. (22)

If [ is an affine parameter, then for ds® = 0, equation (3) can be rewritten as
dr/dT" \?

eV = (X —w)*+ em—V)(/—) =1 (23)
dt/dT

which corresponds to a null ray. In equation (23) the quantity X is

de¢/dT
X = p3/ o0=-_"" 3 24
P dt/dTl @4

We first evaluate the impact parameter in the frame of reference of a locally non-rotating
observer, that is, one having (r, ) fixed and rotating with a coordinate angular velocity
d¢/dt = w. For this observer, the two physical components ¥, and V4 of the photon
velocity with respect to the proper frame of reference of the observer can be written as
(see e.g. Kapoor 1981)

_ a_pdr/al’

Vy=el™ ——— (25)

dt/dr
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and
Vo= e’ 7(x — w). (26)
Since V2+ V% =1, we can write
V,= cos8'; Vo=sin8’ (27)

where & is the azimuthal angle at which the photon is emitted with respect to the radius
vector of the source through the origin of the system of coordinates as seen by the non-
rotating observer, and it increases in the direction opposite to that of motion of the
source. For a radially outgoing photon, 8" =0, and for a tangential photon emitted in
the forward direction, § = 37/2.

The expression for the impact parameter is obtained by using equations (21), (22) and
(26). 1t is given by

e¥=Vsins'

= . (28
1+we?Ysind’ |,=r )
For the non-rotating observer, ¢ = 0 for §' = 0 or 7. If we define § as the azimuthal angle
of emission with respect to the radius vector of the source through the origin, as seen in
the local rest frame of the star, a Lorentz transformation to the source through the relation

sind’ — v
sin & = ——————S, (29)
1 — v, sin §
gives
b —v ~
e” ""(vg+sin §)
q= i (30)

1+e¥ ~Y(wvg+ Qsind)| ,-r

vs being the velocity of the source according tothe non-rotating observer. Like &', & increases
in the direction opposite to that of the motion of the source.

It can be seen from equation (30) that the ¢ =0 photon in the emitter’s frame of
reference has

8 =68, =sin"1(—vy). 31

In the Schwarzchild case (Kapoor 1981), and, in the rotating case, in the frame of reference
of locally non-rotating observer § o = 0.

The general relativistic expression for the spectral line broadening can be calculated from
a knowledge of the maximum and minimum values of the impact parameter (¢maxs Gmin)-
The quantity gmax (Which is positive) corresponds to a photon emitted tangentially back-
wards, that is, from that equatorial limb of the star that moves away from the distant
observer. The quantity gmi, (which is negative) corresponds to a photon emitted tangentially
forwards, that is, from that limb of the star that moves towards the observer. Because of the
dragging of inertial frames,

9max ¥ ~ 9min>
unlike the Newtonian or the Schwarzchild field case.

If E,, is the energy of the emitted photon, we can write the general relativistic line
broadening due to rotation as

W=F : — ! 1
em{l +Z(qmi1‘l) 1 +Z(Qmax)}. ( )
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The maximum and minimum values of W correspond respectively to 9= m/2 and 0.

The line centre corresponds to g = 0, which is redshifted by an amount given by equation
(16). The effect of dragging of inertial frames is to position the broadened spectral line
asymmetrically with respect to the line centre.

We next consider the intensity ratio near the wings of the broadened spectral line. The
standard procedure, in dealing with the propagation of zero rest mass particles through
space-time, is to discuss the specific intensity (/) rather than the number of particles in a
region of phase space. The Liouville’s theorem relates the observed /, and the emitted
monochromatic specific intensity 7, through the equation

[v=1v0(V/VO)3- (33)
Therefore, the ratio of intensities near the wings of the broadened line is
Totue - {1 + Z(Qmax)}3 )

1+ Z(Qmin)

(34)
1 red

5 Choice of the equation of state (EOS)

The structure of neutron stars depends sensitively on the EOS at high densities, especially
around p ~ 10" gcm™3. We have chosen the following five EOS based on representative
models: (1) Reid-Pandharipande (RP) model, (2) Bethe-Johnson (BJ) model I, (3) the
tensor interaction (TI) model (for a detailed discussion on these three models see
Pandharipande, Pines & Smith 1976), (4) Canuto-Datta-Kalman (CDK) model which
includes the short range attraction due to nucleon—nucleon f° meson exchange
(f?=291 case) Canuto, Datta & Kalman (1978) and (5) Friedman-Pandharipande (FP)
model, which is based on an improved nuclear Hamiltonian that fits adequately 2-nucleon
scattering data and known nuclear matter properties (Friedman & Pandharipande 1981).
The details of the rotating neutron star models for these EOS have been reported in Datta
& Ray (1983).

6 Results and Discussion

Analysis of available binary pulsar data are consistent with a neutron star mass in the range
(1.4 0.2)M, (Joss & Rappaport 1984). We have, therefore taken this as representative
neutron star mass for the purpose of illustrating the effect of rotation on the frequency
shift and line broadening.

In Table 1 we have listed the parameters regarding the structure of neutron stars rotating
at the secular instability limit (Datta & Ray 1983) that are relevant for the calculations of
the surface redshift and line broadening. Fig. 1 shows the surface redshift factor (1+zg)
(i.e. ¢ =0 case) for the rotational case as a function of the angle 6 for various EOS. For
larger O the redshift tends to increase, which is a consequence of the Doppler effect. The

Table 1. The bulk properties of neutron stars rotating at the secular ins}ability limit (sce text).

EOS MM, oM R J & (R) P ®)
Mo (cm) (gem?s™Y) (sh

RP 1.285 0.098 1.002 % 10° 6.084 X 10° 5.859 X 10? 1.268

FP 1.308 0.108 1.087 X 10° 6.492 X 10 5.285 X 10° 1.245

CDK 1.305 0.118 1.141 X 10° 6.675 X 10 4.939X 10° 1.229

BJ 1.301 0.098 1.281x 108 6.105 X 10°¢ 4.274% 10° 1.195

TI 1.270 0.120 1.629 X 10° 6.636 X 10°* 3.015 X 10° 1.140
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Figure 1. Surface redshift factor versus polar angle of emission ¢ for various equations of state. Arrows
marked on the vertical scale are the corresponding Schwarzchild redshift factors: (1 — 2M/R) V2,

corresponding Schwarzchild redshift factors (1 +zg) are marked by arrows on the vertical
scale. Generally speaking, the rotational surface redshifts are found to exceed the corres-
ponding Schwarzchild values by ~ 12 per cent for §;=0 and ~ 27 per cent for §,=n/2.
It may be stressed that (1+zg) differs from (1 +z,) even at 8= 0, signifying the contri-
bution of rotation.

The redshift factor for ¢ =0 is seen to have the following characteristics. For a given
6, as | & | increases from 0 to /2, (1 +z) has an increasing trend for the case of backward
emission (6 > 0) and a decreasing trend for forward emission (8§ < 0). This is again due to
Doppler effect which is appreciable even for 6 as small as 10°. As 6 increases, the above
trend gets comparatively steeper for all EOS in a consistent manner. A switch-over from
redshift to blueshift for forward emission takes place when 642 m/4. In general, the
switch-over emission angle &4 is found to lie in the range — /3 < 85 < — m/2. For the TI
model, however, the switch-over occurs for 83~ —90° at 0,=m/4. As 0 increases, &
tends to be pushed away from — n/2 towards 0. The blueshift (when it comes about) occurs
earliest for the TI EOS. The amount of blueshift increases as one goes from the RP model
to TI model (in the order shown in Table 1), and for any particular EOS, it increases as
04~ m/2. These features are illustrated in Figs 2—4. The dotted line in each of these figures
is the angle § =8, for which the impact parameter is zero; the corresponding redshifts are
surface redshifts. A comparison of Figs 2—4 shows that | §, | increases as 0 increases.

In Fig. 5, we have plotted the line width W as a function of 6, where we have chosen
the e*e~ annihilation line (0.511 MeV) for the purpose of illustration. The calculated line
widths for all EOS are quite substantial particularly for 62 n/4. Fig. 6 shows the ratio of
intensities at the wings of the broadened line as a function of . It is maximum at 6= /2,
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Figure 2. Redshift factor as a function of azimuthal emission angle 8 for 85=45°. The dotted line
corresponds to zero impact parameter.
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Figure 3. Redshift factor as a function of azimuthal angle § for 65= 63°.

and the largest value (~ 6) is suggested by the RP model. From equation (34), it follows
that as the angular velocity gets larger, the asymmetry in the line profile becomes progres-
sively substantial. Furthermore, for large rotation, as has been considered here, the blue end
of the line will be conspicuous, suggesting more of the occurrence of a blueshifted line
emission rather than a mere broadened one. These features are general, and will be valid for
any other line emission, differing from each other only in the numerical magnitudes for
the line width.

To summarize, in this paper we have calculated the surface redshift of neutron stars
having substantial rotation (on the verge of secular instability), using a representative set
of equations of state and a rotationally perturbed form of the interior spherical metric.
The general relativistic formalism used here is exact to the extent that the geometric optics
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Figure 4. Redshift factor as a function of azimuthal angle 6 for 6= 90°.
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Figure 5. Line width as a function of polar angle of emission 6 for various equations of state.

approximation is valid and the quadrupole and higher order terms in the metric are
negligible. The calculated surface redshifts, Doppler broadening and the ratio of intensities
at the edges of the broadened line are found to be substantial. The relativistic effect of
dragging of inertial frames is also noticeable, resulting in a broadening which is asymmetric
with respect to the line centre, which is already redshifted with respect to the rest wave-
length. The equations of state, RP through TI as in Table 1, are arranged approximately

© Royal Astronomical Society * Provided by the NASA Astrophysics Data System


http://ads.ari.uni-heidelberg.de/abs/1984MNRAS.209..895K

I T982AMNRAS, 2097 895K

904 R. C. Kapoor and B. Datta
7 l —
RP
6 FP |
€DK
(blue 3 2
?ed A= -
T1
3 -
2 + _
1 | ] ] |
O 01 02 03 04 05

O/ T

Figure 6. Ratio of intensities at the edges of a Doppler broadened spectral line versus polar angle of
emission 84 for various equations of state.

in the increasing order of ‘stiffness’, and the various figures indicate a behaviour of
the calculated parameters that shows a one to one correspondence with ‘stiffness’ or
equivalently the adiabatic index.

The emission of gamma-ray line from the surfaces of fast pulsars (such as PSR 1937+ 214)
has not been established yet. Should such lines be discovered, the results presented here
provide a new and interesting handle towards constraining the validity of equations of state
proposed for neutron star matter. A large intensity ratio, if actually observed, would indicate
that emission takes place at the surface, and the line emission is not predominantly gravita-
tionally broadened, that is, the emission region is thin.
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