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FLUXVECTOR SPLITTING OF THE INVISCID RADIATION GAS DYNAMIC
EQUATIONS

A. PERAJAH

ABSTRACT

We havs apalyssd varlous sohamoa for tha iterative mimullsnsous solulion of the Invisold gas dynamla
equations. Wa hava oonsldered tho problem from the point of view of the stellar atmospherea, The dHfersnos
belween consarvative and quaslaonsoryelirve sygtema has baen analyssd by using the flux veator splitiing procsse_
The radiation pressure In the atmosphora {(dus to contlnuum and resonence linas) has been Included In flux
veotor epll{ting analysls to ¢btain best differenoa sohames.

1. [Introduotion

The apectra of elars, nebulee and ather calestlel objects reveal the fact that tha matter In the outer |ayers of
these objects Is In motlon. These motlons ere the result of a highly complliosted Interaction of matter and
tadlation emlited by the central object. In fluld dynamics, one would call thia, o non-stetlonaty phenomenon
of compressalble flulde with small vlacoslty and tharmel conductivity. Thess phenomsnon cen be exprassad by
e set of nonlinesr hypaibolic system of pertlel differentlal equatlon. It Is quite commeon that dlscontlnuitiea
may arlse, It s customery to express lhese equatlons [n B oonservatlon-law form and write the difference
schemes to solvo them. Tha most widely used among the verlous difference schemes are due to [ex end
waendroff (1980) and Its two step veralon by Richtmyer (RIchtmyer and Morton 1967}, In additlon to these,
there are varlous other schemes both oxpllclt and Impilclt which are deslgned to sult the respective glven
problema. Sevaral authors have utillzed thess schemos [n dlfferent physical sltuations.

Kuo-Petrablc et al (1976} examined the pulser megneiometer, Tha dynamical aspects of solar cuiona have
been studled by Steinolfean end Nekagawa (1867) by using Rubln end Burstein’'s verslon (1067) of Lax-
Wendroff achemes, Seldl and Cameron (1972) and lkcutl (1868) studled the Interaction of two shock waves
due to supcrnovae exploalons by using the Lax and Wendroff two step schemes. Hunt (1871, 1676) has used
these achemes extansively In his studies of galaxies. There are several othera who used thess schemes In
different phyaioal sltuationa.

One usually writea the equatlons of motlon, eneigy and maes In a conservetion-law form eo that one can
eanlly flnd out the oharacterletlc epeeds (algen velues) of a hyperbollo syatem, Conservation-lew form of the
Invisold gaadynamlc equations haa the proparty that the non linear flux veotors are homogeneous functions of
degres one. Steger and Warming (1881) ehowed thet this property parmits the splitting of flux vectoms Into
subvectaora by sim|latity trenaformatione so that each subveolor hse asaoclatsd with I, a speclfled eigenvalue
speotrum. This flux vactor splliting led them to develop new expllait and Impliclt dieslpative fInite difference
schemea for firat order hyparbolic syetems of equailons, We shall dlscuss these schemee when the Interaction
of maiter with redlatlon Is taken Into conslderation. In stellar atmospherio sltuatlons the radlation In the IInes
and oontinuum help change the momentum of the gases, In such a sltuatlon the system of hyperbolle aquatlons
need not conform to the apneervation-lew form., We would |lke to exemine the elgenvalus spectrum when
radlatlon pressure le Included and the necesaary modifioations nasded to ohange tha dlffersnce schemes.
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2. The squatlons of radlation gas dynamlios

In stellar atmospherea one can approximata the equatlons of gae dynamlas In the spherloally symmetria
geometry. When the equstions ars wiltten In thls geometry, the analyals becomes extramely compiiceted and
therefars, wa shell canalder the aquatione in the approximatlon of plane parallel geometry, then the analys!s
will be extended to spherlesily symmetrlc aystems. Wa shsll Introduae the radletlon and grevity ferce ierms in
the aquation of consarvation of momentum.

Our maln Intereat Is to find out the changes Introduced by these two terms into the numerical schemes.
Wa shall consider the time dependant terms so that our dlsousslon wlil be conslstenl. The equations of
consarvstion of mass, momentum end enstgy In ona dimensional epproximetlon are glven In the oonaarvaetiva

law form,

aU aF (U)
where _m N
? m o p+T (2)
Uus|m [ FW=l?
8 -_(-B'i'p)-—’;-_

Where p, m, e are the mass, momentum and energy per unit volume and p le the pressure and F la called flux
vector. The quentity I' represents the sffective gravity term and ls glven by

L - -'j.P (te ~fv) dx &)

G
Where f; Is the grevity force -—;—

and ; 19 the radlation force In the continuum and In the lines. This 1s glven by

I 1
- 4r ¥
fe {(cont) F - J.i Xv dv (4)

I |
Where o is the valocity of |ight, Fv and X v sra the line flux and ebsorption In the line 1. The summation
extends over ell the lines.

Here o I related to the Intemal energy per unlt mass 4 by,

mt

o pu+ B - pesil ®)

We muet consider the squation of state wo thet the system |a complets,

P=P (pr €) (‘B,

In the oasa of perfact gas,
P=(y-1)pe¢ 0]

With the help of squation (B). equation (7) oan be written as,

P=(y-1) [e- Enpi] (8)
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Where y Is the ratlo of apeqlfic heata, Equation In the Jacoblan form oan be written as,

U

at A (V) —-- 0 (8

aFi
whare Aj (U) = aU la the Jacoblan

matrix of F. The matrix A |s glven by,

0 1 0
2
(y- 3)—'1-1"| (3-y)u + Ty (y-1) 1T
A= (10)
Jyeu re
(y-1u - ’ 2 (r 1) yu |
whaere r
A
I' = 27
al_
Iy = am (11)
alr
M - 28

The characteristlo equatlon of A |s glven by,
~ A (F+C)+A(CF —DE-~A) + AF~BE=0 (12)
where
u?
Am (7—3) 2—+ P1

B = (p-1)u? -
C=(3-P)u+T4 (13)

ye 302
D= ) 2 (r-1)

E=y=-1+1TY

F = yu

In prinalple ene should be able to obtain the solution of this aquation although one has 10 go through tedlous
algebra. If we write equation {12) In the form (see Burington 1988)

Y+pytay+r=0 (14)
then

v-x—g— (16)
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52
and
xXV+eax+bw=0
whaere 1 :
a ~% (3g-p?), b= (2p*-Bpq+271)
and . L
p=— (FtC), g=GF~DE~A, A=AF-BE

Now the solution of the equetion (18) can ba writtsn farmally es,

X, - a+fl

Xy = ~} {a+f) + 112/?- (a-58)

e (a-5)

X3y = —¢(a+p) ~ 2
b 2 i
a= (“f*‘JT*%)

b (- )

Now [at us astimate a and b, by using squations {17) and (18) Flrst,

where | = —1

p= — (3u+Tly)

q -ﬂ y2—7+6 ):1—(3—':-1—)—3 T Tapu

+ Fa[——yr-"aul( =D —-2;]

¥ (y-1) eu_

u?
[ = ——f-(rl-y +2) 4 g

+TLII'1 FI'y {ZEE--— (]J—'I)LI’ }

Tha quantities a and b sre obtalned by substituting {(21) Into (17} and they ere glven by,

a=y (y-1) {}u!- -;—} ~I'tu{y-2) I‘a-—% Ie? + [L“’.i(_t"_)_-lg_]r,

by (P2~7+6) w3+ (y-y?=3) u¥+ (y-1)ul

o g

and

(18)
(17)

{18)

(19)

(20)

(21)

(22)
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s -0 (1-3 ) o (r-2) - A

- 1Tl ;{gu (r-1) —pﬂ} A\ (23)

The nature of the roots x; x2 Xy Iin (18) depand upon the character of the discriminant %’ 4 ,2;3 (se0 esquations
(18) and (20.) If the dlscriminant s positlva there are one rsal end twa oonjugel® Imaginary roots, If the

dlscriminent venishes then the roots sre real and atlesst two of them are Identical and If the dlsctiminant |s
nagatlve, then the rocts are resl and unaqual.

yy b?

—+2:, . than, the roots are
—a —a —a
N N N (24)
Where the upper algn Is to be used If b Is positive and the lower sign If b 18 negative.
l
it T — >0 end a >0 the real roots Is given by x~2 fool 2¢ {28)
- i T
end tan ¢= (teny)*and cot2 ¢ :FJ;'.':Z'I

whaere egaln, the upper algn |s to ba used, If b |a positive and the lowar sign, if b Is nagativo,

2 ]
I hT +-;—.I.- <0 than tha roots are givan by,

13
Xy = — J——;—(con -?+Vﬂln -‘g)
and xg - J“; (cos .gi_ /1 sin %L)

where cos ¢ = F +/(bi/4) [ (~e%27) (26)

In the absence of the effective gravity tarm I' In equetlon (2), we obtaln the solution consarvative form
which has Itz elgen values glven by u, uxc where c Is the velocity of sound glven by

o~ (ypip) | (27)

The Inoluslon of I' tarma In the aciutlon complicates the enalysla of the problem. Wa have to find whather ot
not the quantities Iy, I'y and T'y exIat. From (11) we have

M= —-I (ple—1) dx
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al' a _
r:-—s-ﬁ-‘—-—sﬁ‘l-j(Pfl f:)dx

_a B (ph—h) Ox 28
and I's = = a|=_.j(p. ) {28)

it would be vary difflcult to evaluate equatlons (28) unless wse know the functional dependence of fg fr on p, M
and e. This canbe dons only when we are deallng 2 partiouler preblem In steilar atmospheres. For the
moment, we shall assume that the roots of the characteristlc equation (12) exlet and that they are real. Insuch
event, we shall write the roots es

u+c+

Uy

u—-c ¥ (28)

Where ¥, Y2 and ys represent the eontilbutlora oorrespending to Ty, I's and T's glven In equation(28).

We shall now conalder differant schemea for the aclutlon of the conearvative form equetions. As we have
already atoted sbove, the most used schemea sre those due to Lax and wendreff (eee Richtmyer end Morton
18€7). McGuire snd Manls (1873, 1974, 1976) have gensrallzed the two siep L-W Schemes and developad
a scheme which Is a comblinetien of explich and Implicit procedures. The Lax-Wendroff equatlons bagin with
the Taylor's serles In t.  Frem equstlon (1) we have,

N () (B o

The x — detlvatlves are approximated by diflerence guotlents and this glves the Lex-Wendroti soheme,

u;‘+l ) -}%}(—(an —hn )
(3) [An (R -8) A (B0 a1
where A=A (3 Ui +401) @)

From Stager and Warming (1961), the flux vector F (U) can be spllt Into two parts as

FaF*+F (33)

Whare F* corresponds to the subvector assocleted with the posltive elganvalues of A, and F~ corresponds to the
negative elgenvaiuea, Tt ey are given by, I

F* At U
F =AU (34)
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The elgenvalues of A* are non negatlve and those of A~ ara non positive. The slgenvalues glven by (29) are
spllt according to equation

A=At 4+ A

where 4,

bt lhl g Al (35)

{Notlce that If 4, 20, then 4;* =41, ;™ - 0 and with opposlte result when 41 <0). The split slgenvalues are
glven by,

24t u+c+}_2__u c+ |
4mw Utein ; luted
LSINILYY

PRLLE Sd( R4 TR
Apt=YT kYl Ju-cepl (30)

PR u- ulf;;lu- C+ysl

Wa shell now conslder the Iteratlve schemes with the {lux vector splitting.

The simplest expllolt flrst order acheme [s glven by

U,"+l _Uﬂl A_V_'E(fl)__%_t_ As (Ff ) (an

Thle sohame le stable If and only If

| & (38)

for all elgenvalues A" where ;=11 + 1" are the algenvalues of the Jacobian matrix. The Implick fin|te
difiersnce schame {»

0At At ¢ n—1
(1+ e JXAI)AUj-—1+‘ 6XF|+1,HAU1 (39)

wherae [ Is the |dentity matrix,
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n a4l n
AU =U -U, &xls en appropriate spatlal differencs operator. The parameters & end ¢ determine the
particular time-dlfferencing approximatlon used. For example

{=0and 0 = } trapezoldal formula
¢=0and § =~ 1 beckwsrd Euler formula

¢= }and 8 = 1 three polnt backward formula

These are some of the schemes thsl are meant to be used In solving the aquatlons of hydrodynamics In
stellar atmospheres. Tha results wlll be presented In a forth coming paper.

M3 receivad on 1st March 1882,
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