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ts in atomsB. P. Das, K. V. P. Latha, Bijaya K. Sahoo, Chiranjib Sur, Rajat K ChaudhuriAtomi
 and Mole
ular Physi
s Group, Indian Institute of Astrophysi
s,Bangalore - 560 034, IndiaandD. MukherjeeIndian Asso
iation for the Cultivation of S
ien
e, Kolkata - 700 032, India2nd February 2008Abstra
tThis review arti
le deals with some 
ase studies of relativisti
 and 
orrelation e�e
ts in atomi
systems. After a brief introdu
tion to relativisti
 many-ele
tron theory, a number of appli
ationsranging from 
orrelation energy to parity non-
onservation in atoms are 
onsidered. There is a spe
ialemphasis on relativisti
 
oupled-
luster theory as most of the results presented here are based on it.Key words : Relativisti
 ele
troni
 stru
ture and 
oupled-
luster theory1 Introdu
tionOne of the most important milestones in the development of theoreti
al atomi
 physi
s has been theformulation and appli
ation of theories that 
an simultaneously treat relativisti
 and 
orrelation e�e
tsin atoms. Following the early work of Swirles on relativisti
 Hartree-Fo
k or Dira
-Fo
k (DF) theory [1℄,Grant made pioneering 
ontributions to the numeri
al and angular momentum aspe
ts of this theory [2℄whi
h paved the way for further advan
es in the �eld. Multi-
on�guration Dira
-Fo
k (MCDF) [3, 4℄ andrelativisti
 many-body perturbation theory (RMBPT) [5℄ 
odes were developed in the mid 1970s andearly 1980s 
al
ulations based on them soon followed [6, 7, 8, 9℄. During the 1980s and 1990s, these twotheories were applied to a wide range of atoms and ions to study a variety of properties [10, 11, 12, 13℄.The extension of 
oupled-
luster theory to the relativisti
 regime during the last de
ade is indeed a verysigni�
ant development [14℄. Linear and non-linear versions of this theory have been su

essfully usedin performing high pre
ision 
al
ulations of a number of di�erent atomi
 properties [15, 16, 17, 18℄.The present review is by no means 
omprehensive; it mainly highlights some of the work on relativis-ti
 and 
orrelation e�e
ts in atoms undertaken in our group. Unlike mole
ules, a number of di�erentrelativisti
 many-body 
al
ulations have been 
arried out on atoms using a variety of methods. Rela-tivisti
 many-body 
al
ulations on atoms are 
urrently mu
h more advan
ed than those on mole
ules[19, 20, 21, 22℄. In addition to the in
lusion of the Breit intera
tion, 
ertain types of QED e�e
ts havealso been in
luded in atomi
 
al
ulations. It will take several years before mole
ular 
al
ulations rea
hthis level of sophisti
ation. Relativisti
 many-body 
al
ulations of parity and time reversal violations insome atoms have been performed to an a

ura
y of better than 1%. These 
al
ulations in 
ombinationwith a

urate experiments are now poised to test the Standard Model (SM) of parti
le physi
s. It is not
lear at the present time whether it would be possible to a
hieve something 
omparable from studies ondis
rete symmetry violations of mole
ules.The organization of the paper is as follows : Se
tion 2 deals with the Dira
-Coulomb approximationand the se
tion following it (se
tion 3), tou
hes upon the Breit intera
tion and QED e�e
ts. Se
tion4 is an overview of relativisti
 
oupled-
luster theory whi
h has been used in the majority of the 
al-
ulations 
onsidered here. In se
tion 5, we present the basi
 ideas underlying two physi
al e�e
ts thatare relativisti
 in origin � �ne-stru
ture splitting and permanent ele
tri
 dipole moment of atoms arisingfrom the ele
tri
 dipole moment of an ele
tron and have given the results of some representative 
al-
ulations. The enhan
ement of relativisti
 e�e
ts in heavy atoms along with the in�uen
e of ele
tron
orrelation is dis
ussed in se
tion 6 with referen
e to 
orrelation energy, hyper�ne intera
tions and paritynon-
onservation in atoms. In the last se
tion we make some 
on
luding remarks.1
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2 The Dira
-Coulomb ApproximationFor an N -ele
tron atom, the relativisti
 Hamiltonian is given by
H =

N∑

i=1

[
c ~αi · ~pi + βmc2 + VN (ri)

]
+

N∑

i<j

e2

rij
, (1)where α and β are given by αi =

(
0 σi

σi 0

) and β =

(
I 0
0 −I

); σi are the Pauli matri
es and Irepresents the unit matrix. VN (ri) is the nu
lear potential at the site of the ith ele
tron and the lastterm is the Coulomb intera
tion between the ele
trons. H de�ned above is known as Dira
-CoulombHamiltonian whi
h is 
learly not 
ovariant.This Hamiltonian 
an also be written as
H =

∑

i

h0(i) +
∑

i<j

e2

rij
. (2)The ele
tron-ele
tron intera
tion 
an be approximated by an average potential where ea
h ele
tronmoves independently in an average �eld 
aused by the nu
leus and the other ele
tron. This is theindependent parti
le model whi
h is the starting point of most atomi
 physi
s 
al
ulations. This 
an beput into a mathemati
al footing by partitioning the full Hamiltonian in the following way :

H = H0 + Ves, (3)where
H0 =

N∑

i

h0(i) (4)is a sum of the one ele
tron operators,
h0(i) = cαi · pi + βmc2 + U(ri). (5)It is 
ustomary to assume U as the Dira
-Fo
k potential [23℄ and
Ves = −

∑

i

U(ri) +
∑

i<j

e2

rij
(6)
an be treated as a perturbation if there are no strongly intera
ting 
on�gurations in the system. Themany-body atomi
 state |Ψ(Γ, J,M)〉 is an eigen fun
tion of the Dira
-Coulomb Hamiltonian and satis�esthe equation,

H |Ψ(Γ, J,M)〉 = E|Ψ(Γ, J,M)〉, (7)where J,M are the total angular momentum quantum numbers and Γ is the quantum number whi
h dis-tinguishes ea
h of the atomi
 states. These states are expanded in terms of the determinantal wavefun
-tions whi
h in turn are built from the single parti
le orbitals. If |Φ(Γ, J,M)〉's denote the determinantalwavefun
tions, then,
|Ψ(Γ, J,M)〉 =

∑

k

Ck|Φk(Γ, J,M)〉. (8)The 
oe�
ients Cks are determined by the 
hoi
e of the theory. The single parti
le orbitals are thetwo-
omponent Dira
 spinors,
|φnκm〉 =

1

r

(
Pnκ(r)χκm

iQnκ(r)χ−κm

)
, (9)where n and m are the prin
ipal quantum number and magneti
 quantum number respe
tively. κ is aquantum number given by

κ =

{
l for j = l − 1

2
−(l+ 1) for j = l + 1

2

, (10)where l is the orbital angular momentum and j is the total angular momentum of an ele
tron.2
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Figure 1: Positive and negative energy statesThe solutions of the Dira
 equation admit both positive and negative energy states [23℄ and this isshown in �gure 1. For a free parti
le, only 
ontinuum states exist above mc2and below −mc2. However,ele
trons in an atom that are a
ted on by a relativisti
 mean-�eld potential in addition to 
ontinuumstates above mc2 and below −mc2bound states do exist in the interval −mc2 and mc2. The variationalprin
iple fails due to the presen
e of negative energy states [24℄. The radial parts of the large and small
omponents of the Dira
 spinor are expanded in terms of Gaussian fun
tions [25℄ as follows
Pnκ(r) =

∑

i

CL
κig

L
κi(r),

Qnκ(r) =
∑

i

CS
nκg

S
κi(r), (11)where S and L stands for small and large 
omponent respe
tively and the g's are Gaussian type fun
tionsof the form

gL
κi(r) = CL

Nr
nκ exp(−αir

2). (12)In the 
ase of �nite basis set expansions the 
ondition of kineti
 balan
e is applied to prevent thevariational 
ollapse [26℄. The kineti
 balan
e 
ondition [24, 27, 28℄ gives the relation between the largeand small 
omponent of radial wave fun
tion as follows :
gS

κi(r) = CS
N

(
d

dr
+
κ

r

)
gL

κi(r). (13)In Eq. (12) and (13) CL
N and CS

N are the normalization fa
tors for the large and small 
omponentsrespe
tively.3 Beyond the Dira
-Coulomb ApproximationThe ele
tron-ele
tron intera
tion 
an be treated relativisti
ally, by in
luding 
orre
tions to the Coulombintera
tion. The leading relativisti
 
orre
tion to the Coulomb intera
tion is the Breit intera
tion [29℄,where the intera
tion Hamiltonian is given by,
HB = −e2

∑

i<j

αi · αj

rij
+

(αi · rij) (αj · rij)
r3ij

. (14)Here the matri
es αi, αj are built from the Dira
 matri
es and rij is the inter-ele
troni
 distan
e. Themagnitude of the Breit intera
tion is smaller than that of the Coulomb intera
tion by a fa
tor α2, where
α is the �ne stru
ture 
onstant and it 
an be in
luded perturbatively or self 
onsistently [30℄. In additionto the Breit intera
tion, in
lusion of QED e�e
ts like the self-energy and the va
uum polarization [31℄may be ne
essary for an a

urate quantitative des
ription of 
ertain properties where relativisti
 e�e
tsare important.The pro
ess involving the emission and absorption of a virtual photon by the same ele
tron is knownas self-energy. A

ording to Dira
's theory, the va
uum 
onsists of a homogeneous sea of negative-energy3



Self  energy                 Vacuum polarisationFigure 2: Corre
tions to Coulomb intera
tionele
trons. A bound ele
tron in the atom 
an intera
t with an ele
tron in the Dira
 sea, thereby 
hangingthe 
harge distribution of the negative energy ele
trons 
ompared to the free-�eld 
ase. This results inthe 
reation of ele
tron-positron pairs and hen
e the va
uum behaves as a polarizable medium. Thispro
ess is known as va
uum polarization. Figure 2 illustrates the self-energy and the va
uum polarizationpro
esses [32℄.Only a few 
al
ulations of self energy and the va
uum polarization (whi
h together give rise to theLamb shift) have been performed on many ele
tron atoms. As the Coulomb intera
tion due to thenu
leus is mu
h stronger than the ele
tron-ele
tron intera
tions in the inner shells of heavy atoms, itis reasonable to 
al
ulate the Lamb shift for su
h systems using the hydrogeni
 or s
reened hydrogeni
approximation [33℄. More sophisti
ated 
al
ulations of QED e�e
ts have been 
arried out in the pastfew years. The details of these 
al
ulations 
an be found in a review arti
le by Shabaev [34℄.4 Relativisti
 Coupled Cluster Theory : An overviewIn this se
tion we will brie�y introdu
e the relativisti
 
oupled 
luster theory; one of the most pow-erful and a

urate relativisti
 many-body theories. It is equivalant to all order relativisti
 many-bodyperturbation theory and has the virtue of being size-extensive [35℄. Most of the work des
ribed in thesubsequent se
tion are based on this theory.We start with the DF state |Φ〉 built out of four 
omponent orbitals given by Eq. (9), as the Fermiva
uum, and then the normal ordered Hamiltonian 
an be expressed as
HN ≡ H − 〈Φ|H |Φ〉 = H − EDF , (15)where H is the Dira
-Coulomb Hamiltonian.If we proje
t 〈Φ| exp(−T ) from the left we obtain the 
orrelation energy (∆E) and if we proje
tany of the ex
ited determinant 〈Φ⋆| exp(−T ) we additionally get a set of equations whi
h are used toobtain the T amplitudes. Using the normal ordered dressed Hamiltonian HN = exp(−T )HN exp(T ) the
orresponding equations for 
orrelation energy and amplitudes be
ome

〈Φ|HN |Φ〉 = ∆E, (16)and
〈Φ⋆|HN |Φ〉 = 0. (17)Here the state |Φ⋆〉 may be singly ex
ited |Φr

a〉 or double ex
ited |Φrs
ab〉 and so on. The indi
es a, b, · · ·refer to holes and p, q, · · · to parti
les. We have 
onsidered the 
oupled 
luster single and double (CCSD)approximation, where the 
luster operator T is 
omposed of one- and two-body ex
itation operators, i.e.

T = T1 + T2, and are expressed in se
ond quantization form
T = T1 + T2 =

∑

ap

{
a†paa

}
tpa +

1

2

∑

abpq

{
a†pa

†
qabaa

}
tpq
ab. (18)Contra
ting the ladder operators [36℄ and rearranging the indi
es, the amplitude equations 
an beexpressed in the form

A+B(T ) · T = 0, (19)4



where A is a ve
tor 
onsisting of the matrix elements 〈Φ⋆|HN |Φ〉 and T is the ve
tor representing theex
itation amplitudes and B(T ) is the matrix whi
h depends on the 
luster amplitudes so that Eq. (19)is solved self-
onsistently. For example, a typi
al 
ontribution to the term ︷ ︸︸ ︷
︷ ︸︸ ︷
HNT2 T2 is

Bpq
ab =

1

2

∑

dgrs

Vdgrst
pr
adt

sq
gb. (20)Here Vdgrs is the two-ele
tron Coulomb integral and tpr

ad is the 
luster amplitude 
orresponding to asimultaneous ex
itation of two ele
trons from orbital a and d to p and r respe
tively. Diagrammati
te
hniques are used to obtain all the terms whi
h 
ontribute to this spe
i�
 
ontribution.For an atom with one valan
e ele
tron we �rst 
ompute the 
orrelations for the 
losed shell system,i.e. singly ionized atom using the 
losed shell 
oupled 
luster approa
h. The referen
e state for the openshell system is
∣∣ΦN+1

k

〉
≡ a†k |Φ〉 (21)with the parti
le 
reation operator a†k. Then by using the ex
itation operators for both the 
ore andvalan
e ele
tron the exa
t state is de�ned as [37℄:

∣∣ΨN+1
k

〉
= exp(T ) {exp(Sk)}

∣∣ΦN+1
k

〉
. (22)Here {exp(Sk)} is the normal ordered exponential representing the valan
e part of the wave operator.Here

Sk = S1k + S2k =
∑

k 6=p

{
a†pak

}
sp

k +
∑

bpq

{
a†pa

†
qabak

}
spq

kb , (23)where k stands for valan
e orbital. Sk 
ontain the parti
le annihilation operator ak, and be
ause ofthe normal ordering it 
annot be 
onne
ted to any other valan
e ele
tron ex
itation operator and so
{exp(Sk)} automati
ally redu
es to (1 + Sk).Then we 
an write the Eq.(22) as

∣∣ΨN+1
k

〉
= exp(T ) (1 + Sk)

∣∣ΦN+1
k

〉
, (24)and obtain a set of equations [36℄

〈
ΦN+1

k

∣∣HN (1 + Sk)
∣∣ΦN+1

k

〉
= Heff (25)and

〈
Φ

⋆N+1
k

∣∣∣HN (1 + Sk)
∣∣ΦN+1

k

〉
= Heff

〈
Φ

⋆N+1
k

∣∣∣ (1 + Sk)
∣∣ΦN+1

k

〉
. (26)The Eq.(26) is non-linear in Sk be
ause Heff is itself a fun
tion of Sk. Hen
e, these equations have tosolved self-
onsistently to determine the Sk amplitudes.The normalized transition matrix element (i −→ f) due to an operator Ô is given by

Ôfi =
〈ΨN+1

f |Ô|ΨN+1

i 〉√
〈ΨN+1

f |ΨN+1

f 〉〈ΨN+1

i |ΨN+1

i 〉
=

〈ΦN+1

f |{1+S†

f} exp(T †)Ô exp(T ){1+Si}|ΦN+1

i 〉√
〈ΦN+1

f |{1+S†

f} exp(T †) exp(T ){1+Sf}|ΦN+1

f 〉〈ΦN+1

i |{1+S†

i } exp(T †) exp(T ){1+Si}|ΦN+1

i 〉 ,
(27)whereas the expe
tation value of any operator Ô 
an be written as the normalized form with respe
t tothe exa
t state ∣∣ΨN+1

〉 as
〈
Ô

〉
=

〈
ΨN+1

∣∣ Ô
∣∣ΨN+1

〉

〈ΨN+1| ΨN+1〉 =

〈
ΦN+1

∣∣ {
1 + S†

}
exp(T †)Ô exp(T ) {1 + S}

∣∣ΦN+1
〉

〈ΦN+1| {1 + S†} exp(T †) exp(T ) {1 + S} |ΦN+1〉 . (28)
5



Table 1: Fine stru
ture intervals for B-like ions in cm−1.Z Dira
-Fo
k (DF) Dira
-Coulomb (DC) Breit QED Total Experiment20 37581.8 38119 -1616 124 36627 36615(30)22 57678.6 58319 -2241 180 56258 56243(4)24 84973.2 85715 -3015 251 82951 829926(20)26 121045.8 121898 -3958 341 118281 118266(20)28 167653.8 168635 -5092 451 163994 163961(50)30 226739.4 227889 -6437 586 222038
5 Purely relativisti
 e�e
ts5.1 Fine-Stru
ture splittingThe �ne-stru
ture splitting is relativisti
 in origin, but is in�uen
ed by ele
tron 
orrelation. It o

ursbetween the states having same values of the total orbital quantum number L, total spin quantumnumber S and di�erent total angular momentum J . There have been many attempts to 
al
ulate thisquantity for a variety of atoms in their ground and ex
ited states [38℄. We present here the interesting
ase of the ground state �ne stru
ture splitting of boron whi
h has been 
al
ulated by di�erent relativisti
approa
hes [39, 40, 41℄. Boron is an open-shell atom with the 
on�guration 1s22s22p1. The relativisti

on�guration intera
tion method (CI) was used by Das et al [41℄. The single parti
le orbitals used inthe 
al
ulations there were obtained by the appli
ation of the variational prin
iple. Consider an energyfun
tional given by

ε =
∑

r

ar〈Φr|H |Φr〉 (29)where H is the Dira
-Coulomb Hamiltonian, |Φr〉is the rth 
on�guration state fun
tion (CSF) and ar isgiven by
ar =

2Jr + 1∑
s(2Js + 1)

; (30)
Jr and Js being the total angular momenta of the rth and sth CSFs respe
tively. Minimization of ε withrespe
t to the single parti
le orbitals φi,

∂ε

∂φi
= 0 (31)yields a set of di�erential equations whi
h were solved self-
onsistently by using an appropriate numeri
almethod [42℄. In this 
al
ulation, all relativisti
 
on�gurations arising from 1s22s22p1, 1s22s22p2and

1s22p3 were 
onsidered. The Breit intera
tion and QED e�e
ts (self-energy and va
uum polarization inthe hydrogeni
 approximation) were treated as �rst order perturbations. We give below the results of the
al
ulation. The ele
tron 
orrelation 
ontributions (di�eren
e of Dira
-Coulomb+Breit and Dira
-Fo
k)vary from −1078.8 to −5287.4 for Z = 20 to Z = 30. It is the evident from table.1 that the Breitintera
tion and the QED e�e
ts play an important role and their in
lusion is 
riti
al in obtaining goodagreement with experiments.5.2 Ele
tri
 Dipole Moment of the ele
tronThe presen
e of a non-zero ele
tri
 dipole moment (EDM) on a non-degenerate physi
al system wouldbe a dire
t eviden
e of Parity (P̂ ) and Time-reversal (T̂ ) symmetry violations. An atom 
an have a non-zero EDM due to a non-zero EDM of it's 
onstituent ele
tron, under 
ertain 
onditions. A

ording to atheorem by S
hi�, in 1963 [43℄, the EDM of an atom vanishes even if it's 
onstituents have non-vanishingEDMs. This theorem was based on the following assumptions :1. the 
onstituents of the atoms are non-relativisti
 parti
les,2. the intera
tions between the parti
les in an atom are ele
trostati
,3. the EDM distribution of ea
h atomi
 
onstituent 
oin
ides with its 
harge distribution.6



By 
onsidering the relativisti
 e�e
ts in atoms, Sandars showed that an atom 
an have a non-zero EDM[44℄. If an ele
tron has a non-zero EDM de, the relativisti
 intera
tion of de with the internal ele
tri
�eld of the atom, is given by,
HI = −

∑

i

deβi~σi · ~Eint
i , (32)where Eint is the ele
tri
 �led inside the atom; ~σi are Pauli matri
es and β is Dira
 matrix de�ned inse
tion 2. This redu
es to,

HI = −
∑

i

de~σi · ~Eint
i (33)in the non-relativisti
 limit. It is possible to express the relativisti
 form of HI in terms of an e�e
tiveone parti
le Hamiltonian, given by [45℄

HI = 2icβiγ
5
i p

2
i , (34)where c is the velo
ity of light, γ5 = iγ0γ1γ2γ3 and γi = βαi. The S
hrödinger equation for theunperturbed state |Ψ(0)

α 〉 is
H0|Ψ(0)

α 〉 = E(0)
α |Ψ(0)

α 〉 , (35)where |Ψ(0)
α 〉 = exp(T (0))|Φ(0)

α 〉 in 
oupled-
luster theory and H0 is the Dira
-Coulomb Hamiltonian.In the presen
e of EDM intera
tion, whi
h is treated as a perturbation, the S
hrödinger equationbe
omes
H |Ψα〉 = Eα|Ψα〉 , (36)where H = H0 + λHI and |Ψα〉 = exp(T (0) + λT (1))|Φ(0)

α 〉. Here T (0)and T (1)are the unperturbed andperturbed 
luster amplitudes and the perturbation parameter, λ = de. The T (0)and T (1)amplitudes aredetermined from the following equations :
〈Φ⋆|HN |Φ〉 = 0 (37)and

〈Φ⋆|
[
HN , T

(1)
]
|Φ(0)

α 〉 = −〈Φ⋆|HI |Φ(0)
α 〉. (38)The atomi
 EDM is given by,

dA =
〈Ψα| ~D|Ψα〉
〈Ψα|Ψα〉

= 0 (39)for non-relativisti
 
ase. ~D is the ele
tri
 dipole operator. The enhan
ement fa
tor R is given by,
R =

da

de
=

〈Ψ(0)
α | ~D|Ψ(1)

α 〉 + 〈Ψ(1)
α | ~D|Ψ(0)

α 〉
〈Ψ(0)

α |Ψ(0)
α 〉

(40)Following Coupled Cluster theory the equation (Eq. 40) redu
es to
R =

〈Φ0|T (1)† ~D + ~DT (1)|Φ0〉
〈Φ0|Φ0〉

. (41)An alternative Coupled Cluster approa
h to EDMs is given by Shukla et al [46℄. The values of depredi
ted by various models of parti
le physi
s are given in table 2.The 
urrent best limit on the ele
tron EDM 
omes from the T l measurement [47℄. The enhan
ementfa
tor atomi
 thallium to the ele
tron EDM R = −585, whi
h is based on relativisti
 
oupled-
luster
al
ulation [48℄. Comparing with experiment, the limit on the ele
tron EDM is
de ≤ 1.6 × 10−27e-
m. (42)The enhan
ement fa
tor for atomi
 Cs (Z=55) has been obtained as R = 130.5 from a method 
ombiningRMBPT and the MCDF approa
h [49℄. The 
al
ulation done by Martensson et al [50℄ gives R =

114(1 ± 0.03) for Cs. 7



Table 2: Value of de predi
ted by various models of parti
le physi
sModel dein e− cmStandard Model < 10−38Supersymmetri
 10−26 − 10−28Multi-Higgs 10−26 − 10−28Left-right asymmetri
 10−26 − 10−28

Figure 3: Diagrams 
ontributing to 
orrelation energy6 Relativisti
 enhan
ements6.1 Correlation energyIn the frame work of 
oupled-
luster theory, the expression for the 
orrelation energy of an atom is givenby,
Ecorr = 〈Φ|H̄N |Φ〉, (43)where H̄N = e−THNe

T where H is the Dira
-Coulomb Hamiltonian des
ribed in se
tion 2.The diagrams given in �gure 3 
ontribute to the 
orrelation energy, where the dotted lines representthe 
oulomb intera
tion between the ele
trons, the solid line 
orresponds to the 
luster operator T andthe 
ir
le represents the one-ele
tron operator.We have 
omputed the above expression for the 
orrelation energy using the 
oupled-
luster wave-fun
tions for the 
losed-shell atoms, Xe54, Y b70 and Hg80. The results are shown in table 3.From the above results it is 
lear that with the in
rease in the atomi
 number (Z), the relativisti
e�e
ts be
ome more prominent. The absolute magnitude of the Dira
-Fo
k 
ontribution hen
e in
reasesand that of the 
orrelation energy de
reases for xenon, ytterbium and mer
ury.The orbitals used in the 
al
ulation are expanded in terms of Gaussian fun
tions of the type [51℄
Fi,k(r) = rk exp(−αir

2), (44)with k = 0, 1, 2 · · · for s, p, d, · · · type fun
tions, respe
tively. The exponents are determined by the eventempering 
ondition [52℄Table 3: Comparison of 
orrelation and Dira
-Fo
k energyAtom Dira
 Fo
k energy δEcorr

Xe54 -0.74474960061E+04 -0.71694286411
Y b70 -0.14069217432E+05 -0.56956394691
Hg80 -0.19650686115E+05 -0.447928436558



Table 4: Details of the basis used in the 
al
ulationsymmetry Total basis in No. of ex
ited α0 and β usedea
h symmetry orbitals
s1/2 13 8 0.00725 ; 2.725
p1/2 11 7 0.00755 ; 2.755
p3/2 11 7 0.00755 ; 2.755
d3/2 8 2 0.00775 ; 2.765
d5/2 8 2 0.00775 ; 2.765
f5/2 5 5 0.00780 ; 2.805
f7/2 5 5 0.00780 ; 2.805
g7/2 3 3 0.00785 ; 2.825
g9/2 3 3 0.00785 ; 2.825

αi = α0β
i−1. (45)The values of α0and β for di�erent symmetries are given in table 4.6.2 Hyper�ne intera
tionA nu
leus may possess ele
tromagneti
 multipole moments, whi
h 
an intera
t with the ele
tromagneti
�eld produ
ed by the ele
trons at the site of the nu
leus . The intera
tion between various momentsof the nu
leus and the ele
trons of an atom are 
olle
tively known as hyper�ne intera
tions [37℄. Thisintera
tion produ
e shifts of the ele
troni
 energy levels whi
h are usually mu
h smaller than those
orresponding to the �ne stru
ture splittings.The non-vanishing moments are the magneti
 multipole moments for odd k and ele
tri
 multipolemoments for even k. The most important of these moments is the magneti
 dipole moment (k = 1)whi
h is asso
iated with the nu
lear spin. The intera
tion of this parti
ular moment with the ele
tron isknown as magneti
 dipole hyper�ne intera
tion.In general the hyper�ne intera
tion is given by [53℄

Hhfs =
∑

k

M (k) · T (k), (46)where M (k) and T (k) are spheri
al tensors of rank k, whi
h 
orresponds to nu
lear and ele
troni
 partsof the intera
tion respe
tively.For the magneti
 dipole hyper�ne intera
tion [54℄
T (1)

q =
∑

q

t(1)q =
∑

j

−ie
√

8π

3

−→αj

r2j
·Y(0)

1q (r̂j), (47)where −→α is the Dira
 matrix and Y
λ
kq is the ve
tor spheri
al harmoni
s. In Eq.(47) the index j refersto the j-th ele
tron of the atom and e is the magnitude of the ele
troni
 
harge. The magneti
 dipolehyper�ne 
onstant A is de�ned as

A = µN

(µI

I

) 〈J‖T (1) ‖J〉√
J(J + 1)(2J + 1)

, (48)where µN is the nu
lear Bohr magneton, µI is the nu
lear magneti
 moment, I is the nu
lear spin, J isthe total ele
troni
 angular momentum.In Eq.(47) t(1) is the single parti
le redu
ed matrix element of T (1). The redu
tions of the singleparti
le matrix element into angular fa
tors and radial integral 
an be obtained by using the WignerE
kart theorem. This single parti
le redu
ed matrix element is given by
〈κ‖ t(1) ‖κ′〉 = −〈κ‖C(1) ‖κ′〉 (κ+ κ′)

∫
dr

(PκQκ′ +QκPκ′)

r2
, (49)9
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Figure 4: Goldstone diagrams for pair 
orrelation (a,b) and 
ore-polarization e�e
ts (
,d). Here a denotesa hole whereas v denotes valan
e orbital and p, q, r... denote virtual orbitals (parti
les). The supers
riptsrefer to the order of perturbation and the dashed lines 
orrespond to the Coulomb intera
tion. Parti
lesand holes (labeled by a) are denoted by the lines dire
ted upward and downward respe
tively. Thedouble line represents the O (the hyper�ne intera
tion operator) verti
es. The valan
e (labeled by v)and virtual orbitals (labeled by p, q, r..) are depi
ted by double arrow and single arrow respe
tively,whereas the orbitals denoted by ⊕ 
an either be valan
e or virtual.where 〈κ‖C(k) ‖κ′〉 is the redu
ed matrix element of the Ra
ah tensor and is equal to
(−1)j+1/2

√
(2j + 1)(2j′ + 1)

(
j k j′
1
2 0 − 1

2

)
π(l, k, l′),with

π(l, k, l′) =

{
1 if l+ k + l′ even
0 otherwise

.Here the single parti
le orbitals are expressed in terms of the Dira
 spinors with Pi and Qi as large andsmall 
omponents respe
tively.In the 
al
ulation for Ba+we have used hybrid basis fun
tions whi
h are partly numeri
al and partlyanalyti
al [55℄. The analyti
al orbitals have the form of Eq. (44). In table 5 the values of the magneti
dipole hyper�ne 
onstant (A) is given in MHz for 25Mg+[56℄ and 137Ba+ [57℄ for ground and one lowlying ex
ited state. In table 6 we have presented the 
ontributions from Dira
-Fo
k (DF), pair 
orrelation(PC) and 
ore polarization (PC) e�e
ts.It 
an be seen from this table (table 6) that for Mg+ the CP 
ontribution is larger than the PC inmagnitude for both the states. It is important to note that the former 
ontribution in
ludes the hyper�neintera
tion of all the 
ore orbitals while only a spe
i�
 valen
e orbital is involved in this intera
tion for the10



Table 5: Values of magneti
 dipole hyper�ne 
onstant (A) in MHz for 25Mg+and 137Ba+Atom Theory Experiment Others
25Mg+ States

3s1/2 592.86 596.25 602(8) [58℄597.45 [59℄
3p1/2 101.70 103.4 [59℄

137Ba+

6s1/2 4072.83 4018 4203.200 [60℄
6p1/2 736.98 742.04

Table 6: Contribution of pair 
orrelation (PC) and 
ore polarization (CP) e�e
t in magneti
 dipolehyper�ne 
onstant (A) in MHzAtom Dira
-Fo
k PC CP
25Mg+[56℄ States

3s1/2 468.819 39.713 77.767
3p1/2 77.975 7.293 15.153

137Ba+[57℄
6s1/2 2929.41 663.20 465.91
6p1/2 492.74 126.53 98.98

latter (see Fig. 4). However, the hyper�ne 
onstant A for Ba+ exhibits exa
tly the opposite behaviour.Even though Ba+ has more 
ore ele
trons than Mg+, the relativisti
 enhan
ement of the valen
e (6s)magneti
 dipole hyper�ne intera
tion results in the value of PC ex
eeding that of CP.In table 7 we present the values of A for 6p 2P1/2 and 6p 2P3/2 states of Pb+. The Dira
-Fo
k valuesfor these two states deviate from their experimental values in opposite dire
tion, suggesting that the signsof the 
orrelation 
ontributions are opposite for the two 
ases. This is evident from the result of ourse
ond order relativisti
 many-body perturbation theory (RMBPT(2)) 
al
ulation. Ele
tron 
orrelationis dramati
 in the 
ase of the 6p 2P3/2 state be
ause of the large and negative 
ore polarization (-840.6MHz). However, the value of A at this level di�ers from experiment by 48%. After 
arrying out aRCCSD(T) 
al
ulation this dis
repan
y redu
es to less than 7% . The agreement of the ground statevalue of A with experiment is about 0.7%. These 
al
ulations highlight the power of the relativisti

oupled-
luster theory to a

ount for the interplay of relativisti
 and 
orrelation e�e
ts in systems withstrongly intera
ting 
on�gurations [62℄.6.3 Parity non-
onservation in atoms to neutral weak intera
tionThe parity transformation 
an be expressed as −→r −→ −−→r and the a
tion of the parity operator P̂ isgiven by
P̂ψ(−→r ) = ψ(−−→r ) , (50)where ψ(−→r ) is the wavefun
tion of a physi
al system. Parity 
onservation means that the system isinvariant under parity transformation and the Hamiltonian H 
ommutes with the parity operator, i.e. if

HP is the parity transformed Hamiltonian 11



Table 7: Magneti
 dipole hyper�ne 
onstant for 6p states of Pb+: a strongly intera
ting system.RMBPT(2) stands for se
ond order RMBPT. Both RMBPT and RCCSD 
al
ulations are performedby our group. States 6p 2P1/2 6p 2P3/2Dira
-Fo
k 11513.5 918.4RMBPT(2) 15722.5 302.9RCCSD(T) 12903.7 623.2Experiment [61℄ 13000 583(21)
Hp = P̂HP̂−1 = Hand therefore

[
H, P̂

]
= 0 . (51)Hen
e it 
learly implies that parity non-
onservation (parity violation) means that its Hamiltonian doesnot 
ommute with the parity operator P̂ .Parity non-
onservation (PNC) was dis
overed in the beta de
ay of 60Co by Wu and 
o-workers in1957 following the predi
tion by Lee and Yang a year earlier [63℄. This la
k of mirror symmetry has nowbeen observed in several systems and even in atoms whi
h is an important phenomenon to study. Thelatest measurement of parity non-
onservation in 
esium with unpre
edented a

ura
y (0.35%) has ledto the dis
overy of the nu
lear anapole moment [64℄.The dominant 
ontribution to PNC in atoms 
omes from the neutral weak 
urrent (NWC) intera
tionbetween the ele
tron and the nu
leus [65℄. The e�e
tive Hamiltonian des
ribing the intera
tion 
onsistsof two parts, one of whi
h is nu
lear spin independent (NSI) [65℄ and the other is nu
lear spin dependent(NSD) [66, 67℄. In this review arti
le we will 
on
entrate on NSI parity non-
onservation in atoms. TheNSI e�e
tive Hamiltonian is expressed as

HPNC =
GF

2
√

2
QW

∑

e

γe
5ρ(re), (52)with

QW = 2 [ZC1p +NC1n] . (53)Here Z and N are the number of protons and neutrons respe
tively and C1p and C1n are the ve
tor(nu
leon) - axial ve
tor (ele
tron) 
oupling 
oe�
ients whereas GF is the Fermi 
oupling 
onstant and
ρ(re) is the normalized nu
leon number density. The matrix element of HPNC s
ales as Z3 and it hasbeen treated as a perturbation. It is primarily be
ause of this reason that the heavy atoms are 
onsideredto be the best 
andidates for PNC experiments. The total Hamiltonian is now represented by

H = H0 +HPNC . (54)This perturbation 
auses the wavefun
tion to take the form |Ψ〉 =
∣∣Ψ(0)

〉
+

∣∣Ψ(1)
〉, where ∣∣Ψ(0)

〉 and∣∣Ψ(1)
〉 are the unperturbed and the perturbed part of the wave fun
tion respe
tively.The quantity that is measured in su
h an experiment depends on the interferen
e of a parity non-
onserving ele
tri
 dipole transition amplitude (E1PNC) and an allowed transition amplitude 
orre-sponding to two atomi
 states of the same parity [68℄. From the theoreti
al point of view an a

urate
al
ulation of E1PNC must be based on a suitable and a

urate relativisti
 many-body theory. In are
ent review, Ginges and Flambaum [69℄ have presented the 
urrent status of atomi
 PNC 
al
ulationsand experiments. A number of many-body theories have been applied to 
al
ulate E1PNC matrix ele-ments. The results of these 
al
ulations in 
ombination with the most a

urate PNC experiment on Csis in agreement with the Standard Model (SM) of parti
le physi
s [69℄.12



Table 8: E1PNC matrix elements for Cs and Ba+Atom Transition E1PNC(iea0(QW /−N))
Cs 6s 2S1/2 −→ 7s 2S1/2 0.910 × 10−11

Ba+ 6s 2S1/2 −→ 5d 4D3/2 2.05 × 10−11

We have formulated a new approa
h to PNC in atoms based on relativisti
 CC theory in an attempt togo beyond the existing 
al
ulations. In this formulation the ex
itation operators (both T and S) 
ontainan unperturbed (supers
ript 0) and a perturbed part (supers
ript 1). For a single valen
e systems like
esium the wavefun
tion 
an be written as
|Ψk〉 = exp(T 0 + T (1))

{
1 + S(0) + S(1)

}
|Φk〉 . (55)This equation follows from Eq.(24) and 
an be derived easily [70℄. The equations for determining T (1)and

S(1) amplitudes are the following :
〈Φ⋆|

[
HN , T

(1)
]
|Φ0〉 + 〈Φ⋆|HPNC |Φ0〉 = 0 , (56)and

〈
Φk

v

∣∣HNS
(1)
v − ∆E(0)

v S(1)
v |Φv〉 +

〈
Φk

v

∣∣HN

{
T (1) + T (1)S(0)

v

}
+HPNC

{
1 + S(0)

v

}
|Φ0〉 = 0 . (57)The parity non-
onserving ele
tri
 dipole transition amplitude between atomi
 states |Ψi〉 =

∣∣∣Ψ(0)
i

〉
+

∣∣∣Ψ(1)
i

〉 and |Ψf 〉 =
∣∣∣Ψ(0)

f

〉
+

∣∣∣Ψ(1)
f

〉 is given by
E1PNC =

〈Ψf | ~D |Ψi〉√
〈Ψf |Ψf 〉 〈Ψi |Ψi〉

. (58)The preliminary results we have obtained using this approa
h are given in table 8. These 
al
ulationshave been 
arried out in the Dira
-Coulomb approximation with an universal Gaussian basis 
onsistingof 13s, 12p, 11d and 7f fun
tion for Cs and 13p, 12p, 11d and 8f fun
tions for Ba+. Our results for
Cs is in reasonable agreement with linear relativisti
 CCSD(T) 
al
ulation [71℄ whi
h yields E1PNC =
0.0908(9)× 10−11 in the same units as our 
al
ulation.7 Con
lusionIt is 
lear that 
onsiderable progress has been made during the past three de
ades on the relativisti
many-body theory of atoms. However there are some open problems in this �eld. Perhaps the two areasthat deserve most attention is the future are :(i) Relativisti
 multi-referen
e theories to treat a wide variety of open shell heavy atoms in
ludingrare-earths. Work in this area is in its infan
y [72℄.(ii) In
orporation of QED e�e
ts in a systemati
 way in the framework of relativisti
 many-bodytheory.One 
an indeed look forward to ex
iting new developments in relativisti
 ele
troni
 stru
ture of atomsin the 
oming de
ade.A
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