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ABSTRACT

We treated the aberration and advection effects in a spherical medium scattering radiation isotropically and
coherently. We assumed that the spherical shell is moving radially with velocities 1000, 2000, 3000, 4000, and
5000 km s~ ! (8 ~ 0.003-0.017, where § = v/c where v is the velocity of the gases and c is the velocity of light).
The transfer equatxon is solved in the comoving frame. We essentially studied how these high velocities change
the radiation field in terms of J where J = {[J(V = 0) — J(V > 0)]/J(V = 0)} where J is the mean intensity. J
changes from —4% to 2% at t =1, B/A =2 (B and A are the outer to inner radii of the spherlcal shell) and
to a maximum of 450% at 7 = 10 and B/4 = 2. We notice that in spherical media unlike in plane parallel
layers the changes in J are not proportional to the optical depth z. When the optical depth is increased to 50,
the deviations in J vary between —30% and 65%. When the geometrical thickness of the spherical shell is
increased, the changes in J are not considerable. The amphﬁcatxon factors defined as J,,,/1008 show a
maximum at about 7 = 10 for B/4 = 2 and 5, and the maxima in the latter case are much smaller than those
in the formercase.

Subject headings: radiative transfer — stars: circumstellar shells — stars: supernovae

1. INTRODUCTION

The extreme outer layers of supernovae, novae, AGNs, QSOs, and many supergiant stars are known to be in rapid expansion or
contraction. The information regardmg internal physical structures, etc., is obtained from the radiation that passes through these
outer layers. If the medium is in rapid radial motion, the radiation that passes through these layers will get modified. Therefore it
becomes necessary to estimate this modification of large velocities on the emergent radiation. Mihalas, Kunasz, & Hummer (1976)
studied the effect of aberration and advection that arises due to large velocities, on the formation of lines. They concluded that the
terms that contain the Doppler shifts are more important than those containing aberration and advection with velocities of the
order v/c ~ 0.01.

In an earlier paper (Peraiah 1987, henceforth paper I) we have shown that the aberration and advection terms produce large
changes in the radiation field in a plane-parallel medium which scatters monochromatic radiation isotropically and coherently. We
would like to examine whether or not such changes continue to exist in a spherically symmetric medium. We shall assume the same
physical characteristics of the medium as in paper I. We shall describe the procedure below. Although it is described in Peraiah
(1987), we present the derivation for the sake of completeness.

2. DERIVATION OF THE SOLUTION OF THE EQUATION OF TRANSFER

In this section we shall derive the solution of the equation of transfer by integrating it on the angle-radius mesh. We obtain the
reflection and transmission operators, r(i, i — 1) and r(i — 1,i); (i, i — 1) and (i — 1, i), on this mesh using the principle of interaction
(see Peraiah & Grant 1973). The equation of radiative transfer in a spherically symmetric media in the comoving frame of the fluid
with relativistic terms of the order of v/c is written as (Castor 1972; Mihalas 1978; Munier & Weaver 1986, Peraiah 1987)

6U(r m) —m? r dp\ ] ou(r, m
m+h (-5 0) ] 2

= K(O[S() — UG, m)] + M’;’M ~

3['% 1 —m?)+m? ﬁ]U(r, m, (1)
where f = v/e,m = (u — /(1 — up), U(r, m) = 4nr?I(r, m).

The quantity I(r, m) is the specific intensity of the ray whose direction makes an angle of cos™" x with the radius vector r. K(r)
is the absorption coefficient and S(r) is the source function. Equation (1) can be integrated on the angle-radius mesh defined on
[m;—,, m[r;_,, r] (see Peraiah & Varghese 1985). The integration of equation (1) is done by expressing the specific intensity in
terms of certain interpolation coefficients and weight factors:

U(r’ m)=U0+Ur€+Um'7+Urm€r” (2)

where Uy, U,, U,,, U,,, are the interpolation coefficients. The source function S is similarly defined. In equation (2), the quantities £
and # are defined as

-1

r—r m-—m
S=ap Wdn="go5 @
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where
F=(i-y+1)2, Ar=(ri—ri_y), @)
m=(m;_; +my)/2, Am = (m; —m;_,). ©)

Substituting equation (2) in (1) and simplifying, we obtain,

2 2 1—m? r dp
E(m+ﬂ)(U,+nU,m)+Xr; ; |:1+mﬂ<1_32;)][UM+£U'm]

= K(")[(So + Sré + Sm” + Srm é") - (UO + Uré + Um" + Urm 5”)]

. [2(mr+ﬂ> _ 3{/; (L= m?) 4 m? ﬂ}]{uo FUE+ Upn+ Um.én}, ©

where the source function S is expanded in a similar manner as the specific intensity given in question (2). We shall now apply the
operator

1

X,,,=E Am...dm )
on equation (6). In this process we use the following identities:
X, [Z]1=2Z where Z = constant , ®
Xa[n]=0, )
X [ml=m (10)
X, [nm] = tAm, (11)
X, [m?]=m?, (12)
X [nm*1=%Am -m, (13)
X n[m®] = m{m?) , (14
where
m? =4m? + mim;_, + m}_,), 15)
and
(m?) = 3(m} +m}_,) . (16)
Applying the operator (7) on equation (6) and using the identities given in (8) to (16) will give us

% {(rh + AU, + é AmU,,,,} + % (Zlﬁ){(l —m?) + m(l — <m2>)ﬂR}(U,,, +U,,9

- K(r)[(SO +5,8—(Uo+ U, 5)] + {Mgm—ii) 32 % HUO +U g}

dr
1
+ Am - m{ (/? + ) Z’B}{U + U, é} 17)
where
r dp
=1—-L 18
R=1 3 ar (18)
Let us assume that
dﬂ AB
S Ar = § = constant . (19)
Then, we have
Ap=S"Ar, (20)
where
Ar=(r,~—r,~_1). (21)
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Now, we shall perform the integration on the radial mesh. For this purpose, we apply the operator

1
Y,,=I—/Lr... dnrldr ,

where
V=20 -n,
on equation (17). This gives us
N (R Iy
S o 1) (v 10
i -0 v

L 1\(1A4 1 FAA dp 1 A4
+m Am[<ﬂ+3m>{2 v U"'+Ar (2— 7 )U,,,,}— r(U"'+6—A: U,,,,)],

where

2m
= (L= (m)p,

AA =4n(r? — 12 ),
A=V/Ar.

Collecting the coefficients of the interpolation coefficients U,, U,, etc., we can rewrite equation (24)

2 A A
paene st nenos] 5]

1A4A 14p 1 —m? _ 1A4 ap
rol o35 -58) 5 (5) - omew{(o 5) 351 - 41

1 Am 1AAGap 1 —m? _ 1 1 AA dp
+U,,,,|:3 Ar+Gp_6 7 ﬂdr+2p Am — Am m{<ﬂ+3m)p— —

A
AA . 1 A4

For —m, the transfer equation is written as

6U(r —-m) 1—m? r dB\] oU(r, —m)
=m+h S el )|

= K[S(r) — U(r, —m)] + 2 w UG, —m) — 3[§ (= m?) + m2 % :IU(r —m).

Substituting equation (2) in equation (29), we obtain

2 2 1—-m? dﬂ

[K(r) + - {2( m+ f) — 3p(1 — mz)} —3m? f](Uo +U,t+U,n+ U,,,,én)
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Application of X,, on equation (30) gives

= {e-mu,— s} - 22—y -~ o1~ 2 DY w4 v

_am2
— K50 +5,0- U + U9 | - {ZHL=) B+,

r_r_ﬂ"' -)(Um+ Urmé)'

Applying the operator Y, on equation (31), we obtain

Ar

where

2 m,—banu o (G- SU MUY, (o 1MEH 2 gl

2V pdar V A A pdr Am
184 184 184 s a2 48
{(So i S) <U°+6 7 U,)} { (2m + B — 3pm?) + 3m? dr}Uo

{p(Zm + B — 3Bm?) + 3m? 2 48 % éAﬁ}U, - {Am . rh[:liﬂ + ; AVA (— —_ﬂ)]}

{5 8 o) e

_1(, F-ad
P=N v )

Equation (32) is rewritten after rearranging the interpolation coefficients:

o

2

Ar

_ 1A4 _  apa2 _,dB1A4
(ﬂ—m)+6gK+p(2m+ﬂ 3pm?) + 3m? o 6A]

1A4 Gdf AA1-—m? _{dp 1AA4/[1
+U"'[2 VG_,Bdr—V Am +Amm{dr+2 (rh— )}

|4
1Am lﬁéﬁiﬁi 2 g cqaladds (1
+U,,,,,[—3 Ar+Gp T pdr Am (1 —m*)p+ Am m{6 T ( ﬁ)}:l

+U0[K+%—(2m+ﬂ 3m? + 3m* — < é )

Multiplying equations (24) and (34) by Ar, we get

and

where

1 AA
ozU,+ﬂ1U,,,+yU,,,,+5U0=Ar~ I:SO+37S':I’

1AA
U, + g U, +9U,,+ U, =Ar- I:SO+ETS,],

1 A4 lAA L dp
a=A {Ar(m+g)+ = K—p2m+p- 3m? -H+g dr}
- 1A4 14\ Ad1-—-m 1\1A4 df
ﬁ“Ar{G<z v B dr)+ vV Am A""”[(ﬂ +3m)2 v dr]}’
1 Am 1AAGdf . 1—i® . _ 1\ 1A44df
y"”{s F TP T B e T Am [<ﬂ+3m>”"6zdr ’

6= Ar{K—%—[2m+ﬂ(3m — 1)] + 3m? dﬂ}
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Furthermore, we have,

2 1 A4
! = —_ —m -_—— 41
o Ar[Ar(ﬂ m)+6AK+A2], (41)
By = Ar(B, + 43), 42)
1 Am
= _-== 43
'}’ Ar<A4+B2 3AT)’ ( )
where
8 =ArK + A4,), (44)
_1A4 a2 4 352 B
4, =3 V(2m+ﬂ—3ﬂm)+3m 0 45)
dB 1 AA
— o _ o 2 m2 L
A, = p2m + B — 3pm?) + 3m e 1’ (46)
_[dp 1A4/1
A3—Amm[ B, 14 <3m—ﬂ>], @
[1A44p 1
= i T 48
As Amm[6 yi dr+p<3rh ﬂ)] “8)
1A4 Gdf AA1—m?
= _— —_————— 4
B‘szﬂdr vV Am ’ “9)
- 144Gdp 2 _,
B,=Gp—¢ B ar Ay (L= mp. (50)

We now replace U,, U,, U,,, U,,, in equations (35) and (36), by the nodal values U,, U,, etc. (see Peraiah & Varghese 1985):
(—U,—U,—U,—-U)+p(-U,+U,+U,-Up)+yU,-U,—-U,+Up)+U,+U,+U,+ U,

1 AA
= 1:[(&l + 8, + S, + Sd)<1 ~% 7)] , (51)

and

d(—U,—U,—U,—-U)+B(-U,+U,+U,—-Up)+yU,-U,—U,+Up) +6U,+U,+U,+ U,

1AA4
= 1:<1 -5 7)(5,, +S,+S.+8). (52

On rearranging,

Uf—a—B1+y+0)+Uf—a+pf—y+0)+U(—a+p;—y+)+Uf—a—B,+7+9)

1 AA
_ r(l _1 —.>(s,, £S5, 45.48), (59

6 A
and
Ud—d =By +7 +8) + U~ + By =7 + 8) + Ud—a + By =7 +8) + Uf—o = fi +7 +9)

_ T(1 - é %f‘)(s,, + S+ S +8), (54

where
t=K"-Ar. (55)

Letting
A,=—a—fi+y+9, (56)
Ay=—a+p;—y+596, (57
A =—a+p,—y+9, (58)
Ajy=—a—p,+y+96, (59)
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and
Ay=—a —p1+y+76,
= B =7+,
A, =—d +p—y+6,
G=—d =B+ + 7,
we can write equations (53) and (54) as

1A
A,,U,;‘+A,,U;'+ACU:+A,,U;=<1—g—g—>(s++s,, +SH+85),
and
F - P P P 1 AA
AU + AUy + ALUS + AgUG = (12— ST + 8 + S0 +54).

By writing the nodal values in their full form, such as
Ur=UiZy*, Uy =U"" etc,

we obtain
: . . . 1AA 1AA
AUTYY + AU + A, U + 4,U57 = ‘c(l —E—A—>(S' YrHSTE)+ r( 37>(S S+ 85,
and
; . 1 AA 1 AA\ . .
A UL 4 AU + AU + AU =g L ——— Si2 ™ + 87 )+ o L+ - — )87 + 557)s
4 6 A 6 A
where
J
. 1
S}:11,+ z E(U(P++CU+' 1+P +CU Ji— 1)1 ' +(1—(0)B' 1,+ ,

1

)

J

J
S;_1’+ Z CO(P++CU+l 1+P+ CU—; 1)}+(1—CO)B' 1, +’

Vol. 371

(60)
(61)
(62)
(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

where o is the albedo for single scattering, the quantities P**, P* ~ etc., represent the phase function for different directions, C is the

quadrature weight for angle integration, and the B’s are the internal sources. Defining
Al A4
Aab _ A }iz +1 A i +2
AT A4
A
and similarly for A%, we can rewrite equations (67) and (68) as
[A% —t*Qy* *JUf + [A® — 1" Qy* " JUL = (1 —0prQB* + " Q" "U; + 07 Qy* "ULy,

and
[AYF —t*Qy™ "JU; + [A® — < Qy~ U, =(1 —0)rQB~ + " Qy~"U{ +17Qy” "U~L,,
where
1
1
Q= 1 1)’
1
1AA
+ _ 24
T —r<1 +6 Z)’
o 1124
A A

(1)

(72)

(73)

74

(75)

(76)

(77
(78)
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The quantitiesy~ ~, 7~ * are defined similarly. With

A,=Q 'A%,

ch — Q— 1 Adc s

A, =Q A,

R = QA%

equations (72) and (73) become
[Ae =ty U +[A — 17y " IUS = (1 —o)B* + 757U +1797 UL,
(A —t"y""IU7 +[Ak —17y" JU =(1 —wpB™ +1%y " "U; +17y "UL .

679

(79
(80)
@1
82

(83)
@4

Equations (83) and (88) are compared using the interaction principle (Peraiah & Grant 1973), and the two pairs of transmission and

reflection operators are written as
tG,i—1)=R*[A*A+r*"AC],
ti—1L,)=R "[A"D +r *A*B],
rG,i—1) =R *[A"C+r "A*A],
ri—1,)=R* " [A*B+r*"AD],
where
AT =[A, -1y 17,
A”=[A, -1y 717,
A=1tm*t" + 4, ,

B=n"",

C=1u"",

D=tw*" + A4, ,
rt” =tAtyt T,

Rt " =[I—-r*r %],

@5
(86)
@87
(88)

(89
(0)
2y
2
©3)
4
95)
(%6)

The transmission and reflection operators given in equation (85) to (88) are made use of in calculating the internal radiation field as

described in Peraiah & Grant (1973).

3. RESULTS AND DISCUSSION

We have considered a spherically symmetric shell bounded by = = 7,,,, at the inner radius 4 and t = 0 at the outer radius B,
where 7 is the optical depth of the shell. We assumed that the medium is non-emitting (see paper I) with isotropic and coherent

scattering. The boundary conditions on the radiation field are
US(T,p)=1,
and
Ut(t=0,u)=0.
Regarding the boundary condition of the expansion velocity, we set
V(T,r=A4)=0,
and
Ve=0,r=B) =V,
where
T = Tmax >
¥V =0km s~ }8 = 0), 1000 km s ~!(8 = 0.0033) ,
2000 km s~ (8 = 0.0067), 3000 km s~ !(8 = 0.01) ,
4000 km s~ (8 = 0.013), 5000 km s~ }(8 = 0.0167) .
The velocity gradient is positive and constant. The total optical depths we have considered are
T =1, 5, 10, 30, 50 .
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Further, the aspect ratio values B/A are

§= 2and 5. (103)
The mean intensities are computed by using the relation
1 +1
;-1 f Udu . (104)
-1

Here we are not calculating the outward fluxes as was done in paper I, because the fluxes show similar behavior as the mean
intensities. The changes in J due to velocities compared to those calculated in the static shell are calculated by using the relation

AJ

f=mx 100, (105)

where
AI=JV=0—-J(V >0). (106)

We divided the spherical shell into several smaller shells so that we obtain a stable solution; we calculated the r and t matrices in
these smaller shells and add them by the star algorithm (see Peraiah & Grant 1973). If the condition of flux conservation is not
satisfied, we subdivide the shell both geometrically and optically and repeat the procedure of the star algorithm. When velocities are
introduced the shell thickness is reduced further.

In Figure 1, we plotted J for B/A =2 and T = 1. Here 7 = O(r = B) corresponds to the emergent side and T = 1(r = A)
corresponds to the incident side of the shell. We notice here that, unlike in the plane-parallel case, (see paper I, Fig. 5) J has
maximum and minimum values for all the velocities, the greatest variation (for ¥ = 5000 km s~ ) being —4% to +2%. The range of
change is about 6% which is the same as that shown in Figure 5 of paper 1.

In Figure 2, we have increased the optical depth to T = 5 with the same aspect ratio of 2 as in Figure 1. Here the changes are
shown to be enormous, and if we compare these results with those presented in Figure 7 of paper I, the changes introduced by
sphericity are spectacular. The J values at ¥ = 5000 km s~ ! approach as much as 50%, while in the plane-parallel case only 12%.
Figure 3 gives the J for T = 10 with B/4 = 2. The changes in J are still larger than those given in Figure 2. However, a further
increase in optical depth to 30 and 50 brings down the changes considerably, (see Fig. 4 and 5, respectively) although J changes
between positive and negative values. We have increased the aspect ratio to B/4A = 5 and plotted J in Figure 6 for T = 1. Here J
corresponding to ¥ = 5000 km s~ ! has the maximum value of 2.8% at © = 0.85 and lowest value at t = .1. However for T = 5,J
changed considerably (Fig. 7). Figures 8, 9, and 10 show J’s for T = 10, 30, and 50.

In Figures 11 and 12 we plotted the amplification factor J,,,,/1008. These factors again show maxima depending upon the aspect
ratio B/A. For B/A = 2, we have the amplification factor at about 270 (Fig. 11) while for B/A = 5 this is at about 80 (Fig. 12) for
V =5000kms™

In a few cases the changes in J for the spherical case appear to be rather lower than those in the plane-parallel case. The changes
are not due only to B/A but also due to other factors such as the optical depth in each shell. We have to consider the changes due to
the optical depth per unit geometrical extension, that is we have to see how J at the emergent side of the shell varies with respect to
the quantity T/(B/A). We presented these results in Figures 13, 14, and 15 for T =1, 5, and 30, respectively, to show only the
character of variation. For T = 1, we see that between B/4 = 1 and B/A = 2 larger velocities will have larger J’s while at B/4 =~ 2

50.00 g T T T y — - T

2.25

40.20f 5000 kms™!

>|o
n
N
s

0.96

-0.33 30.40
J 7
-1.62 20.60
V = 1000 kms™'
-2.91f vV = 2000 10.80|
vV = 3000
V = 4000
V = 5000
—4.20 L L 1 1 L L 1.00 -t L i i L i -
0.00 0.20 0.40 0.60 0.80 1.00 0.00 1.00 2.00 3.00 4.00 5.00
T T
FiG. 1.—JforT =1,B/A=2 F1G. 2—Jfor T = 5,B/A =2
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™ T
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FIG. 13.—Emergent J’s (v = 0) vs. T/(B/A) for the total optical depth shown

25.00
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50 20
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F1G. 14—Same as those given in Fig. 13for T = 5
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F1G. 15.—Same as those given in Fig. 13 for T = 30

the changes in J corresponding to all velocities pass through a point, the J’s corresponding to larger velocities having negative and
steeper slopes. The changes continue with the same slope until B/4 = 5, at which the slope becomes positive. From this point the
changes in J continue to increase with positive slopes which converge as B/A4 increases.

When T is increased to 5 (see Fig. 14), we see that the values of T/(B/A) increase, which means that the optlcal depth per unit
geometrical extension also increases. At B/4 = 1 we see large changes in J and gradually reduce as B/A increases. These Js

converge as B/A increases. For large B/A’s these become negative. We plotted J versus T/(B/A) in Figure 15 for T = 30. These
results show similar characteristics as those given in Figure 14.

4. CONCLUSIONS

We presented a solution of the radiative transfer equation in spherical symmetry including the aberration and advection terms.

The changes in mean intensities are dependent on the geometrical and optical thickness and in particular depend on the ratio
T/(B/A).

I thank the referee for useful suggestions and criticisms. I also thank B. A. Varghese in helping me in calculation and drawings of
the figures.
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