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ABSTRACT

We study the effect of differential radial velocity on the distribution of line intensities
and line polarization along the line of sight of an extended stellar atmosphere
stratified in parallel planes. The main purpose of this paper is to understand the
behaviour of line polarization in an extended and expanding atmosphere. The
atmospheric models could represent the photospheric layers of early-type stars. We
consider, for simplicity, complete redistribution of frequency. The velocities of
expansion of the medium are set at 5, 20 and 50 mean thermal units with two
different velocity laws. The results are compared with that of the static case. It is
found that large effects are generated in the polarized radiation field when differential

radial expansion is taken into account.
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1 INTRODUCTION

In the absence of any external magnetic field, the absorption
of an anisotropic radiation field by an atom leads to a non-
uniform population of the Zeeman sublevels of the excited
state and the coherences among such levels. As a conse-
quence, the re-emitted radiation field is linearly polarized.
Such a two-level atomic model is a quantum analogue of the
Rayleigh scattering of the continuum radiation.

The basic theory of resonance-line polarization and its
diagnostic potential in solar observations have been studied
extensively by Stenflo and co-workers (Stenflo 1976; Stenflo
& Stenholm 1976; Stenflo, Baur & Elmore 1980). Detailed
theoretical discussions can also be found in Mitchell &
Zemanski (1934), Hamilton (1947) and Landi degl’'Innocenti
(1984). The direct solution in plane-parallel geometry (pp)
has been presented by Rees & Saliba (1982, and references
therein).

All these authors employed radiative transfer in a static
medium. We study in this paper the same problem but for a
medium having a differential velocity gradient. It is well
known from observations that early-type stars, giant and
supergiant stars, symbiotic stars and luminous late-type stars
possess differential velocities in the radial direction in their
outer layers, with speeds ranging from 2 to 100 mean
thermal units (mtu). These stars show degrees of polarization
ranging from 0.1 to 5 per cent in the optical band (Coyne et
al. 1988). It is therefore very important to study the effect of
velocity on line polarization.

In our study we consider the radiative transfer equation in
the comoving frame (Castor 1972) with the plane-parallel
approximation. Scalar line formation in the comoving frame
for both plane-parallel and spherically symmetric cases has
been well studied by Mihalas and co-workers (Mihalas et al.
1976a; Mihalas, Kunasz & Hummer 1976b) and Peraiah
(19804, b). The advantages in working in the comoving frame
have been discussed in detail by Mihalas (1978).

In this paper we use the Peraiah method (Peraiah 1984) for
solving the plane-parallel radiative transfer problem in the
comoving frame, and present a large number of results. For
the sake of simplicity we assume the complete frequency
distribution (CRD) approximation.

In the next section we present the relevant equations. In
Section 3 we discuss the method of obtaining solutions and
the boundary conditions. The atmospheric parameters are
given in Table 1. In Section 4 we discuss the results and draw
specific conclusions. Finally, we summarize the general
features of our investigation in Section 5.

2 THE TRANSFER EQUATIONS

In general, a linearly polarized beam is represented by the
three Stokes parameters I, Q and U. In a plane-parallel
medium, because of the axial symmetry of the radiation field,
only two parameters are required to define the polarization
state of the radiation field (Chandrasekhar 1960): I, the
specific intensity of the radiation field, and Q (=1—-1,

where I, and I, are the components that are perpendicular
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Table 1. Atmospheric model parameters.

Model 7 ¢ B B

.. 10° 1073 3x10°% 1

2... 10° 107* 5x10°¢ 1

3... 10° 10°° 5x10°° 1
4... 10* 107% 5x10°4 1
5.. 10* 0 0 1
6... 10° 0 0 1
7 100 0 0 1

and parallel to the surface, respectively), the polarized
intensity. The degree of linear polarization p = Q/I gives the
measure of the anisotropy of the diffuse radiation field. We
have adopted a sign convention such that a positive value of
p corresponds to polarization directed perpendicular to the
surface.

The transfer equation for polarized radiation is a vector
analogue of the non-LTE two-level atom line transfer
equation in the comoving frame (Mihalas et al. 1976a; see
also Peraiah 1984). The equation of transfer for plane-
parallel symmetry in the comoving frame is given by

a Il(xa M, 2 ) _ Sl(xa M, Z) _ Il<x’ X, Z)
oz [ I(x, pu, 2 )]_kL[ﬂ+¢(x)] ”Sr(x, /4,2)} [Ir(x, u,z)”

2dv(z)| @ | L(x, 4, 2)
sl w

where u=cos O(#€|0, 1]) and 0 is the angle between the
Stokes specific intensity vector and the axis of symmetry
z; x =(v—v,y)/Avp, where v is the frequency in Hz, v, is the
line centre frequency and Ay, is the Doppler width, which is
assumed to be constant throughout the atmosphere. The
quantity B is the ratio k /k; of the opacity due to continuous
absorption per unit interval x to that in the line (k; is the
frequency-integrated line opacity). The normalized absorp-
tion profile is represented by a Voigt function

¢(x)=H(a, x)Nm , 2)

where a represents a constant ratio of the damping width to
the Doppler width. The total source vector is given by

SI(X,ﬂ,Z)]=¢(X)SL(x,/l,Z)+ﬂS°(Z)‘ )

Si(x, u, z) B+ 4(x)

S and S° refer to the source vectors in the line and
continuum respectively, where

S$¢(z)=0.5B(z)1,1=(1, 1)T. (4)

The line source vector is given by

S(x, ,u,z)=[

Si(x, 4, 2) =2 r dx’ JH R(x, u,x', 1)

#(x) -1
Ii(x Is,“ z) €
[L(X' s Z)] Qv Bt 5

where ¢ is the probability per scattering that a photon is
destroyed by collisional de-excitation. The redistribution
matrix R(x, u, x', u') is defined according to a hybrid model
prescription by Rees & Saliba (1982), and is given by

R(x, u, x', u')=P(p, u') R(x, x"), (6)

which retains the angular correlation in the phase function
P(u, u') essential for scattering polarization and mimics the
frequency correlation via the angle-averaged scalar redistri-
bution function R(x, x') for isotropic scattering.

The phase matrix for resonance scattering is given by
Chandrasekhar (1960) as

L3 20=kA-wH+ P 2
P(ﬂ,u)=§E1[( w ,zﬂ) mH #

+——(1_4E‘) [i ﬂ (7)

To maximize the polarization we assume a J=0- 1 transi-
tion so that E; and P(u, u') take the form of the well-known
Rayleigh phase matrix. For the sake of simplicity we have
considered the complete redistribution function given by

R(x, x')=¢(x) g(x"). (8)

Equation (1) can now be rewritten as

3 [1.<x 1, 2)
*az I(x, u,2)

—

} #(x )kLS Hx m,2)

+he8°(2)~[g(x )kL+kC][ E"’; ;]

302 {Ix(x 4,2 >] o)

dz ox Lix,u,z)|’

and for the oppositely directed beam

a [Il( M, )

e Lk 2 )] #(x) ki SH(x, —p, z)

+k.8<(2) = [glx )kL+kc][,§x :Z’Z;]
,dv(z) 9 | L(x, —u,2)
Ta dz ax[ Iix, —u,z )]’ (10)
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where S' and S$¢ are given by equations (5) and (4) respec-
tively.

We must emphasize here that all the quantities mentioned
above are to be understood to be measured in the comoving
frame of the fluid.

3 METHOD
3.1 Method of computation

We have employed the Peraiah method (Peraiah 1980a,b,
1984) for solving the plane-parallel radiative transfer
problem in the comoving frame. Our main purpose is to
develop the reflection and transmission operators that
embody all the physical information contained in the present
problem. The medium under consideration is divided into a
number of layers. The transmission, reflection and source
vectors are computed for all the layers. For a thick layer, the
so-called star product, which is essentially a doubling
algorithm, is used.

To start with, we discretize equations (9) and (10). For
frequency discretization, we choose discrete frequency
points x; and weights g, so that

J #(x) flx)= > a; f(x)), ) a;=1,

- i=-1 i==1

and for angular discretization we choose angular points u;
and weights c; such that

J'Of(,u)dll”z i b;flw,), i bj=1.

We integrate the equation over an interval [Z,, Z,,,]X
[#;-1p2, M+, 2] defined on a two-dimensional grid. By choos-
ing the roots u; and the weights c; of the Gauss-Legendre
quadrature formula of order J over (0, 1), we calculate the
sets ;. 1, and u;_,, as given by

J
Kjv1p= 2 ¢
k=1
and
j—1
HRj-12= > Cis J=1,2,3...J.
k=1

We define the boundary of the angular interval as u;,, = 0.

Integrating equations (9) and (10), first in the interval
[#;-1/2> #;+1)2) and then over the spatial cell [Z,, Z,, ], we
obtain

Mo e =1 T Bl @7 i oV a2

1
=T, 1pl0Bl+ €¢i+]n+1/2Bn+1/2hzj+§ Tyr12(1—€)

+1
++ ++ +
x (@ ns12 Riine12€2 i n12

i'==1

+ - - ' +
+ainr12R i e 12€20 0 ne1p) T My dly Ly AV,

(11)
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and
=My e =V Ta Bl 8 a2 a2
= Tps1l0Blost €67 1ui12Buri2h
+1

1 _ _
+5 Tov1p(l1=€) 2 [ammeipRiimen
i=-1

. - -
c,yl i n+1)2 +ai’,n+1/2Ri,i’,n+1/202!li’,n+1/2]

P
+Modly 1 pAV s (12)

Here the subscripts #, n + 1, n +1/2 refer to quantities at Z,,,
Z, 15 Z, 412, Where n+1/2 refers to a suitable average over
the cell, i.e.

1
Zn+1/2 =5 (Zn+1 +Zn)’

2 AZn+1/2 =Zn+l -Z

n

Th+12= k(Z, +I/2)AZn+ 12>

1

+ = + +
li,n+l/2_2 (Ii,n+1 +Ii,n)’

_ 1, _
int12 =5 (e 1)
The redistribution matrices are

_ R::Tn(ly 1) R+’Tn(1’ 2)
R:i’*,.n(za 1) R:i’fn(z’ 2) ’

where the block matrices corresponding to the phase matrix
are defined as

Ritl',"i’,l,n (a, ﬂ) Ritl:*i’,l,n (a,B)
Ritit,n(aaﬂ)= : N
Ri‘,‘.l.*‘i’,l,n (a’ ﬂ) Ritlfi’,l,n (a7 ﬂ)

+ + _ o vl
R.ijn = R(xi,uj’ XiMjs Z,),

M, 0
M2;= [ 01 ijl 5 MJ'_'[.ujajj’] s

C, 0
czF[ ! ]; C,=[c;0;1,

=)
(g
<

(1;,(r)and I 7, (r) are defined similarly],

s _|Bia (D) 0
LR ]

i:,tn(l) =[¢i:tj,n(l) 6,‘,"] ,
¢i:,tn(r)=[¢iij,n(r)6ji’]

© Royal Astronomical Society * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1993MNRAS.265..513S

BVNRAS. 265, C51350

rt

516 S. Sengupta

(where j, j'=1,2, 3, ... J, and 0j is a Dirac delta function),
and

hy,=[1,1,1% 1,=[1,1,1,...1]".

The comoving terms given in equations (9) and (10) are
represented by the term M, dI77 ., AV, ), where

;M0 ,
M21=[ 0 ML] s MJ=[/‘?6/'/”L

AI/rH-I/Z= Vn+1_ Va

n
d o
d= s
0 d
where the matrix d’ is determined from the condition of flux
conservation, where

di=(x;,—x;,_;) 'fori=1,2,3,...1— 1 and d\=d;=0.

Dropping the indices J and I (which represent the numbers
of angle and frequency points respectively) we can now
rewrite equations (11) and (12) as

+ -
M., |:]+Tn+1/2‘p:=1/2|:+1/2‘Tn+1/2S;+1/2
n+1/2

1
(=) T R W1 + R W 1]

+MdIY LAY, (13)

and

M. -1 ]+ Tor12®u=12lie 12 = Ths 128 0412

1
+=(1=&)7,, )[R "W " I* +R-"W~"1"]

2 n+1/2
+Mdl;, ,AY, ), (14)
M =[Iuékk’]’ If =[Il;l:'x]’ M’=[‘u26kk/],

1¢,=1(x;, p; 2, p),
where
k=j+(i-1)J+(p-1)IF  1<k<pl,

p being the polarization state number (in our case p=2),

d’f+1/2=(ﬂ+¢ki)n+1/25kk'; ¢ki,n+l/2=¢(xia i,“,'a Lu+1)25 p),
and

sfﬂ/z =[pB+ €¢kt]n+l/ZBn+l/26kk‘ .

W/, are the weights matrices defined as W} ,=
[Wl::+}/g5kk'], with @7, p Wiiip=al 106 (0 is an
unspecified parameter).

The renormalized weights of integration are defined by

att = Aibinsi1p
Lrrlf2 o, 21
++
Z a; ¢ Z Rk,k’,n+l/2
k=1 Ko=1

The average intensities I%,,, are approximated by the
diamond scheme (Grant 1986) given by

(1 _xn+1/2)|:1- +Xn+1/2|:{+1 =|:+1/2, (15a)
(1 =X, 12 + X pl =l 10 (15b)
with

11X 0 , 1 1 0
Xopi1p=5 s X =g = ,
e 2[0 x} 2 [0 1]

1 being the unit matrix.

Introducing equations (15a) and (15b) into equations (13)
and (14), we write the resulting equations in the form of the
interaction principle (Grant & Hunt 1969a,b) (see Appendix
A) and, comparing these with the interaction principle, we
obtain the ‘cell’ reflection and transmission matrices and
source vectors. These are listed in Appendix B.

In the plane-parallel case the method is unconditionally
stable and provides accurate solutions as long as the conven-
tional normalization conditions are satisfied.

The frequency-independent 1 and r components of the
source function along a particular angle have been deter-
mined in the comoving frame, and using these source
functions the line profiles and the polarization profiles seen
by an observer at infinity can now be determined.

3.2 Boundary conditions

We solve the problem for two kinds of boundary conditions:
(1) the radiation incident on either side of the atmosphere,
and (2) the frequency derivative dl/0x appearing in the
comoving term. In the first case, we assume that there is no
incident radiation on either side of the atmosphere (except in
a few cases), i.e. I(x, u)=0(r=0, u=0, =T, u>0). In the
second case we assume that in the continuum 0l/dx=0.

4 RESULTS AND DISCUSSION

It is well known that resonance polarization is governed by
collisional rates, by the geometry of the medium in which the
lines are formed, which affects the anisotropy of the radia-
tion field, and by non-LTE mechanisms, such as frequency
redistribution. The collisional rates are sensitive to the
distribution of matter inside the medium. Except for the
geometry of the medium, all the other processes are greatly
affected by the inclusion of a radial velocity field. The
velocity field is associated with the temperature of the stellar
atmosphere.

We have employed two types of velocity rule, guided by
Mihalas et al. (1976b):

Ve—Va

V(in)=V,+———=X
(n)=V, N n

and
V(n)=V,+cVgtan™! (an+b)—tan~! (a +b)].

Here V, is the velocity at the innermost layer, which is
always kept equal to 0, and Vj is that at the outermost layer,
i.e. the terminal velocity. We have taken V;=5, 20, 50 mean
thermal units (mtu) and have also included the static case for
a comparative study. N is the total number of layers, which is
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generally taken to be 50 to 100, » is the layer number, and g,
b and c are constants.

In the first case the velocity increases linearly, and in the
second case the velocity increases rapidly from the inner-
most layer, the gradient then becoming steeper until it finally
reaches its maximum value.

We have calculated the total intensity profile along the line
of sight as well as the percentage of the degree of polariza-
tion. In all figures the ratio of the flux at a particular fre-
quency to that in the continuum is shown.

Figs 1(a), 3(a) and 5(a) represent the line profile in a
purely scattering medium with the linear velocity rule. In the
static case the line profile is symmetric, whereas in the non-
static case the profiles are Doppler-shifted towards the blue
region, resembling p-Cygni profiles. The emergent flux at the
line of sight decreases as the velocity increases. This is
similar to the isotropic case.

Figs 2(a), 4(a) and 6(a) represent the line profile in a
purely scattering medium with the tangential velocity rule.

2.50 T T T
Vi1
T=1.E+04
2.10 B 1
‘/,\ e=0
/ \ =0
170} / \ 1
— / !
L 3 \
/ .
. \
1.30} / . .
/ \
. \
SR T J
0.90} 1
0.50 L L . L :
-1.00 -0.60 —-0.20 0.20 0.60 1.00
X/Xmux

The sharp peaks obtained with the linear velocity rule are
not seen here.

In a purely scattering static medium the polarized profile
is frequency-independent, as seen in Figs 1(b)-6(b). This is
purely the effect of complete frequency redistribution, and
has been reported by some previous authors (Nagendra
1986). This situation is altered by the inclusion of velocity,
which changes the energy of the line photons.

The degree of polarization is positive for zero, small and
moderately large velocities, but negative for a large velocity
in a purely scattering medium. For all types of purely scatter-
ing media the degree of polarization in a static medium is
less than that in a non-static medium. This is mainly due to
the blueshift in the frequency of the incident photons.

The degree of polarization takes a larger value when the
velocity of the medium is small, i.e. 5 mtu, than when the
velocity is moderately large, i.e. 20 mtu. This may be due to
the effect of velocity on the distribution of matter. With a
small velocity a large amount of matter is accumulated at

5.50 . . . ,
4101 i
270f o 1
— —.— v=0 .
® v=0 Vi
T rrsesenee y =20 T=1.E+04
1.30F |— — v=50 e=0 B
=0
T P T —
-1.50 : . : : .
-1.00 -0.60 -0.20 0.20 0.60 1.00

X/ Xmax

Figure 1. (a) The total flux profile along the line of sight with a linear velocity gradient ( ¥,: 1). In this and all subsequent figures, ‘v’ denotes the
terminal velocity. (b) The corresponding percentage of the degree of polarization.

2.10 . , .
KN Va2
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[ 1 g=0
1.66} | i .
W ! \
/ \
1.44F i \ .
/ °\
/ \
1.22F / . h
\
pevs A A ) ose.
1.00 pnpenssze oz Y T N
-1.00 -0.60 -0.20 0.20 0.60 1.00
X/Xmox

5.10 . : T .
3.90f .
2.70F Va2 1
~
5 T=1.E+04
a
1.50 £=0 .
g=0
0.30f 1
09— —=—.— S T o e
-1.00 -0.60 -0.20 0.20 0.60 1.00

X/Xmax

Figure 2. (a) The total flux profile along the line of sight with a tangential velocity gradient (V,: 2). (b) The corresponding percentage of the

degree of polarization.
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Figure 3. (a) As Fig. 1(a), but for different optical depth. (b) As Fig. 1(b), but for different optical depth.
210 ' ' j 5.10 b) " . . - .
/.\ Va2
. e
Y T=1.E+05
1.88 I 1 4.00} 1
/ -\ e=0
! \ B=0 [
1661 ! i 1 2.90
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e \ 1 ®
/ \ & T=1.E+05
1.441 ‘/ '\ b 1.80 i
! ‘\ =0
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1.22f / \ 1 0.70f p=0 .
7. N A
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-1.00 -0.60 -0.20 0.20 0.60 1.00 -1.00 -0.60 -0.20 0.20 0.60 1.00
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Figure 4. (a) As Fig. 2(a), but for different optical depth. (b) As Fig. 2(b), but for different optical depth.
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Figure 5. (a) As Fig. 1(a), but for different optical depth. (b) As Fig. 1(b), but for different optical depth.
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Figure 6. (a) As Fig. 2(a), but for different optical depth. (b) As Fig. 2(b), but for different optical depth.
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Figure 7. (a) As Fig. 1(a), but for different ¢ and B. (b) As Fig. 1(b), but for different ¢ and 8.

certain positions to give rise to larger amounts of polariza-
tion. The effect of depolarization may also play an important
role in this context.

For a very large velocity, e.g. 50 mtu, the incident photons
become highly energetic. Also, almost all the matter is driven
out towards the outer region. These give rise to a nearly
frequency-independent polarized profile. This effect is seen
in all the models. :

We notice that with the increase in optical depth the
degree of polarization increases because of the increase in
the number of scatterers. Due to the adopted boundary
conditions the degree of polarization is almost the same at
the wings for all cases in a purely scattering medium.

The inclusion of a non-zero thermalization parameter &
changes the polarized profile significantly from that of a
purely scattering medium. The line intensity is higher in this
case. Unlike the case for a purely scattering medium, the
degree of polarization is always negative in a medium with a
non-zero thermalization parameter.

As can be seen in Figs 7(b)-14(b), the degree of polariza-
tion in a medium with a small velocity is less than in a static
medium, whereas it is much higher in a medium with a
moderately large velocity (20 mtu). A comparison with the
purely scattering medium implies that the effect of a non-
zero thermalization parameter is much greater than the effect
of matter distribution, which in turn is governed by the
velocity field because the velocity dilutes the medium.

With the linear velocity rule there is a sharp peak at the
line centre in the polarized profile, whereas no such peak is
obtained in a medium with the tangential velocity rule.

As mentioned earlier, the degree of polarization is nega-
tive and frequency-independent in a medium with a very
large velocity. The degree of polarization is, however, much
larger than that of a purely scattering medium. With a large
velocity the degree of polarization is always a minimum at
the wing, but near the line centre it is greater than the degree
of polarization of a static medium as well as that of a medium
having a small radial velocity. Further, we notice that the
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polarization profile in a medium with the tangential velocity
rule is nearly frequency-independent near the line centre but
increases rapidly at the nearer wing, This rapid increase in
polarization is also evident with the linear velocity rule. This
result is due to the specific boundary conditions. It is worth
mentioning that in all cases the degree of polarization
increases significantly as optical depth increases.

In all the models discussed above, a complete frequency
redistribution function has been adopted. In general, the
partial redistribution line profiles behave like the CRD
profile in the line core. One should therefore expect signifi-
cant changes in the continuum with the use of a PRD func-
tion. Further, we have considered a plane-parallel geometry.
For early-type stars the curvature effect will play a dominant
role, since the atmosphere is very large, and so a spherically
symmetric geometry is more relevant in this case. The inclu-
sion of these two cases will, however, make the problem very
complicated, as the stability and the uniqueness of the
solutions will become highly conditional.

Since with different velocity gradients different effects
dominate, a complete interpretation of the numerical results
is non-trivial and difficult. Although the models employed
here are highly idealized, they provide a reasonably good
understanding of the basic features of the polarized line
formation problem in a radially expanding stellar atmos-
phere.

The method discussed in Section 3.1 can handle the
problems that arise from the coupling of the comoving points
across the line profile and the local velocity gradients. The
solution is calculated on the basis of the discrete space
theory, which depends on the interaction principle that
connects the physical properties of the medium with its
transmitting and reflecting characteristics. The stability of
the solution is achieved by controlling the step-size in the
discretization in radial, angle and frequency integrations.
The step-size is coupled to the physical conditions of the
medium. The critical step-size is derived so that the transmis-
sion and the reflection functions estimated in a given shell or

layer are always positive and satisfy the conservation prin-
ciples. In the present calculation we find that each shell (the
entire atmosphere is divided into 50 shells) is represented by
several mtu of velocity. Choosing a reasonable step-size, we
find a stable solution. We have used the internal field
algorithm to estimate the diffuse radiation field. Thus the
stability and the uniqueness are maintained. The flux is con-
served up to nine decimal places.

5 CONCLUSIONS

We have presented some basic aspects of the resonance-line
polarization in a radially expanding medium. We have
adopted simple physical and atmospheric models for this
purpose, our aim being to understand the two-level atom line
polarization transfer in a plane-parallel geometry with a
differential velocity gradient. We have employed the comov-
ing frame calculation with complete frequency redistribution.
It has been found that the inclusion of a velocity field sub-
stantially affects the polarization in the resonance line, and
that the degree of polarization is always negative and nearly
frequency-independent when a large velocity gradient is
included. In a purely scattering medium the degree of polar-
ization is maximum for a small velocity, but in a partially
scattering medium it is maximum for a moderately large
velocity gradient. In all cases the profiles have been obtained
along the line of sight. The computations are preliminary in
nature and will be useful for obtaining a general idea about
the resonance-line polarization in a radially expanding plane-
parallel stellar atmosphere.
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APPENDIX B

We define the following auxiliary quantities:
G =[l-g*"g7 "]},

G *t=[l-g g ]},

1
z+=q>+—gn+ FWt+ =~ MAAY,

z2 = -2 R“W“-%M’dAV,

2
ag
Y.=oRTTWOT
g
Y_=—R*"W*"
2

The transmission and reflection matrices are

t(n+1,n)=G* [A*A+g* g~ "],
tin,n+1)=G"*[A"D+g *g*],
r(n+1l,n)=G *g " [I-A*A),
r(n,n+1)=G*~g*~[I-A"D].

The source vectors are
Tt (n+1,n)=G* [A*S*+g* " A ST,
T (n,n+1)=G *[A"S +g TA*S*]t.
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