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ABSTRACT

We studied the effects of inclusion of the aberration and advection terms in the equation of the line transfer.
We have considered spherical shells whose ratios of outer (B) to inner (4) radii (B/A) are 2, 5, and 10 and with
line-center optical depths 500, 1300, and 1350. The velocities of expansion of the medium are set at 1000,
2000, 3000, 4000, and 5000 km s~ '. We calculated the line source functions and the corresponding profiles of
lines. We have considered the individual and combined effects of the transverse and radial velocity gradients,
and those of aberration and advection in plane-parallel and spherically symmetric geometries on the line
source functions and the emerging line profiles. It is found that large effects are generated in the radiation field
when these physical mechanisms are taken into account in the transfer of line radiation. We tested the method
for various velocity laws and found it to be stable.

Subject headings: line formation — radiative transfer — stars: circumstellar shells — stars: supernovae

1. INTRODUCTION

In an earlier paper (Peraiah 1987, hereafter Paper I) we found that in a plane-parallel and coherently scattering medium moving
with velocities of the order of y (=v/c, where v is the velocity of the gas and c is the velocity of light) equal to 0.017, the mean
intensities of the monochromatic radiation field change considerably when aberration and advection are included in the solution
self-consistently. Therefore, it is not unreasonable to expect that aberration and advection will affect the formation of spectral lines.

In the equation of transfer we concentrate on the effect of two types of terms: (1) aberration and advection and (2) comoving frame
Doppler shift terms. The gas velocity that appears in the aberration and advection terms is measured in terms of the velocity of light,
and the gas velocity that appears in the comoving frame terms is measured in units of mean thermal velocity (v,,). Here we have to
consider the relative importance of these two types of terms. The velocity terms in the aberration and advection terms are
substantially smaller than those in comoving frame terms. However, as gas temperature increases, the mean thermal velocity
increases and y in aberration and advection remains unchanged.

We intend to show that in a high-temperature medium in spherical geometry, the aberration and advection terms produce

noticeable changes in the emerging line profiles. We have chosen a purely scattering isothermal medium in which no thermal
emission occurs.

2. SOLUTION OF THE TRANSFER EQUATION

The equation of transfer in the comoving frame of the fluid with the aberration and advection terms is written as (see Mihalas,
Kunasz, & Hummer 1976)

ou(r, uy, x) 1 — rdy\ | oU(r, uo, x d 2Au, +
i +9) Tt Loy (o D) | U D) 00 gy B Rty
or r y dr 0o r dr r

+ K(M[S(r, x) — U(r, po, ¥)], for O0<p<1 (1)

v dv' | oU(r, uy, x
= | E 0y 4 2] 2t

dr 0x
and

oU(r, —po, x) 1 —pd < rdy\ ] oU(r, —po, ) { Y o, @] 20+ po)
— (o +7) or ’ 1 —peyl 1 y Otto +43 r(l o) + 1 dr r U(r, — o, x)

- ["; (1= d) + 123 ‘;—';] W + KOS, x) — UG, —ioy 9], for —1<u<0, ()

where v = v/v,, is the velocity of the gas in terms of the mean thermal units and y = v/c, where c is the velocity of light. The quantity
U(r, 1y, X) is given by

U(r’ Ho> X) = 47'["21(7‘, Hos x) s (33)
where I(r, 4o, x) is the specific intensity. Furthermore,
_ Ky
W= (3b)
4 being the cosine of the angle made by the ray with the radius vector. Here K(r, x, u,) is the absorption coefficient given by (see
212
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Grant & Peraiah 1972, hereafter GP)
K(r5 X, AuO) = KL[ﬁ + d)(r’ X, )uO)] > (4)
and S(x, u,, r) is the source function given by
o(x, 1o, M)SL(r) + BS.(r
St s, vy — D Hos ISL) + BS0). (5)
ﬂ + ¢(x> :an r)
where x = (v — v,)/Avp, where Avy, is the Doppler width. S (r) is the continuum source function given by
S(r)=a'B(T(r)),  B(T(r)) = 4nr’b(T(r)) (6)
where ¢’ is a parameter which we intend to specify in advance. The quantity S; is the line source function, given by
1—¢ + +1
Sur)=—— '[ j (X', o, NUX', pho, r)dx'dpg + €B(T(r)) ; Q)
—® -1

d(x, 1o, 1) is the profile function of the line, b(T(r)) is the Planck function, € is the probability of a photon being thermalized per
scatter by collisional de-excitation, and f is the ratio of continuum to line absorption coefficient. The quantity K is the line center
absorption coefficient.

We solve equations (1) and (2) by following the procedure described in GP. The discrete equations (1) and (2) are written

MJ(U:H - U:) + p(Ay U:+1/2 + AL Un_+1/2) + [Tn+1/2 ¢n+1/2 + 3'J’PC(M(1) + AyM(Z)) —2p.(M, + YI')]U:+ 1/2

= Tur 1284172 + 31— Tns 1) PP TWYUy s 12 + Uy 1)) + My dUS Ly, (8)
Mo (U, — Ugyy) = peAN e Upy o + N Ui 15) + [Tns 172 Prs g2 + 392 (Mi + AyM3) — 2p (3T — M)1U,, 112

= Tys128ns 172 + 31— Ty 1o BBTWYUy 1 12 + Uy 1)) + My dUy Ly, 9)

where
M, = (MIAU:.+1/2 + Mp, v, 1/;) > (10)
Ml
M,
M = M ’ M, = (u}d;) , (11)
M2
M= M, M =[(1—u)d;l, (12)
forj,1=1,2,...,J,and
AV, gy = Vpsy — - 13)

I is the unit matrix; v, ., is the average velocity of the shell in mean thermal units bounded by the radiir, and r,,, ;. The matrix dis
determined by the condition of flux conservation (see Peraiah 1980a, b) and is given by
—d, d; 0
—-d, 0 d, O
0 —d; 0 dy O

d= , (14)
dr—y
—d; d;
with
di=(Xp, — %)t fori=234,....,1—1, (15)
where [ is the total number of frequency points. Further,
Mg,
M,
Mg = oL s Mg =Tko +9)16 (16)
Mg,
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M,
_ My ., _
M, = . s M, ,, = [(—#o + 7)1 »
M, ,,
MO’m
M, ..,
M, = om . > M, ,, = (1o); O »
MO,m
Mg,
M}
M(l) = o s M(l),m =[1- /‘(z))j]éjk s
Mg,
M3,
M
M; = * . MG = ()0 -

M3,
By using the diamond scheme (see GP) that

Ui =307 + Uy,
we can rewrite equations (8) and (9) as
(& %) mles )+ )
Cl Dl Un— Gl Hl n_+1 S2
Ay =Mg +3p A+ 3@ + 3yp (MG + yAMY) — 2p(M, + yT') — $ot(@DPTW) — $M, d,
B, =1p A — tou(®DTW),
Ci = —4p A — kro(@D™W),
D, =M; —3p Ay + $1® + 3yp (M§ + yYAM) — 2p (T'y — M) — ou( @D W) — M, d ,
E; = Mg — 3p. Ay — [37® + 3yp (M5 + AyMG) — 2p (M + I'y)] + 310(PPTW) + $M, d
Fi=—4p.A_ + jto(@DTW),
G, =3p. A + 110(POTW),
Hy =M +3p Ay — [3e® + 3yp (M} + AyMQ) — 2p(I'y + My)] + 41o(BD™W) + M, d
and 0 = 1 — €. By setting

where

A*=A;', A =H;', T*=E, TI =D,

Y,

N= N

A BDTW) + 5’f—° A,

Y. == o(@DTW) — Bf A,

Bt =44*Y_,
Bt =tua Y.,
at =TI _p+-ﬂ—+)—1 ,
@ = —p B,
we can write the transmission and reflection matrices as follows:
Tn+ 1,ny=a* ATt +B* ),
Tn,n+)=a A4 T +p "),
Rn+1,n=a " *(T+4'T"),
Rnn+ l)=a* " p*" (I +47T),
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and the cell source vectors are given

£:+1/2 =1’ (4T +p7747)S,, 42)
2o =ta” AT +p7T47]S,, 43)

where
Sy =8 =Shi12. (44)

3. RESULTS AND DISCUSSION

We employed the transmission and reflection matrices given in equations (38)+41) to calculate the radiation field. We have not
introduced any internal emission and have considered only scattering in the lines. Therefore, we set € = 0, f = 0. In this case, the line
source function becomes

1 +1 +
Su=3 f J X', o, NUX', o, r)dx’ dptg - 45)
-1 —© )

We have used a Doppler profile function. Since there are no internal sources, we give the incident radiation as follows:
U (u,t=T,x)=10, U*(g;, t=0,x)=0, (46)

where T is the total optical depth at the line center and T = t,,,. We assume that the density changes as 1/r?, and the optical depth
is estimated accordingly. We consider the aspect ratio B/4 (B = outer radius and A = inner radius of the spherical shell) equal to 2,
5,and 10.

The boundary conditions of the velocity of expansion are given as follows:

Ve=T,r=A4)=0, 47)
Ve=0,r=B) =V, (48)

where V = 0, 1000, 3000, 4000, and 5000 km s ~!. We have presented the results mainly by calculating the line source function S;,
given in equation (45). It should be noted here that, while calculating S;, we have used I instead of U (see eq. [3]). This calculation is
done automatically in every shell using the corresponding radius.

When aberration and advection are not considered, the Doppler radial velocity gradients become operative in plane-parallel
geometry, while two more additional effects due to transverse velocity gradients and curvature become important. We would like to
calculate the effects due to these phenomena together with aberration and advection on the line source function given in equation
(45) with the boundary conditions (46), (47), and (48).

In Figure 1 the source function given in equation (45) is plotted for an isothermal medium whose temperature is 30,000 K. The
total line-center optical depth is taken to be 1300 in a plane-parallel medium (B/4 = 1). We have employed the velocities with the
boundary condition given in equations (47) and (48). These boundary conditions introduce velocity gradients both in plane-parallel
and spherical geometries. The broken curves represent the source functions corresponding to the Doppler velocity gradients
without aberration and advection. In plane-parallel geometry, transverse velocity gradients do not exist (as r — oo, v/r — 0) but
radial velocity gradients do exist (see egs. [1] and [2]). We have introduced the aberration and advection terms into the transfer
equation in plane-parallel approximation. The terms of aberration and advection namely, the first term on the left-hand side [i.e.,
(4o + 7)0U/0r and the term 3u3(dy/dr)U on the right-hand side of equation (1) together introduce more effects than those produced
by the radial velocity gradient terms, u3(dV’/dr)oU/0x]. The changes introduced by the presence of the former two terms are shown
by the three continuous curves for 1000, 3000, and 5000 km s~ ! (44 mtu, y = 0.003; 132 mtu, y ~ 0.01; 220 mtu, y ~ 0.017,
respectively). In plane-parallel layers, the interaction of the Doppler-shifted radiation with that of the continuum radiation is very
effective in changing the line source function. The velocity field produces Doppler shift and aberration of photons and gives rise to
advection which describes “ sweeping off > of radiation by the moving fluid. It is the combination of these effects that reduces the
source function considerably, as shown by the continuous curves in Figure 1.

We have repeated the calculations for the same parameters given in Figure 1 in the spherical case with B/4 = 10 and presented
these results in Figure 2. Spherical symmetry introduces two effects due to curvature and transverse velocity gradients, and these are
represented by the terms [(1 — 2)/r]oU/du, and (1 — ud)(V'/r)dU/odx, respectively, in the transfer equation. The broken curves
represent again the effects due to the transverse and radial velocity gradients in the spherical case together with the curvature effect
without aberration and advection effects. We see that the effects of sphericity and transverse velocity gradients are to reduce the line
source function. In addition to these terms, the terms due to aberration and advection represented by the expressions

oU 1 — ul rdy\ ou y dy o + 7
— )=, 1— -2 = L2 287 5B T?
(o — ) o p uov< S ar) g 3 r(l M) + 15 i 2 r U 49)

are introduced in the transfer equation. The combined effects of sphericity, Doppler velocity gradients, and the aberration and
advection again reduce the source function considerably, as can be seen by the continuous curves in Figure 2. At the surface, the
probability of escape increases in the spherical case and dominates the interception of continuum radiation by the Doppler-shifted
line. The velocity increases outward (see eqs. [47] and [48]), and because of the effect of advection, the radiation is swept off by the
moving matter. This further increases the probability of escape of photons. In the absence of any source to replenish the photons (no
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F1G. 1.—The quantity log S is plotted against the shell numbers in plane-parallel geometry. The broken curves represent the variation of the source function for
Doppler velocity gradients, and the continuous curves represent those which include Doppler gradients aberration and advection effects.
F1G. 2—Same Fig. 1, but for the spherical case with B/4 = 10.

internal sources are given, since we are dealing only with scattering media), the source function is reduced considerably. Therefore,
as shown in Figure 2, for a high velocity of ¥ = 5000 km s ! T = 1300, and B/A = 10, the source function is reduced dramatically
as a result of the combination of the effects mentioned above. We have always maintained flux conservation (which is used to correct
the code also), although the accuracy starts falling at higher velocities. At higher velocities the critical step size becomes small and
the number of additions of the shells increases, and this result in increasing the roundoff and truncation errors.

We would like to show that the importance of the terms containing the velocity gradients is dependent on the temperature of the
medium. As the gas velocity appears in the transfer equation in units of the mean thermal velocity, the velocity gradient terms will
not dominate the effects in a sufficiently high temperature gas, and the terms containing the aberration and advection will be more
dominant in changing the radiation field in such a medium. To show that this case, we have selected isothermal media with
temperatures of 10,000, 30,000, 50,000, and 100,000 K. We show in Table 1 the mean thermal units (mtu) of the gas velocities
corresponding to the temperatures given above. The mean thermal velocities are calculated by assuming a hydrogen medium, using
the formula

Vi = (KT, /my)'1? (50)

where T, is the temperature, my is the mass of the hydrogen atom, and k is the Boltzmann constant.
At higher temperatures (say around 10° K) the aberration and advection terms are more important than those with transverse
velocity gradients. We plotted the quantity S given by

s_Sv—35

S 5, (51)
where S, and Sy, correspond to the source functions in the media with ¥ = 0 and ¥ > 0. We considered the velocities of expansion
V =1000km s~ ! and V = 5000 km s~ L. These changes are due to the bulk motion, because the advection and aberration terms are
unaffected by the temperature changes. As we increase the temperature, the value of the mtu increases and the number of mtu for a
given velocity decreases. From the table we see that for a hydrogen atmosphere the mtu change from 76 to 24 when the temperature
changes from 10* to 10° K. Therefore, at a small number of mtu the aberration and advection appear to be more effective. We also
notice that any further increase in temperature will not change the source functions considerably. Therefore it appears that

TABLE 1

VELOCITIES MEASURED IN MEAN THERMAL VELOCITIES CALCULATED
UsING EQUATION (50)

Doppler Velocity Gas Velocity of Gas Velocity of

Temperature for Hydrogen 1000 km s~ ! 5000 km s~ ! in
(K) (km s™?) in mtu® mtu®
10,000......... 13.13 76 381
30,000......... 22.17 44 220
50,000......... 29.36 34 170
100,000......... 41.5 24 120
2 9~ 0.003.
by~ 0.017.
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FIG. 3—a) S = (S, — S,)/S,, is plotted against the shell number for temperatures 10* K (76 mtu), 3 x 10* K (44 mtu), 5 x 10* K (34 mtu), and 10° K (24 mtu). (b)
Line profiles corresponding to the source function given in (a). Numbers on the curves correspond to the temperatures (1) 10* K (76 mtu), (2) 3 x 10* K (44 mtu), (3)
5 x 10* K (34 mtu) and (4) 10° K (24 mtu).

aberration and advection phenomena dominate even the strong effect of the Doppler velocity gradients. In spherical geometry,
when advection exists, the skewing of radiation is more effective. This can be seen from the second term on the left-hand side of
equation (1). The curvature term is modified by the extra terms which contain the advection factors. The curvature changes the
advection effects through the extra term [(1 — u2)/r]uoy. Therefore, it is the combination of aberration, advection, and curvature
that dominates the well-known strong effect of the Doppler velocity gradients in the line transfer.

We have already seen that the effects of aberration and advection are pronounced in the case of a monochromatic radiation field
(Peraiah 1987) in the plane-parallel approximation and in the spherically symmetric shells (Peraiah 1991). In Figure 3a we plotted
the quantity S defined in equation (51). When the velocity of expansion is 1000 km s ™%, the differences are between 23% and 24% for
temperatures of 10,000, 30,000, 50,000, and 100,000 K. Corresponding line profiles are plotted in Figure 3b; we plotted Fy/Fc as a
function of Q, F, and F being the integrated fluxes at frequency X, and in the continuum. The quantity Q is given by

X
X b

max

0= -1<0<1, (52
where X, is the normalized frequency in the continuum adjacent to the line. This is obtained as the sum of the bandwidth x and
the velocity measured in mtu. This formulation allows us to present all the profiles corresponding to different velocities (see Mihalas,
Kunasz, & Hummer 1975) in one figure. It is interesting to note that the cores of the absorption lines formed in hotter media have
smaller shifts from the center of the line in the static medium. This is because of the fact that the gas velocity will have a smaller

0.00 0.20
-0.16 -0.16
%
N
N-0.32 L’ -0.52
o ~ V = 5000 km/s
" e}
| Lo
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5-0.48 o -0.88} 1
A |
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-0.64 -1.24F B
~0.80 1 L I 1 -1.60 I - L L )
1 6 12 18 24 30 ~1.00 -0.60 -0.20 0.20 0.60 1.00
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FIG. 4—(a) Same as Fig. 34, but for ¥ = 5000 km s~ !. The temperatures are 10* K (381 mtu), 3 x 10* K (220 mtu), 5 x 10* K (170 mtu), and 10° K (120 mtu). (b)
Same as Fig. 3b, but for ¥V = 5000 km s~ 1.
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F1G. 5—(a) Same as Fig. 3a, but for B/4 = 5. (b) Same as Fig. 3b, but for B/A = 5.

number of mtu in hotter media (as the value of a mean thermal unit increases with the increase in temperature), and the shift of the
line center is proportional to the gas velocity measured in mtu.

In Figure 4a we plotted S for V = 5000 km s ! and B/A4 = 2, for the temperatures shown in the figure. We notice that, in contrast
to the previous case (see Fig. 3a), where V = 1000 km s~ %, the changes are quite substantial, around 70%, at all the temperatures. At
higher temperatures, the differences seem to be enhanced as the aberration and advection terms become more effective as the
transverse velocity term measured in mtu becomes smaller. The line profiles corresponding to these source functions are plotted in
Figure 4b. Interestingly, we notice that the absorption profiles will have core depths proportional to the temperatures. This is due to
the fact that as the temperatures increases, the number of mtu decreases and aberration and advection terms increase their effect,
which is to reduce the line source function. This results in the removal of more photons from the line center. In Figures 5a and 5b, we
plotted S for ¥V = 1000 km s~ * and the corresponding profiles in Figure 5b for B/4 = 5. These show similar tendencies to those in
Figures 3a and 3b. The change S is now around 55% for ¥ = 1000 km s~ *. This enhanced differences compared to those given in
Flgure 3a are due to the increase in the aspect ratio B/A from 2 to 5. In Figure 6a we plotted the S correspondmg to ¥V = 5000 km

~!and B/A = 5. We see that the changes in S are around 95% for all temperatures. Corresponding profiles are given in Figure 6b.
These are not similar to those given in Figure 4b, which correspond to ¥ = 5000 km s~ * and B/4 = 2. When B/A is increased from
2 to 5 and the velocity is increased from V = 1000 km s~ ! to V = 5000 km s~ !, we get profiles whose absorption cores are deeper
with higher temperatures but with different shifts, which are similar to those shown in Figure 5b, and the profile becomes narrow.

We would like to find whether the method presented in this paper can be used with different types of velocity laws. For this
purpose, we have employed the velocity given in Lucy (1971) and Castor & Lamers (1979), namely,

v(r) = v,[l —(1 - Ot)(?) — a<§>2]1/2 (53)

0.00 0.20 ; ; .
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-0.20¢ —1.00p T = 500
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N
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$-0.60} 2 _s.40}
A 3
N
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-0.80 3.x104 —4.60} i
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1.x105ﬂ
-1.00 1 ! ~-5.80 . : - -
! 6 12 -1.00 -0.60 -0.20 0.20 0.60 1.00
N Q
FIG. 6a FIG. 6b

F1G. 6.—(a) Same as Fig. 3a, but for B/4 = 5and V = 5000 km s~ !. (b) Same as Fig. 3b, but for B/4 = S5and V = 5000kms™!.
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Fi1G. 7—a) Source functions according to the velocity laws given in egs. (53) and (54). (1) « = —1, (2) « = 0.9. (b) Line profiles corresponding to the source
functions given in (a).
and
1\
©=001+0991-=), (54
X

where u(r) is the velocity at the radius 7, v, is the terminal velocity, ® = v/v,, and x = r/A, where A is the photospheric radius or the
inner radius of the spherical shell. We plotted the source function in Figures 7a and 9a for (1) « = —1 and (2) « = 0.9 in equation
(49). We set f = 1. The corresponding line profiles are given in Figure 7b. Here we have put V(r = A) =V, =0 and V(r = B) =
V3 = 50 mtu. In Figure 8a we plotted the source function for ¥, = 50 mtu and V; = 1 mtu. This represents a decelerating outward
wind. The corresponding profiles are given in Figure 8b. In Figure 9a the source functions correspond to V,, = 0, ¥z = 50 mtu, with
discontinuity at shell numbers 51-59, where V = 0. The corresponding profiles are plotted in Figure 9b. The two velocity laws given
in equations (49) and (50) appear to produce similar values of S and line profiles. Therefore, we felt that it is not necessary to show
these separately. In Figure 10a we present the quantities S for B/4 = 5, T = 1300, T, = 3 x 10* K, and V = 10,000-5000 km s~ *
and the corresponding line profiles are given in Figure 10b. We notice that changes in the source function are between 80% and
100% at the emergent side of the medium. As the velocity increases we obtain narrow and deeper absorption lines (see Fig.10b). In
Figure 11a we plotted values of S for B/A = 10 and T = 500. Again the source function changes considerably, as do the line profiles
(Fig. 11b). In Figures 12a, 12b, 13a, and 13b we presented the results for different optical depths and the aspect ratios B/A.

This method, described in § 2, can handle the problems arising out of the coupling of the comoving points across the line profile
and the local velocity gradients. The solution is calculated on the basis of the discrete space theory, which depends on the interaction
principle (see Peraiah 1984) which connects the physical properties of the medium (such as scattering, large-scale motions, etc.) with
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FIG. 12—a) S vs. N. (b) Line profiles corresponding to the surface source functions given in (a).

the transmitting and reflecting characteristics of the medium. The stability of the solution is achieved by controlling the step size
which arises in the discretization in radial, angle, and frequency integrations. The step size is coupled to the physical conditions of
the medium (see Peraiah 1980a). The critical step size is derived so that the transmission and reflection functions estimated in the
given shell or layer are always positive and satisfy the conservation principles. Therefore, any inhomogeneity due to the changing
physical conditions can be easily introduced into the critical step size. The actual size of the critical step size is to be determined
according to the physical conditions in the shell, so that a stable and unique solution is obtained. In the present calculations we find
that each shell (we divided into 30 shells) is represented by several mtu of velocity. Therefore, we subdivide each shell so that the step
size is less than the critical step size which is used to calculate the transmission and reflection properties in this basic shell. By means
of the “star algorithm ” we combine all the basic shells and calculate the transmitting and reflecting properties of the compound
shell. This again is subjected to conditions of stability and conservation. This ensures that the physical properties of the medium are
properly taken care of. Finally, we use the internal field algorithm (Peraiah 1984) to estimate the diffuse radiation field. This way we
maintain both the stability and the uniqueness of the solution, but also the conservation of radiative flux, which characterizes an
important class of problems in radiative transfer theory.

4. CONCLUSIONS

The effects of aberration and advection in fast-moving fluids generate sufficiently large changes in the source function and the line
profiles formed in such media. The high velocities of expansion reduce the emergent source functions by orders of magnitude,
depending upon the geometrical extensions and line-center optical depths.

I would like to thank B. A. Varghese for help in the computations, and the referee, whose comments helped to improve the quality
of the paper’s contents greatly.
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