Kodakanal Qb Bull (1989)8 47 57

Effects of aberration and advection on partial frequency
redistribution of photon in spectral hne formation
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Abstract

A formal solution of equation transfer with aberration and advection terms 18 developed for spectral lines
takimg mto consideration partial redistribution functions of plhoton in a spherical medum wlich 18 expanding
with a radinl veloaities of the order of V/C = 0 0187
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1 Introduction

It was shown that aberration and advection terms change the radiation field substantially even when one
considers medium with coherent and 1sotropic sceltering and stratified m plane parallel layers (Peramah 1987a)
‘The changes in the mean intensilies and fluxes are almost directly propotional o the total optical depth of
the medium The pholon redistribution in the lines 18 always affected by the bulk motion of the gases wlnch
interacts with the radiation field Therelore it 1s essential to see whether the partisl redistribution of photons in
the hne 1s effected by the high velocities of the absorbing nd emibting media due to aberration and advection
effects It would be interesting to see 1n general how the solution will change or how complhicated 1t becomes
when we introduce the frequency redistribution functions

2 The Redistribution function

The Redistribution functions Ry Ry; Ryprr, Rev Ry are to be included 1n the equation of iransfer together
with the aberration and advection terms The probability of emission of a photon after absorption 18 given by

R(v q V' ¢")dv' dQ'dvd( (1)

where v and q are the frequency and direction of the ahsorbed photon and v and ¢’ are the frequency and
direction of the emtted photon This probability 18 subject to the condition that
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ffj/R(v g V' q')d/dYdvd( =1 (2)

Here dS) and d©' are the areal elements normal to the directions q and g’ If ¢(+/')dr’ 18 the probability that
a photon with frequency n the mterval (¥ ¥ + dv) 18 emitted i the mterval (1 v/ + di') then

41]/}2(»’ q v q)dudQ = ¢(v q') (3
where ¢(v' q') 15 the profile function which 1s again subjected to normalization condition
//qﬁ(v’ q)dv'dQ =1 {4)

There are several cases of redistribution function

Case I H we have two perfectly sharp upper and lower states the photons follow a Doppler redistribu
tion This does not apply to any real ime We call the redistribution as Ry which 1s given by (Mihalas 1978)

F
Ri—ap(@ q' z ¢') = -&%ezp{~m'2 — (& — C0s0)2Cosec’0} (5)
where Rr_ap 18 the angle dependent redistribution function z = ¥g¥ A bemg some standard frequency
interval O 18 the angle between the vectors q and ¢ z #' are the standardised frequencies before and after
absorption The angle averaged lunction 15 given by

Rr_a(x,z) = %erfcl':ﬂ (6)

where o foo
erfe(z) = 7-%../ et di n

and ¥ 18 the larger value of » and &'

Case IT In this case we have an atom with a perfectly sharp lower state with an upper state broadened
by radwative decay This gives us a Lorentz profile This applies to resonance hines in media of low densities thal
collisional broadening of the upper state 1s neghgible e g Lyman Alpha line of hydrogen n interstellar medium
The angle dependent redistribution function 18 given by

b ag) (cr-2) 50 @ z+2 O
Rir—ap(z q 2’ q') = 4TI‘23"128.,:::;1{ 5 Cosec (2 1} H(asec2 5 sec 2) (8)
where
H a ["_er

=2 [ A )

12 the Vouigt function and a 18 the damping constant Here
slaq)= 1 (10)

4

The angle averaged function 1s given by
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I OO
Rip_a(x 2') = oy

e~y {tan"l(g—%}-%-tan"lfn u)}du (11)

=gl a

where T and z are the larger and smaller values of 2z and »

Case IIT In this case an atom will have a perfectly sharp lower state and a collisionally broadened upper
state All the excited electrons are randomly distributed over the substates of the upper states before ermssion
occurs  The absorption profile 1s T orentzian  The dampmg conmsts of radiative and collisional rates and
represcnts the full width of the upper state The redwistribution function Ry;; 1s given by

[ 20
— b
Rt @' v @) = ZILL ™ g g0 - gy 4 59
—O0 "
e 6
g f duze™ 5 (—)(Ib = W (110050 + tpin0) - sg]? 4 62)1 (12)
— O T

The same can be wnitten 1n terms of dimensional units as

!
Br(e' ¢ ¢ q) = g(:,gﬂo‘
® ¢~ H(o scosecO ~ ucol0)
[ e ), (1)
where 5
o=acosec) and a= W (14)
w 2kT VI hermal
W=A4, = 7(";{)% = vp(—="") (18)
The angle averaged function 18
& ! '
Rypr-a{a’ ) = w“ﬁ] e~ ftan~1(2 +u) ~tan~1(Z - )|
0
X [zan-'(f—jl'—ﬁ) ~ tan! (22 du (16)
The redistribution functions follow certain symmetric relation as follows
R~z q,2’ o'} = R(z ¢ 2’ q) (7)
R(~z,~q,z' q'y=R(-z q & ~q)
= R(z,q,2', q) (18)
and
Rz q 2 ¢)= R\ q,2 q) (19)

In a static medium all these functions hold true Therefore 1t 18 enough if we calculate one set of the functions
However 1n a moving media there are two cases (1)observer’s frame and (2)comoving frame
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In cbserver s frame the absorption coefficient changes both 1 spatial 1s well as m angle coordinates becwuse
of Doppler shifts m frequencies due to velocities Therefore one will have to calculate these functions W every

radial point and 1n all directions in angle In a comoving {rame the absoiption cocfficient 15 const it wnd these
functions need to be calculated only once

3 Aberration and Advection

We can wnite the equation of transfer with the aberration and advection and recdistribution function
follows(Peraiah 1978 1987h})

(8 -+ ) 2200 2) 1oty g s - 590y 200 s 2)
+3{ (1~y0)+#2dﬁ} P‘G"{"ﬁ)U(r# 3‘.‘) { (l——yo)

o ﬁﬁﬁwafg"ﬂ = Ryl + 60 o 2)ISCr pio 2) = UCr o )] (20)

for 0 < p<1 and

(ﬁ—#o)aU(’ —po &) 1—;”3[1—;19,8(1 rd,B)] Ulr —pa 2)

a1 B dr Gpq
(20— )+ S0 D) B ) 4 )
~ Aoy iy )= Kalp 1 gl o0 DSCr o )~ U(r —po )] (21)
for —1 < o < 0 Tlere
=25 =5 (22
U(r po z) = 4xr*I(z po z) (23)

and 7(r pp z) 1s the specific intensity making an angle of cos™'p with the radius scctor © Ay 18 Lhe
absorption coefficient at the lme centre Turthermore ¢ 15 the profile function and §' = Ir%f where K¢ s tle
absorption coeflicient 1n the continuum S 18 the source function given by

St o z) = S #0 DL pro 2) + F'Se(r)

24
¢lr po 2) + ' (&)
and 80 =0 DLl ~pio,2) + B'Sc(r)
B . $(r —po z)S1(r —po = (1 i
Sr —io 2) T (25)
Here S, and S¢ are the source function in the line and continuum respectively We have
So(r) = p(1)B(e1 Te(r)) (26)

where p(r) 15 an arbitrary factor and B(z 7 (r)) 1s the Planck funclion and

Silru :c):wg-!-:ﬂ—-/+mdm'x +tR(..'-: ra pup )
0 95(7' Ha "') —0a -1 Fo #o

I(x" wh v)dpl +eBlz T (r)) (27)
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Sr(r —po z) = =18 +ma” +1R(m—1 z' ppr)
it 10 ¢)(r -1 m) e z 1 Ho T Ho

I(z" pg r)dpg +eB(z Te (1))

Bl

(28)

where R stands for the frequency redistribution function The profile function 18 given by equation(3) The

by

we shall integrate
al 1986)

where

This gives us

Cay
C':u + Az [1 ~ exp( 2% 2y

quantity € 18 the probability per scatter that a photon will be destroyed by collisional deexcitation and 1s given

(29)

equation (20) and (21) by expanding the specific intensity U(r po =) as follows (Peraiah et

Ulr po )=+ U E+ Uy n+Usx+ Uy 0
Uypenix -+ Uze X6+ Urp €09y

=3

- 1
E:rar F:E(r‘ +1eq) Ar =1y —r
)

— Tig 1
n= rloéu;m o= §(ﬂﬂj + o y-1) Do = o, — o -1
2
—F 1
meA:‘E£§@k+MH)Az=mV_%4
e
rdf —~ud 2
(U,u + U €+ Uy 2x b Uru.ner)ll ~ (L — .B-JF)] X ( " n)m

+ (U, U nef? Ue.x+ Ur;:umﬂY)M + KL(")(.B’ + ¢)U(" Ho 1’)

200+ ) ~ 3801 = 1)) ~ 1310 (o ) = (HL )

!
ks gi‘y"(“l][uz: 4 Uﬂox'? + U&‘r£ + U #oﬂfﬂ]

1""5 too phl ol de'du!
=m{-——2—~ Rizy,po &' po)U(x' po r)de'dpg
—-ta V=]
t eB{e 1)+ FpB(z T.)}

2 r df

L—pd
— (Upo + Urpo€ & UporX + Uf.uofo)m(—r_u') x (1 - pofi(1~ Eg)]

+ 'g“( — po)(U 4 Urponr+ Usex + Urnozfi\f) + Kz r)(ﬁ' -+ S (r, —ti0 z)

- 2 ) _ apts - gy - 3B i 2) = ol R =)

+ 4f dz(r )] X (UrUpoen + Ve + Ur ol

- toa ptl
- ;(L{(_l_..-g_)/ R{x, po, z!, o) (2", i, r)da’dpf

—-0Q -1

+eB(x Te) x fpB(z,T.))

(30)
(30a)
(308)

(30c)

(31)

(32)
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We shall integrate equations (31) and (32) We apply the operator

0}
(10 5 —uu;—;)"lf dyig
0;-1

on equation (31) and ebtain

2 2 2
E:Pl + m-”gf’a + KL Py— Q1 Qe+ Apo FoQalq — Az
1
(U +U R+ (U +U 0 OF ApoRe] = %4

3
where
Pr=(U +U ) +) + éAPu(U: x)
Py=p5(1— < g SR+ (1~ 2)
Pa=Up+ U 4+U, ox+U; 2£x
Pa=Upg+ U +Ux + U x&

_ 2+ AEE -1 _ 57348

r dr

4

Q2 = Ub‘kllf A+ Uzx + Us x&

=Ygy Ly 48
qur(ﬁ+3m‘ dr

Qa=U, +U; £V, x4+ Urp 2€x

L P o i
R = . (1 I*o)‘i“!‘odr

dr r

ot = (4o, ..‘HUJ_“‘)-—I‘/‘ ! {[./_1-00 [_tinL(r)%El

H o5
R(z po 2 po)(Uo +Ur€ 4 Uy 4 Upx + U pobn
+ Up 2N + Unp Y€ + Urp E'?X)dz'dﬂil] + (5 -+ pﬁ')B(.‘E T )}d,'u

_ ding

R=1 dinr

(38)

(39)

(40)

(11)

(42)

(43)
(44)
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1
< pi >= 508, + 15,-1)

In a similar way 1if we apply equation (33) on (31) we obtam,

2
Sopl
Art

2
Ap!u

2 1
- ?}:;KU’: + Uﬂ?l’&)Ri + -é(Up r + UFIIoEE)A#U mel] = E_

1 A
= PP+ K1 Py + @1Q; + ~EH01q;

where \
P{ = (Uf +U I'X)(ﬂ *“FTE) " EAFOU Ho + Ur’; )

P} = (1~ pd) — Fo(l— < pf >)BR
Pa’ = Uﬂ + Ur‘jus + U] gﬂx + Ul‘jlu £X

Pl=Us+ U +U x + Usrxt

Tpo + B~ 3pd | ~dB
y +3#°dr

Q=
Qy=Us+ Ul +U -+ Uz x€

df 1
r'-. BT S— i
Qa_rd!” ﬁ+3ﬁa

Q= U + Urpe + Upo X+ Urpor€X

~= v(r)  —gdu(r
m=-tl -

duo(r) w(r)
' L errre——— it rr———
o= 4 r

i o0 ol -
5 = oy a0 [ [ KUDCFIRG = 2104)

(Ug + U+ Uy n+ Upx + Ur;zgf’?‘*‘ Upe 1x+ Uzext
+ UrrtowﬂfﬂY)d“'d!‘B] + (¢ +pB)Blx T.)}dup

Now we shall apply the operator L
=~ 4mride
Ve

on equation (34) and (48) Tlus will give us,
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(47)

(48)

(49)
(50)
(51)
(62)
(53)
(54)
(55)
(56)
(67)

(68)

(59)

(60)



54 A Peraiah

2

— —df . 2
{36p8 + 2i0 ~ 1}e + 3#39;)‘ ~ Apofiog ~ 7—h = I

where

1
a = EA.UU(U”J -+ Urf,lu )+ (U 4+ U:: X)(IB + F)

IAA ld

b:AA(

_ Up 4+ Urzx TAA
- Ar (2- Vv )

1 AA
+5 0o+ UeX) =

1AA
f= (Ur F Uer) — + (Us + U«:X)

2 F AA 1AA
9 =[(U po + Ury rX)(z“ ~Ar V) 2V (Unc- + Uponx)]

(84 532) = l§ 5 Weso + Ura 21+ Ve + Up s

: (l-mow(r){;‘“v“‘u + Sz A g, 4 184, )
+51!,'u° AJU{ )(U#o +”1'AA rue )} — "(")gm Apg
=yt

Sirmlarly apphcation I' on (48) will give us

2
E;al +G(Upg + Uy x)b1 + (Ur,u + Ury zx)er + Krdi + (Up + Usx)
e+ (Ur + UerX)fy + (Us + Uy 001+ Urpos Ot + ot = T

where )
ay = (8 — W) (Ur + Uerx) — EAFO(Ur#o + UrpgeX)

(66}

(07)

(68)

(69)

(70)
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1AA 14dp AAL-

b= (Ev_ﬁdr) v A,U()
1 AAdfP —
—— Y e e —d
a—U 68 A dr)G Apg(l Ho)P
1AA4
di = o (U +U )+ (Vo +Usv)
1AA —d
€1 = = (giin-l-ﬁ 3#0) F 3p1f - dﬂ
—df AA
Si = PG+ 0 - 3ﬁ#0)+ '&—7
IAA
M = A“’U 1“0[ 2 V (3# ﬂ)j
L AA 1
Ry = Apg ;Td[g—}l-z—-dﬁ (?—ﬂ)]
1AA — 1A
=V )(1-—;10)(--«-—-U +PU )4 pd ()(U + _{4(] 1+ = A,ug iy

v

l 1AA IAA
COdw, 3200 00 - 3800 TEVONG T

{ —Uu o4 PU, )

whare

We shall apply the operitor / given by

on cqiiation (61) and (71) we oblun

1AA 1 7 AA

(L= V(G Us + g2~ "':i( v + 122
1A4

6 A
1 dv( ) .
| 5800 un{ Wyaz 4 5= Urioz)} = V(r)m Apg

oy L o )U,,,}A - pael(= + )

sy Ui et E-;(fz -
FAA IAA 1AA
{i AVAU } A (2_, r’%r )Ur;tn} d (U}l "‘ X U!‘.ll )] I{L(Ug-i—a — Ur‘)

IAA FAA 1
+ {27+ (0 - DAY S AR + (2~ T - 3B W+ ﬁ—m

AA ;AAGdﬂ 2 1o s

ZU““{(X}""KFT)G“ETF@ l*m(l-ﬁo)( - N

1AAGdﬁ AAd 1l ﬂ'[} 2 oy }.A U r
9V Fd TV N Ape )} + Ar{('ﬁ+u°) r"|"6 po Upp } -T2

)U,:}+

+ U {5
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(77)

(78)

(79)

(80)

(81)

(82)

(83)
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where
= 2T (84)
and
1 du lA
[EIIF ( )(Up T + --- U K a:) V(f‘)(PU Ho UI 3’)}
1A du(r) 1
LT o 2 ol
{1 - pV(N5 T Ue + PU J+pi— (Us + 5= Ay, M
w—z—— I‘L(Uﬂ+'tl,; AAU:-+U0Y1+UTY2+U; Ya+ U, Yy
14 . Gdf  _Al- 1
=Uu (57 G"Eg;: v l {(ﬁ B — % U, }
1A GdB_ 3 :
+U, {GP 5T FE R 0(1 pi)P} —T3 (85)
where
Ty = 2T} (86)
_ e edf 1 A
= {20 + A1 - 3u0) + 35—} 5 (87)
A
V= dﬁ + P2 + B(1 - 378)) (88)
1
Vo= (gl —350) + L o 75 )

1 1__d A
Vs gi olgiear— + P(1~ 367} (50
collecting the mterpolation coeflicients m equation (83) and (85) we can write these two cquations ns

LM=Ty (91)

L=[h I 3 Iy &5 ds &7 Ig

ho s I3 L4 s g Ir g (92)
M = [UrU,u U ,IanDUSU:I‘UJJnL'Ur'p x]T (93)

r A —dg — r A
h=—g=rpggs = P orle(p ~ 1) + 280) + 2g + o) + 5= Ki (94)

)
lg = AV r(}.__fﬂ)+g (__.______

1@_)
gdr

__.3 +1 A d
- r A uﬂo*g'%g:_—v g} (96)
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1 LA AAG dy
{4 -——;-Ajlu + Ar CP - E——I—"-'E'd + 2P ...._..(1 ,uﬂ)
— P lAA dg
—A Apgf—— -
r Ho l‘o{ap (14 3gx0) 5 o) (96)
1A AA
=4 K-35 T {25 + 0(30] — 1)) + 3#0(; (97)
e 1AA
ly = 2(g -~ i) + Ar(g—ffﬁ. +Y3) (98)
Iy = Ar(zy + Ya) (99)
- _Llam
la = AP(Y:L + 29 3 Ar (100)
=9l =Y1) {101)
Ar 1 —5d
ls = 25 (50~ V() S + FE) (102)
L du{r)—AA
Iy = 2501~ FDPV(r) + 5 d‘ ey (103)
Ar 1 d 1 AA
= 22 {55 ol "(r) STl (104)
Ar 1 d AA
lg= 2“‘1‘{ Tgho Ao ‘;(:) = V(r)P} (105)
V
v=7 (106)
where Cas the veloaly of hght
_GAA _ 1d8 AAL-42
NEFTYV TVEEG TV A (107)
2y = PG —9pl=to M _184Gdp (108)

Apg 6 A Bdr

I'rom equation (91) we can derive the transmission and reflection operators for the partial frequency redis
inibution function 1w the hine by following the procedure set in Peraiah(1987b)
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