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Non-linear stability of a cluster of stars sharing galactic rotation
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Abstract. The non-linear stability of an ellipsoidal cluster of stars sharing galactic
rotation has been studied. It is seen that the cluster is stable for all densities in the
range of linear stability except for those satisfying certain equations where Arnold's
theorem is not applicable.
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1. Introduction

Chandrasekhar (1942) has studied the linear stability of an ellipsoidal cluster of stars sharing
galactic rotation and moving in a field having both an axis and a plane of symmetry. He has
approximated the smoothed out distribution in the cluster to a homogeneous ellipsoid, taking
£, the potensial energy in the form

Q:—%mﬁo+% (ﬂ1x2+ﬂ2y2+ﬁ3z2),

where B, B,, B, and B, are constants depegding on the density p and the geometry of the
ellipsoid i.e. :

B,=mGpP, (a:bic),i=0,1,2,3

ﬂ'.' is a number depending on the ratios of the axes a, b and ¢ of the ellipsoid. Further the

orientation of one of the axes of the ellipsoid is taken in the radial direction. In this paper we
have studied the non-linear stability of Chandrasekhar's model. First we give below very
briefly the linear problem as studied by Chandrasekhar.

-
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Let O denote the centre of the galaxy and C, the centre of gravity of the cluster, distant @_

from O. Let the centre of gravity describe a circular orbit about O with constant angular
velocity w_. If B (O, {) denotes the general gravitational potentidl, the rotational and the

angular velocities of C are given by

2 _ (g 2B 1 JB
BC'(m‘am)o" Wz:(m aw)

where the subscript o indicates that the quantity in parenthesis is to be evaluated at @ = o,

and {'= O. Here 0—&n{ represents fixed frame of reference and @, the distance from O. Now

introduce a frame of reference C-XYZ rotating uniformly about the z-axis with the angular
velocity w; x-axis along OC and z-axis perpendicular to the galactic plane.

The Lagrangian function L for a star of mass m of the cluster is given by
L=T-mB -,
where T is the kinetic energy, and €2 is the potential energy of the star:

mm,
.Q=—GZTL,
i
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Stability of a cluster of stars sharing galactic rotation 179

where m; is the mass of any other star of the cluster at a distance r; from the star and G is the
gravitational constant.

In terms of x, y, z the Lagrangian L has the form
1 2. 2. 2 . .
L=m 5 (X +y +z)—wcxy+wcy(tD'0+x
2

+ L ch {(6.'70 +x)% + yz}]—mB (@, 2)- L,

where o? = (@, + x)2 + yz.
The Lagrange's equations of motion for a star of mass m are (Chandrasekhar 1942)

a')'o+x QB_ 00

m (i - 2wy —w? (@, + x)

- T"Te T o
.. ; 2 JB 90
m(y+2wcx—wc.y) = —mé % —;.’;-,
, _ dB 9%
e - % Tx

If we suppose that the dimensions of the cluster are small compared to @ and neglect all
quantities of order more than one in x, y and z, the equations of motion take the form

m(x — 2wcy +ox) = - g—f ,
m(y + 2wcx , = - %Q ,

where

o (¥B_L3dBY ~  _(PB
1= " ®@ 0w}, 37\ a2 ),

The equations of motion under the restrictions imposed by Chandrasekhar, become
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180 K.B. Bhatnagar and P.P. Hallan
¥-2wy+ (o, +B)x = 0,
y=2wx + By = 0,
Z+ (o + ,33)z = 0.

The solution of these equations are circular functions and therefore correspond to the stable
oscillations if

a, +B,>0.
Substituting the values of a; and Bl the condition for dynamical stability is equivalent to
p>p*

where the critical value p* of the density is given by (Chandrasekhar 1942)

Also, the basic frequencies w;, w,, w, of the linear dynamical system satisfy the equations

2 2 _ 2
wy +w; -a1+ﬁ1+ﬂ2+4wc,

wiwj =B, (o + By,
wi=a,+B,. )

Thus Chandrasekhar has considered the stability of the cluster of stars in the linear sense. In
the present study, we wish to study the nonlinear stability of the cluster. This we propose to
do by applying Arnold's theorem (1963) which states that if

@) K,w, + Kyw, + Kyw, # 0 for all triplet of integers K, K,, K, such that Kl + IK,| +
K5l < <4 where W), W,, W, are the basic frequencies for the hnear dynamical system,

(ii) determinant D # 0 where

D = det. (bij)’ (G,j=1234)
FH .
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o
b, = by, H) [ =123),
(81 " =123

- e, 2., .2
H=wl, +wly +wly + > (a} + bI, + cI}

+ 2flyly + 211, + 2h11,)

181

is the normalised Hamiltonian with Il’ 12, I3 as the action momenta coordinates, then the

equilibrium is stable. We shall follow the procedure similar to that adopted by Bhatnagar &

Hallan (1983).
2. First order normalization
Using Taylor's expansion, we find that

B=by+b x+bx2+b3y +bz +bx +b6xy +bxz +b8x +b9y
+b z +b,, +b12yz +b13xz +.

where
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Expanding the Lagrangian L in powers of x, y, z, X, y, Z, we can write

K.B. Bhamagar and P.P. Hallan

L=LO+L1+L2+L3+L4+...,

where

1 . : : . i 1
L,= E(x2 +y2+ %)+ w, (xy — yx) + 5[w3— 2b, - B,) x?
+ (W2 = 2b, - B,)y? - 2b, + B;) %1,
Ly=- (b5x3 + bﬁxy2 + b.,.xzz),
L, = (bgx* + bgy* + b z2* + b, ;x?y* + b ,y%2* + b ;x72P).
Also, expanding the Hamiltonian function H in power series of x, y, z, p,, py and p,» We can
write

H=Hb+H1+H2+H3+H4+...

where

1
Ho=bo_5ﬁo’

H 1= —b7wctD'0 + blx,

H2 = %(pﬁ + pg + pi) + a’c (ypx - xpy) + % [(2b2 + ﬂl))_xZ
+ @by + Byy? + (2b, + B2,

The Canonical equations of motion are

X =Px + W,
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Stability of a cluster of stars sharing galactic rotation 183
y= Py -w, (w°+ x)
2=P,

4

P =—1[by + (2b, + B)x —w P +3bsx® + bey? + byz® + 4bgx® + 2b1xy% + -
2b13xz2],

Py =-[(2by + By + w P +2bcxy + 4b9y3 + 2b11x2y + blzyZZ],
PZ =—[(2b, + /33)2 +2bxz + 4bmz3 + b12y2z + 2b13x2 z].

Equilibrium point in the phase space x, y, z, P, , Py , P,is (0, 0, 0,w,, @, 0). Shifting the
origin to the equilibrium point, we have

H=H°+H1+H2+H3+H4+...

where

= %(Pf +P2+ P+ @, OP, - xP)+ %[(21;2 + Bx?
+ (2by + By)y* + (2b, + BYZ2),

"Following the method given in Whittaker (1965), we use the canonical transformation from
the phase space (x, y, z, P, Py, P)) into the phase space (9;, §,, 95, I}, I,, I;) of the angles ¢,
¢,, ¢, and the action momenta I, I,, I, given by

X = AT, )

where
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’ A=@ycij<e > P

| P,
12 12
Q.= (I /w)1? sing, P, = (2Iiwi) cosg, (i=1,23),

ay; =0 (i=3,4,5,6),

=ag=0 (i=1,23,6), a,,=a,
ay,=ag = 0(i=1,24,)5), Qqy =g = 1,
aj,=4hww,, a;s=4h,ww..

ay =2hw ‘W%)’ ay, =2hyw,(p - W%)’

— 2 — 2
ay =2hywiw_ (p +wy), ay, =2h,w,w_(p +W3),

=2k, w,(p + 2w2 - w3), ags = 2h,w,(p + 2w — W),

Asy 2

1 = 4wk wi-2pwi -l (i=1,2),

p=a, + B, g=—p(p+4wd).

The transformation changes the second order part in I}/ 2@(=1,2,3)of the Hamiltonian into

the normal form

The general solution of the corresponding equations of motion are I,

Hz = wll1 + w212 + w313.

¢i, = ")it + constant (i = 1, 2, 3).

3. Second order normalization

constant,;

We wish to perform Birkhoff's normalization for which the coordinates (x, y, z) are to be
expanded in double D'Alembert's series :
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Stability of a cluster of stars sharing galactic rotation 185
— 1,00 _ z 0,1,0 _ 2 0,01
X = Z B n ’ y - B n ’ Z - B n ’
n>1 n=1 n=1

where the homogeneous components Brll’o’0 , Bg’l’o , Bg'o'l , of degree n are of the form

Y [(D@bm), 2 [(A2m 3 e §
osimsr | 2 T3 & nmbmigk

X cos (ify +jby + k@) +S, |
X sin (ig; +jo, + ke,)].

The double summation over the indices i, j and k is such that (a) i runs over those integers
in the interval O < i < n-I-m that have the same parity as n—-I-m, (b) j runs over those integers
in the interval -/ <j <[ that have the same parity as /, (c) kK runs over those integers in the
interval —m < k < m that have the same parity as m. I}, I, and I, are to be regarded as constants

of integration and ¢,, ¢, and ¢, are to be determined as linear functions of time such that
¢1 = wl + 2 f2n (Ila 129 I3)s
n2l
n2l
¢y =w, + );1 hyy Uy, L, 1), 3)
nz

where  f, . &, h,, are of the form

lm oyl m
5= E For o1 r L r;,
2n o< m<n 2n-21 2m,2[,72m 1 2 "3

_ n-l-m yl gm
8on= 2 8na2t2m2tom 11 L2 I3
0<l,msn

hy= Y h rtm o
2n o<l m<n 2n-21-2m,21,.2m "1 2°3

As in Bhatnagar & Hallan (1983), the first order components B{'O’o , B(l”l’0 and B(l)’o’1 are
the values of x, y and z given by equations (2). B;’O'O , Bg’l’o and Bg’o’l are the solutions of
the partial differential equations

1,0,0 _
AA, BIOO =0,
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0,1,0 _
Ap, BN =),
01 _ | '
A, B! =27, (O]

where

A=D*+w? (i=1,2,3),
@, = (D? + )X, + 2w DY),

¥, = (D* + p)Y, - 2w DX,,

d d d
D—(w1 9¢1+ w, 3¢2+ W, 3¢3) andX2, Y,,

dL, dL, OL, _ o
Z, are obtained from oy respectively by substituting the first order components

for x, y, z.

Equation (4) can be solved for B;’O’o , Bg,l,o and Bg,o,l by using the formula

cos(lg, + m¢, + ngs) cos(l¢; + mo, + ng,)
XIE or = A 1 or .
2 | sin(ig, + mo, + ng,) Lmn | Gin(Lo, + md, + ng,)
1 2 3 1 2 3

cos(L¢, + mo, + ng,)
1
— or —
E sin(L¢, + m¢, + n¢,) ‘
cos(Lg, + m¢, + n¢y)
or
sin(L¢, + m¢, + n¢3)

1
;g -(dw; + mw, + nw3)2
where

A = [w% - (.Lw1 +mw, + nw3)2] [w% - (J_w1 +mw, + nw3)2].

l,m,n

The second order components B%’O’o , Bg’l'o' and B(2),0,1 are as follows :
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Stability of a cluster of stars sharing galactic rotation 187
BLOO _ AL+ AL + Al _ B,I, cos2¢, _ B,l, cos2¢,
2 wlfwi2 3w% (w21 - 4wj‘f) 3w§ (w% - 4w2T)
B,I, cos2¢, C U 1)" cos(9, + ¢y)

+ +
(w% - 4w§) (w% - 4;%) ww,(w, +2w)) (W, +2w,)

C2(Illg)”2 cos (¢, - ¢,)
ww,2w, —w,) (2w2 -w,)

Lo _ Byl sin2g, B,I, sin2¢,
=- T IR = awD
2 3ws (w3 —4w?)  3wh (Wi - dw))
BI, sin2¢, C, I I)"? sin(, + ¢,)

+ +
(Fl_ 4w22) (w% - 4w23) W W, (w2 +2w)) (w1 + 2w2)

2; U1 sin(g, - ¢)
w W, (2w1-—w2) (2w2—w1) ’

001 _ D, (I,1,)'"? sin(¢, + ¢,) . D1 I I)Y? sin(g; - ¢,)

2 w, (W, +2w,) w; (W, —2w,)

D,(I,I)"? sin(9, + ¢,) 3 Dy(I1)"? sin(¢, - ¢,)

w, (w2 + 2w3) w, (w, - 2w3)
where

A,=—4Bwh% [12b5 + wPw? + bw? - pD)], (i=1,2)
B, =-4wh? [12by wPw? (B, - 4w?) — b, (W% — p)* (B, —4w?)

- 16bZw?w? (W% - p)] (i=1,2),

b
A=
Wi
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C, =~ 8h k) (w w )2 [12b w2 w w, (B, — (W, +w,)?}
= bW ~p) W3 —p) (B, - (W, + wy)*}
- 4b6wz (w,w, — p) (wl + w2)2],

C, =—8hh, (w,w )2 [12b w2 w,w, {B, — (W, - wy)*}
+bg (W] —p) W3- p) (B, — (w; —w)))
- 4b6w§ (w,w, —p) (W, - w2)2],

B, =-16w h2w2[12bwiw? — b (W2 - p)2 ~ b (W2 —p) (B, - 4D,  (i=1,2),
B,= 4wcb7,
C, =—16w_h hy(w,w)'2 [12bw w,(w, + wpw? — b(w? - p) (W2 - p)
(Wl + W2) - b6(W1W2 —P) (Wl + W2) {ﬁz - (wl + W2)2}],
C; =—16w_h;h, (wlwz)”2 [12b5w1w2(w1 - w2)w§ + b6 (W% -p) (w% -p)
(Wl - W2) + b6 (W1 + Wy + P) (Wl - W2) {ﬁ2 - (Wl - W2)2}],

w; 1/2 )
D, =—8b.w i, (w—3) . G=12.

4, Second order coefficients in the frequencies

Proceeding as in Bhatnagar and Hallan (1983), the third order components B;'O’O, B(3),1,0 and
B(3),0,1 in the coordinates x, y and z and the second order polynominals f,, g, and h; in the
frequencies ¢,, ¢, and @, satisfy the partial differential equations

’

1,0,0 _ ! ! !
AABYO =@, —2f,P —2g,P, ~2h,P,
AABIO =W, _of U, - 2g,U, - 2h,U.

182P37 7 = HymahlVy — 48V, — 4 Us;

M., ®)

0,0,1 _
ABYO = Z, ~2f, M, ~2g,M, - 2h,

where
@, = (D* + B,)X, + 2w DY,

¥, = (D + P)Y, - 2w DX,,
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Stability of a cluster of stars sharing galactic rotation ‘ 189

BlOO aBOIO:I

P,=(D*+B)) [WT

aZBO,l,O JB 1,0,0
+2w D

wiv1 +w, al¢:|’(i=1’2’3)’

923010 aBlOO
U,= (D2+p)|:wi 3¢2 ,- ]

#B1:00 o0
WD wa g w, —o—| (=1.2.3),
i 1

a'ZBOOI

._.WT(l-l 2,3),

and X5, Y, Z are the homogeneous components of order 3 obtained respectively from

8 (L +L,), 3y (L +L 4) (L3 +L 4) by substituting
x=B}%0 + 100 y= 0104 310, - p0.0.1 ;. gOO1,

The components B;’O’O , Bg’l’o and Bg’o’l are not required to be found out. We find the
coefficients of cos¢,, sing, (i = 1, 2, 3) on the right hand side of equations (5). They are the
critical terms as Al,o,o = AO,I,O = Ao,o,l =0.

\

We eliminate these terms by choosing properly the coefficients in the polynomials
Hh=hpo ithoze oo I

8,=8200 11+ 8020 1+ 8002 !

3!
hy=hy00 11+ o0 I+ hygs 15
We find that

’ ’

H H,

-—L. = = —
fa00 = 2H, > Jo.2.0 = 82,00 2H, ’
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P T/
0,0,2 2,0,0 2H7 0,2,0 2H8 ’

Hs Hq

== h = ——

80,02 =Mo2,0

where

Hy =~ [~ W} + B)) B3bsA, + bh, + 4bgh, +2b, A,)
+2w w, (2b62,5 + 4b9).6 + 2b“27)],

H, =~ (W} + B) (3bgu, + bgit, + 4bgu, + 2b, 11,)
+ 2w M1 (2b6u5 + 4b9,u6 + 2b11/.17)],

H, =~ [~ W2 + B,) 3bsv, + b,v, +2b,0;)
+ 2WcW1 (2b6v4 + 2b121)5)],

H, =—[- W3 + B)) BbsAg + beAg + 4bgh, +2b,,A, )
+ 2w W, (2beA,, + 4bgA 5+ 2b, 4, )1,

Hg =~ [- W3 + B)) (3bsv, + byv, +2b,,0,)
+ 2wcw2 (2b61)9 + 2b121)10)]

Hg =- (2b72,15 +4b, oA o)

H, =22 w hw'2 [- 2w (-w? + B, + 2w?)

i

+ W -p) W+ B, i=(12)

X aN2w h, [2A1 B, ]
1 = 2 - 2 2 ’
1,wl w 3wy — 4w?)

2
=2\/E h, (}4/21 - p)Bl'
3w3{2 (w% - 4w21)

= 343,92
Ay =96 V2wl B3 w2,

14 = 8'\/—511' chg wsiz (w% - p)2,
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2\/5wch1w3{2 Bl' — "™
5= (wE A V2 hw'? Wi -p)
Wy (w3 —4w?)
[ 2A, B, ]
-3 + ,
w] w5 3w% (w% - 4w$

Ag=-12N2 B w2 w2 - p), A, =-16V2 w2 B3 w2 w2 - p),

_ 2w [2A_2 B ]
,'wz w? 3(w% - 4w22) ’

1
2 ’
A= 2[2h, W} - p)B,
3wy V2 (wh - 4w?)’

- 3,3,92
Ao =96V2 w3 b3 W

Z.“ = 8‘[5 w ch; WS‘/22 (w, - p)2,

X N2 wh,B, N2k, wi-p) [24, B, ]
SR o2 Aoy T - 2 2 |
12 3w 2 (wl - 4w2) w342 7{ * 3(wl - 4w2)

Ap=-12V2 B w2 W2 -p), A, =-16V2 w? 13 w2 Wi-p),

2 \112 [ Ay B, ]
A== -
15 (WJ w%w% 2(w% - 4w§) (w%_ - 4w%) ’

PR
16 \/5 (w3)3/2 ’

12
2w [ZhlAzw { c,
S (¢

1 372
U, = + h,w
71 wiW, W, 2 Wyt 2w,) (W, +2w,)

]
2w, —w,) 2w, -w)]]’

191

2 ’ ’
22k, wi-p) of of
Hy =~ \/—

WiN W,
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- 2 2.32_ 13, — 2 32 2 2
Hy =192 \/Ewc hyhyw™ " w5l = 16‘/5wchlh2 wi w, Wy -p)’,

2V2 w w2 ol c,

c2" 2
; + —=
wiw, |:(w2 + 2w1) (w1 + 2w2) (2w1 - w2) (2w2 - wl)]
22 A,k w2 - p)

T/ ) ,
L TL]

Hs

f = - 242 B B2 w2 wow? - p) W2 - p)?,

u,= —32‘[2_ wg hlhg w”l2 wg (w% -P)s

82w h A, 2N2D, 11 1
v1=—w’vz=‘(_ w. |w + ’

witws Wy w, 1+2w3 w1—2w3
N2 w b w2 W2 h, A, W2 - p)
V=== » Y=- 1/ )
W3 wi w3
12
o = 2\/5h1 (wl) (w% -p)
5 W3 ’
82w h,A,
2 \2D, 1 1
V=AW, w, \w, + 2w, T 2w, |’
Wi ) Wy Wyt 2Wy W, —2W,
N2 w b w2 W2 hyA, w2 - p)
YW=—""""—"""» Vyg=- T 32 ,
W3 Wi W,
2‘]5 hzwlé2 (w% -p)
V== W3A .

If the normalised Hamiltonian is written as
1
H=wI) + wyly + waly + 5(al} + bI5 + cly + 2l Iy + 21,1, +2h1,1,)

then from Hamilton's equations of motion,
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Stability of a cluster of stars sharing galactic rotation 193

JH

¢i=§i' (i=1273)

and the equations (3), we find that
a=f,005 0=80205 €=hoo2s F=8002=t020"

8=fop2="200 "=So20 =8200-
5. Stability

Now we apply Arnold's theorem (1963) to discuss the non-linear stability of the cluster of
stars. We assume that w; >w, > w,. It may be mentioned that the correct ordering of the

frequencies w,, w, and w, requires an analysis of the equations (1). More generally, the issue

depends on the geometry of the ellipsoidal form of the cluster and the ordering of the constants
By, B, and B,. We have made the assumption w; > w, > w, just to illustrate the procedure to

be adopted for deciding the stability of the cluster.

The condition (i) of Amold theorem is satisfied provided the basic frequencies do not satisfy
the equations

@) w, = 2w2 (vi) w, = 3w3
(i1) w, = 3w2 (vii) -w, + 2w2 —wy= 0
(iii) W, = 2w, (viii) -w, + 2w2 +wy;=0
@iv) w, = 3w, (ix) W tw, + 2w3 =0
) W, =2w, x) W =W, ~w;=0

Taking any of the conditions (i) to (x) and eliminating w, w,, w, from that equation and
the equations (1), the eliminant will be an equation in p. Let us call these equations f,(p) = 0,

i=1,2... 10. Thus the condition (i) of Arnold's theorem is satisfied for all p > p* except
for those which satisfy the equations (P)=0,i=12, ... 10. As an illustration, let us
consider the case w, = 2w,. Eliminating w;, w,, w, from the equation w, = 2w, and the

equations (1), we get
4l + nGp(B] + BL) + 4w)? =251Gpp, (a, + 1GpP)),
which is an equation in p.

For the condition (ii) of Arnold theorem, the normalized Hamiltonian up to 4th order is
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1
H=w\I| +wyly +waly + > (@} +bl5 +cly +2fT)ly + 211, + 2hIL1).
The détennjnant D occuring in the condition is
D=- [A'w% + B'w% + C'wg +2F1w2w3 +2G'w,w, + 2H’w1w2]

where A’, B’, C', F', G’, H’ are the co-factors of a, b, ¢, f, g, h respectively in the determinant
ahg
hbf
gfec

D # 0 if the density of the cluster does not satisfy the equation obtained by eliminating w,, w,,
w, from the equations

’ 2 ’ 2 ’ 2 ’ ’ , _
Aw1+Bw2+Cw3+2Fw2w3+2G w3w1+2h w1w2-0,
w2 + w2 = o +7Gp (B, + B,) + 4w?

1t W2 1 PPy + by ¢

wi w3 =1GpB, (a; + 7Gpp)),

2_ r
w3 =, + AGPP,.

Thus the ellipsoidal cluster of stars sharing galactic rotation is generally stable in the non-
linear sense for all the densities p > p*, which is the range of linear stability. However, for

those densities which satisfy the equations fi(p)= 0,i=1,2, ... 10 and the equations (6) where
Armold's theorem is not applicable, we cannot take any decision.
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