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How are the observed frequencies related to solar structure?
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Abstract. The frequencies of the solar five-minute oscillations are largely de-
termined by the variation of sound speed and density with radius; of these,
the dependence on sound speed dominates and can be understood in terms of
the asymptotic description of the modes. Additional, so far uncertain, contri-
butions are introduced in the near-surface region by nonadiabaticity and by
the dynamical effects of convection; however, these contributions can to a large
extent be suppressed in the analysis of the frequencies. The structure of the
model, and hence the frequencies, are in turn determined by the physics and
other assumptions used in the computation of the solar models. In particular,
the frequencies provide sensitive measures of the equation of state and opacity
of matter in the Sun, and give clear evidence for the importance of settling and
diffusion of helium and heavy elements beneath the solar convection zone.
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1. Introduction

The observed solar frequencies offer an unprecedented amount of accurate data relating to
the structure of stellar interior. The most precise frequencies are known with a a relative
standard deviation of less than 5 x 10—, better by a factor of more than 10 than the most
precise value of the gravitational constant and hence the solar mass. Furthermore, the
nature of the observed modes permits inversion to relate the frequencies to the structure
of localized regions of the Sun, extending from the solar core to near its surface. As
a result, we can now test the theory of stellar evolution, as applied to the case of the
present Sun, with great precision and detail. ‘ '

With a few exceptions, it may be argued that the the actual solar structure is of
relatively little interest. The depth of the solar convection zone, determined from helio-
seismology with considerable precision (e.g. Christensen-Dalsgaard, Gough & Thompson
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1991) is of importance to the study of the dynamics of the convection zone and the the-
ory of the solar dynamo. Also, a knowledge of solar structure is required for inversion to
determine the solar rotation, and other departures from spherical symmetry. Apart from
such applications, however, the principle goal of helioseismic studies of solar structure is
to investigate the assumptions and physics underlying calculations of solar evolution.

2. Properties of solar modelling

The assumptions and physical properties used in stellar evolution studies can conveniently
if somewhat arbitrary, be divided into macrophysics and microphysics. The former es-
tablishes the general physical picture of the star, usually rather simplified, and hence
defines the overall equations of stellar evolution that are considered. Given that, the
microphysics provides the specific descrlptlon of the properties of stellar matter requlred
to carry out the detailed modelling.

The macrophysics concerns the overall state of equilibrium of the star and its gradual
change as the star evolves due to nuclear transformation of composition and other possible
processes which might effect the composition profile. It is useful to discuss these aspects
in some detail.

2.1 Hydrostatic equilibrium

This involves the assumption of a balance of forces on the matter in the star. Any viola-

“tion would lead to motion on a dynamical time scale which (apart from the oscillations

and convection) is generally not observed. The basic equilibrium is between the gradient
of pressure p and the force of gravity; assuming spherical symmetry, as I shall do in the
following, this may be expressed as

dp _

where r is-distance from the centre, g is gravitational acceleration and p is density.
Here it is usually assumed that p can be identified with the thermodynamic pressure
(which includes contributions from both material particles and radiation), related to
p, temperature 7' and composition through an equation of state. The latter depends
on the description of the thermodynamic state and hence constitutes one part of the
microphysics.

Equation (1) neglects possible sources other than gravity which might contribute
to the balance of forces. One such contribution arises from the momentum transport
résulting from the convective motion in stellar convection zones. This is often described
in terms of a turbulent pressure Prurb Which is included in eq. (1) by expressing p as
P = Pgas + Pturb, Where pga, is the thermodynamic component. The behaviour of purb
depends on the detailed description of convection, which is highly uncertain; however,
it seems well established that piur is unlikely to make a significant contribution except
in the outermost part of the outer convection zones, where the low density forces large
convective velocities. Here, on the other hand, pty», may contribute a substantial fraction
of the total pressure. Another contribution to eq. (1) could arise from magnetic fields. In
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this case, also, it seems plausible that the contribution is significant only in the superficial
layers, unless the Sun were to have an exceedingly strong magnetic field. At the base
of the convection zone, for example, a field of 106 gauss would contribute a magnetic
pressure of only 7 x 10™* of pgas. In contrast, the magnetic field, and possibly momentum
transport by waves, make significant contributions to the pressure balance in the solar
atmosphere, quite likely dominant in the upper parts of the atmosphere.

2.2 Energy transport

The transport of energy through the star depends, basically speaking, on the tempera-
ture gradient. Except in the stellar atmosphere the radiative flux is determined by the
diffusion approximation:

4acT® g ’ @)

3kp dr

Frag = —

where a is the radiation density constant, ¢ is the speed of light, T is temperature, and
K is opacity. In convectively unstable regions, most of the energy is generally assumed
to be carried by convection. Outside regions of composition gradients the condition for
convective instability is normally expressed as

Vead > Vad , - (3)

where Voq = (0InT/81np),, the derivative being at constant specific entropy 8; Vrad
is that value of V = dInT/dInp, the derivative being along conditions in the model,
which would be required to transport by radiation the total lux F = L/4nr?, L being
the luminosity.

It is normally assumed that energy is transported only by radlatlon and convection.
Thus, in convectively stable regions V = V4 which is easily obtained from egs (1)
and (2) by setting F = Frag. The result clearly depends on the opacity which therefore
constitutes another part of the microphysics. In convective regions the dependence of
the flux on the temperature gradient depends on the description of convection which
should, ideally, take into account the non-local nature of the convective motion. Simple
scaling arguments suggest that the convective flux Feon satisfies Feop o< p(V — Vaq)3/2,
the constant of proportionality being such that V — V.4 is very small except in a thin
reglon near the top of outer convectlon zones. The details of this strongly superadiabatic
region depends on the treatment of convection. Detailed hydrodynamical simulations of
the near-surface convection hive been made (e.g. Stein & Nordlund 1989). However, in
calculations of overall stellar models simplified descriptions of convection are used. These
often involve at least one a priorsi unknown parameter which determines the efficacy of
convection, and hence the magnitude and extent of the superadiabatic region; in mixing-
length theory, for example, this is the mixing-length parameter a.. The choice of this
parameter essentlally fixes the value of the specific entropy in the adiabatic part of the

‘convection zone.

This picture is certajnly oversimplified, however. Beneath the convection zone motion
must penetrate for a certain distance, giving rise to a negative convective flux; hence
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the temperature gradient must be steeper than otherwise, to produce a compensating
increase in the radiative flux. Simple models (Schmitt, Rosner & Bohn 1984; Zahn 1991)
suggest a region of nearly adiabatic stratification, followed by a sharp transition to the
radiative gradient. The models make no definite prediction of the extent of this region,
however. Although strict limits have been placed by helioseismology on this model in
its simplest form (e.g. Basu, Antia & Narasimha 1994; Monteiro, Christensen-Dalsgaard
& Thompson 1994) there is little doubt that the temperature gradient must be affected
by convective penetration. At greater depths there have been suggestions of a possible
contribution to energy transport by gravity waves induced by the penetration (e.g. Press
& Rybicki 1981), although even rough estimates of the likely magnitude of this effect
appear highly uncertain. Finally, it seems clear that purely radiative models are unable
to account for the structure of the solar atmosphere, implying other sources of energy
transport such as acoustic or magnetic waves.
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Figure 1. Temperature gradients in the near-surface region of solar models computed with the mixing-
length theory (solid line) and the CM formulation (dashed line). The dotted line shows the average
temperature gradient obtained in a hydrodynamical simulation of convection (¢f. Stein & Nordlund
1989). :

The structure of the strongfy superadiabatic region near the surface depends on the
assumed treatment of convection. In addition to mixing-length theory, a formulation
based on second-order closure (Canuto & Mazzitelli 1991) has been used fairly exten-
sively in recent years. The CM formulation is characterized by smaller efficiency where
convective energy transport is relatively inefficient, leading to a steeper temperature gra-
dient. This is evident from Fig. 1 which shows V — V.4 in a mixing-length model and
a model using the CM formulation. For comparison, I also show the horizontally and
temporally averaged gradient based on a three-dimensional hydrodynamical simulation
of near-surface convection. Interestingly, the result of the simulation is similar to the
mixing-length model.
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2.3 Energy release

The energetics of a star is determined by the first law of thermodynamics, which may be
written as

dL d pdp] | '
3 =4 [pf—pdt( )+pdt ; (4)

here ¢ is the rate of nuclear energy generation (reduced for the energy lost to neutrinos)
per unit mass and time, and u is the internal energy per unit volume. The time-derivative
terms arise from the change in thermodynamic state and the work of gravity. During
main-sequence stellar evolution, which occurs on the time scale of hydrogen burning,
these terms are very small. In a model of the present Sun, for example, their integrated
contribution to the surface luminosity is around 0.01 %. In such a case the star is almost in
thermal equilibrium. The nuclear energy generation rate and thermodynamic properties
of the gas involved in eq. (4) are obviously parts of the microphysical description.

“There have been suggestions of significant departures from thermal equilibrium for
the present Sun (e.g. Dilke & Gough 1972). This would give rise to changes of solar
structure on a thermal time scale, of order 10° years. Thus the immediately observable
effects would be subtle; a detailed test of such models with the helioseismic data has so
far not been carried out, however.

2.4 Change of composition

Within the framework of “classical” stellar evolution there are essentially two effects
which may affect the composition of stellar interiors; nuclear reactions and microscopic
gravitational settling and diffusion. Nuclear burning, fusing hydrogen into helium, con-
trols the evolution of main-sequence stars such as the Sun. Settling and diffusion have
been commonly ignored in calculations of stellar evolution, yet they are unavoidable un-
less counteracted by other processes (e.g. Noerdlinger 1977; Wambsganss 1988; Cox,
Guzik & Kidman 1989). Within this picture the evolution of composition depends on
nuclear reaction rates and diffusion and settling coefficients, which are obviously mi-
crophysical quantities. The structure of the present Sun depends on the profile of the
hydrogen abundance by mass X(m), m being the mass interior to a given point, which
has resulted from the preceding evolution.

This description ignores the possible effects of macroscopic motion. Within the con-
vection zones the time scales of motion are typically at most years, and hence the com-
position can be assumed to be perfectly homogeneous. In convectively stable regions the
situation is less clear, however. The characteristic time scales for nuclear burning and
gravitational settling are of the order of the age of the present Sun, and hence even quite
weak motion can lead to significant mixing. That such mixing has taken place during
some phase of solar evolution is evident from the fact that “Li has been depleted in the
solar atmosphere by a factor of about 150 relative to the meteoritic abundance (e.g.
Anders & Grevesse 1989). This requires mixing well beyond the bottom of the convec-
tion zone (e.g. Ahrens, Stix & Thorn 1992; Christensen-Dalsgaard, Gough & Thompson
1992). Such mixing might be caused by motion induced within the convection zone, in
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the form of penetration (cf. Section 2.2), weaker turbulence or possibly gravity waves
(Schatzman et al. 1981; Montalbdn 1994). Also, rotationally induced circulation or in-
stabilities associated with the spin-down from the often assumed state of initial rapid
rotation may have led to some mixing, significantly changing the composition profile (e.g.
Chaboyer, Demarque & Pinsonneault 1995).

‘3. Dependence of frequencies on solar structure

The modes of solar oscillation have sufficiently small amplitudes that they can be treated
as linear perturbations around an equilibrium structure. They are characterized by the
three wave numbers n, [ and m. Of these, [ and m determine the behaviour of the mode,
given by a spherical harmonic Y;™, over spherical surfaces; the degree [ is related to the
total horizontal wave number k), at the distance r from the centre by kn = \/I(I + 1)/r,
while m measures the number of nodes around the equator. Finally, n is essentially given
by the number of nodes in the radial direction. For a spherically symmetric star, such as
I consider here, the frequencies w = wy,; are independent of m. In addition to the angular
frequency w, the cyclic frequency v = w/(2) is also commonly used.

In almost all the star the Lagrangian perturbations ép and ép in pressure and density
are related essentially adiabatically, i.e., 6p/p =~ T'16p/p, where I'y = (0lnp/d1np),.
Thus the computation of solar oscillations is often made in the adiabatic approximation,
assuming this relation to hold exactly throughout the Sun. In that case, the oscillations
are purely dynamical phenomena, and their frequencies are determined by the “mechan-
ical” properties of the star, viz. p and p as functions of r, as well as I'y (r). Furthermore,
if hydrostatic equilibrium is assumed, p is related to p by eq. (1), using also Poisson’s
equation to determine g from p. In this case, therefore, the adiabatic oscillations are
determined entirely by p(r) and I';(r). Other, equivalent pairs of variables may be used;
convenient choices are (c?, p), c* = I'1p/p being the square of the adiabatic sound speed,
or (A,T'), where

1 dnp dlnp

A=fId1nr"d1nr (5)

is the coefficient of convective stability.

In the near-surface region this description of the oscillations breaks down, because
nonadiabatic effects become important. Furthermore, due to the effect of turbulent pres-
sure hydrostatic equilibrium cannot be assumed, at least if p in the above description is
taken to be the thermodynamic pressure. It is still possible to define p in the equilibrium
model such that eq. (1) is satisfied; but the problem then remains of relating the pertur-
bation of pressure, so defined, to the density perturbation. However, these uncertainties
are likely to be confined to a thin region near the surface, as discussed in Section 2.

The observed solar five-minute oscillations are acoustic modes, resulting from inter-
ference between acoustic waves which propagate between upper and lower turning points.
The location R of the upper turning point depends essentially on frequency alone and
is given by the condition w = w¢(R:), where

2 H
wc_4 2(1 2dr> , . (6)
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Figure 2. Characteristic frequency wc which determines the location of the upper turning point.

H being the density scale height. Figure 2 shows w./2x in the outermost parts of a solar
model. For frequencies v exceeding 2300 uHz R is essentially at the photosphere, while
for smaller v the modes are reflected at increasing depth with decreasing frequency. The
lower turning point, r = r, is determined by the condition

w  e(re

Z = { 7

L re ! ( )
with L = [+ 1/2, and marks the point where the waves undergo total internal reflection,
the vertical component of the wave vector being zero. It is evident that modes of high
degree are trapped near the surface, while low-degree modes penetrate almost to the
centre.

This description of the oscillations leads to a simple expression asymptotically satlsﬁed

by the frequencies:

| [“ (I_L%’)”’LM ®)

. w2r? c w

(e.g. Christensen-Dalsgaard et al. 1985; that the observed solar frequencies satisfy a
relation of this functional form was first pointed out by Duvall 1982). Here a, which is
largely a function of frequency alone, is determined by the properties of the Sun near
the upper turning point. Equation (8) illustrates a very important property of the five-
minute oscillations: the frequency of a given mode is determined in an integral fashion
by the structure of that part of the Sun which lies between the surface and the lower
turning point. Since the turning points of the observed modes essentially span the solar
radius, it is possible to carry out a localized determination of solar structure based on
the observed frequencies. Indeed, eq. (8) may be inverted, to yield the variation ¢(r) of
the solar sound speed, without reference to a solar model.

This model-independent inversion suffers from systematic errors resultmg from the
asymptotic approximation. Furthermore, one is usually interested in comparing the in-
ferred solar structure with the structure of solar models, to use the results as tests of the
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physics and assumptions of the model calculation. Thus, the analysis is often carried out
in a differential fashion, in terms of differences between the Sun and a reference model.
This assumes that the differences are sufficiently small that the resulting frequency dif-
ferences are linearly related to the differences in structure. By so linearizing eq. (8) one
obtains

Swp Wn '
Spi w"=u (= L‘) + Ha(wni) , 9)

where

R 2.2\ —1/2
Snl=/ (I—chz) g__rda,
“Jre riwy, c dw : (10)
-1z
brc

R 2
c cdr
Hl(w)=[ (1———r2w2) o<,

and H3(w) = da(w)r/w. Here the difference é,c is evaluated at fixed radius r. The func-
tion Ha(w) contains contributions from the near-surface region, including the uncertain
aspects of the physics. By fitting an expression of the form given in eq. (9) to differences
between observed and model frequencies, one may estimate ;(w) and thence carry out
an inversion to infer §,c (Christensen-Dalsgaard, Gough & Thompson 1989).

Equation (9) assumes that the differences between the Sun and the model are suf-
ficiently small that a linear approximation is adequate and relies on an asymptotic ap-

~ proximation to the frequencies. Maintaining the assumption of small differences but

moving beyond the asymptotic approximation, it follows from the discussion above that
adiabatic frequency differences can be expressed linearly in tefms of differences in two
variables, e.g. 6,c? and 6, p. However, the actual differences between the observed fre-
quencies and adiabatic frequencies of as model must also reflect the nonadiabatic effects
frequencies and the inadequacies in the modelling of the near-surface region. As a result,

~ the frequency differences can be expressed as

bwni R ni’ érc? - grnl -1

o = [ [ret )+ KoV 220 a4 Bt + e, 11
€én1 being the observational error; here the kernels K7 , and K7 nl , are determined from
the eigenfunctions in the model, while the penultlmate term anses from the neglected
physics in the near-surface region, E; being the mode inertia normalized by the surface
amplitude (e.g. Christensen-Dalsgaard & Berthomieu 1991). The form of this term
reflects the fact that except at very high degree the vertical scale of the modes near
the surface is much smaller than the horizontal scale; consequently the sensitivity of the
oscillations to the near-surface errors depends little on degree. The dominant dependence
on degree, reflected in the occurrence of Ey;, arises from the fact that high-degree modes
penetrate less deeply, and therefore have smaller inertia and hence are affected more
strongly. It may also be shown that effects confined very close to the surface result
in frequency changes which vary slowly with frequency and are small at low frequency.
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Figure 3. Scaled kernels K:,' P(ro) for modes of degree | < 100 plotted against frequency for ro = R
(a) and ro = 0.98R (b).

The latter property results from the behaviour of the acoustical cut-off frequency wc
illustrated in Fig. 2: with decreasing frequency the modes are reflected at increasing
depth, and hence the influence of the superficial layers is diminished. '

These properties may be illustrated by the behaviour of the kernels K ;‘,’ , 383 function
of frequency, for fixed r: it is evident from eq. (11) that this corresponds to the effects
on the frequencies of a localized change in the sound speed. To suppress the sensitivity
to the mode inertia, the kernels have been scaled by the ratio

Enl

in=m:

(12)

where Ep(w) is the inertia of radial modes, interpolated to frequency w. The results
are shown in Fig. 3, for several radii r and a range of modes. The very small scatter
clearly indicates that that the kernels are in fact largely insensitive to the degree, at
fixed frequency. Also, the increasingly oscillatory nature of the kernels with increasing
depth is evident. This property can be used to identify contributions to the frequencies

_arising from sharply localized features in the Sun; important examples are the effects of

the rapid variation in I'; in the second helium ionization zone which provides a measure
of the convection-zone helium abundance (e.g. Vorontsov, Baturin & Pamyatnykh 1991;
Pérez Herndndez & Christensen-Dalsgaard 1994), and the sharp change in gradients at

© Astronomical Society of India ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1996BASI...24..103C

BBASI ; T 2247 T I03TT

rt

112 v " J. Christensen-Dalsgaard

0 -
~ -2f
N 4
= L
5 :
—4 -
? 4
Y d
© -
¥ -6
(v 4 -
-t A
Pl. P | P VRGPS S ‘LL”“;*.
1000 1500 2000 2500 3000 3500
vy (uHz)

Figure 4. Scaled differences between observed frequencies, obtained with the LOWL instrument (cf.
Tomczyk, Schou & Thompson, these proceedings), of modes of degree between 0 and 99 and frequencies
of a solar model.
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Figure 5. Scaled relative frequency diﬂerex;ces, for the case shown in Fig. 4, after subtraction of a
fitted function of frequency. The residuals have been plotted against v,; /(I + 1/2) and, on the upper
absacissa, the corresponding turning-point radius r;.

the base of the convection zone which may be used to place limits on the extent of the
convective overshoot (e.g. Basu et al. 1994; Monteiro et al. 1994).

4. Comparison of observed and computed frequencies

To illustrate the present level of agreement between observed and computed frequencies,

© Astronomical Society of India ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1996BASI...24..103C

BBASI T D224 T IO3T

K]

Relation of frequencies to solar siructure 113

I consider a model computed including the effects of helium and heavy-element settling
and diffusion; the equation of state and opacity were obtained from OPAL tables, and
the model was calibrated to have solar radius and luminosity, and the observed ratio
of heavy-element to hydrogen abundance, at an assumed solar age of 4.6 Gyr. Further
details on the model were given by Christensen-Dalsgaard (1996a).

Figure 4 shows frequency differences between the Sun and the model, after scaling
by the inertia ratio Qn;. It is evident that the scaled differences depend predominantly
on frequency, with little dependence on degree; also, the differences vary slowly with
frequency and are small at low frequency. From the discussion in the preceding section
it may be concluded that the dominant contributions to the differences arise from errors
in the superficial layers of the model. Effects of errors in other parts of the model only
become visible if these contributions are eliminated. This may be achieved by carrying
out a fit of the form given in eq. (9), to determine the frequency-dependent part of the
frequency differences. The residual, after subtraction of this part, has been plotted in
Fig. 5 against v/(! + 1/2) and hence turning-point radius r;. Clearly there remains a
significant contribution, with substantial variation for modes whose turning point is close
to the base of the convection zone. As shown by Basu et al. (these proceedings) this is
associated with a sharp feature in the sound-speed difference in this region.

5. Effects of changes in the model physics

To illustrate the sensitivity of the models and frequencies to changes in the physics, 1
consider two examples of model changes: a change in the treatment of the superadia-
batic gradient; and inclusion of settling of helium and heavy elements. The comparisons
are carried out between models calibrated to have solar radius and luminosity, keeping
unchanged other aspects than the one explicitly modified.

5.1 Changing the treatment of convection

To illustrate the sensitivity to the near-surface properties of the model, Fig. 6 compares
the structure and frequencies of models computed with the Canuto & Mazzitelli and the
mixing-length treatments of convection. Panel (a) shows relative differences in squared
sound speed and I';, evaluated at fixed interior mass m; such so-called Lagrangian dif-
ferences provide a truer impression of the physical effect of near-surface changes than
do the more commonly used Eulerian differences, evaluated at fixed r (e.g. Christensen-
Dalsgaard & Thompson 1996). It is evident that the differences are indeed confined very
near the surface, as a result of the calibration of the models. The steeper temperature
gradient in the CM model (cf..Fig. 1) leads to a more rapid increase in temperature and
hence sound speed; furthermore, the onset of hydrogen ionization is more rapid, leading
to a decrease in I'; relative to the MLT model.

The dominant effect on thé frequencies comes from the change in w. and hence the
location of the upper turning point. Neglecting dH/dr in eq. (6), w. o< I'1/c and hence
is decreased in the CM model; this increases the size of the cavity over which the modes
propagate and hence decreases the frequencies. As shown in Fig. 6b, the resulting scaled
frequency differences are indeed very small at low frequencies and almost independent
of ! except for | 2 300, as expected. Also, it is interesting that the change is rather
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Figure 6. (a) Relative differences in squared sound speed (solid line) and I'; (dot-dashedline) between a
model computed with the CM formulation for convection and mixing-length theory, in the sense (CM) —
(MLT); the differences were taken at fixed mass. (b) Corresponding scaled frequency differences. Modes
of the same degree have been connected by solid lines (I < 300), short dashed lines (400 < ! < 700) and
long dashed lines (800 < 1).

similar to the differences between the observed frequencies and those of a MLT model,
shown in Fig. 4. This might be taken as support for the CM formulation. It should be
noted, however, that rather similar differences can be obtained with a MLT model or
from the hydrodynamical simulations, by taking into account the turbulent pressure in
the equilibrium model (e.g. Rosenthal et al. 1995).

5.2 Effects of settling and diffusion

To illustrate the effects on the frequencies of changes in the interior of the model, I
consider in Fig. 7 differences between a model including settling and diffusion of helium
and heavy elements and a model computed without taking these effects into.account. The
physics of the model and the ratio between the heavy-element and hydrogen abundances
in the model of the present Sun are otherwise the same in the two models. Model
differences, at fixed r, are shown in panel (a). Helium settling increases the hydrogen
abundance in the convection zone and causes a very steep gradient X just beneath it. The
dominant effect in the sound speed is a relatively sharp increase beneath the convection
zone, caused largely by the fact that the convection zone is somewhat deeper in the
model with settling. There are also smaller effects in the ionization zones of hydrogen
and helium, caused by the change in I'; resulting from the change in composition.

To illustrate the effects of these changes on the frequencies, the scaled frequency
differences have been separated into a part depending on the turning-point location and
a part depending on frequency, in the manner of eq. (9). As shown in Fig. 7b, the
former part is dominated by the positive difference in ¢ just beneath the convection
zone, which causes a sharp increase in the frequencies of the modes penetrating beyond
this point. It is striking that this effect is larger by a factor of more than four than
the corresponding component of the differences, shown in Fig. 5, between the observed
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Figure 7. (a) Relative differences, at fixed radius, in squared sound speed (solid line) and density
(dashed line), and difference in hydrogen abundance X (dotted line), between a model including settling
and a model neglecting it, in the sense (settling) — (no settling). (b) Corresponding scaled relative
frequency differences Q161 /vni, after subtraction of the frequency-dependent part corresponding to
the term Ha(w) in eq. (9). (c) Scaled relative frequency differences, after subtraction of the part
corresponding to the term H;(w/L) in eq. (9).

frequencies and frequencies of a model including settling; this is strong evidence that
settling must be taken into account in solar modelling, as is also found from inversion of
the frequency differences (see Basu et al., these proceedings). The frequency-dependent
part shows a clear oscillatory signal, which, based on its period, can be attributed to
the second helium ionization zone (cf. the discussion of Fig. 3), and is caused by the
difference in envelope composition between the two models. Such oscillatory signals have
in fact been used to infer the solar envelope helium abundance (e.g. Pérez Herndndez &

Christensen-Dalsgaard 1994).
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6. Conclusions

The examples presented here only provide an superficial indication of the sensitivity of
the solar oscillation frequencies to aspects of solar structure. Other examples are dis-
cussed elsewhere in these proceedings, and an extensive set was provided by Christensen-
Dalsgaard (1996b). Thanks to extreme precision with which the frequencies can be ob-
served and the variety of modes that are available we can probe subtle aspects of both
the micro- and the macrophysics. It is perhaps surprising that models computed ab ini-
tio, with no attempt to match the data, are so successful in reproducing solar structure
as inferred helioseismically. However, the remaining discrepancies clearly indicate that
improvements are needed, very likely involving phenomena that have so far been ignored
in stellar modelling and leading to a deeper insight into both the properties of stellar
evolution and the physical processes that control it.
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