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Transmission and reflection operators of radiative transfer equation
with aberration and advection terms. 1. Menochromatic radiation
field with spherical symmetry
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Abstract. Integration of the radiative transfer equation, with the aberration
and advection terms included, is described, assuming coherent and isotropic
scattering. The operators of transmission and reflection derived in this
paper are applicable to situations in which v/c = 0.0167 where v and ¢ are
the velocities of the gas and light respectively. These operators can be
applied to a spherically symmetric medium in which matter scatters or absorbs
and emits monochromatic radiation.

Key words : Radiative transfer—aberration—advection—coherent and iso-
- tropic scattering

1. Introduction

The velocities of gases in the outer layers of supergiant stars, novae, supernovae,
active galactic nuclei, etc., are so large that the factor v/c, where v and ¢ are the
velocities of gas and light respectively, is a substantial fraction. In such situations,
the radiation field in the moving gases gets substantially modified after emission
and absorption by gas. The effects of aberration and advection caused by high
velocities must be investigated in any serious calculation of the radiation field.
Mihalas, Kunasz' & Hummer (1976) included the aberration and advection terms
corresponding to velocities of the order v/c = 0.01 in the line calculations. They
found that these do not produce any observable changes and that it is the Doppler
shifts which will change the line radiation. Mihalas & Klein (1982) have pointed
out that time-dependent transfer will be of importance.

Recently, we have investigated the effects of the aberration and advection terms
of the order v/c ~ 0.01. We started the investigation by studying the order of
magnitude changes when aberration and advection terms are included (Peraiah
1986). This study revealed that the terms due to aberration and advection are of
the same order as, or some times exceed, the usual divergent terms of radiative
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transfer equation. Therefore it is instructive to calculate the radiation field by solving
the radiative transfer equation with these terms included. We have assumed simple
model with coherent, isotropic, monochromatic radiation field in a plane parallel
medium moving with velocities up to 5000 kms-! i.e. v/c = 0.0167. To our surprise,
we found differences as large as 209 to 909, in a medium whose optical depths
change from 5 to 30 or 50 (Peraiah 1987). It is therefore evident that we shall
have to seriously consider including these terms in the solution of radiative transfer
equation.

In this paper, we derive transmission and reflection operators which lead to the
solution of radiative transfer equation with aberration and advection terms included
in spherical symmetry.

2. Development of the solution

The equation of radiative transfer in a spherically symmetric media in the comoving
frame of the fluid with relativistic terms of the order of v/c is written as (Castor
1972; Mihalas 1978; Munier & Weaver 1986)

0 W)  1—=w?[ . r dp\7aU(, u°)
o+ IR+ 2 1o (11— 5 ) | B0

2(p° + B) U(r, 1)
r

= K(r) [S(r) — U(r, #)] +

d
—3 [% (1 — ) 4 po? ‘-ﬂ U(r, uo), ()

o w = ’1‘ : Eﬂ’ U(r, u°) = 4xr2l(r, u°).

I(r, p°) is the specific intensity of the ray whose direction makes an angle of cos—1
with the radius vector r. K(r) is the absorption coefficient; and S(r) is the source
function. Equation (1) can be integrated on the angle-radius mesh defined on
[#3-1 23] [ri-1> ri] (see Peraiah & Varghese 1985). First we shall express the specific
intensity in terms of certain interpolation coefficients and weight factors :

U(r7 ﬂo) == UO + UIE + Up-°7] + Urp°E'f), -..(2)

where Uy, Uy, Upo, Ur,o are the interpolation coeflicients. The source function S
is similarly defined. In equation (2)

where B =

_r—r . ue — uo
E.l - Ar/2 and ") - A,u°/2 ’ --.(3)
where
r=(riaa + m)f2, Ar=(rn—r-) ...(4)
B = (a1 + )2, Apo = (] — pyy)- w.(5)
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Transmission and reflection operators of radiative transfer equation 3

From equations (1)-(4), we have
aU( r, oU(r, ) _ 2

(W + B) —— =1, ® + B) (Ur + Urpon). «-(6)
We shall apply the operator
1
Xpo = Tﬂo— ] ---dp.° ) (7)

Ap°
on equation (6). This operator is written as

1
ap ) 0+ 0T de - 2o [ 2 (04 (U + Uneon
Ape Ap®
...(8)
The effects of the operator X,o on various terms on the R.H.S. of equation (8) are
as follows :

X,°[Z] = Z, where Z is a const, ...(9)
Xoo[10] = 5, ...(10)
Xuo [nu0] = 3 Apo, o (11)
Xyo[9] = 0, ...(12)
Xpo [1°%n] = % Apo 0, ---(13)
Xpo [ = %% (14)

Equation (8) becomes in the light of the identities (10)-(14)
oU 2
Yoo [ 6o+ 05 | = X [0 + B U + Unen|
2
= Ar {(u° + B) Ur + 3 Ap°Urpo}. ...(15)

The second term on L.H.S. of equation (1) ean be written as

(1 )20

1= p.(’z o r dp 0 o
== [1+I‘B(1__B‘E".)]%g(ljo‘I‘UrE..‘I‘UP"I'}"Ul'P"Em)s
...(16)

where we have used equation (2). Equation (16) reduces to

(- B

_ 1_-—";;_02[1 + POB( _‘L dﬁ ] i (Upo + Urpo). -(17)
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We shall consider now the terms containing U on the R.H.S. of equation (i). By
using equation (2), we have

—[K-l—%(ﬂ" +l3)—3{—(i—(1 —u°2)+u°2é£}]U

= —[K L 0o+ B — 300 — oty — 37 ]

X [Uo + UrE + Upon + Urpoly). ...(18)
Applying X,.o on equations (6), (17) and (18), we obtain

2 - 2 —
5 G0+ Ur + 3800Un} + 15 (= )

+ 10 (1 = (%) BR} (Upe + Unuok)

— K[(So + StE) — (Uo + UsB)] + {Zﬂ" LR e %Er}

X (Uo + Usk) + Apo 0 {% (8+ %) - dg‘i-} (Upo + Uspob),

...(19)
_q_ rads
where R=1 B dr ...(20)
We shall keep dB/dr constant over a small increment of the radius or in a shell
whose optical thickness does not exceed the critical stepsize :

g"? — const = s. .(21)
Then AB = s-Ar, -..(22)
where Ar = (r1 — ri-1), ' -+(23)

2 2

(po*) = 3(y, + by (29)
To perform the radias integration, we apply the operator

Yv = 7] j ...... 4wr2dr, ...(25)

Ar
h L R

where =5 (ry — ri_) ...(26)
on equation (19) and obtain

2 - AA G d

5@+ 0 U+ 500U} + {1 56 - 52

AA 1 — po G rAA4
+7“—AM—O} Upe + {Ar (2__7)—
equation continued
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Transmission and reflection operators of radiative transfer equation 5
184G dp | 21 — uo 5 rAA
°4d B dr Ar T Apo ( *?)}Uﬂ“’
A4 A4
=K{(So+ 157 Sr)—(U +35 U)}
- — AA 1 rAA
+ 0+ o — HE 5 Uo7 (2- 54 )]
A -
— 3 G (e 4 v) s [ (84 ) (1 2 0
1 r-Ad dg AA
2u0 9
where G = v (I — (#°%)) B, ...(28)
AA = 4n(r} — 1} ) .-(29)
4 = V/Ar. ...(30)
In the plane parallel case equation (27) reduces to
4GP + ) Us + 4 AuoUp)
=K(S—U)—ETE 3F—(JEU +AO._0U0___ BU 31
o o dr 73 0 wo-u 8 ar ..(3D)
Collecting the coefficients of the interpolation coefficients U,, U,, etc., we can rewrite
equation (27)
d
ARCEE R VK — PO gt — )+ 3 A s 2B
AA 1 dB,  AA [l — pot
° 122 T8y 24
+ U, [0(2 =5 )t (a )
- 1 A4 d A
— Apo MO{ B+ ﬂo)%? -“‘d’j}]'f—Urpnl:%—f*
(BAG B, 1=t (s 4
+GP—GA B—r+217 Ao — Apo-p° (3-[-3“——0)-”
AA d A
3228 v k-1 S e 4 pe — 1) + 3 D
A4 adr V
AA
—K[Sa+1 Sr] (32
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For — u°, the transfer equation is written as

o — 4,02 —0
(—w+p =) T—u [1_,10@(1_%%?) oU(r, —u%)

or r oue

= K[S() — UG —u] + 25258 g, o)

_3[B e 2 @] _ ,
3 [ (1L — ) + ot P U, —s0). .(33)
Substituting equation (2) in equation (33), we obtain

S o= 5 (5 (-5 D))

X (Uyo + Uryo ®) = K() S0) + KO + © 2(— 40 + )

— 3p(1 — woh} — 3p°° Z—E] (Uo + Uik 4 Upon + Urpo kx).  ...(34)

Application of X0 on equation (34) gives
2 — 2 1
TG — ) U — 186U} — o {1 — )
r d

— o = ) (1 = 5 B} W+ Unot)

20 + B(1 — 3%
r

¢ 36 B} o+ vy~ 2 (r R g )

= K[(So + StE) — (Uo + Usk)] — {

r

F-
X (U,.O ~+ Urpo E) ...(35)
Applying the operator Y, on equation (35) we obtain
2 - 1 A4 Gdp AAd1 —
T M
Ad G d 2 —
XUP°+ {Gp_%—z- e dE Ao(] oz)p}UrPO

B
= K{(s 2 s (U“A o)}
{ ¥ (@w + B — 3puc®) + 349 %3_} U,
—{(2ﬂ°+B-—3pﬂ°2)+3°2dB %ATA}Ur—'

equation continued
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Transmission and reflection operators of radiative transfer equation 7
SO ) I

{4 R o (- 8) ]} v, -.(36)

‘where D= Alr (2 — #—) ...(37N

Equation (37) is rewritten after rearranging the interpolation coefficients :

[Ar(ﬁ_ﬂ)‘l's AK+p(2ﬂo+p—3[3ﬂ°2)+3°26;B A’

AA Gdi AAd1— p? B

+ Upo %?G_EB;_—V Al +Aﬂ°ﬂ°{—
Ad [ 1 L AAG dp
1221 2 ol — 128 S Wl d
+2V(s,lo )}]+U’“[ +G 4 B adr

— s (U= i p + Ao { M ‘;‘: +p (;1: — B)}]

+U[K+45 @+ 6 -3t + 3 2|

(So 434 Sr). ..(38)

Multiplying equations (32) and (38) by Ar we get
aUs + BUuo + yUrpo +8U, = Ar-K[So Aj Sr:l ...(39)
and @' Us + BUo + y'Uspo + 8'Uo = Ar-K[So 42 ATAsr], ...(40)

where .« = Ar {i—@ +8) + %Ajfl K—p[2:° + g3u*® — 1)

+3 50 3 dg} ++(41)
Ad  1.dg\  AA[1 — po
— 184 2 =2
B__A”{G(Z vV gdr)+V( Auo )
r 1 Ad dg
— Auou® L g+3_u°)%7_5 }5 ..-(42)
= 1 Ape ;A_AGd_g 1 — po?
SRR tE R EES S S
- 1 A4 dg
— A#O.UO[ g+ 3F)P -5 E]}’ ..(43)
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, 84

5= Ar {K — 175 2% + g(3u® — 1)] + 3 % } ..(44)

and g = v/c. ‘ ...(45)

We have replaced B by g as B is newly defined in equation (42). Furthermore we
have,

, AA
o = a2 (5 — ) +3 K+ 4, ...(46)
B' = Ar(B1 + 43), ..-(47)
) .
Y = Ar (A4 4+ B —1 AA"; ) ..(48)
where 8 = Ar(K + Ay), ...(49)
d
A = —(2/10 +g— 3 + 3" F, ..(50)
dg , A4
AZ = (ZP" + g - 3g!"02) + 3(—"02 df% 4’ "'(51)
- = [% AA (1]
A3 = Aul-pu 1—17—{_%? g}T_o—g , ...(52)
[, A4 1 :
Ay =tpo-po[ 355 % 4 ”(3_,? —¢)]. (53)
Y Gds AA1— po°
B-150- 2SI - (54)
AA
Bz=Gp——-%7— —% ‘—figl_‘ 02 (55)

We now replace U, Uy, Upo, Urgpo by the nodal values Ua, Up etc. (see Peraiah &
Varghese 1985) :

a(—Us — Up — Uc— Uqg) + B(— Ua + Up + Uc — Ua)
+ y(Ua — Up — Uc + Uq) + 3(Ua + Up + Uc -+ Uy)

l:(sa + Sp + Sc + Sa) ( AAA)] .-+(56)

and o' (— Uy — Up — Ue — Ug) + B’ (— Ua + Up + Ue — Uq)
+ Yy(Ua — Up — Ue + Ug) + 8(Ua + Up + Ue + Ua)

(1 _1 AA) (Sa + Sb + Se + Sa). (57)
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Equations (56) and (57) can be rewritten as
UVs(—a—=B+1+8)+Up(—a+8—1y43)
+Uc(—a+B—y+3)+Us(—a—8+ v+

AAd
=(1—%_A—“)(Sa+sb+sc+sd)
and  Ua(— e =B T+ )+ Oo(—a + B —y + 3)
F V(=o' + B =7 +8) + Va(—o —§ + 1+ ¥)
AA
=(1= 4 50) 60 + S+ 5+ 50

Letting
Ao = —a —B+y+ 3,
Ab= —a + B —vy + 3,
Ac=—a 4+ B — vy + 3,
dag=—a—B+ v+
and A, = —a' —p + v + ¥,

A= —a' + B~y + 5,
A, = —a +p —v +79,
Ag=—o' = +y + ¥,

we can write equations (58) and (59) as

AU; + AUy + AU; + AqU;

AA
=(1 - %—A—)(S; + SF + St + 8%)
and AU + A Us + AU + A, U7

AA
=(1 -3 )(S; + S5 + S7 + §7).
By writing the nodal values in their full form such as
1—-1, -1
U =UL", U =U™, et
we obtain

1— 2 i-‘ bl
AU + AU+ AUV 4 AaUM

-+(58)

..(59)

.--(60)
...(61)
..-(62)

.-(63)
.(64)

...(65)
...(66)

-(67)

...(68)

...(69)

-..(70)

Ad -1 i—
= T(l - %7)(8}_1+ + 87 1(1 + -};A—A) Sy + S

4

-1

we(71)
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’ 1~15~ ’ 1-15— ’ 1— ’ 15—~
and AU+ A U™ 4 AU+ 4,0,
AA iml,— 1y~ AA y— i
=1(1 —%7)(31_1 4 st )+T(1 +%7)(S}_l + 87),
...(72)
-1, J + 19i~1 — ' -1+
where Sj_l = ]El o(P+CUFTL + P-CU 1) + (1 — w) Bj ,..-(73)
i—1 J i
S+ = ,-E Je(PHCURIL 4 PHCUPY, + (1 — o) BV (74)
Defining )
s j =
o
j+1 J+2
4, 4,
Aab —
...(75)
-1
A 47
J
; b
and similarly A4d¢ is defined. We can rewrite equations (71) and (72) as
[Ade — ++Qytt] U;i— + [A%d — t—Qy*Y] U;F_ .
= (1 — w) 1QB* + ++Qy+-Ur + - Qy*-U_, ...(76)
and [Ate — «TQY~"] Uy + [A"#? — QY] U,
= (I — ) 1QB™ + *Qy~*U} + =~ Qy—*Uf , ..(77)
r1 1 )
1 1
where Q= , -.(78)
1 1
L 1 J
AA
1.'+==1:(1 +%—/I-)’ ...(79)
- (1 1 A}), -(80)
Yt = 1oPHC, --(81)
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Yyt— = 1wP+-C.
Similarly y——, y—+ are defined.
With

Aap = Q-1A2b,

Age = Q1A

A, = Q-1A"D,

A, = Q1A%

equations (76) and (77) become
[Age — Ty 1UF + [Aap — vY™+] UL,

= (I — w) B+ 4+ t+ty* Uy + =y UL

-1
[Ay, — =Y 1U; + [A), — vy 1 U,
=1 — w) w67 + ty*U; + Ty HUf .
Now the two pairs of transmission and reflection operators are given by
t(i,i — 1) = R*~[A+A + rT—-A-C],
ti — 1,i) = R-"[A™D + r+A'B],
r(i, i — 1) = R~+[A-C 4 r—+A+A],
r(i — 1,i) = R*—[A+B + r+-A-D],
where At = [Aca — vyt
A~ = [Asp — THy—] L,
A = Y + Ag,
B = tyt,
C =1,
D =yttt — A&c,
= = ATy,

R+ = [I — rt -1,

11

...(82)

...(83)
.--(84)

...(85)

..-(86)

...(87)

...(88)

-(89)
-+(90)

(91)
(92)

...(93)
..(94)
..(95)
...(96)
..(97)
--(98)
...(99)

..(100)

The quantities r—+ and R— are obtained by interchanging the 4-ve and — ve signs.
The transmission and reflection operators developed in equations (89)~(92) can
be applied to a monochromatic radiation field in both plane parallel and spherical )
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symmetry. These can be employed to calculate the internal radiation field by using
the algorithm described by Peraiah (1984).
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