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We perform a comprehensive hierarchical, multiscale morphological analysis to search for anomalous
behavior in the large-scale matter distribution, using the convergence map from the Atacama Cosmology
Telescope Data Release 6 (ACT DR6). Our analysis employs a suite of morphological statistics, including
Minkowski functionals, contour Minkowski tensors, and Betti numbers, and measures their deviations from
ensemble expectations and median values obtained from isotropic ΛCDM (cold dark matter) simulations
provided by ACT. To assess the statistical significance of these deviations, we develop a general methodology
based on the persistence of anomalies across threshold ranges and spatial resolutions, while accounting for
correlations among the statistics. Analyzing both the full dataset and hemispherical subregions, we find
overall consistency with isotropic ΛCDM expectations. Recognizing that potential deviations in smaller sky
regions may be diluted when averaged over larger areas, we further examine localized sky patches. This
patchwise analysis identifies several regions exhibiting statistically significant deviations, which we designate
as anomalous. In particular, we find that positive density fluctuations near the CMB Cold Spot are
anomalous, exceeding 99% confidence level. This region also overlaps with a previously reported anomalous
southern spot in the Planck CMB temperature data. Analysis of the corresponding null map indicates
potential contamination from residual foregrounds or instrumental systematics. We also compare the
anomalous patches identified in ACT data with those from a previous analysis of the Planck convergence
map. No overlapping anomalous regions are found between the two datasets, suggesting that the anomalies in
the Planck data are likely attributable to noise. Further investigation of these atypical patches, considering the
role of residual foregrounds, instrumental systematics, reconstruction noise, and independent large-scale
structure surveys, is warranted to determine their physical origin.
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I. INTRODUCTION

The CMB photons are weakly lensed by the gravitational
potential field they encounter along their paths [1–3]. This
results in small but observable distortions in the apparent
positions and shapes of CMB temperature and polarization

anisotropies [4]. This phenomenon of CMB lensing was first
detected by cross-correlating CMB data from WMAP with
NVSS radio galaxy counts [5]. Since the first detection, it has
been measured with increasing precision by various CMB
experiments such as Planck [6,7], the South Pole Telescope
[8] and the Atacama Cosmology Telescope (ACT) [9–11].
These experiments provide measurements of the projected
two-dimensional distribution of matter (dark matter and
baryons), reconstructed from CMB data, which can be
further used to probe the properties of matter distribution
and test different cosmological models [12–14].
These data are usually presented in the form of the

convergence map, which is related to the gravitational
potential via the Poisson equation. These data complement
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direct observations of the matter distribution via biased
tracers such as galaxy distributions.
Our current theoretical understanding of the universe is

based on the assumption of statistical homogeneity and
isotropy on large scales, known as the cosmological
principle. These assumptions have been supported by
observational data and subjected to various tests using
diverse cosmic tracers such as x-ray background and counts
of radio sources [15–19], clustering properties of galaxies
in large scale structure surveys such as Wiggle-Z [20] and
SDSS [21–23]. The CMB provides the most conclusive
evidence of statistical isotropy (SI) of the Universe as
demonstrated through conventional statistical methods
such as the power spectrum and N-point functions
[24,25], as well as more advanced harmonic-space-based
techniques like BiPolar Spherical Harmonics [26–28]. A
comprehensive review of the status of different cosmologi-
cal tests can be found in [29]. However, hints of deviation
from SI have been reported in the literature [29–34]. Given
these hints of anisotropy, and that different datasets con-
tains different systematic errors, noise and other uncertain-
ties, it is crucial to test cosmological model assumptions
using a diverse range of datasets and statistical techniques.
Real space based morphological statistical tools,

namely scalar Minkowski functionals (MFs) [35–37] and
Minkowski tensors (MTs) [38–41], provide amethodology to
test the ΛCDM (cold dark matter) model, and the underlying
assumption of statistical isotropy. In particular, for two-
dimensional datasets, the α-statistic obtained from the
rank-2 contour Minkowski Tensor (CMT) gives a measure
of the alignment and alignment of structures [42,43], which
can be exploited to search for anomalous orientations in the
CMB data [44–47]. MFs and MTs have also been used to
probe other cosmological and astrophysical fields [48–64].
Moreover, higher rank Minkowski tensors have also been
utilized to search for anomalies in CMB temperature field
[65]. Additionally, Betti numbers are topological quantities
whose alternating sum gives the Euler characteristic. Betti
numbers for Gaussian random fieldswere studied in [66], and
have been used as a statistical tool in a variety of cosmological
studies [67–72]. They were also recently applied to inves-
tigate anomalies in the CMB temperature field [73].
In [47], SI of the convergence map provided by Planck

[7] was tested using the α statistic, and localized anisotropic
(anomalous) sky regions were identified. Since the signal-
to-noise ratio (SNR) of the Planck convergence data is only
order one for low multipoles, and is dominated by noise at
higher multipoles, the authors concluded that the anoma-
lous behavior is likely to originate from improper noise
estimation. The convergence map provided by the recent
ACT Data Release 6 (DR6) [11] covers approximately 23%
of the sky. This convergence data is signal dominated for
multipoles L < 150, compared to L < 90 for Planck, and
has higher SNR owing to higher precision and better noise
mitigation techniques. Hence, the ACT data serves as a
new, improved testbed for the standard isotropic ΛCDM

cosmology. In this paper, we extend the methodology of
[47] to include MFs and Betti numbers in addition to α, and
analyze the convergence data from the ACT DR6, to search
for anomalous deviations of the data from standard iso-
tropic ΛCDM cosmology. We restrict our analysis to an
appropriate range of scales since the data for L > 1300may
not be reliable due to the presence of secondary anisotro-
pies which bias the lensing reconstruction, as pointed out in
[74]. Our analysis involves studying the convergence map
at multiple scales, by extracting the MFs, CMT and Betti
numbers from the global (masked) map, the north and south
galactic sky separately, and from individual patches of
various sizes. This work constitutes a search for regions of
the sky that exhibit anomalous statistical properties,
through comparison of data with statistically isotropic
ΛCDM simulations. Such a test is motivated by previously
discovered curiosities; the anomalous hemispherical power
asymmetry [24,75–79] is an example of such a feature, and
on smaller scales, the Cold Spot is also an anomalous local
region [80].
This paper is organized as follows. Section II reviews

the basic physics of CMB lensing, and the ACT data that
we analyze is presented. Section III gives a brief description
of the morphological statistics we use. Section IV discusses
the issue of noise mitigation of the data. Our results for
the morphological statistics are presented in Sec. V.
Supplemental Material is included in Appendixes A–F.
We end with a summary and discussion of our results
in Sec. VI.

II. PHYSICS OF CMB LENSING
AND ACT DATASET

The lensed CMB temperature or polarization field is
related to the unlensed field through a remapping,

T lensedðn⃗Þ ¼ Tunlensedðn⃗þ α⃗Þ; ð1Þ

ðQþ iUÞlensedðn⃗Þ ¼ ðQþ iUÞunlensedðn⃗þ α⃗Þ; ð2Þ

where α⃗ is the deflection angle. The deflection angle for
small perturbations, under the Born approximation can be
expressed as the gradient of the lensing potential, Ψ:
α⃗ðn̂Þ ¼ ∇⃗Ψðn̂Þ. The lensing potential (Ψ) represents the
integrated gravitational potential of all matter distributed
along the line of sight to the last scattering surface [81].
Another key observable in CMB lensing studies is the
lensing convergence, κðn̂Þ, which in accordance with the
Poisson equation is given by,

κðn̂Þ ¼ −
1

2
∇⃗2

n̂Ψðn̂Þ ¼ −
1

2
∇⃗n̂ · α⃗ðn̂Þ: ð3Þ

κ captures the local magnification or demagnification of the
observed CMB fields caused by the matter distribution.
Hence, convergence directly probes the total mass density
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of the universe integrated along the line-of-sight all the way
to the redshift of recombination, z� ≈ 1100, with a peak
contribution from around z ∼ 2 [10,11,82]. Alternatively, κ
can also be expressed as an integral over the matter
distribution δm (the matter over-density) along the line
of sight through,

κðn̂Þ ¼
Z

∞

0

dzWκðzÞδmðχðzÞ; n̂Þ: ð4Þ

In the case of a flat universe, the lensing kernel Wκ

simplifies to,

WκðzÞ ¼
3

2
ΩmH2

0

ð1þ zÞ
HðzÞ

χðzÞ
c

�
χðz�Þ − χðzÞ

χðz�Þ
�
; ð5Þ

where χðzÞ is the comoving distance to redshift z.
κ or ψ can be reconstructed from the observed lensed

CMB fields using quadratic estimators [83–85]. There are
other methods developed for extracting the lensing poten-
tial field from CMB like gradient inversion method [86], or,
likelihood based methods [12,87,88]. However, the quad-
ratic estimators are known to be suboptimal especially for
polarization and hence, remain as the most commonly
employed reconstruction methodology for various recent
and upcoming CMB experiments like Planck [89], ACT
[82], Simons Observatory [90], CMB S4 [91] etc.

A. ACT DR6 convergence data

The ACT has mapped CMB lensing over 9400 deg2,
achieving a state-of-the-art 2.3% precision in the lensing
power spectrum amplitude [11,82,92]. This map has been
recently released as a part of ACT DR6 and is based on the
CMB measurements made between 2017 and 2021 at 90
and 150 GHz.
The ACT lensing map reconstruction methodology

employs a cross correlation based estimator introduced
in [93]. This estimator utilizes multiple time-interleaved
splits of the CMBmaps rather than using a single map. This
ensures that the instrumental noise associated with each
individual map is independent. As a result, the CMB
lensing map derived from this method is not susceptible
to the modeling of instrumental noise. The lensing map is
reconstructed with CMB scales from 600 < l < 3000 and
is signal dominated on scales L < 150. The large CMB
scales are excluded due to significant contribution from
atmospheric noise, Galactic foregrounds and a correction
greater than 10% for the large scale transfer functions,
whereas the small scales are excluded to minimize con-
tamination from astrophysical foregrounds like the thermal
Sunyaev-Zeldovich (tSZ) effect, the cosmic infrared
background, and radio sources [92]. To further mitigate
the effects of extragalactic foregrounds, the lensing recon-
struction uses a profile-hardened lensing estimator [94].
This involves constructing a quadratic estimator that is

immune to the contribution to the CMB mode coupling
arising from objects with radial profiles similar to those
expected from tSZ clusters.
We analyze the lensing convergence (κ) map derived

from ACT temperature and polarization data, employing a
profile-hardening estimator for better foreground mitiga-
tion. This map is referred to as a “baseline map.” The ACT
team provides spherical harmonic modes, κLM of the κ map
in the HEALPY indexing scheme. They correspond to modes
of a map described in equatorial coordinates, as opposed to
the Galactic coordinates used in Planck products. The ACT
data is significantly improved over Planck data, particularly
in angular resolution (0.50) and in reducing reconstruction
noise power by at least a factor of two. Although the Planck
maps cover more than twice the area, the ACT maps
reconstruct small scales with greater precision, making
them especially valuable for cross-correlation studies with
galaxy groups [95].
Simulated convergence maps. The ACT DR6 release

also includes 400 realistic simulations essential for validat-
ing lensing data analysis, testing systematic errors, and
refining cosmological methods using CMB lensing maps.
The process begins with generating input Gaussian lensing
convergence fields based on a fiducial lensing convergence
power spectrum. These fields represent the expected
gravitational lensing effects on the CMB due to large-scale
structures. Lensing is then applied to unlensed Gaussian
CMB temperature and polarization maps, producing lensed
CMB maps that mimic real sky observations. These lensed
maps are further processed through the ACT simulation
pipeline, incorporating instrumental effects and noise
typical of the ACT survey. Finally, the mock datasets
undergo CMB lensing reconstruction, simulating the actual
observational data analysis. Both the observed and simu-
lated convergence maps are provided as FITS files con-
taining the spherical harmonic modes κLM of each map with
Lmax ¼ 4000, in equatorial coordinates.
Baseline mask. In our analysis, we use the “baseline”

ACT DR6 mask in HEALPix format. This mask covers
∼23% of the sky, assigning a value of 1 to the selected
regions and smoothly transitions to 0 near the edges. It is
specifically designed to avoid the dusty regions, ensuring
that our analysis focuses on cleaner regions of the sky with
minimal contamination from galactic dust. The mask is
consistently applied to both observed and simulated data,
with the appropriate Nside resolution.
Null maps. ACT DR6 includes two null maps con-

structed by differencing the CMB maps at 90 GHz and
150 GHz. The first null map is based solely on CMB
temperature data, while the second incorporates both
temperature and polarization measurements. For our analy-
sis, we use the latter. Null maps are expected to be free
of cosmological signals due to cancellation in the sub-
traction. What is then left behind are the following
components. First, foregrounds signals like the cosmic
infrared background and the thermal Sunyaev-Zel’dovich
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effect, which do not fully cancel out because they have
distinct spectral characteristics at 90 GHz and 150 GHz.
Second, since the beam profiles at the two frequencies
differ, the null maps may still contain residual beam-related
systematics. Third, the instrument noise at the two frequen-
cies can vary and may not cancel out completely. In
addition to the null maps obtained from observed data,
the DR6 dataset also includes 400 simulated null maps,
which are useful for validating the observational null maps.
By comparing observed and simulated null maps, one can
check whether any features that persist in the observed
convergence maps are likely due to residual foregrounds,
instrument related systematics and noise, or just random
statistical fluctuations.

III. METHODOLOGY: MINKOWSKI
FUNCTIONALS, MINKOWSKI TENSORS,

AND BETTI NUMBERS

The geometry and topology of a smooth random field is
usually studied by constructing excursion sets [96] which
comprise spatial points where the field has values above the
chosen field level. Let Qν denote an excursion set indexed
by field level νσ0, σ0 being the standard deviation of the
field. Then for a field on flat 2D space, Minkowski tensors
are defined as the following set of functionals:

Vi;j
0 ≡ 1

A

Z
Qν

r⃗i ⊗ n̂jda; ð6Þ

Vi;j
1 ≡ 1

4A

Z
∂Qν

r⃗i ⊗ n̂jds; ð7Þ

Vi;j
2 ≡ 1

2πA

Z
∂Qν

r⃗i ⊗ n̂jκds; ð8Þ

where da is the area element, ds is the element of the arc
length along the excursion boundary ∂Qν, ⊗ is the
symmetric tensor product, r⃗i is the tensor product of i
copies of the position vector, n̂j is the tensor product of j
copies of the unit normal vector to the excursion set
boundary, and κ is the geodesic curvature [97]. A in the
prefactors denote the total area of the space over which the
field is defined. This prefactor makes the MTs in Eq. (8) to
be defined as densities. The rank zero MTs corresponding
to the case i, j ¼ 0 give the three scalar Minkowski
functionals [36,37,48,98],

V0ðνÞ ¼
1

A

Z
Qν

da; ð9Þ

V1ðνÞ ¼
1

4A

Z
∂Qν

ds; ð10Þ

V2ðνÞ ¼
1

2πA

Z
∂Qν

κds: ð11Þ

For rank 2, with iþ j ¼ 2, there are three independent
translation invariant MTs whose traces give the three MFs.
Out of these, only

V0;2
1 ¼ 1

4A

Z
∂Qν

n̂ ⊗ n̂ds; ð12Þ

contains additional morphological information beyond the
scalars. From the eigenvalues, Λ1, Λ2, of V0;2

1 , we can
define a measure of anisotropy and relative orientation
[40,42,43,99] as

α ¼ Λ1

Λ2

: ð13Þ

By definition we have 0 < α ≤ 1. If the isofield contours
(excursion set boundaries) are randomly oriented with no
preferred direction, and we take the area of the manifold on
which the field is defined to infinity, then we expect α → 1.
Any preferential alignment will give α < 1. Departures
from α ¼ 1 are also expected due to statistical noise arising
from the finite extent of cosmological data. The value of α
therefore provides an intertwined measure of the degree of
departure from isotropy and statistical noise.
Minkowski tensors for fields on the unit sphere. Since in

this paper we focus on the convergence field which is given
on the unit sphere, the statistics we use must be defined on
the sphere. The definitions of translation invariant MTs of
rank zero and two can be naturally extended to fields on
curved spaces such as the unit sphere [42], which is relevant
to our study here. However, for data defined on the two-
sphere, and more generally on a curved manifold, the
definition of Minkowski tensors as spatial averages is
ambiguous and the concept of alignment between struc-
tures is subtle [100]. For fields that occupy a significant
fraction of the sphere, performing a spatial average of the
vector product n̂ ⊗ n̂ will inevitably lead to a rotation of
the vectors when transporting them. We can expect such a
rotation to artificially isotropize the measurements, making
α problematic to interpret when searching for global
isotropy. In this work, we will be predominantly concerned
with statistics extracted from small patches on the sky,
where the curvature associated with the manifold is less
significant. Effectively, for the purpose of extracting
information from the tensors, we will use the flat sky
approximation within each patch.
Numerical computation of scalar MFs and CMT. We

adopt the method outlined in [42] which builds on [48]. V0

is obtained by using Heaviside step function to define the
pixels above the field level belonging to each excursion set.
For V1, V2 and V

0;2
1 , we express n̂ and κ in terms of the first

and second derivatives of the field. Then the line integral is
converted to an area integral by incorporating a Jacobian
factor and δ function. Numerical approximation of δ
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function leads to small numerical error which can be
quantified and corrected as described in [43,101].
Numerical computation of Betti numbers. We identify

the distinct connected regions and holes in the excursion
set. This involves labeling each pixel in the field according
to its membership to a specific subset. All pixels are
checked sequentially; if the field value at the ith pixel lies
above the threshold ν then a new connected component is
defined. All pixels in the neighborhood of the ith pixel
where the field values similarly lie above the threshold, are
included in this connected component; and neighbors of
neighbors are iteratively checked until no more pixels are
found satisfying the two criteria (adjacent to a pixel in the
newly defined connected component, field value above the
threshold ν). The sequential check through the pixels is
then resumed until the next pixel is found that is above ν
and does not already belong to a previously defined
connected component. The Betti number bc is the total
number of excursion set regions found using this method.
The algorithm is repeated for all holes (regions that satisfy
δ < ν) and bh is the number of distinct regions found below
the threshold. Excursion sets and holes that touch the
boundary of the field can introduce artifacts that distort the
true count. To address this, we apply a correction procedure
that removes these boundary-touching regions from con-
sideration. This ensures that only those connected regions
and holes entirely contained within the field contribute to
the Betti numbers. The price we pay is that we expect a
systematic decrease in the Betti numbers for regions of the
sky that are more heavily masked. However, because we
apply the same mask and methodology to the mock data to
which we compare, we do not expect any anomalous results
due to our approach.
Lastly, note that MFs and MTs are usually defined as

surface densities, i.e. per unit area. We adopt this con-
vention as well. Before computation of morphological
statistics for each field, we first subtract the mean and
divide by the standard deviation. The morphological
statistics are then computed in the threshold range −4 <
ν < 4 with spacing Δν ¼ 0.2.

A. Quantifying the uncertainties
of morphological statistics

In the next section, morphological statistics computed
from ACT data and simulations will be compared. To
quantify the significance of any disagreement between
simulated and actual data, we need to build the probability
distribution function of the summary statistics, including
the covariance between different statistics computed at
various threshold values. In cosmological applications, it is
usual to assume that the Minkowski functionals have
Gaussian distribution. This is reasonable when the number
of structures is large and the field is dominated by small-
scale modes [102]. Likewise, Betti numbers are also
assumed to be Gaussian. In [104], it has been shown that

Betti numbers and the Euler characteristic (equivalent to
V2) can be modelled as sums/differences of binomial
variables, and are Gaussian to a good approximation for
threshold ranges up to a few standard deviations. For these
reasons, in this study we also work with this assumption.
The remaining statistic α, obtained from the CMT, can be
modeled as following the beta distribution [47].
Let Xμ;i denote a measurement of one of the statistics

(V0; V1; V2; bc, bh, α) at a particular threshold, where the
subscript μ identifies the statistic, and i denotes the νi
threshold bin [105]. For each μ, let X̄μ;i and σXμ;i

, respec-
tively, denote the mean and standard deviation of Xμ;i

computed from the 400 simulations provided by ACT (see
Sec. II A). We define the difference between the data-
measured value Xobs

μ;i , where the superscript “obs” refers to
the baseline map, and X̄μ;i as,

ΔXμ;iðνiÞ ¼ Xobs
μ;i ðνiÞ − X̄μ;iðνiÞ; ð14Þ

and finally define the χ2μ variable as,

χ2μ ¼
X
j;k

ΔXμ;jðΣ−1
μ ÞjkΔXμ;k; ð15Þ

where the indices j, k run over the number of threshold
values at which Xμ;i is computed and Σμ is the covariance
matrix for each μ (see Appendix A). For our global and
hemispherical analysis of the data, we measure χ2μ indi-
vidually for each statistic.
In what follows, we also search for local anomalies in the

data by measuring the quantities (V0; V1; V2; bc, bh, α) in
patches on the sky. When doing so, for clarity, we combine
the morphological statistics into one large data vector rather
than assess each χ2μ individually. Because the summary
statistics are correlated, we cannot simply sum the χ2μ values
within each patch. Instead we define a large array XI that
contains the statistics (V0; V1; V2; bc, bh) at all density
thresholds, so I subscripts run over 5 × Nν, where Nν is the
total number of νi threshold bins. We can define the
combined χ2 variable

χ2 ¼
X
J;K

ΔXJðΣ−1ÞJKΔXK; ð16Þ

where the indices J, K run over all the statistics and all the
threshold values at which they are measured, and Σ is
the corresponding covariance matrix. Note that we do
not include α in the array XI; it is treated separately as
discussed below.
For those Xμ;i quantities that are approximately

Gaussian, we can treat χ2μ as a chi-squared distributed
variable and use it to evaluate the statistical significance of
deviations of ΔXμ;i from zero. However, this approach
requires an accurate reconstruction of Σμ, which is not
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feasible given our dataset of 400 simulations only. For this
modest number, the inverse Σ−1

μ will not converge to an
unbiased estimate of the “true” underlying inverse covari-
ance matrix. To resolve this problem, we model our dataset
using a modified multivariate t distribution rather than
multivariateGaussian, thereby accounting for the uncertainty
arising from the small sample size. This accurately represents
the multivariate structure in cases where the covariance
matrix is estimated from the same dataset [106]. When the
PDF is multivariate t distribution, the χ2 variable defined in
Eq. (16) follows a scaledF distribution.Wehave numerically
verified this, and shown that this tends to a standard chi-
squared distribution as the sample size increases. More
details about the method are given in Appendix A 1.
For α, we quantify deviations using the M2 method

(see Appendix A 2), which is a modified version of the
aforementioned chi-square test to be applicable to beta-
distributed variables. We fit a beta distribution at each
threshold and generate samples to numerically estimate the
distribution of the χ2 variable described in Eq. (16), which
is in turn used to calculate the p value for the observed data.
Since the observed correlations across thresholds are small
(see Fig. 3), this method neglects them. Further details
about this method can be found in Appendix A 2.

B. Condition number

In addition to the issue of nonconvergence of the covari-
ance matrix due to the limited number of simulations, as
discussed in the previous subsection, it is also essential to
ensure that the inversion of the covariance matrix is numeri-
cally stable. To assess this, we employ the “condition
number” as a diagnostic measure of numerical stability, as
described below.
For a generic nonsingular square matrix, say A, let s1, s2

denote its largest and smallest singular values [107], respec-
tively. Then the condition number, C, is defined to be [108],

C ¼ s1=s2: ð17Þ

C provides a measure of how stable the inversion of A is
against small changes of its elements. C ¼ ∞ when A is
singular, in which case A is said to be ill conditioned. If C
is small and close to one,A is said to bewell conditioned. For
a given A, while there is no generally agreed upon cutoff
value, it is desirable that C is not too large.
In the subsequent analysis, we compute the condition

number C for various covariance matrices corresponding to
different statistics, as detailed in Sec. V. While we do not
impose a strict cutoff on C, a given statistic is used for
physical inference only if its associated covariance matrix
yields condition numbers well below 103.

C. Note on multiscale analysis

Probing multiscale information can be carried out in two
ways. One approach is to fix Nside and vary the smoothing

scale, with each scale obtained by a single convolution with
a Gaussian kernel. Alternatively, one can vary Nside by
downgrading and apply the corresponding smoothing. In
this case, the map is first convolved with a top-hat kernel
associated with the change in Nside, followed by a con-
volution with a Gaussian kernel of the desired smooth-
ing scale.
Although these procedures involve different averaging

schemes, they are expected to yield similar, though not
identical, results. We have verified that the two coarse-
graining procedures give consistent morphological statis-
tics. In this work, we adopt the second approach because it
is substantially more computationally efficient. We char-
acterize the probed scales by the full width at half
maximum (FWHM) of the Gaussian smoothing kernel.

IV. MORPHOLOGICAL STATISTICS FOR ACT
BASELINE MAP—NOISE MITIGATION

The ACT DR6 convergence map is increasingly more
noise dominated toward smaller scales. See Fig. 5 of [11]
for the noise power spectrum, which also includes the
Planck noise power spectrum for comparison. To mitigate
this effect of reconstruction noise, we apply Wiener filter to
the spherical harmonic coefficients κLM, as given by the
following expression,

κWF
LM ¼ Cκκ

L

Cκκ
L þ Nκ

L
κLM: ð18Þ

Here, Cκκ
L is the convergence power spectrum in the fiducial

cosmological model based on the measurement of the
primary CMB anisotropies by the Planck Collaboration
[109], and Nκ

L is the reconstruction noise per mode power
spectrum given up to Lmax ¼ 2101. Let us denote
wL ¼ Cκκ

L =ðCκκ
L þ Nκ

LÞ. From Fig. 5 of [11], we see that
Cκκ
L ∼ Nκ

L around L ∼ 150. Hence, for L > 150,
wL ∝ ðNκ

LÞ−1, so κWF
LM is suppressed with respect to κLM.

On the other hand, for L < 150 we have wL → 1, which
implies κWF

LM ∼ κLM.
We generate two sets of κ maps, with and without Wiener

filtering, from κLM and κWF
LM at different Nside values

with corresponding Lmax ¼ 3Nside − 1. To ensure smooth
field derivatives, we further apply Gaussian smoothing
with appropriate FWHM values of 270; 550 and 1100 for
Nside ¼ 512, 256 and 128, respectively. This corresponds to
FWHM values spanning roughly four pixels for each Nside.
In what follows, we will quote the scale probed in terms of
FWHM. Figure 1 shows the ACT baseline convergence
map at different FWHM values in Galactic coordinates.
The left column corresponds to Wiener filtered maps while
the right column shows the maps without Wiener filtering.
Note that the ranges of the colorbars differ between left
and right columns, with the left being smaller due to wL
being less than one. At FWHM ¼ 270 (top row) it can be
discerned by eye that the unfiltered map is more grainy,
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indicating higher amplitude of small scale fluctuations,
compared to the filtered one. As FWHM increases, the
filtered and unfiltered maps become comparable in terms of
their morphology.

To quantify the visual observations, we compute the
standard deviations of each field and its gradient field,
denoted by σ0 and σ1, respectively, along with their ratio
rc ¼ σ0=σ1. These are plotted in the left and middle

FIG. 1. Rows 1 to 3: ACT baseline convergence map with (left) and without (right) Wiener filtering for different FWHM values,
shown in Galactic coordinates. Bottom row: σ0, σ1 and rc for maps with and without WF, as functions of FWHM. The value of rc
becomes comparable for FWHM ≳ 1100.

LOCAL PATCH ANALYSIS OF ACT DR6 CONVERGENCE MAP … PHYS. REV. D 114, 063514 (2026)

063514-7



panels of the last row in Fig. 1. Their ratio rc ¼ σ0=σ1,
shown in the right panel, gives a statistical measure of
the typical size of spatial fluctuations of the field. As
expected, σ0 and σ1 are smaller for Wiener filtered maps

compared to the unfiltered ones, for each FWHM. We
find that rc is lower for the filtered maps at lower
FWHM, and becomes comparable with the unfiltered
maps roughly for FWHM≳ 1100. This is due to different

(a)

(b)

FIG. 2. (a) V0, V1, V2 versus ν for different FWHM values of the baseline map, with (blue solid lines) and without (red dashed lines)
Wiener filtering. All the panels have same x ranges. (b) bh, bc and α for the same maps as (a). Note that the x ranges here differ from
those in (a).
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scaling of σ0 and σ1 with FWHM for the filtered and
unfiltered maps.
The observed convergence map is the sum of the true

convergence map, and contaminants such as residual
foregrounds, instrument systematics and noise. At the
angular scales of interest, the true κ is expected to be
Gaussian to good approximation. So, if contaminants are
Gaussian (which is unlikely), then the observed κ would
also be Gaussian to good approximation. For Gaussian
random fields, analytic expressions for MFs are well
known [98]. V0 ¼ 1

2
erfcðν= ffiffiffi

2
p Þ is independent of cosmol-

ogy, while V1 ∝ r−1c e−ν
2=2 and V2 ∝ r−2c νe−ν

2=2, encode
cosmological information through rc. Figure 2 shows the
full set of morphological statistics computed for different
FWHM values for the original ACT baseline convergence
map (red dashed lines) and the Wiener filtered map (blue
solid lines). The behavior of V0, V1, V2 broadly follows the
Gaussian analytic expressions described above. In the
following, however we do not attempt to fit the MF curves
to their Gaussian predictions, since our aim is not to test
for non-Gaussianity but rather to assess anomalies in the
observed map.
For bh and bc, analytic expressions are not known even

for the Gaussian random fields. Also, they are more
sensitive to noise, and to the presence of boundaries in
the data, and hence more difficult to measure compared to
V2. For most thresholds of interest, we have bh ∼ V2 for
ν≲ −1 and bc ∼ V2 for ν≳ −1, ignoring the curvature of
the sphere. For these reasons, it is more common to study
the Minkowski functional V2 than bc, bh. However, we
expect that the Betti numbers contain more information
compared to V2, because both the shape and amplitude of
the Betti curves as a function of threshold are sensitive to
the power spectrum of the field [66]. In contrast, for a
Gaussian field, only the amplitude of V2 carries such
information.
Next we discuss the statistic α. As shown in Fig. 2(b),

from the bottom to the top panels, the number of structures

increases by orders of magnitude as the smoothing scale is
decreased; this increase is reflected in the values of bc and
bh. However, the value of α approaches unity very slowly,
changing by ∼5% (cf. right panels). Also, the number of
structures increases when we switch off the Wiener filtering
(cf. red dashed lines), but α is only weakly sensitive to this
increase. Clearly, the asymptotic behavior of α → 1 is slow
as the number of structures grows. As α approaches unity,
the underlying probability distribution function from which
it is drawn is increasingly non-Gaussian and skewed toward
values below unity; this is due to the definition of α that
imposes α ≤ 1. We also observe less correlation between
threshold bins for α compared to all other statistics. This is
reflected in the correlation matrices presented below.
Correlation matrix for the statistics. The correlation

matrices (covariance normalized by the respective standard
deviations) for the morphological statistics, computed
using the 400 simulations of κ, are shown in Fig. 3 for
FWHM ¼ 550. The plots change only qualitatively for
other FWHM values. It is interesting to note a drop in
the degree of (anti)correlation from V0 to V2, and Betti
numbers. There is a trend; ignoring the area normalization
of the statistics, the lower the spatial dimension of the
statistic the weaker the cross-correlation between thresh-
olds. For α, the color bar ranges from zero to one, unlike for
Sþ and S−. We see that α shows negligible correlations
across different threshold values, except in the vicinity of
ν ¼ 0 where we see positive correlations across a few
threshold bins.

V. ANALYSIS AND RESULTS

The results that we present in this section will focus on
Wiener filtered maps. We perform our analysis by hierar-
chical and multiscale iterations of the sky regions. The
analysis is classified as: (1) global analysis, where we
calculate all statistics for the full convergence map,
(2) hemispherical analysis, where we calculate all statistics
separately for the northern and southern hemisphere

FIG. 3. Cross-correlation matrices between the statistics across thresholds for FWHM=55’, computed from 400 simulated
convergence maps. The plot shows drop in cross-correlation from V0 to V2 and Betti numbers, whereas α shows significantly
weaker cross-correlations between thresholds with the exception of a small region near ν ¼ 0.
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(in Galactic coordinates), and (3) local or patch analysis,
where we divide the sky into smaller non-overlapping
patches and compute the statistics for each patch.

A. Global and hemispherical analysis

Figure 4 shows the deviation ΔXμðνiÞ defined by
Eq. (14) (black dots) for each morphological statistic.
The grey shaded region shows the 95% confidence regions
obtained from the 400 simulations. We find that all
statistics lie within the 95% confidence regions, except
at very few threshold values. This indicates good agreement
between the ACT observed κ and the simulated κ field.
To quantify the (dis)agreement between observed data

and simulations by incorporating the cross-correlations
across different thresholds, we calculate the p values using
a one-tailed test for each statistic. The values obtained are
shown in Fig. 5 for different FWHM values (denoted by
different colors and shapes of the markers). The black
dotted line in each panel represents the 2σ level at the 95th
percentile. The methodology for computing the p values is
detailed in Appendix A. All the global statistic (1 − p)-
values lie below the 2σ level, therefore we conclude that
global analysis indicates good agreement between ACT
data and simulations.
The bottom subpanels show the corresponding condition

number C computed using the ΣXiXi
block of Σ, for each

statistic Xi. The gray dashed and solid lines mark C ¼ 100
and 1000, respectively. Across all the plots, we observe that
V0 exhibits a significantly large condition number, with
C ∼ 1000, whereas the other statistics have substantially
lower values, with C < 100. Furthermore, there is a
systematic decrease in C from V0 to α, which correlates
with the structure of the correlation matrix shown in Fig. 3.
Before analyzing smaller sky patches, we recall that the

ACT DR6 reconstructed convergence simulations include
non-Gaussianity from CMB lensing and the reconstruction
pipeline, but not the intrinsic non-Gaussianity from non-
linear structure formation. To assess the impact of this
omission, we compare the morphological statistics of a
single Agora ray-traced N-body convergence map [110]
with 400 Gaussian simulations generated from the same
fiducial convergence power spectrum at FWHM ¼ 270; 550
and 1100. At FWHM ¼ 270, the Agora map differs from the
Gaussian ensemble at ≳2σ significance in V0, V1 and V2,
indicating the presence of intrinsic non-Gaussianity from
nonlinear structure formation. At FWHM ¼ 550 and 1100,
the deviations fall below <2σ, indicating that the intrinsic
non-Gaussianity is negligible at these angular scales and
hence its omission is unlikely to affect the main conclu-
sions of our paper.

B. Analysis of local patches

We now turn to the analysis of smaller, nonover-
lapping sky patches. As discussed in [47], the need for

complementing the global analysis by patch analysis arises
because any anomaly in localized sky regions can getwashed
out when the morphological statistics are computed over
larger regions. On the other hand, large structures that are
correlated across large angular scales can also get washed out
when we probe sky regions sizes below their correlation
scales. Moreover, in the global analysis we do find some
thresholdswhere themorphological statistics show relatively
large deviations beyond 2σ. Therefore, analysis in smaller
patches can reveal local anomalies more sharply.

1. Construction of patches and resolutions
for the analysis

We construct sky patches in the following two ways.
(1) Base resolution 2 (BR2): Using Nside ¼ 2, we first

divide the sky into 48 pixels, where the angular size
of each pixel is roughly 29.3 deg2. Then, due to the
unequal coverage of the 48 different pixels in the
ACT map, we merge some regions to create patches
having comparable sky fractions. The resulting
patches are numbered and shown in the left panel
of Fig. 6. Note that the numbering here does not
follow HEALPix convention. For the 23% sky fraction
of ACT DR6 we get 12 patches. The blue and orange
colors of the patches are explained below.

(2) Base resolution 4 (BR4): Each of the 192 pixels
obtained from Nside ¼ 4 is identified as a sky patch.
The angular size of each patch is roughly 14.7 deg2.
This gives 54 patches corresponding to 23% sky
fraction of ACT DR6. The patches are numbered in
ring format of HEALPix (unlike BR2 above) and
illustrated in the right panel of Fig. 6. The blue and
orange colors for the patches are explained below.

Note that patches in BR4 are subsets of patches in BR2,
which in turn are subsets of hemispherical patches. Thus,
our construction of patches allows for a spatially hierar-
chical search for anomalous behavior. Next, for setting the
resolution of pixels within the patches, we use Nside ¼ 512,
256 and 128, with associated smoothing scales 270; 550 and
1100, respectively. These three cases are chosen keeping in
mind the SNR of the observed convergence map and
requiring that the patches should have good enough
resolution for analysis using morphological statistics. As
mentioned in Sec. III C, we henceforth refer to the scales
probed in terms of FWHM. Varying FWHM permits a
multiscale search for anomalous behavior of a given sky
region.
Masking for patches. Mask maps which have binary

values, 1 for pixels inside the patch and 0 elsewhere, are
prepared for each patch. Field derivatives are computed for
the full dataset. Then for computation of morphological
statistics in the patches, this patch mask is applied, and
only pixels where (a) the smoothed full sky mask value is
≥ 0.9, and (b) the patch mask value is one, are included.
This minimizes spurious numerical errors due to mask
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boundaries, and maximally retains the sky fraction of each
patch. Masking is applied identically to the baseline map
and simulations.

Valid patches. We further exclude patches that have high
percentage of masked regions. To quantify this, we calcu-
late pfrac, which is the ratio of the number of pixels that are

(a)

(b)

FIG. 4. (a) Deviations of the statistics V0, V1 and V2 from their mean values, obtained from 400 simulations, as a function of ν for
different FWHM values. The red dots (or curve) correspond to the baseline κ map. The regions between the black dashed lines show the
95% confidence interval obtained from the 400 simulations. The limits do not exactly overlap with�2 because of the limited number of
simulations. (b) Deviations for bh, bc and α are shown. The ranges for ν are −3 < ν < 1 for bh, and −1 < ν < 3 for bc. The color code is
the same as in (a).
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not masked (valid pixels) to the total number of pixels in
each patch. A patch is included in further analysis if it has
pfrac ≥ 0.5. This gives nine valid patches for BR2. For
BR4, the number of valid patches is different for different
Nside, and we include only those patches that are common
to all. This gives 36 valid patches.

2. Methodology for identification of anomalous patches

In the forthcoming analysis, we exclude V0 because it
has a high condition number, as seen in Sec. VA. We now
group the statistics together into four sets, as follows.

(1) Sþ ≡ fV1; V2; bcg in the threshold range
0 ≤ ν ≤ νmax.

(2) S− ≡ fV1; V2; bhg in the threshold range
νmin ≤ ν ≤ 0.

(3) αþ: α in the threshold range 0 ≤ ν ≤ νmax.
(4) α−: α in the threshold range νmin ≤ ν ≤ 0.

The value of νmin is taken to be the maximum of the
minimum values of the 400 simulations of κ for each patch.
Likewise, νmax is taken to be the minimum of the maximum
values of the 400 simulations of κ for each patch. This
choice ensures that the comparison of observed data with
the simulations in each patch uses only the threshold range

FIG. 5. Top: (1 − p) values of various computed statistics for global analysis. The values have been assigned as per one-tailed test for α
and two-tailed test for V0, V1, V2, bh, bc, and have been adjusted accordingly. For reference, we have plotted 2σ line at 0.95. Bottom:
(1 − p) values for the same quantities as the top panel, but separately computed for the northern (left) and southern (right) hemispheres.
The condition number C computed from the ΣXiXi

block of Σ is also shown in the bottom subpanels. The gray dashed and solid lines
mark C ¼ 100 and 1000, respectively, for visual guide. Note that V0 exhibits large values of C, which may lead to numerical instability
in the covariance matrix.
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where all simulations have field values. Both νmin and νmax
vary from patch to patch, and their magnitudes decrease
with increasing FWHM.
The split of the threshold ranges into positive for Sþ and

negative for S− is “natural” for two reasons. The first is that
for large scale structures, positive thresholds correspond to
high density structures such as nodes, filaments and big
clusters, while negative thresholds correspond to low
density void regions. Hence, it is important to identify
outliers separately for positive and negative thresholds for
all statistics. The second reason is that bc and bh take values
predominantly in the positive and negative threshold
ranges, respectively (see Fig. 2). Hence, separating the
ranges allows for taking into account the cross-correlations
among the MFs and with Betti numbers. However, a caveat
is that consecutive outliers can artificially lose significance
if they are in the vicinity of ν ¼ 0. In such cases, we will
extend the threshold cut beyond ν ¼ 0, within reason. We
will encounter one such case (patch 185 in BR4) in
Sec. V B 3. The statistics, αþ and α− provide information
of the alignment of the structures of the excursion sets of
the field, which is an independent information compared to
MFs and Betti numbers. Hence, we do not cross-correlate α
with the other morphological statistics.
For Sþ and S−, we calculate ΔXi defined by Eq. (14) for

each constituent statistic in each patch. Then for determin-
ing the statistical significance of the deviations, we com-
pute χ2 given by Eq. (16) by averaging over a threshold
range of widthD about central threshold values denoted by
νc. This average is equivalent to a boxcar moving average,
with the difference that here we incorporate the covariance
matrix. Here, we present results for D ¼ 1, meaning the
averaging is over the threshold range ½νc − 0.4, νc þ 0.4],
which corresponds to averaging over 1σ values of the field.
All the calculations are repeated for varying D to check
robustness of the results, though we do not include those
here. Then, the p values for Sþ and S− are calculated by
comparing the computed χ2 with the corresponding scaled
F distribution (as described in Appendix A 1). For α, we
construct a distribution using 400 values from the

simulations at a given threshold. If the observed value is
below the median, we use the normalized percentile as the
p value. And, if it is above the median, we calculate the p
value by subtracting the normalized percentile from 1. This
calculation ignores the correlation of α across thresholds,
which is negligible as seen in Fig. 3.
At any given threshold νc, if any one of the four statistics,

namely, Sþ, S−, αþ, or α−, exhibits a (1 − p)-value greater
than 0.95 (corresponding to a 2σ significance level), we
initially classify the corresponding patch as an outlier. Such
outlier behavior may arise from statistical fluctuations or
residual systematics, including foreground contamination
or inaccurate noise modeling, which can lead to the
erroneous identification of a patch as anomalous. To reduce
the likelihood of such misclassifications, we subject each
outlier patch to further scrutiny using the following three-
step procedure.
(1) Checking persistence of deviations: We consider a

patch as anomalous if it exhibits outlier behavior at
two or more consecutive νc, and also exhibits outlier
behavior at two ormore FWHMvalues. This amounts
to identifying anomalous patches as those that exhibit
persistence of the deviations of the observed data from
the expected behavior across different threshold
ranges and different spatial resolutions. We provide
justification for this in Appendix B.

(2) Cross-checking with null maps: The null maps
(described in Sec. II A) serve to test whether outlier
behavior of any patch obtained from step 1 is likely
to originate from either residual foreground signals
or instrument systematics. For this, we compare
morphological statistics calculated for the observed
and simulated null maps on sky patches, as done for
the convergence maps.

(3) Estimation of false positive rate (FPR): Each patch
identified as anomalous using steps 1 and 2 has some
probability that it is anomalous due to random
chance. To quantify this probability, we assign a
FPR value for each anomalous patch. Given the
limited number of simulations (400), values of FPR

FIG. 6. Sky patches for BR2 (left), and BR4 (right), numbered and shown in Galactic coordinates. In the analysis, only patches with
pfrac ≥ 0.5 are included. These are indicated by orange color. Blue ones have pfrac < 0.5. This selection gives nine valid patches for BR2
and 36 valid patches for BR4.
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below a certain limit cannot be trusted. Therefore,
we conservatively set the lower bound on the false
positive rate to 0.25%, implying 1 false positive in
400 simulation. The precise definition of FPR is
given in Appendix C.

3. Anomalous patches identified

The plots for (1 − p) values as functions of νc for all
outlier patches are shown in Fig. 11 in Appendix D. They
provide information of how statistically significant the
deviations are. The corresponding plots for the same
patches of the null map are shown in Fig. 12 in
Appendix E. In both figures, the condition numbers are
also shown for all statistics, except α for which C is not

computed. We observe that C ranges from order 10 to a few
100s, indicating that the covariance matrix inversions are
sufficiently stable. We examine each outlier patch to check
for persistence of the deviations and compare with the
behavior of the same patch in the null map. Then, we also
compute FPR for each anomalous patch.
The anomalous patches identified using the statistics Sþ,

S−, αþ, and α−, based on the persistence criteria, are listed
in Table I. For α, we do not find any patch exhibiting
persistent deviations across multiple FWHM values.
Nonetheless, since α shows the lowest correlation of
structures across different FWHM values (see Fig. 10),
we also include patches that display anomalous behavior at
a single FWHM in the table. The color coding used for the
patches is as follows: italic indicates anomalies at a

FIG. 7. Anomalous patches for BR2 using Sþ (I) and BR4 identified using Sþ (II), S− (III) and αþ (IV), shown in Galactic coordinates
and Mollweide projection. For Sþ and S−, orange and red colors represent higher than 2σ and 3σ deviations, respectively. For α (IV),
light blue represents 2σ deviation with α of the observed data being lower than the median value. The patches marked here are the ones
shown in Table I. The gray, green and violet stars represent the CMB dipole direction, the Cold Spot [80] and an anomalous southern
spot reported in [65], respectively.
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significance level greater than 2σ, and bold indicates those
above 3σ. Round brackets denote patches that show >2σ
deviations in the corresponding null map, suggesting
possible contamination. For α, light italic indicates a
deviation at the 95% confidence level, where the observed
α value is lower than the median from simulations,
indicating a tendency toward aligned structures. The sky
locations of all anomalous patches identified using Sþ, S−,
and α are shown in Fig. 7, in Galactic coordinates using a
Mollweide projection. The color coding of the patches is
consistent with that in Table I. The grey, green, and violet
stars mark the directions of the CMB dipole, the Cold Spot
(CS) [80] and an anomalous southern spot (SS) reported in
[65], respectively.
We now discuss each anomalous patch one by one (not in

numerical order).
(i) BR2, patch 11: This region is found to be strongly

anomalous exhibiting persistent >99% confidence
level deviations νc and all three FWHM values for
Sþ. The estimated FPR value is 0 (≤0.25%). It is
particularly interesting because it contains both the
CS and SS anomalous regions (see Fig. 7). A
comparison of the (1 − p) values between the κ
and null map is shown in the top left panel of Fig. 8.
We observe that both the maps show persistent
outliers at FWHM ¼ 270 and 550, particularly for
Sþ. This suggests that the observed κ map contains
residual foreground contamination and/or instru-
ment systematics and noise in this region. At
FWHM ¼ 1100, the null map does not show any
outliers, while κ shows highly significant outliers

consecutively at νc ¼ 2, 2.25. Given that the signal
to (reconstruction) noise in κ becomes of order one
at this FWHM, the anomalous nature of this patch
suggests anomalous nature of the underlying matter
distribution in subregions where the matter density
is ≳2σ (νc ≳ 2). This patch includes as subsets
anomalous patches 184 and 185 in BR4, and closer
examination of these can further help in isolating the
cause(s) of the anomaly.

(ii) BR4, patch 184: This patch is found to be strongly
anomalous exhibiting persistent >99% confidence
level deviations both in νc and FWHM ¼ 270 and
550, for Sþ toward νc ≳ 1. The estimated FPR value
is 0.09 (≤0.25%). In comparison the null map shows
anomaly for only FWHM ¼ 550 for Sþ (see first
row, second from left panel, of Fig. 8). This suggests
residual foreground contamination and/or instru-
ment systematics and noise. It is also worth men-
tioning that for FWHM ¼ 1100, even though our
strict criteria excludes this patch from being anoma-
lous, the trend for (1 − p) values toward νc > 1 is
similar to what was seen for patch 11 of BR2. Also,
note that the CS and SS anomalous regions lie at the
edges of this patch.

(iii) BR4, patch 185: This patch is found to be strongly
anomalous, exhibiting persistent >99% confidence
level deviations both in νc and all three FWHM
values, for Sþ toward νc ≳ 1. Note that for
FWHM ¼ 270 the anomalous nature extends into
negative threshold in the vicinity of νc ¼ 0. We have
included it Sþ due to the contiguity, as mentioned in
the previous subsection. The estimated FPR value is
0.53. In comparison, the null map does not show
anomaly (see first row, third from left panel, of
Fig. 8). This suggests that this region does not
contain residual foreground contamination and/or
instrument systematics and noise. Also, note that the
SS region lies at the edge of this patch. We also
observe mild anomaly, with α lower than the median
value from simulations (implying anisotropy), for
FWHM ¼ 270 for αþ.

(iv) BR4, patch 191: This patch is found to be strongly
anomalous, exhibiting persistent ≈99% confidence
level deviations both in νc and FWHM ¼ 550 and
550, for S− toward νc ≲ −1. The corresponding
region in the null map also shows anomaly for both
these FWHM values, but for νc > −1 (see first row,
second from left panel, of Fig. 8). These results
suggest that, while this patch likely contains residual
foreground contamination and/or instrument sys-
tematics and noise, the underlying matter distribu-
tion likely shows anomaly in regions where the
density is ≲ − 1σ.

(v) BR4, patch 155: This patch is found to be mildly
anomalous, exhibiting persistent ≈99% confidence

TABLE I. Anomalous patch IDs for BR2 and BR4 that are
persistent in both νc for different FWHM. Note that patch 185 has
outlier behavior in the vicinity of νc ¼ 0 spanning positive and
negative sides for FWHM ¼ 270. We have included it for Sþ since
the threshold range correlates with the outliers for the other two
FWHM cases. The last column gives the false positive rate values.
The fonts used for the patches is described as follows: bold and
italic indicate those anomalous patches having deviation ≥ 3σ
and ≥ 2σ for at least one FWHM, whereas bolditalic indicates
deviation ≥ 2σ in case of α.

Patch size Statistic 512 256 128 False positive rate (%)

BR2 Sþ (11) (11) 11 0.0
S− � � � � � � � � � � � �
αþ � � � � � � � � � � � �
α− � � � � � � � � � � � �

BR4 Sþ 184 (184) � � � 0.09
185 185 185 0.53

S− 155 155 � � � 1.93
(191) (191) � � � 1.39

αþ 185 � � � � � � 1.91
188 � � � � � � 1.05

α− � � � � � � � � � � � �
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level deviations both in νc, and FWHM ¼ 270 and
550, for S− toward νc ≲ −1. The corresponding
region in the null map does not show an anomaly.

(vi) BR4, patch 188: This patch is found to be mildly
anomalous, with α lower than the median value from
simulations (implying anisotropy), for FWHM ¼
270 for αþ. The corresponding region in the null map
does not show an anomaly.

Comparing our results with Fig. 6 of [47] using the α
statistic, we note that the majority of the patches flagged as
anomalous in thatwork lie outside theACTfootprint, thereby
limiting the scope of a direct comparison. However, for sky
regions common to both the ACT and Planck datasets, we
find no overlapping anomalous patches. Since the method
employed here includes an additional boxcar averaging step
over the one-sigma threshold range, rendering it more

conservative, we repeat the anomaly identification using
the same criteria as in [47] to enable a fair comparison. From
this analysis, we identify patches 175 (located near the Cold
Spot) and 191 as anomalous at the 95% confidence level,
both exhibitingα values lower than themedian. These results
are presented in Appendix F. Under this less stringent
approach, all but one of the anomalous patches identified
at each FWHM show α values below the median simulation
values, suggesting a preference for directionally aligned
structures. Patches 185 and 188 continue to appear mildly
anomalous in the present analysis.

VI. CONCLUSION AND DISCUSSION

In this work, we have tested the standard model of
cosmology using the observed ACT convergence map and
comparing it with the simulations provided by the ACT

FIG. 8. Comparison of (1 − p) values between the observed κ and null map for the patches identified as anomalous in Table I. See
also Fig. 7.

MASROOR BASHIR et al. PHYS. REV. D 114, 063514 (2026)

063514-16



team. Our approach utilizes a suite of morphological
statistics which measure the geometry and topology of
excursion sets of smooth random fields. We analyze the
data in three regimes; the global (masked) sky, galactic
hemispheres and small sky patches. One can consider that
for each of these measurements we are studying a different
aspect of the standard model. We also vary the smoothing
scales so as to probe morphology across a range of angular
scales without assuming a preferred scale a priori. As
FWHM increases, the Minkowski functionals become
increasingly sensitive to large-scale features while sup-
pressing small-scale structure. Consequently, anomalies
that disappear at higher FWHM are likely associated with
small-scale contaminants, whereas those that persist across
multiple smoothing scales provide stronger evidence for a
genuine, scale-independent signal.
The global analysis serves as a consistency test for the

ACT simulations (mock data) under the assumption that the
Universe is statistically isotropic and homogeneous—an
all-sky average of scalar statistics cannot uniquely deter-
mine if the data contains an anisotropic signal. The
agreement found in Sec. VA implies that the ACT data
is consistent with the simulated ΛCDM expectations,
indicating no significant departure from the standard
cosmological model at large scales.
The hemispherical analysis then provides a test for the

presence of anomalous dipolar behavior in the density field
statistics. Note that this is different from dipole searches
such as [30,31],which are a directmeasurement of the dipole
modulation of number density in a flux-limited sample.
Here, we are considering the possibility that the statistical
properties of large-scale structure differ in the northern and
southern sky. Such a test is rational, given that theCMBitself
exhibits a power asymmetry in the temperature field. In this
work,we find no statistically significant differences between
the two hemispheres. However, the data only cover amodest
fraction of the total sky (fsky ¼ 0.23) and therefore, the
analysis should be repeated using larger datasets to further
strengthen these conclusions.
Finally, the patchwise analysis serves as a targeted search

for localized anomalous features in the data. This approach is
well motivated, given the presence of irregular local features
in the CMB temperature map, such as the well-known Cold
Spot [111]. In our analysis, we identify a few atypical patches
where the observed data differ from the simulations at a
statistical significance exceeding 99% confidence level.
Notably, we identify a region—specifically patch 11 in
BR2 (that include patches 184 and 185 in BR4)—as
anomalous in Sþ (see Fig. 7). This region encompasses both
the Cold Spot and the anomalous southern spot, represented
by the green and violet stars, respectively, in Fig. 7. The fact
that this overlap is found using the convergence map, rather
than the temperature data, makes these regions worthy of
further investigation. Further analysis using the null map
suggests that part of the anomalous behavior may arise from

residual foreground contamination, instrumental systemat-
ics, or reconstruction noise.Additionally,we identify patches
188 and 191 near the Southern Galactic Pole, and patch 155
in the southern midlatitude region, which exhibit irregular
behavior in one ormore of the statisticalmeasures used in this
study. A detailed investigation of the CMB data in these
regions is deferred to futurework. To understand the physical
origin of the atypical behavior, further study is needed,
considering possible influences from residual foregrounds,
instrumental systematics, reconstruction noise, and insights
from independent large-scale structure surveys.We note that
the preponderance of unusual regions that have been found in
our analysis are in the southern sky, but this is unsurprising
given that the majority of the ACT data coverage lies in
the south.
The methodology employed in this study to assess the

statistical significance of features in the data using morpho-
logical and topological summary statistics builds upon earlier
work by two of the present authors. In [47], a similar analysis
was carried out on the Planck convergence map, using only
theα statistic, and a significantly larger number of anomalous
patches were reported. The current study extends and
improves upon that work in several key ways. First, we
utilize ACT data, which offers a higher signal-to-noise ratio,
thereby enabling a more accurate extraction of morphologi-
cal statistics. Second, we refine the statistical framework to
more robustly quantify the significance of observed devia-
tions. In particular, the criteria used here to classify a patch as
nonstandard are substantially more stringent than those
applied in the earlier analysis. Based on this improved
methodology, we conclude that many of the anomalous
patches identified in [47] were likely the result of residual
foreground contamination, instrumental systematics, or
reconstruction noise present in the Planck convergence map.
In the future, our analysis will be expanded further as

more data becomes available, which will allow us to search
for large scale features with greater statistical power.
Increasing the number of mock realizations will allow us
to more robustly reconstruct the covariance matrix of the
summary statistics. It will also be of interest to apply the
methodology to other cosmological datasets such as large
scale structure maps. Reference [112] found that including
the non-Gaussianity from nonlinear structure formation in
convergence map reconstruction induces a percent-level
bias in temperature-based power spectrum measurements.
Its impact on morphological statistics globally as well as in
smaller sky regions, particularly at resolutions above
FWHM ¼ 270, remains to be quantified using simulation
suites such as Agora [110].
We have used HEALPix [113,114], HEALPY [115], and

Matplotlib [116].
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APPENDIX A: QUANTIFYING UNCERTAINTIES

For a random vectorX ¼ ðx1; x2;… xnÞ, sampled from a
multivariate Gaussian distribution with mean vector μ and
arbitrary covariance matrix Σ, the log-likelihood function is
given by

χ2ðnÞ ¼ ðX − μÞTΣ−1ðX − μÞ; ðA1Þ
which follows a chi-squared distribution for n independent
degree of freedom.

1. p-value calculation using the F distribution

When dealing with datasets with finite samples, we use
estimators to calculate the mean given by,

μ̂ ¼ 1

N

XN
i¼1

Xsim
i ; ðA2Þ

and the covariance matrix, given by,

Σ̂ ¼ hðXsim
i − μ̂ÞðXsim

i − μ̂ÞTi

¼ 1

N − 1

XN
i¼1

ðXsim
i − μ̂ÞðXsim

i − μ̂ÞT; ðA3Þ

where Xsim
i is the vector corresponding to the ith simu-

lation, and N is the number of simulations. Consequently,
we can define a χ̂2 variable, as,

χ̂2 ¼ ðXobs − μ̂ÞTΣ̂−1ðXobs − μ̂Þ: ðA4Þ
For our purposes, most vectors have a size (n) comparable
to the number of simulations (N). In such cases, the joint
likelihood no longer follows a multivariate Gaussian

distribution, but follows a multivariate t distribution,
[106] which in turn means that the χ̂2 variable as defined
in Eq. (A4) would follow an F distribution, i.e.,

χ̂2ðn;NÞ ∼ ðN − 1Þn
ðN − nÞ Fn;N−n; ðA5Þ

where Fn;N−n is the F distribution with n andN − n degrees
of freedom.
This formalism allows us to define a simple χ2-type test

(similar to the one defined in [117]) for all statistics that are
modeled as Gaussian (V0, V1, V2, bc and bh). We can
calculate p values by comparing the χ̂2 value with the
corresponding scaled F distribution Fn;N−n. A p value of
0.05 is used as the standard, and a one-tailed test is
performed, which thereby corresponds to the 95th percen-
tile, or 2σ confidence interval.
We have verified this numerically by sampling, independ-

ently, a single Gaussian random vector X ¼ ðx1; x2;… xnÞ,
to act as the observed value, and a collection of N random
vectors, to act as simulation data, which is then used to
compute the χ̂2 variable using Eqs. (A2)–(A4). Repeating
this process for 105 realizations, we numerically estimate the
distribution of the χ̂2ðn;NÞvariable forN simulations having
n thresholds [Fig. 9 (right) shows the distribution for
n ¼ 90, N ¼ 400].
For a given p value, the deviation of the χ̂2ðn;NÞ

variable from the corresponding standard chi-squared value
χ2ðnÞ can be quantified as,

ϵ ¼ χ̂2ðn;NÞ − χ2ðnÞ
χ2ðnÞ : ðA6Þ

As we increase the number of simulations, ϵ approaches 0,
causing the χ̂2 distribution (and thereby the corresponding
scaled Fn;N−n distribution) to approach the standard chi-
squared distribution χ2ðnÞ [Fig. 9 (left)].

2. M̂2 method

The formalism discussed so far assumes that the random
vectors X follow a multivariate Gaussian distribution,
making it unsuitable for beta-distributed statistics, such
as α. However, since the covariance matrix of our dataset is
close to the identity matrix (see Fig. 3), we can neglect
correlations across thresholds.
For our analysis, we fit a beta distribution Bνðx; aν; bνÞ,

with parameters ðaν; bνÞ, to simulation data at each thresh-
old ν, and generate a sample vectors asX ¼ ðx1; x2;… xnÞ,
where each xi is sampled from the corresponding beta
distribution Biðx; ai; biÞ. We sample a single random vector
X to act as the observed value, and a collection of N vectors
to act as simulation data. The mean (μ̂) and covariance
matrix Σ̂ are calculated from Eqs. (A2) and (A4). The
samples random vectors are all uncorrelated, which is the
underlying assumption for this method.
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We now define a modified chi-squared variable, as

M̂2ðn;NÞ ¼ ðXobs − μ̂ÞTΣ̂−1ðXobs − μ̂Þ:

This definition is identical to Eq. (A4), but the constructed
variable M̂2 doesn’t follow any standard distribution,
hence we simulate it numerically.
Iterating over 105 realizations and fixing the p value as

0.05, we compute the 95th percentile of M̂2ðn;NÞ for a
one-tailed test, corresponding to a 2σ confidence interval.

Unlike the χ̂2 variable, the distribution of the M̂2 variable is
unique for each dataset, as the Bνðx;aν; bνÞ for a particular
threshold ν is different for different datasets.

APPENDIX B: QUANTIFICATION OF
CORRELATIONS OF STRUCTURES ACROSS
THRESHOLDS AND DIFFERENT SMOOTHING

FWHM VALUES

In Sec. V B 2, we use the criteria of persistence of
deviations of the statistics across thresholds and FWHM
values. This criteria is based on the expectation that (truly
anomalous) structures must be correlated across different
(neighboring) FWHM values. Here, we justify this expect-
ation by quantifying the cross-correlations of structures,
denoted by Z, for each pair of FWHM values, as,

Zðk; n1; n2Þ ¼
��X

i

Xn1
k ðiÞXn2

k ðiÞ
�

−
�X

i

Xn1
k ðiÞ

��X
i

Xn2
k ðiÞ

��
=ðσXn1

k
σXn2

k
Þ;

ðB1Þ

where k indexes the statistics, i runs over the thresholds, n1,
n2 refer to either FWHM ¼ 270; 550 or 1100 and h:i denotes
average over 400 simulations of κ. The denominator is the
product of the corresponding standard deviations.
Figure 10 presents the values of Z for all the statistics,

evaluated for three pairs of ðn1; n2Þ. What is shown are Z
for the full sky data (not patches). As expected, we find
positive correlations across all statistics. Notably, the pair
(512, 128) exhibits lower correlation values compared to
the other two pairs, which involve consecutive FWHM
values. Additionally, the overall trend of Z across the
different statistics generally follows that of the condition
number C shown in Fig. 5.

FIG. 9. Top: plot of PDF of χ̂2ð90; 400Þ distribution for 400
simulations (blue histogram) and standard χ2ð90Þ distribution
(red curve) for 90 degrees of freedom. The dashed curve
corresponds to the scaled F-distribution curve given by Eq. (A5).
The dashed and dotted-dashed lines correspond to the 95th

percentile values for the χ2 and χ̂2 distributions, respectively.
Bottom: plot of ϵ as a function of the number of simulations. As
the number of simulations increases, χ̂2ð90; NÞ converges to the
standard χ2ð90Þ distribution.

FIG. 10. Cross-correlation, Z, defined by Eq. (B1) for each pair
of FWHM values.
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APPENDIX C: FALSE POSITIVE RATE

For each base resolution, let Pj denote each valid patch,
where j ¼ 1;…; NP, with NP being the number of valid
patches. Let Pa denote an anomalous patch. Note the
nature of anomaly of Pa, meaning at how many νc’s we get
ð1 − pÞ > 0.95 and for which FWHM values.

(i) For each patch Pj, we first wish to assign a false
positive weight, ωi, to each simulation, indexed by i.
For this purpose, let us choose the ith simulation as
mock observed data and use the remaining 399 to
compute the covariance matrix and calculate (1 − p)
for all FWHM values. Next, by examining the
(1 − p)-values we check if Pj contains anomaly
similar to Pa. If it does, then we assign ωi ¼ 1, else
ωi ¼ 0. This process is repeated for all simulations
i ¼ 1 to 400. Then we calculate the average, ω̄j, for
each Pj,

ω̄j ¼
1

400

X400
i¼1

ωi: ðC1Þ

Note that the set of values fωig will differ from
patch to patch.

(ii) Then, we define the FPR for anomalous patch Pa to
be

FPR ¼ 1

NP

XNP

j¼1

ω̄j: ðC2Þ

This method assumes that the FPR for a particular nature
of anomaly is the same for all patches Pj, which allows us
to average the FPR across Pj.

APPENDIX D: PLOTS OF (1− p) VALUES FOR
THE OUTLIER PATCHES

In Fig. 11, we show the plots of (1 − p)-values versus νc
for outlier patches (see Sec. V B 2) for Sþ; S− (both on the
same panels) and α, for BR2 and BR4. Different colors
indicate different FWHM values, as indicated. Each pair of
vertical lines of each color indicate the threshold range over
which all simulations take values. The boxcar averaging
threshold range is one, for all plots. These plots provide
additional information of the threshold regions where the
deviations are large, as well as how statistically significant
the deviations are.
A feature worth mentioning is that in Fig. 11 we can

notice discontinuity at νc ¼ 0 for most of the (1 − p)
curves. This would not be the case if we did not include
Betti numbers in our analysis. Betti numbers carry addi-
tional information, particularly at intermediate thresholds
−1≲ ν≲ 1, compared to V2. This information gets can-
celed out in V2 as the alternating sum of the Betti numbers
(neglecting the sky curvature).
In the bottom subplots, we show the condition number

(C) versus νc. Here C is computed from the covari-
ance matrix constructed over the threshold range
½νc − 0.4; νc þ 0.4�, centered at each νc, and evaluated
separately for Sþ and S− regions. This Σ includes both
autocorrelation (ΣXiXi

) and cross-correlation (ΣXiXj
)

blocks as shown in Fig. 3. We obtain C values below
100 for roughly jνj ≲ 1, and it remains of order 100 within
the threshold ranges of interest. This indicates well-
conditioned behavior for the covariance matrices. For α,
the p-value calculation does not use cross-correlations (as
mentioned in Sec. V B 2), and therefore, we do not
calculate the condition number C.
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FIG. 11. (1 − p) values versus νe for outlier patches (see Sec. V B 2) for Sþ, S− (both on the same panels) and α for BR4. Each pair of
vertical lines of each color indicate the threshold range over which all simulations take values, for each Ntable. The lower averaging
threshold range is one for all plots. The bottom subplots show the condition number (C). The gray dashed line marks C ¼ 100 as a visual
guide. For α, since the covariance matrix is not used to identify anomalous patches, we do not calculate C.
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APPENDIX E: ANALYSIS OF NULL MAPS

In the context of this paper, the null map (described in
Sec. II A) serves to carry out a “null test” by comparing
morphological statistics calculated for the observed and
simulated null maps on sky patches, as done for the
convergence maps in Sec. V B. The premise is that if an
anomalous feature appears in the null map, and a similar
anomaly is seen in the observed convergence map, then, the
latter is likely to originate from either foregrounds or
instrument systematics.
We compute Sþ and S− for the observed and simulated

null maps, for each FWHM. For consistency with the data
processing of the convergence maps in the main text,
Wiener filtering [see Eq. (18)] is applied to all the maps
before computing the statistics. The results are then
compared between the observed and simulated null maps.

In Fig. 12, we plot (1 − p) as a function of νc for all patches
identified as anomalous for the null maps in BR2 and BR4,
across different smoothing resolutions. We also plot the
condition number (C) in the lower subpanels. In the case of
BR2, from the results for Sþ statistic for both FWHM ¼
270 and 550, we find that patch 11, which was previously
flagged as highly anomalous, can be contaminated by
systematic artifacts, since similar deviations are also
obtained for the null maps. In the case of BR4, we find
that patch 184 (for Sþ at FWHM ¼ 550) and patch 191 (for
S− at FWHM ¼ 270) also show significant deviations from
null expectations, suggesting that these features are likely
to originate from residual systematics. The remaining
patches shown in Fig. 12 do not show up as anomalous
patches for the convergence map.

FIG. 12. (1 − p) values versus νc for outlier patches (see Sec. V B 2) for null maps (both on the same panels). Each pair of vertical lines
of each color indicate the threshold range over which all simulations take values, for each smoothing FWHM. The boxcar averaging
threshold range is one for all plots. The bottom subplots show the condition number (C). Again, the gray dashed line marks C ¼ 100 as a
visual guide.
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APPENDIX F: IDENTIFICATION OF
ANOMALOUS PATCHES USING α STATISTIC
FOLLOWING THE METHODOLOGY OF [47]

In [47] the α statistic was used to identify anomalous
patches in κ map from Planck data. ACT has considerably
smaller sky coverage compared to Planck which makes a
direct comparison between the two difficult. However, we
can compare the overlapping regions, most of which are in
the southern hemisphere. The construction of patches is the
same as done here, and FWHM values were 550 and 1100.
The criteria for anomaly were (a) higher than 2σ deviation
at more than two thresholds (not necessarily consecutive),
and, (b) persistence of outlier behavior at both FWHM
values. The threshold bin used was Δν ¼ 0.25, whereas,
here it is 0.2. This small difference does not impact the
comparison. The statistical inference quantification method
is similar.
To make a fair comparison with [47], we first identify

outlier patches using criterion (a) for the FWHM values
used were 270; 550 and 1100. This method does not
distinguish positive and negative threshold. We do not
find any outliers for BR2. The outlier patches found for

BR4 are shown in Fig. 13. The orange color indicates an
outlier at higher significance than 2σ, with α of ACT data
found to be higher than the median simulation value,
while light and dark blue indicate higher significance than
2σ and 3σ, respectively, with α of ACT data lower than the
median. The colored stars are the same as shown in Fig. 7.
Next, we see that patch 175 is common between
FWHM ¼ 550 and 1100. Hence, using criterion (b), we
identify this patch as anomalous. By comparing with
Fig. 6 of [47] we conclude that there are no common
anomalous patches. Note that patch 163 which is an
outlier for FWHM ¼ 550 is also identified as a mildly
anomalous in Fig. 6 of [47], but with the difference that α
of Planck data is higher than the median simulation value,
while for ACT data it is lower.
Our findings for α here suggest that some of the

anomalous patches identified in the earlier work are likely
due to the effect of noise in the convergence map
reconstructed from Planck data. It is also interesting to
note that all anomalous patches identified here, except 153,
show α lower than the median simulation values, indica-
ting a tendency toward directionally aligned structures.

FIG. 13. Anomalous patches identified using the methodology of [47] for FWHM ¼ 270; 550 and 1100 for BR4. This method does not
distinguish positive and negative threshold. None were found for BR2. The orange color indicates higher than 2σ significance, with α of
ACT data higher than the median from simulations, light and dark blue indicate higher than 2σ and 3σ, respectively, with α of ACT data
lower than the median. The colored stars are the same as shown in Fig. 7.
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Patch 185 which is close to the SS shows alignment at 3σ.
Moreover, some of these patches are the ones flagged as
anomalous using Sþ and S− in our main results. We
mention here the ones that show deviations at two or

consecutive thresholds. At FWHM ¼ 270, 191 shows align-
ment for α− at consecutive thresholds. At FWHM ¼ 550,
patches 163 and 191 show alignment for α−. At
FWHM ¼ 1100, patch 175 shows alignment for αþ.
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Clowes, D. Hutsemékers, J. P. Kochappan, A. M. Lopez, L.
Liu, N. C. M. Martens et al., Classical Quantum Gravity
40, 094001 (2023).

[30] N. J. Secrest, S. v. Hausegger, M. Rameez, R. Mohayaee,
S. Sarkar, and J. Colin, Astrophys. J. Lett. 908, L51
(2021).

[31] N. J. Secrest, S. von Hausegger, M. Rameez, R. Mohayaee,
and S. Sarkar, Astrophys. J. Lett. 937, L31 (2022).

[32] M. Bashir, P. Chingangbam, and S. Appleby, Astrophys. J.
1003, 162 (2026).

[33] L. Böhme, D. J. Schwarz, P. Tiwari, M. Pashapour-
Ahmadabadi, B. Bahr-Kalus, M. Bilicki, C. L. Hale,
C. S. Heneka, and T. M. Siewert, Phys. Rev. Lett. 135,
201001 (2025).

[34] M. I. Khan and R. Saha, Astrophys. J. 947, 47 (2023).
[35] H. Minkowski, Math. Ann. 57, 447 (1903).
[36] J. R. I. Gott, C. Park, R. Juszkiewicz, W. E. Bies, D. P.

Bennett, F. R. Bouchet, and A. Stebbins, Astrophys. J. 352,
1 (1990).

[37] K. R. Mecke, T. Buchert, and H. Wagner, Astron. As-
trophys. 288, 697 (1994).

[38] S. Alesker, Geometriae Dedicata 74, 241 (1999).
[39] C. Beisbart, T. Buchert, and H. Wagner, Physica (Am-

sterdam) 293A, 592 (2001).
[40] G. Schröder-Turk, S. Kapfer, B. Breidenbach, C. Beisbart,

and K. Mecke, J. Microsc. 238, 57 (2010).
[41] G. E. Schröder-Turk, W. Mickel, S. C. Kapfer, F. M.

Schaller, B. Breidenbach, D. Hug, and K. Mecke, New
J. Phys. 15, 083028 (2013).

MASROOR BASHIR et al. PHYS. REV. D 114, 063514 (2026)

063514-24

https://doi.org/10.1086/177218
https://doi.org/10.1086/304756
https://doi.org/10.1016/S0370-1573(00)00082-X
https://doi.org/10.1016/S0370-1573(00)00082-X
https://doi.org/10.1103/PhysRevD.76.043510
https://doi.org/10.1103/PhysRevD.76.043510
https://doi.org/10.1051/0004-6361/201321543
https://doi.org/10.1051/0004-6361/201321543
https://doi.org/10.1051/0004-6361/201833886
https://doi.org/10.1051/0004-6361/201833886
https://doi.org/10.1088/0004-637X/810/1/50
https://doi.org/10.1088/0004-637X/808/1/7
https://doi.org/10.1093/mnras/staa3438
https://doi.org/10.1093/mnras/staa3438
https://doi.org/10.3847/1538-4357/acff5f
https://doi.org/10.3847/1538-4357/acff5f
https://doi.org/10.1103/PhysRevD.68.083002
https://doi.org/10.1103/PhysRevD.68.083002
https://doi.org/10.1007/s10714-010-1036-y
https://doi.org/10.1007/s10714-010-1036-y
https://doi.org/10.1016/j.physrep.2006.03.002
https://doi.org/10.1093/mnras/stv309
https://doi.org/10.1093/mnras/stv309
https://doi.org/10.1093/mnras/stx1631
https://doi.org/10.1093/mnras/stx1631
https://doi.org/10.1088/1475-7516/2018/04/031
https://doi.org/10.1088/1475-7516/2018/04/031
https://doi.org/10.1093/mnrasl/sly002
https://doi.org/10.1093/mnrasl/sly002
https://doi.org/10.1093/mnras/sty619
https://doi.org/10.1093/mnras/sty619
https://doi.org/10.1111/j.1365-2966.2012.21402.x
https://doi.org/10.1111/j.1365-2966.2012.21402.x
https://doi.org/10.1088/1475-7516/2017/06/019
https://doi.org/10.1093/mnras/sty3272
https://doi.org/10.1093/mnras/sty3272
https://doi.org/10.1093/mnras/stae1041
https://doi.org/10.1093/mnras/stae1041
https://doi.org/10.1051/0004-6361/201526681
https://doi.org/10.1051/0004-6361/201526681
https://doi.org/10.1088/0264-9381/33/18/184001
https://doi.org/10.1086/427652
https://doi.org/10.1086/427652
https://doi.org/10.1103/PhysRevD.74.021301
https://doi.org/10.1103/PhysRevD.74.021301
https://doi.org/10.3847/1538-4357/ace895
https://doi.org/10.3847/1538-4357/ace895
https://doi.org/10.1088/1361-6382/acbefc
https://doi.org/10.1088/1361-6382/acbefc
https://doi.org/10.3847/2041-8213/abdd40
https://doi.org/10.3847/2041-8213/abdd40
https://doi.org/10.3847/2041-8213/ac88c0
https://doi.org/10.3847/1538-4357/ae6588
https://doi.org/10.3847/1538-4357/ae6588
https://doi.org/10.1103/6z32-3zf4
https://doi.org/10.1103/6z32-3zf4
https://doi.org/10.3847/1538-4357/acbfa9
https://doi.org/10.1007/BF01445180
https://doi.org/10.1086/168511
https://doi.org/10.1086/168511
https://doi.org/10.1023/A:1005035232264
https://doi.org/10.1016/S0378-4371(00)00612-9
https://doi.org/10.1016/S0378-4371(00)00612-9
https://doi.org/10.1111/j.1365-2818.2009.03331.x
https://doi.org/10.1088/1367-2630/15/8/083028
https://doi.org/10.1088/1367-2630/15/8/083028


[42] P. Chingangbam, K. P. Yogendran, P. K. Joby, V. Ganesan,
S. Appleby, and C. Park, J. Cosmol. Astropart. Phys. 12
(2017) 023.

[43] P. Chingangbam, P. Goyal, K. P. Yogendran, and S.
Appleby, Phys. Rev. D 104, 123516 (2021).

[44] V. Ganesan and P. Chingangbam, J. Cosmol. Astropart.
Phys. 06 (2017) 023.

[45] P. K. Joby, P. Chingangbam, T. Ghosh, V. Ganesan, and
C. D. Ravikumar, J. Cosmol. Astropart. Phys. 01 (2019)
009.

[46] J. P. Kochappan, A. Sen, T. Ghosh, P. Chingangbam, and
S. Basak, arXiv:2006.15038.

[47] P. Goyal and P. Chingangbam, J. Cosmol. Astropart. Phys.
08 (2021) 006.

[48] J. Schmalzing and K. M. Gorski, Mon. Not. R. Astron.
Soc. 297, 355 (1998).

[49] C. Hikage and T. Matsubara, Mon. Not. R. Astron. Soc.
425, 2187 (2012).

[50] D. Munshi, J. Smidt, A. Cooray, A. Renzi, A. Heavens, and
P. Coles, Mon. Not. R. Astron. Soc. 434, 2830 (2013).

[51] P. A. R. Ade et al. (Planck Collaboration), Astron. As-
trophys. 594, A17 (2016).

[52] G. A. Marques, J. Liu, J. M. Z. Matilla, Z. Haiman, A.
Bernui, and C. P. Novaes, J. Cosmol. Astropart. Phys. 06
(2019) 019.

[53] A. Kapahtia, P. Chingangbam, S. Appleby, and C. Park,
J. Cosmol. Astropart. Phys. 10 (2018) 011.

[54] A. Kapahtia, P. Chingangbam, and S. Appleby, J. Cosmol.
Astropart. Phys. 09 (2019) 053.

[55] P. Goyal, P. Chingangbam, and S. Appleby, J. Cosmol.
Astropart. Phys. 02 (2020) 020.

[56] S. Appleby, C. Park, S. E. Hong, H. S. Hwang, and J. Kim,
Astrophys. J. 896, 145 (2020).

[57] S. Appleby, C. Park, S. E. Hong, H. S. Hwang, J. Kim, and
M. Tonegawa, Astrophys. J. 907, 75 (2021).

[58] A. Kapahtia, P. Chingangbam, R. Ghara, S. Appleby, and
T. R. Choudhury, J. Cosmol. Astropart. Phys. 05 (2021)
026.

[59] F. Rahman, P. Chingangbam, and T. Ghosh, J. Cosmol.
Astropart. Phys. 07 (2021) 026.

[60] F. Rahman, P. Chingangbam, and T. Ghosh, J. Cosmol.
Astropart. Phys. 01 (2024) 036.

[61] F. A. Martire, A. J. Banday, E. Martinez-Gonzalez, and
R. B. Barreiro, J. Cosmol. Astropart. Phys. 04 (2023) 049.

[62] P. Chingangbam and F. Rahman, Phys. Rev. D 109,
083530 (2024).

[63] A. Sabyr, J. C. Hill, and Z. Haiman, Phys. Rev. D 111,
103536 (2025).

[64] J. Borrill et al. (Pan-Experiment Galactic Science Group),
Astrophys. J. 991, 23 (2026).

[65] C. Collischon, M. A. Klatt, A. J. Banday, M. Sasaki, and C.
Räth, Commun. Phys. 7, 254 (2024).

[66] C. Park, P. Pranav, P. Chingangbam, R. Van De Weygaert,
B. Jones, G. Vegter, I. Kim, J. Hidding, and W. A.
Hellwing, J. Korean Astron. Soc. 46, 125 (2013).

[67] P. Chingangbam, C. Park, K. P. Yogendran, and R. van de
Weygaert, Astrophys. J. 755, 122 (2012).

[68] P. Pranav, H. Edelsbrunner, R. van de Weygaert, G. Vegter,
M. Kerber, B. J. T. Jones, and M. Wintraecken, Mon. Not.
R. Astron. Soc. 465, 4281 (2017).

[69] I. Makarenko, A. Shukurov, R. Henderson, L. F. S.
Rodrigues, P. Bushby, and A. Fletcher, Mon. Not. R.
Astron. Soc. 475, 1843 (2018).

[70] P. Pranav, R. van de Weygaert, G. Vegter, B. J. T. Jones,
R. J. Adler, J. Feldbrugge, C. Park, T. Buchert, and M.
Kerber, Mon. Not. R. Astron. Soc. 485, 4167 (2019).

[71] S. K. Giri and G. Mellema, Mon. Not. R. Astron. Soc. 505,
1863 (2021).

[72] V. Tymchyshyn, M. Tsizh, F. Vazza, and M. Baldi, J. Phys.
Stud. 28, 4903 (2024).

[73] P. Pranav and T. Buchert, Astron. Astrophys. 695, A35
(2025).

[74] N. MacCrann, B. D. Sherwin, F. J. Qu, T. Namikawa, M. S.
Madhavacheril, I. Abril-Cabezas, R. An, J. E. Austermann,
N. Battaglia, E. S. Battistelli et al., Astrophys. J. 966, 138
(2024).

[75] H. K. Eriksen, F. K. Hansen, A. J. Banday, K. M. Gorski,
and P. B. Lilje, Astrophys. J. 605, 14 (2004); 609, 1198(E)
(2004).

[76] H. K. Eriksen, A. J. Banday, K. M. Gorski, F. K. Hansen,
and P. B. Lilje, Astrophys. J. Lett. 660, L81 (2007).

[77] D. J. Schwarz, C. J. Copi, D. Huterer, and G. D. Starkman,
Classical Quantum Gravity 33, 184001 (2016).

[78] Y. Akrami, Y. Fantaye, A. Shafieloo, H. K. Eriksen, F. K.
Hansen, A. J. Banday, and K. M. Górski, Astrophys. J.
Lett. 784, L42 (2014).

[79] S. Sanyal, S. K. Patel, P. K. Aluri, and A. Shafieloo,
J. Cosmol. Astropart. Phys. 03 (2026) 041.

[80] P. Vielva, E. Martinez-Gonzalez, R. B. Barreiro, J. L. Sanz,
and L. Cayon, Astrophys. J. 609, 22 (2004).

[81] K. M. Smith, O. Zahn, and O. Doré, Phys. Rev. D 76,
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