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We construct a smooth trajectory in Minkowski spacetime that is inertial in the asymptotic past and
future but undergoes approximately uniform acceleration for a finite duration. In a suitable limit, this
trajectory reduces to the standard Rindler trajectory, reproducing the expected Bogoliubov transformations
and results consistent with the thermal time hypothesis. We analyze the behavior of an Unruh-DeWitt
(UDW) detector following such a trajectory and explore the dependence of complete positivity (CP)
divisibility on the detector’s frequency, acceleration, and the duration of acceleration. Notably, we find that
the detector exhibits a memory effect due to the finite duration of acceleration, which is also quantified by
the Fisher information. We further examine two UDW detectors along various trajectory combinations and
show that, unlike the transition rate, both the total correlation and the entanglement harvested return
smoothly to their initial values after the acceleration/deceleration phase. These correlation measures behave
similarly in both accelerating and decelerating segments. Interestingly, we do not observe any measurable
effect of the memory effect on negativity or mutual information. We also discuss the physical significance
of the sign of the flux of acceleration-induced radiation.
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I. INTRODUCTION

In 1974, Hawking chronicled in his well-known paper
that a static observer at infinity perceives a thermal flux of
radiation originating from a black hole horizon [1]. Shortly
thereafter, an analogous effect, namely the Unruh effect,
was discovered for observers undergoing uniform accel-
eration along Lorentz boost isometries in Minkowski
spacetime [2]. These thermal effects were subsequently
shown to arise from all Killing horizons, revealing a similar
underlying mathematical framework. The Hawking radia-
tion from a black hole consists of only outgoing particles,
leading to a gradual loss of mass and possibly the complete
evaporation of the black hole in a finite time. The thermal
nature of the Hawking radiation appears incompatible with
unitarity, as it implies an evolution from a pure state to a
mixed state. This leads to the well-known information loss
problem [3]. The quantum state of a field in black hole
spacetime encodes various nonlocal correlations, which can
be quantified through various correlation measures such as
quantum discord, quantum entanglement, etc. [4]. For
example, the vacuum state turns out to be entangled when
expressed in terms of local modes and probed by localized
detectors [5,6]. This entanglement, along with other non-
local correlations, is affected by the presence of radiation
from the horizon. These observations highlight the

significance of vacuum correlations in addressing the
information loss problem. Moreover, entanglement is also
crucial in proposals to test the quantum nature of gravity in
laboratory settings [7–12].
Over the past few decades, the information loss paradox

has been investigated from various perspectives, such as
relativistic quantum information, quantum teleportation,
the AdS/CFT correspondence, and more [3,13,14].
Experimental analogs have also been explored, both in
laboratory systems [15–17], as well as in flat spacetime
through the Unruh effect [18,19]. The Unruh radiation is
observed in Minkowski spacetime when an observer, with a
detector coupled to a quantum field, follows a trajectory
such that a part of spacetime becomes causally discon-
nected, that is, the observer cannot causally access a certain
region in spacetime. The Minkowski vacuum is invariant
under Poincaré transformations; therefore, by applying a
spacetime translation, one can shift the origin and define
equivalent causally disconnected regions anywhere in
spacetime. One standard example of such a trajectory is
that of a uniformly accelerated observer which can only
access a region called the Rindler wedge, defined by
R ≔ fx∈R1;3jx1 > jx0jg. One can refer to [20,21] for
the study of the Unruh radiation induced due to the
entanglement between different wedges. Restricting
the Minkowski vacuum pure state to the Rindler wedge,
by tracing out the hidden degrees of freedom behind the
horizon, leads to a mixed state. This leads to further
conceptual challenges. The local von Neumann algebras
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associated with the field observables in such wedge regions
are of type III under suitable assumptions, as opposed to the
von Neumann algebra induced by a pure state, which is of
type I [22]. As a consequence, the von Neumann algebras
of local observables associated with tangent double cones
do not admit product states that are (locally) normal to the
vacuum, and this makes the concept of local particle
number operators ambiguous [23,24]. While observers
localized in spacetime observe phenomena that are also
localized, their local quantum observations can also reflect
the global properties of spacetime. This feature encourages
one to understand the notion of particles or have a
qualitative understanding of entanglement based on what
localized detectors detect.
In laboratory settings, the detectors used are accelerated

only for a finite duration. Similarly, although astrophysical
black holes can have extremely long lifetimes, they are still
ultimately finite lived due to Hawking evaporation. For
several purposes, the lifetime is large enough and can be
safely considered infinite. However, for low mass black
holes, and even for the theoretical understanding of the
information loss paradox, it becomes important to account
for the finiteness of their lifetime. However, the literature is
scarce in the context of the time evolution of entanglement
of a black hole from the point of view of a detector
localized in space, with a finite operational lifetime [25].
Reference [26] suggests, using a two-level detector weakly
interacting with a scalar field, that a memory effect can
arise due to the change in state from inertial to accelerated
motion—that is, when one lacks infinite resources to
accelerate indefinitely.
To further explore the effects arising from the finite

lifetime of acceleration, namely acceleration radiation for a
finite duration, in Sec. II we define a smooth trajectory that
accelerates for a finite time and remains nearly inertial in
the far past and far future. As a consistency check, we
verify that it reduces to the Rindler trajectory in appropriate
limits. By using the thermal time hypothesis of local
temperature, we further show that it gives the expected
Unruh-Davies temperature in the limit of the Rindler
trajectory. The motivation behind choosing the toy model
for black hole evaporation to be like the Rindler horizon, is
its simplicity and the fact that one can construct a local
Rindler frame in a large class of spacetimes. Furthermore,
one can choose to study a detector accelerated for a finite
time interval in Minkowski spacetime to model the passage
of a gravitational wave burst with or without memory [27]
past an inertial detector. To understand the global Fock
space structure of the observer, in Sec. III, we begin with
the Bogoliubov transformation from an inertial frame to the
introduced trajectory, which yields a global relation
between the two Fock bases. We find that in the limit
when the time interval of acceleration is large enough, the
expectation value of the number density tends to be
thermal, the standard result of the Unruh effect.

In Sec. IV, we consider a Unruh DeWitt detector,a two-
level system used as a quantum probe for fields in space-
times that admit a Wightman function, along this finite
duration accelerated trajectory and couple it to a real
massless scalar field. The negative values of the response
rate of the detector hint that Markovianity is violated when
the detector switches from being uniformly accelerated to
its inertial branches. This is when the backflow of infor-
mation occurs, and the detector has a memory of its past
[26]. Non-Markovianity is also quantified using the Fisher
information. To assess the dependence of the thermal
spectrum on time and acceleration, we compute its
Fisher information, compare it with that of eternal
Rindler observers, and analyze non-Markovianity through
the Fisher information.
References [28–30] found that one can utilize the non-

Markovianity of the environment for generating entangle-
ment between initially uncorrelated atomic systems.
Further, [31] suggests that one can design a protocol for
the detection of quantum entanglement based on harnessing
eternal non-Markovianity. In contrast, [32] used the amount
of entanglement between the system and ancilla at different
times to quantify non-Markovianity. Using a superconduct-
ing qubit processor, [33] investigated non-Markovian
dynamics in an entangled qubit pair, observing the revival
and collapse of entanglement as evidence of quantum
memory effects in the environment. These results motivate
exploring the effect of non-Markovianity on the entangle-
ment harvesting with the UDW detectors. In Sec. V, we
compare the entanglement harvesting results of the intro-
duced finite duration accelerated trajectory with those of an
eternally uniformly accelerated detector. To study the effect
of energy flux of the acceleration radiation, and understand
the time evolution of entanglement exterior to a black hole,
we model the whole lifetime of the black hole by a mirror
moving on a kink trajectory in Minkowski spacetime and
study entanglement between two inertial Unruh-DeWitt
detectors (UDWs) in the exterior region. We work in
(1þ 1) dimensions for the Bogolyubov calculations and
the moving mirror calculations, while using (3þ 1) dimen-
sions for the rest of the paper. We use the metric signature
to be ðþ;−;−;−Þ and the units where ℏ ¼ c ¼ 1.

II. RESTRICTING TO A WEDGE IN MINKOWSKI
SPACETIME

Wedges in Minkowski spacetime are defined as regions
that are bounded by two nonparallel characteristic hyper-
planes. The causal complement of a wedge is also a wedge
and is of the same form. They are important for several
reasons, such as providing a link between the algebraic
properties of net encoded in modular data and geometric
properties of Minkowski space encoded in its Poincaré
symmetry [34], describing nonextremal black holes as a
state in chiral conformal field theory [35], localization of
photon observables in the presence of charged fields [36],
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classifying the field theory in conformally flat spacetimes
[37], and the near-horizon geometry of all local horizons
[38]. In this Section, we revisit the Rindler wedge that can
be realized by a family of eternally uniformly accelerating
observers. Additionally, we describe another family of
observers that accelerates uniformly for a finite time.

A. Rindler space and information across the horizon

The Minkowski spacetime possesses Poincaré sym-
metry. Therefore, the choice of a wedge is also Poincaré
invariant. Hence, without loss of generality, we choose the
restriction within Minkowski spacetime defined by:
R ≔ fx∈R1;3jx1 > jx0jg, called Rindler wedge. The
spacelike region R constitutes a globally hyperbolic space-
time and is entangled with the complementary left wedge.
This wedge has a nonvoid causal complement. Hence, the
modular group is defined, and it is generated by the Lorentz
boost (modular operator) ΔðWÞ ¼ e−2πK . Here, K is the
representation of the generator of the Lorentz boost. One
can use a one-parameter group of Lorentz boost isometries
to construct the Rindler spacetime. The worldlines of a
Rindler observer—an observer following Lorentz boost
isometries—are given by

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2
þ ðtþ C1Þ2

r
þ C2; ð1Þ

where C1 and C2 are constants that can be made zero by
some suitable Poincaré transformation, restricting motion
in the x-t plane. Therefore, we have the following final
trajectory1

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2
þ t2

r
: ð2Þ

The free scalar field in the Minkowski vacuum state,
which is assumed to be in a two-mode squeezed state of the
modes with support in the right and left wedges for an
inertial observer, appears as a Gaussian state to an observer
along the uniform acceleration trajectory, Eq. (2) since the
left wedge is causally disconnected [39]. Each squeezer is
associated with Unruh particle production from two hori-
zons, namely the future and the past Rindler horizons.
Therefore, one can think of Unruh’s pair production as a
process of two-mode squeezing. As a result, the state that
looks entangled and pure for a family of inertial observers
appears mixed from the uniformly accelerated frame. The
thermal radiation from horizons carries the information of
the acceleration of the trajectory, and it can both enhance or
diminish the entanglement observed [40–42]. The temper-
ature of the thermal radiation, for the uniformly accelerat-
ing observer, is a=2π, which is just the ratio of the modular

parameter and the time generating the geometric flow [43].
There is also a flow of information across the horizon in the
future wedge. In order to understand what happens if the
observer stops accelerating, we introduce a smooth trajec-
tory that starts inertially, accelerates for some finite time,
and then smoothly stops accelerating after some finite time.

B. Finite time acceleration

The coordinates obtained by clocks and rulers of an
eternal uniformly accelerated observer, Eq. (2), are defined
within the right Rindler wedge only. One can think of it like
the coordinates assigned by a static observer near a large,
eternal black hole. However, for astrophysical black holes,
the observer will observe a time-varying acceleration due to
a decrease in the mass of the black hole because of the
presence of Hawking radiation. He observes the formation
as well as evaporation in a finite time, and hence, his clocks
and rulers can cover the whole spacetime. This motivates us
to define the trajectory given below, which is inertial in the
far past, transitions smoothly to being approximately
uniformly accelerated for a certain finite duration, and
then smoothly reverts to inertial at late times (Fig. 2),

tðτÞ ≔ τ cosh ðaτ0=2Þ

þ sinh ðaτ0=2Þ
a

ln
cosh ðaðτ − τ0=2Þ=2Þ
cosh ðaðτ þ τ0=2Þ=2Þ

; ð3Þ

xðτÞ ≔ sinh ðaτ0=2Þ
a

× ln ½cosh ðaðτ − τ0=2Þ=2Þ cosh ðaðτ þ τ0=2Þ=2Þ�
− Cða; τ0Þ: ð4Þ

Here, τ0 quantifies the duration over which the trajectory
is approximately uniformly accelerated, while the param-
eter “a” quantifies the magnitude of acceleration within
this time interval. The constant Cða; τ0Þ ¼ ðτ0=2 −
2 ln 2=aÞ sinh ðaτ0=2Þ is added to make sure that the
trajectory becomes Rindler in the limit specified below.
The proper acceleration of an observer traveling along the
above trajectory, Eqs. (3) and (4), is given by

gðτÞ ¼ a
2
½tanh ðaðτ þ τ0=2Þ=2Þ − tanh ðaðτ − τ0=2Þ=2Þ�;

ð5Þ

which is nothing but a smooth representation of the step
function for a sufficiently large argument. The coordinates
obtained by the clocks and rulers of this observer (3) and
(4), denoted by fη; ξg below, will cover the whole of
Minkowski spacetime. Here, the observer would observe a
horizon for a finite amount of time, viz., he can not see
some part of Minkowski space during the time of uniform
acceleration. Equations (3) and (4) reduce to the following
expression of a uniform acceleration trajectory, known as

1Throughout the paper, we will call an observer traveling along
this trajectory eternal Rindler.
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the eternal Rindler trajectory, in the limit of aðjτj −
τ0=2Þ → −∞ (see Appendix A):

tðτRÞ ≔
1

a
sinh aτR; ð6Þ

xðτRÞ ≔
1

a
cosh aτR: ð7Þ

Here τR → τ in the limit specified above is the proper time
of the eternal uniformly accelerating observer. So, the
above trajectory is nothing but the parametric form of
Eq. (2). It is worth noting that while the trajectory described
by Eqs. (3) and (4) is nonstationary, the Rindler trajectory
defined by Eqs. (6) and (7) is static.
Using the radar method of determining the relation

between different reference frame coordinates [44], we
obtain the following relation between the inertial frame
coordinates ft; xg and the coordinates fη; ξg used by an
observer along the trajectory in (3) and (4),

t ¼ η cosh ðaτ0=2Þ

þ sinh ðaτ0=2Þ
a

ln
cosh ðaðηþ ξ − τ0=2Þ=2Þ
cosh ðaðη − ξþ τ0=2Þ=2Þ

; ð8Þ

x ¼ ξ coshðaτ0=2Þ
sinhðaτ0=2Þ

a
× ln½coshðaðηþ ξ − τ0=2Þ=2Þ
× coshðaðη − ξþ τ0=2Þ=2Þ� − Cða; τ0Þ: ð9Þ

In terms of fη; ξg, the Minkowski line element is
obtained as

ds2 ¼ ½cosh ðaτ0=2Þ − sinh ðaτ0=2Þ
× tanh ðaðη − ξþ τ0=2Þ=2Þ�½cosh ðaτ0=2Þ
þ sinh ðaτ0=2Þ tanh ðaðηþ ξ − τ0=2Þ=2Þ�
× ðdη2 − dξ2Þ; ð10Þ

which looks different from the inertial coordinate
Minkowski line element only by a conformal factor.
Furthermore, the metric in Eq. (10) factorizes into a
function of (ηþ ξ) multiplied by a function of (η − ξ).
Thus, the coordinates fη; ξg are obtained from the standard
Minkowski null coordinates by two independent mono-
tonic reparametrizations. Consequently, the new coordi-
nates fη; ξg are also global (see Fig. 1). Further, as
expected, for an observer traveling along ξ ¼ 0, the
coordinate time is equal to the proper time since

ðcosh ðaτ0=2Þ − sinh ðaτ0=2Þ tanh ðaðηþ τ0=2Þ=2ÞÞ
× ðcosh ðaτ0=2Þ þ sinh ðaτ0=2Þ
× tanh ðaðη − τ0=2Þ=2ÞÞ ¼ 1Þ;

i.e., ds ¼ dτ ¼ dη (also, η ¼ τ). Therefore, the thermal
time hypothesis [43] assigns the following local temper-
ature to an observer along the trajectory Eqs. (3) and (4):

TðτÞ ≔ a
2π

dτR
dτ

¼ a
2π

dt=dτ
dt=dτR

¼ a
2π

cosh ðaτ0=2Þ − sinh ðaτ0=2Þ
a gðτÞ

cosh aτRðτÞ
; ð11Þ

where τR is the proper time of a uniformly accelerating
observer, which is related to the inertial frame time “t” by

FIG. 1. Left panel of the plot shows constant η and constant ξ curves, defined in Eqs. (8) and (9), with a ¼ 1 and τ0 ¼ 2. The right
panel shows curves for ξ ¼ 0 and a ¼ 1, with varying values of τ0.
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Eqs. (6) and (7), and τ is the proper time of an observer
along the trajectory Eqs. (3) and (4). The above expression
for the temperature (11), using tanh z ≈ 1–2e−2z þ � � �
when z → ∞ in Eq. (5), reduces to a=2π in the aτ0 →
∞ limit, as expected for the standard Unruh effect [38,44].
For illustration purposes, we plot the local temperature
in Fig. 2.

III. GLOBAL FOCK SPACE
RELATION

The detectors measure the spectral pattern of the vacuum
fluctuations, which also gets other contributions apart from
particlelike excitations [38]. Therefore, in general, the
particle content computed from the detector response rate
calculation does not match the particle content computed
by various other methods [45]. This motivates us before
going to the detector formalism, first, to provide the
Bogolyubov relation between the two bases formed by
the eigenmodes corresponding to an inertial observer and
an observer along the variable acceleration trajectory
introduced in Eqs. (3) and (4). For the sake of simplicity,
we work in (1þ 1) dimensions. Since the (1þ 1) dimen-
sional metric corresponding to the observer along the
trajectory Eqs. (3) and (4) is conformal to Minkowski
spacetime, we can expand the real massless scalar field in
terms of the plane wave mode solution of the Klein-Gordon
(KG) equation,

ϕ̂ðt; xÞ ¼
Z

∞

−∞

dk

ð2πÞ1=2 ffiffiffiffiffiffi
2ω

p ½âkeiðkx−ωtÞ þ â†ke
ið−kxþωtÞ�

¼
Z

∞

−∞

dK

ð2πÞ1=2 ffiffiffiffiffiffi
2Ω

p ½b̂KeiðKξ−ΩηÞ þ b̂†Ke
ið−KξþΩηÞ�:

ð12Þ

Here k, K represent Minkowski and transformed frame
modes, respectively, while fη; ξg is the coordinate system
used by the observer along Eqs. (3) and (4), and it is related
to Minkowski coordinates by Eqs. (8) and (9). Substituting
η ¼ τ and ξ ¼ 0 one gets back the trajectory Eqs. (3) and
(4). Here, both the coordinate systems ft; xg and fη; ξg
cover the whole Minkowski space. Clearly, the metric
shown in Eq. (10), in terms of this new coordinate fη; ξg, is
conformal to the old one in terms of ft; xg, and is also
invariant under time reversal. As a result, the quantum field
dynamics, under suitable boundary conditions, is expected
to have time reversal invariance. Therefore, the outgoing
and ingoing flux from the horizon are expected to be equal,
just like the eternal Rindler. However, it explicitly depends
on time coordinates, i.e., ∂=∂η is not a Killing vector.
Since both set of modes, in terms of ft; xg and fη; ξg, are

complete and orthonormal, one can use the Fourier trans-
form to determine the Bogolyubov coefficients that relate
the modes defined by positive frequencies according to the
observer described by Eqs. (3) and (4) and the inertial
observer, as follows (see Appendix B):

βΩω ¼ ω sinh ðaτ0=2Þ
π2a2

ffiffiffiffi
Ω
ω

r
2i

2ω
a sinh ðaτ0=2Þe−i

ωτ0
2
ðcosh ðaτ0=2ÞÞ−iΩτ0=2þiωC sinh

�
2πω sinh ðaτ0=2Þ

a

�
Γ
�
−i

2ω

a
sinh ðaτ0=2Þ

�

× Γ
�
−
i
a
ðωe−aτ0=2 þ ΩÞ

�
Γ
�
i
2ω

a
sinh ðaτ0=2Þ þ

i
a
ðωe−aτ0=2 þ ΩÞ

�
; ð13Þ
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FIG. 2. Red curves represent the variable acceleration trajectory given by Eqs. (3) and (4), while the blue curve depicts the eternal
Rindler trajectory defined in Eqs. (6) and (7), and black dashed curves represent the Rindler horizons. Here, a ¼ 0.2 and τ0 ¼ 100 are
assumed. The left panel shows the trajectory in the Minkowski plane, the middle panel shows the corresponding proper acceleration, and
the right panel displays the observed local temperature. In the right panel, the dashed pink line shows the local temperature along
Eqs. (3) and (4) computed via the thermal time hypothesis, while the solid line indicates the temperature obtained by comparing the first
term in Eq. (34) with a Planckian spectrum.
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αΩω ¼ ω sinh ðaτ0=2Þ
π2a2

ffiffiffiffi
Ω
ω

r
2−i

2ω
a sinh ðaτ0=2Þei

ωτ0
2
ðcosh ðaτ0=2ÞÞ−iΩτ0=2−iωC sinh

�
2πω sinh ðaτ0=2Þ

a

�
Γ
�
i
2ω

a
sinh ðaτ0=2Þ

�

× Γ
�
i
a
ðωe−aτ0=2 −ΩÞ

�
Γ
�
−i

2ω

a
sinh ðaτ0=2Þ −

i
a
ðωe−aτ0=2 −ΩÞ

�
: ð14Þ

Here, it is worth mentioning that the above expressions (13) and (14) computed by the Fourier transform method can be
interpreted in a generally covariant manner by computing it again by the Klein-Gordon inner product and the
orthonormality of modes, and then using the fact that the inner product is independent of the spacelike hypersurface
over which one evaluates the scalar product [38]. One gets the same result by both methods for trajectories described by
Eqs. (3) and (4) and Eqs. (6) and (7). The Bogolyubov coefficients discussed above can be used to determine the expectation
value of the number density in the observer’s frame of reference, described by Eqs. (3) and (4). For clarity, we provide the
detailed calculation in Appendix B. We observe a crucial feature of the finite-duration acceleration: the integrand in the
expression of the number of particles, hNΩi ¼

R
∞
0 dωjβΩωj2, given by

jβΩωj2 ¼
Ω sinh aτ0=2

4πa

sinh

�
2πω
a sinh ðaτ0=2Þ

�

ðωe−aτ0=2 þΩÞ sinh
�

πðωe−aτ0=2þΩÞ
a

��
ωeaτ0=2þΩ

2

�
sinh

�
π ωeaτ0=2þΩ

a

� ; ð15Þ

remains finite, for Ω > 0 and a finite nonzero acceleration
“a,” in both the ω → 0 and ω → ∞ limits. This behavior is
in contrast with that of the eternal acceleration case,
where the lower frequency limit is known to diverge.
Whereas, in the present context, the denominator goes
as Ω2 sinh2ðπΩ=aÞ, while the numerator goes as
ð2π sinhðaτ0=2Þ=aÞω and hence the integral converges in
the limit of ω → 0. For large ω, the denominator contains
hyperbolic sine (sinh) terms whose arguments grow
linearly with ω, so they behave as exponentials:
sinhðλωÞ ∼ eλω=2. Thus, for large ω, the denominator’s
exponential growth dominates, and the integrand falls off as
expð−cωÞ=ω2 for some c > 0. This rapid exponential
decay guarantees absolute convergence at infinity.
Therefore, for Ω > 0, the integral is absolutely convergent
and hNΩi is finite.
The expectation value of the number density (see

Appendix B) can also be written as

hNΩi ¼
X∞
n¼1

1

2πa

�
e
2nπΩ
a ðe−aτ0−1ÞΓ

�
0;
2nπΩ
a

e−aτ0
�

þ e
2nπΩ
a ðeaτ0−1ÞΓ

�
0;
2nπΩ
a

eaτ0
�
− 2Γ

�
0;
2nπΩ
a

��
:

ð16Þ

Summing the above series, shown in Eq. (16), analytically
appears complicated; hence, we sum it numerically by
keeping the first m terms in the series and display the result
in the right panel of Fig. 3, which suggests the summation
is convergent for a finite aτ0 and nonzero Ω. One can also
verify the convergence for Ω > 0 and finite aτ0 by the
Cauchy ratio test. Furthermore, we can also see from Fig. 3

that the expectation value hNΩi is nonthermal for a finite
aτ0 (the middle panel) and tends to be thermal if the time of
uniform acceleration is kept large enough (the left panel).
Moreover, the limit τ0 → ∞, assuming a ≠ 0 in Eqs. (13)
and (14) yields

lim
τ0→∞

jαΩωj2 ¼ e2πΩ=a lim
τ0→∞

jβΩωj2: ð17Þ

Using the dominated convergence theorem in the weak
(distributional) sense to change the order of integration and
limit in the following normalization condition of
Bogolyubov coefficients

lim
τ0→∞

Z
dωðα�ΩωαΩ0ω − β�ΩωβΩ0ωÞ

¼
Z

dω lim
τ0→∞

ðα�ΩωαΩ0ω − β�ΩωβΩ0ωÞ ¼ δðΩ −Ω0Þ; ð18Þ

one obtains the following expectation value of number
density by substituting Ω ¼ Ω0 and utilizing Eq. (17):

hNΩi ¼
Z

dωjβΩωj2 ¼
δð0Þ

e2πΩ=a − 1
: ð19Þ

The above expression (19) contains a Planckian factor
multiplied by a divergent Dirac delta term. It can be shown
that the Planckian factor represents thermality for the case
under consideration [46]. The divergence arises from
the acceleration over an infinite duration and can be
rewritten as

hNΩi ¼ lim
T→∞

T
2π

1

e2πΩ=a − 1
: ð20Þ
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Here, we have used the following integral representation of
the Dirac delta function:

δðΩ −Ω0Þ ¼ lim
T→∞

1

2π

Z
T=2

−T=2
dteiðΩ−Ω0Þt:

Because the trajectory defined in Eqs. (3) and (4)
involves acceleration only for a finite interval of proper
time, the motion is explicitly nonstationary. In particular,
the time coordinate associated with the accelerated
observer, η, does not correspond to a timelike Killing
vector of the spacetime. As a result, the notion of positive
frequency with respect to this time coordinate is not
uniquely defined along the entire trajectory. In such
situations, the decomposition of the field into creation
and annihilation operators becomes time dependent, and
the particle number obtained from Bogoliubov coefficients
cannot be interpreted as an invariant particle count. The
Bogoliubov transformation computed above should there-
fore be understood as relating two different global Fock
space decompositions of the quantum field. It quantifies the
mixing between positive and negative frequency modes
associated with the inertial Minkowski basis and the mode
basis adapted to the accelerated coordinates.
From an operational perspective, however, the physically

meaningful observable for a localized observer is the
response of a particle detector. In the Unruh-DeWitt
detector model, the excitation probability depends only
on the pullback of the Wightman two-point function along
the detector worldline and does not rely on the global
definition of particles. The detector response, therefore,
provides an operational characterization of what an
observer actually measures. In stationary situations such
as the eternal Rindler trajectory, the Bogoliubov particle
spectrum and the detector response coincide, leading, for
example, to the thermal Unruh effect. In the present
nonstationary setting of Eqs. (3) and (4), however, they
can lead to different results as probe different aspects of the

field: the Bogoliubov coefficients encode the global mode
mixing induced by the time-dependent trajectory, whereas
the detector response characterizes the local excitation
probability of a probe interacting with the quantum field
along that trajectory. In the next Section, we discuss the
detector response.

IV. LOCAL RESPONSE—WHAT A UDW
OBSERVES

The Bogolyubov calculations presented in the previous
Section are global in nature and do not address what an
observer would detect using a spatially localized detector
operating for a finite duration of time. There are numerous
theoretical quantum probes that serve as particle detectors.
One such example is a two-level system, namely the UDW
detector. It measures the spectrum pattern of the vacuum
fluctuations of the background quantum field to which it is
coupled. It also detects contributions other than from the
contribution from particlelike excitations. Consequently,
the response of a UDW detector often differs from the
particle-based Bogolyubov calculations discussed in the
previous Section. One notable example of such a discrep-
ancy is the detector response for the Minkowski vacuum
state of a massless real scalar field in Minkowski spacetime
in odd dimensions, which is Fermionic, in contrast with
the Fock space calculations, which are always bosonic
[38,47,48]. Nevertheless, it is the particle detector response
that an observer can measure; hence, we begin with the
description of the UDW-field quantum dynamics below.

A. UDW-field evolution as an open quantum system

All quantum systems we usually encounter are coupled
to some environment; at least, they interact with the
background vacuum fluctuations. In many cases, the
environment consists of a continuum of frequency modes,
effectively having an infinite number of degrees of free-
dom. This makes the quantum dynamics of open systems
different from those of closed systems, introducing irre-
versibility. The resulting nonunitary quantum dynamics are

FIG. 3. Above plots show the Bogoliubov calculation results for the expectation value of number density observed by the observer
along the variable acceleration trajectory defined in Eqs. (3) and (4). The plots in the left panel are obtained by performing the integration
for hNΩi, shown in Eq. (B5) of Appendix B, numerically, while the middle and right panel plots are obtained by summing the first m
terms in the series (16). We fix m ¼ 50 for the middle plot and vary the frequency, while in the right plot we fix the frequency and
acceleration parameter “a,” and vary the number of terms in the series (16).
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usually described by quantum master equations governing
the evolution of the system’s density matrix. This Section
briefly reviews the microscopic derivation of the master
equation discussed in [26]. We refer the reader to [26] for a
more detailed discussion of the procedure, covering only
the essential points here. Let HS, HE, and HI denote the
system, environment, and interaction Hamiltonian, respec-
tively. Let us also assume that the initial total state ρSEðτ ¼
τpÞ is separable. Taking the system and environment
together as a closed system, we assume the time evolution
is generated by the following total Hamiltonian:

Htotal ¼ HS ⊗ IE þHE ⊗ IS þHI: ð21Þ

We start with the interaction picture von Neumann equation

dρSEðτÞ
dt

¼ −i½HIðτÞ; ρSEðτÞ�:

Inserting the integral form of this equation into itself and
tracing over the environment degrees of freedom, one gets

dρSðτÞ
dt

¼ −
Z

τ

τp

dsTrEf½HIðτÞ; ½HIðsÞ; ρSEðsÞ��g;

where TrE½HIðτÞ; ρSEðτpÞ� ¼ 0 is assumed. Taking the
correlations between the system and environment to be
negligible at all times (Born approximation), replacing ρðsÞ
by ρðτÞ inside integration for some timescale that quantifies
the memory of reservoir and performing a coarse-graining
in time (Born-Markov approximation) one arrive at the
following equation [26]:

dρSðtÞ
dt

¼ −
Z

∞

τp

dsTrEf½HIðtÞ; ½HIðt − sÞ; ρSðtÞ ⊗ ρE��g:

ð22Þ

Finally, assuming the characteristic intrinsic evolution
timescale of the system to be much greater than the
relaxation time of the open system (secular approximation),
one arrives at the following interaction picture master
equation [26]:

ρ̇ ¼ −i½Heff ; ρ� þ LðρÞ;

where Heff is the effective Hamiltonian and LðρÞ is the
dissipator in the instantaneous rest frame of the detector.
The dissipator is given by

LðρÞ ¼ γ1ðτÞ
2

L1ðρÞ þ
γ2ðτÞ
2

L2ðρÞ þ
γ3ðτÞ
2

L3ðρÞ: ð23Þ

Here L1, L2, and L3 describe heating, dissipation and
dephasing, respectively. Coefficients γi’s are given by

γ1ðτÞ¼4Ḟ τð−ωÞ; γ2ðτÞ¼4Ḟ τðωÞ; γ3ðτÞ¼2Ḟ τð0Þ:
ð24Þ

Here, Ḟ represents the response rate of the detector, defined
as the derivative of the transition probability with respect to
the switch-off proper time, and in first-order perturbation
theory, it is given by

Ḟ ðωÞ ¼ 2

Z
∞

0

dsReðe−iωsWðτ; τ − sÞÞ; ð25Þ

for the interaction Hamiltonian shown in Eq. (30). Here,
Wðτ; τ0Þ is the pullback of the Wightman function along the
detector’s trajectory. Since a measurement affects the
quantum state, one should interpret the above transition
rate as the rate of the average number of transitions in an
ensemble of identical detectors at some time τ [49].
Therefore, one uses a fresh detector to begin with after
each measurement.

B. The detector response rate, Markovianity, and
information backflow

Having developed the formalism for the dynamics of a
UDW detector as an open system, we now apply it to
discuss quantum Markovianity. A stochastic process is said
to be a Markov process if the probability that the random
variable takes a value at any future time is uniquely
determined by its current state and is not affected by the
possible values of the random variable in its dynamical
history, viz., the Markov process does not have a memory
of the history of the past. However, the dynamics depend on
its initial conditions. A quantum Markov process is an
extension of the classical, homogeneous Markov process to
quantum physics. It is known that the detector on an eternal
Rindler trajectory does not have a memory of its past, viz,
its dynamics is Markovian if the UDW detector is switched
on smoothly in the infinite past. However, if one does not
restrict to small coupling and switching on in the far past,
one may obtain non-Markovianity even with eternally
accelerated detectors [50]. In this Subsection, we present
the calculation of Markovianity for a detector following a
general class of trajectories, switched on smoothly in the far
past, and then apply it to the specific trajectory given by
Eqs. (3) and (4), which reduces to the Rindler case in the
appropriate limits discussed above.
Usually, it is fruitful to distinguish between Markovian

and non-Markovian processes using two hierarchically
related approaches. The first one utilizes the continuous
flow of information out of the primary system into the
environment to classify Markovian processes, while for
non-Markovianity, there could be a backflow of informa-
tion into the system [26,51]. Non-Markovianity increases
the distinguishability of system states and could be quan-
tified using the trace distance [51,52]. The second approach
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uses the divisibility of the system dynamical map, that is,
division of the evolution into a sequence of completely
positive maps, known as complete positivity (CP) divis-
ibility [32,53]. Alternate approaches also exist. One widely
used way is to take an ancilla system and look at the time
evolution of entanglement and quantum mutual informa-
tion of an initially correlated joint system-ancilla state [54].
For the system we are considering, the region of

parameter space where all of the time-dependent decay
rates presented in Eq. (23) are positive for all times is a
sufficient condition for CP divisibility. Whenever one of
them becomes negative, the dynamical map is non-CP
divisible [26]. As a result, the phenomenon of information
backflow and memory effects takes place. The necessary
and sufficient condition for complete positivity, in the case
we discuss, is given by the positivity of the following
quantities [26,55]:

P1ðτÞ≡ e−ΓðτÞ½GðτÞ þ 1�; ð26Þ

P0ðτÞ≡ e−ΓðτÞGðτÞ: ð27Þ

Here,

ΓðτÞ ¼ 1

2

Z
τ

τp

dsðγ1ðsÞ þ γ2ðsÞÞ; ð28Þ

GðτÞ ¼ 1

2

Z
τ

τp

dseΓðsÞγ2ðsÞ; ð29Þ

with τp being some past time at which the dynamics
begin. One can interpret P0 and P1 as the ground state
probability with initial conditions PðτpÞ ¼ 0 or 1,
respectively [55].
We take the UDW-field interaction Hamiltonian to be of

the following form:

HIðτÞ ¼ λχðτÞμ̂ðτÞϕ̂ðxðτÞÞ: ð30Þ

Here, λ is a dimensionless coupling constant, τ is the proper
time in the frame of the detector, and χðτÞ is the switching
function. We assume the detector to be switched on
smoothly in the far past and switched off smoothly at
some finite time, say τ, with infinite switching interval
[56–58]. The time evolution of the monopole moment of
the detector, represented by μ̂, in the interaction picture is
governed as follows:

μ̂ðτÞ ¼ σþe−iωτ þ σ−eiωτ: ð31Þ

The measures of memory effect discussed above depend on
the detector’s transition rate. The transition rate, along with
all physical observables discussed in the subsequent
Sections, can be extracted from a two-point function,
namely the Wightman function. The regularized form of

the pullback of the Wightman function, hϕ̂ðxÞϕ̂ðx0Þi, along
the trajectory is given by,

WðxðτÞ; x0ðτ0ÞÞ ¼ −1=4π2

ðtðτÞ − t0ðτ0ÞÞ2 − jxðτÞ − x0ðτ0Þj2

þ 1

4π2ðτ − τ0Þ2 : ð32Þ

The above Wightman function is Lorentz invariant and
needs no other regularization as the second term precisely
cancels the pole coming from the first term [56].
Substituting the above expression (32) in Eq. (25) along
trajectory of eternal Rindler observer shown in Eqs. (6) and
(7), one gets the following transition rate,2

Ḟ ðωÞ ¼ ω

2πðe2πω=a − 1Þ : ð33Þ

The above expression, (33), is non-negative, and so are
all γs shown in Eq. (24). Therefore, the dynamics are CP
divisible and hence Markovian. One can also substitute the
response rate in Eqs. (26) and (27) and see that both P0 and
P1 are positive for all times. Therefore, the map satisfies
complete positivity for eternal Rindler. We now determine
the transition rate of the detector along the finite-duration
accelerated trajectory as defined by Eqs. (3) and (4). The
analytical result using the adiabatic expansion given in
[56], which is provided up to first order in g0ðτÞ is as
follows:

Ḟ ðωÞ ¼ ω

2πðe2πω=gðτÞ − 1Þ−
g0ðτÞ

4π2gðτÞ

×

�
1þ 2

ω

gðτÞFðω; gðτÞÞ þ
ω2

gðτÞ2Gðω; gðτÞÞ
�
þ…::

ð34Þ
where,

Fðω;gðτÞÞ¼ i
2
½ψ 0ð1− iω=gðτÞÞ−ψ 0ð1þ iω=gðτÞÞ�; ð35Þ

Gðω; gðτÞÞ ¼ 1

2
½ψ 00ð1 − iω=gðτÞÞ þ ψ 00ð1þ iω=gðτÞÞ�:

ð36Þ

Here ψ represents the digamma function. One can refer to
[56] for higher order correction terms in Eq. (34). First, we

2We assume here ω to be positive. The two-point function in
Eq. (32) is defined as the difference between the pullback of the
Wightman bidistribution along a general trajectory and that along
an inertial trajectory; this subtraction renders it an ordinary
function. For negative ω, one may first evaluate the physical
quantities using Eq. (32) for a general trajectory, and then include
the contribution from the inertial part separately.
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look at the ω=gðτÞ → ∞ limit. Using the series expansion
ψ 0ð1 − ixÞ − ψ 0ð1þ ixÞ ≈ 2i=x − i=3x3 þOð1=x4Þ and
ψ 00ð1 − ixÞ þ ψ 00ð1þ ixÞ ≈ 2=x2 − 1=x4 þOð1=x5Þ in the
above expression (34) for ω=gðτÞ → ∞ we get

Ḟ ðωÞ ≈ ω

2π
e−2πω=gðτÞ þ g0ðτÞgðτÞ

24π2ω2
: ð37Þ

Here, we have ignored 1 in comparison with e2πω=gðτÞ to
write the first term in Eq. (37). Equation (37) implies that
for an arbitrary smooth trajectory where the second and
higher derivatives of the proper acceleration are much less
than the first derivative, such that higher-order terms in the
expansion (34) can be ignored, the sign of the transition rate
will be the same as the sign of the first derivative of the
proper acceleration in the limit ω=g → ∞ since the second
term dominates over the first one in Eq. (37). As a result,
the CP divisibility will be violated when the proper
acceleration decreases. We display the comparison of the
transition rate for the finite duration accelerated trajectory

given by Eqs. (3) and (4), obtained in the approximation
(37) and Eq. (33), in the bottom right plot of Fig. 4. Next we
look at the ω=g → 0 limit. Using the series expansion of the
digamma function for small arguments and ignoring
higher-order terms, one gets

Ḟ ðωÞ ≈ 1

4π2

�
g − 2πωþ 4π2ω2

g
−
g0

g
þ 6g0

g3
ω2ζð3Þ

�
; ð38Þ

for ω=g → 0. To determine the signature of the above
quantity, particularly the cases where it can be negative, we
equate the rhs of the above expression (38) to zero, at a
specific moment in time, and obtain a quadratic equation
for ω. Solving the quadratic equation for ω, we obtain

ω¼ πg3� g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−3π2g4þ 2ð−3ζð3Þþ 2π2Þg2g0 þ 6g02ζð3Þ

p
2ð3ζð3Þg0 þ 2π2g2Þ :

ð38aÞ
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FIG. 4. Thick lines in the top panels of the plots above represent the transition rate of a UDW detector following the finite-duration
accelerated trajectory given in Eqs. (3) and (4), while the dashed lines correspond to the eternal Rindler trajectory described in Eqs. (6)
and (7). In the top panels, blue denotes a ¼ 1, green denotes a ¼ π=8, and brown denotes a ¼ 2π=35. The transition rate obtained in the
limit ω=a → ∞ from Eq. (37) is shown by the dashed blue lines in the bottom-right plot, while all other curves are plotted without this
approximation. In the bottom left panel, we show a plot for the transition rate of the detector along trajectory Eqs. (3) and (4) when the
CP divisibility is violated for almost all positive times.
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Further, setting the term in the square root in the above
equation, call it D, (38a) equal to zero gives the following

g0 ¼ 1

6ζð3Þ
�
−g2ð2π2 − 3ζð3Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2π2 − 3ζð3ÞÞ2 þ 18π2ζð3Þ

q
Þ
�

≈ 0.781224g2 and − 5.25496g2: ð38bÞ

When D > 0 and 2π2g2 þ 3g0ζð3Þ > 0, then denoting the
positive root in (38a) by β and the negative root by α
one can write Ḟ ðωÞ ≈ ð2π2g2 þ 3g0ζð3ÞÞðω − αÞðω − βÞ,
which is negative if α < ω < β. Further, if D > 0 and
2π2g2 þ 3g0ζð3Þ < 0, then Ḟ will be negative if ω > α or
ω < β. Therefore, at lower frequencies, in the ω=g → 0
limit, there exists a range of frequencies where the CP
divisibility violation occurs.
For illustrative purposes, we display the transition rate

for the finite duration accelerated trajectory given by
Eqs. (3) and (4) and eternal Rindler trajectory in Fig. 4.
It can be seen from Fig. 4 that the transition rate of the
detector along Eqs. (3) and (4) coincides with the same for
the eternal Rindler up to a certain time, which depends
upon all three parameters τ0, ω, and a. After this point, the
transition rate becomes negative. Therefore, from Eq. (24),
we can say that the dynamics are not CP divisible and hence
non-Markovian after a certain time, which depends upon
the parameters chosen. Remarkably, the bottom-left plot of
Fig. 4 suggests that one can obtain a negative transition rate
even at very early times for high frequencies, which
contrasts with the eternal Rindler trajectory, where the
transition rate is always positive. In the limit τ0 → ∞ with
a ≠ 0, if switched on smoothly in the far past, one gets
Markovianity for all times and for all frequencies as
expected for the eternal Rindler trajectory. We also notice
that the transition rate changes sharply for relatively higher
accelerations or higher frequencies, and it is not symmetric
about the origin. The sharp change in transition rate can be
understood by the fact that the derivative of proper
acceleration for large acceleration is also large near the
transition phase of the trajectory. The asymmetry about the
origin can be understood as a result of the opposite sign of
the first derivative of proper acceleration for different
phases in expression of the transition rate in Eq. (33), that
is, the derivative sign is positive in the accelerated phase
corresponding to negative time domain while it is negative
in the deaccelerated phase corresponding to positive time
domain.
We plot the measure of complete positivity, P0 and P1, in

Fig. 5. It can be seen from Fig. 5 that, for cases where
ω⪆a=2, that is, the detector energy becomes greater than
the thermal energy of the effective bath, then P0 becomes
negative after a certain time for the detector along the finite
duration accelerated trajectory given in Eqs. (3) and (4).

Hence, the system dynamical map does not satisfy com-
plete positivity. We repeat it for several combinations of
parameters, but the conclusion remains the same. Further,
both P0 and P1 are always positive for the detector along
the eternal Rindler trajectory. Hence, the detector along the
eternal Rindler trajectory does not show any memory
effect. We further note that the range ω⪆a=2 for non-
Markovianity is the same as that discussed in [50] for a
uniformly accelerating detector in the open quantum
systems formalism. In our case, with small coupling and
the detector switched on in the far past, we obtain this range
for the variable acceleration trajectory given in Eqs. (3) and
(4), rather than for the uniformly accelerating trajectory
defined in Eqs. (6) and (7).
It is natural to ask whether the loss of CP divisibility and

the resulting information backflow observed above for the
finite duration accelerated trajectory are merely artifacts of
switching the detector-field interaction, rather than genuine
consequences of finite time acceleration. In the construc-
tion above, however, the effect of switching is carefully
controlled. We employ a smooth switching function, and
use the Lorentz-invariant regularized pullback of the
Wightman function in Eq. (32), which removes the uni-
versal inertial short-distance singularity. Moreover, any
residual edge effects associated with switching can be
made parametrically small by taking a long interaction
plateau. In particular, in the regime where the detector
operates well inside the interaction window, the switching
function χðτ − sÞ ≃ 1 for the values of s that dominate the
integral, in the transition rate, the switching profile effec-
tively drops out and the remaining time dependence is
governed entirely by the field correlations sampled along
the trajectory [see Eq. (25)].
For an eternal uniformly accelerated (Rindler) trajectory,

the pullback Wightman function is stationary along the
worldline, so thatWðτ; τ − sÞ becomes translation invariant
in proper time and the rate is time independent and non-
negative, cf. Eq. (33). By contrast, for the finite-duration
accelerated trajectory in Eqs. (3) and (4), stationarity is lost:
Wðτ; τ − sÞ acquires an intrinsic dependence on τ, reflect-
ing the nonstationary correlations created by the finite-time
character of the accelerated segment (and, in particular, by
the regions where the proper acceleration varies). This is
precisely the structure captured by the adiabatic expansion
used in Eq. (34): the leading term reproduces the instanta-
neous thermal contribution, while the first nonthermal
correction is proportional to g0ðτÞ (and higher corrections
involve higher derivatives). In the high-frequency regime,
Eq. (37) shows that the sign of the trajectory-induced
correction is governed by gðτÞg0ðτÞ, implying that the rate
can become negative during the decelerating phase
[g0ðτÞ < 0]. Hence, the onset of CP indivisibility is tied
to the finite-time nonstationarity of the motion.
Finally, for eternal uniform acceleration, where Ḟ ðωÞ is

strictly non-negative for the pointlike UDW detector, both
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P0 and P1 remain non-negative for all times, while for the
finite-duration accelerated trajectory the nonstationary,
g0ðτÞ-controlled corrections can produce extended time
windows of negative decay rates whose cumulative effect
can drive P0ðτÞ negative for appropriate parameter ranges.
Furthermore, the frequency dependence seen in Figs. 4 and
5 admits a direct correlation-time interpretation: large ω
weights short s in the Fourier kernel e−iωs and is therefore
most sensitive to the vicinity of the transition between the
accelerated and inertial segments (where nonstationarity is
strongest), whereas small ω probes longer correlation times
and can exhibit memory effects over broader portions of the
trajectory. This again supports the conclusion that the
observed memory effects originate from the finite-time
uniform acceleration.

C. Fisher information—sensitivity on parameters

Having introduced several parameters, it is natural to ask
how sensitive the response spectrum of the UDW detector
is to the variation of these various parameters, and in
particular, how robust the thermality is in Eq. (34). To

address this, we recall a basic principle, that all observers
have the right to describe physical effects using an effective
theory based solely on the variables or observables they can
access. The temperature associated with the horizon, as
discussed in the previous Section, indicates the presence of
some associated entropy. In fact, it is well known that the
entropy associated with the Rindler horizon per unit cross-
sectional area is 1=4. Moreover, Fisher information has
been shown to be directly related to the entanglement
entropy [59,60].
In this Subsection, we focus on Fisher information (FI),

which is related to Shannon entropy, defined as H ¼
−
R
pðxÞ lnpðxÞ dx. Although both are information-theo-

retic quantities, their analytic properties are different. While
H is a global measure of smoothness of the probability
distribution function pðxÞ, FI is a local measure [61]. One
can also interpret FI as the cross-entropy between a
probability distribution function pðxÞ and its infinitesi-
mally shifted version pðxþ ΔxÞ [61]. Fisher information
quantifies the expected error in a parameter estimation,
rather than directly measuring the error itself. It reflects
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FIG. 5. First plot of the top panel shows P0 for a UDW detector traveling along eternal Rindler trajectory Eqs. (6) and (7) while all
other plots of P0 correspond to finite duration accelerated trajectory given in Eqs (3) and (4). In the second plot of the top panel, we show
P1 for which P0 is everywhere positive because if P0 is negative, then no need to check P1.
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how much information a random variable carries about an
unknown parameter, and a higher Fisher information
indicates a smaller expected error in estimating that
parameter. It plays a pivotal role in setting bounds for
the ultimate precision of estimating a random variable/
parameter encoded in a quantum state, viz., providing a
lower bound to the mean-square error in estimation through
the Cramér-Rao inequality [61]. It also quantifies the
amount of information the observable x carries about an
unknown parameter ξ. Hence, one can use it as a measure in
a parameter estimation problem where the probability
distribution pðyjξÞ is known, and one has to estimate the
value of the nonobservable parameter ξ based on the
observable parameter y. Assuming the estimator that maps
a set of possible values of y to a set of possible values of ξ to
be unbiased, one can define the Fisher information as an
expression below and quantify how much information
about the parameter ξ is carried by the observable y,

IðξÞ ¼
Z

pðyjξÞ
�
∂ logpðyjξÞ

∂ξ

�
2

dy: ð39Þ

In our case of UDW with discrete energy levels, every
measurement gives two possible outcomes with probabil-
ities p and (1 − p). Therefore, the above expression of the
Fisher information boils down to

IðξÞ ¼ 1

p

�
∂pðyjξÞ

∂ξ

�
2

þ 1

1 − p

�
−∂pðyjξÞ

∂ξ

�
2

¼ 1

pð1 − pÞ
�
∂pðyjξÞ

∂ξ

�
2

: ð40Þ

Here, the ground-state probability with an initial proba-
bility of p1ðτpÞ is given by [55]

pðτÞ≡ e−ΓðτÞ½GðτÞ þ p1ðτpÞ�; ð41Þ

with G and Γ shown in Eqs. (28) and (29). The above
expression for Fisher information reduces to the one
applied to stationary trajectories in [41,62] by replacing
ω with −ω and swapping the initial condition from the
ground state to the excited state. One can take the random
variable ξ to be the frequency, the temperature, or the time
itself. The numerical result considering time as the random
variable is shown in Fig. 6 from which we see that the Fisher
information for an eternal Rindler observer decays over time,
similar to the I theorem for a closed system [61]. However,
for the finite duration accelerated trajectory in Eqs. (3) and
(4), it also increases for a short time when Markovianity is
violated and then decays again. This can be understood from
the well-established result that the Quantum Fisher
Information (QFI) also characterizes the memory effect
when its flow, which is the rate of change of the QFI, is
positive at a specific instant in time [63]. Here the informa-
tion flows back to the field and the non-Markovianity arises.
We also notice that the deviation from exponential decay is
greater for higher values of “a,” which can be understood
from the fact that a high “a” corresponds to a sharp change
from a uniformly accelerated state to an inertial state.
The thermality of the Unruh radiation in flat space is well

established. To assess its robustness, one can treat the
inverse temperature β ¼ 2π=a as the random variable. By
substituting the transition rate expression Eq. (33) in
Eqs. (28) and (29) and then using Eqs. (40) and (41),
one obtains the Fisher information IðβÞ ¼ ðsech2βω=2Þ=4
in the limit τ → ∞, assuming the detector is initially in the
ground state [40]. This asymptotic behavior has been found
to be independent of the type of the background field, and it
reflects the global thermality of the Unruh radiation [40].
Moreover, the asymptotic value is approached quickly for
small β. This can be understood as the detector requires less
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FIG. 6. Plots above show the Fisher information with respect to time, considered as the parameter ξ, for a UDW detector traveling
along the eternal Rindler trajectory given by Eqs. (6) and (7) (left panel) and finite duration accelerated trajectory in Eqs. (3) and (4)
(right panel). The different colors correspond to different acceleration values: red for a ¼ 0.014, green for a ¼ 0.02, and blue for
a ¼ 0.04.
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time to equilibrate in a high-temperature background.
Additionally, FI is larger for small β, which can be
understood as it being easier to distinguish a distinctive
signal, like high acceleration temperature, from an average
background noise.
In Fig. 7, we plot the Fisher information with ξ ¼ τ0,

representing the duration of uniform acceleration. For
the finite duration accelerated trajectory given by
Eqs. (3) and (4), the Fisher information can exhibit
more than one distinct peak, corresponding to the
increasing and decreasing phases of acceleration. This
contrasts with the behavior in Fig. 6, where only a single
local maximum appears during the decreasing acceler-
ation phase. One can also notice from Fig. 7 that the
numerical value of the Fisher information, at the peak, is
higher for lower frequencies. This can be understood as
making it easier to excite a low-energy gap UDW
detector. Furthermore, as the frequency increases, the
peak shifts rightward and diminishes, indicating that the
spectrum is much more sensitive to the duration of
acceleration during the decelerated phase at higher
frequencies, while at lower frequencies, the spectrum
is much more sensitive to the duration of acceleration
during the accelerated phase.
Taken together, Figs. 6 and 7 suggest that for frequencies

lower than the acceleration, the response spectrum is much
more sensitive to the change from the accelerated state to
the inertial state. This can be understood as the probability
of the detector becoming excited is relatively larger when
its energy gap is lower than the temperature associated with
the acceleration. Furthermore, frequencies higher than the
acceleration correspond to a regime where the complete
positivity is also violated, as we discussed in the previous

subsection. In this regime, past memory reduces the
sensitivity to changes in acceleration at that instant, as
compared to the memoryless regime. The memory effect
leads to a reduced peak in Fisher information and a delayed
response, as reflected in the rightward shift discussed in the
above paragraph.

V. TIME EVOLUTION OF
ENTANGLEMENT—ENTANGLEMENT

HARVESTING

Having discussed the quantum dynamics of a single
detector, we now proceed to the entanglement harvesting
protocol using such detectors. In this protocol, one allows
certain quantum mechanical probes, initially prepared in a
joint separable state, to interact with a shared environment.
In our case, the environment is a real massless scalar field.
The probes interact locally with the matter field, and over
time, they become entangled with each other due to the
entanglement already present in the field. We quantify the
harvested correlation using mutual information and neg-
ativity, as described in the Subsection below.

A. The entanglement measure

Qualitatively, quantities such as the Bell inequalities, von
Neumann entropy, etc., offer equivalent descriptions of
quantum correlations in the case of pure states. However,
pure normal states are not admitted in type III von
Neumann algebras. Fortunately, modular theory, as
chronicled in detail by Araki, provides a framework to
generalize relative entropy to von Neumann algebras of
arbitrary type [64]. We use the correlation harvested by two
UDWs as a proxy for the intrinsic correlations present in
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FIG. 7. Above plots show Fisher information considering ξ ¼ τ0, which represents the duration of uniform acceleration, for a UDW
detector traveling along finite duration accelerated trajectory Eqs. (3) and (4).
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the quantum field. The total correlation for a quantum
bipartite system is quantified by the mutual information,
which is defined to be the relative entropy between ρAB and
ρA ⊗ ρB,

I½ρAB� ≔ SðρABjρA ⊗ ρBÞ ¼ SðρAÞ þ SðρBÞ − SðρABÞ:
ð42Þ

Here Sð::Þ is the von Neumann entropy of reduced
density matrices: SðρABÞ ¼ −TrABðρAB log ρABÞ, SðρAÞ ¼
−TrAðρA log ρAÞ, and SðρBÞ ¼ −TrBðρB log ρBÞ. Taking the
UDW detectors to be initially in their respective ground
states and the field in the Minkowski vacuum state, the time
evolution of the initial separable state, using the interaction
picture to the lowest order in λ, and after tracing out the
field degrees of freedom, yields the following reduced
density matrix in the standard basis (j00i; j01i; j10i; j11i)
[25]:

ρAB ¼

0
BBBB@

1 − LAA − LBB 0 0 M�

0 LBB LBA 0

0 LAB LAA 0

M 0 0 0

1
CCCCAþOðλ4Þ:

ð43Þ

Here, the matrix elements are given by

Lij ¼ λ2
Z

∞

−∞
dτi

Z
∞

−∞
dτ0jχiðτiÞχjðτ0jÞe−iΩðτi−τ

0
jÞ

×WðxiðτiÞ; xjðτ0jÞÞ; ð44Þ

M ¼ −λ2
Z

∞

−∞
dτA

Z
∞

−∞
dτBχAðτAÞχBðτBÞeiΩðτAþτBÞ

× ½ΘðtðτAÞ − tðτBÞÞWðxAðτAÞ; xBðτBÞÞ
þ ΘðtðτBÞ − tðτAÞÞWðxBðτBÞ; xAðτAÞÞ�: ð45Þ

Here, i and j denote detectors A and B, Θð…Þ represents
the Heaviside step function, and Wð…Þ denotes the pull-
back of the two-point function along the detector’s trajec-
tory. We use a smooth Gaussian switching function
χiðτiÞ ¼ exp ð−ðτi − τ0Þ2=2σ2Þ for the study of entangle-
ment harvesting.3 The usual form of switching function
exp ð−ðτj − τj;0Þ2=σ̃j2Þ can be obtained by rescaling
σ → σ̃=

ffiffiffi
2

p
. The reason for not choosing a switching

function, which is used for the transition rate computation
in the preceding Section is that switching on the detector for
a very long time causes both detectors to communicate and

become entangled through communication [65]. Even with
the Gaussian switching function, the long tail of the
switching function makes it difficult to determine when
the detectors are strictly spacelike separated and no
communication is possible [65]. The communication-gen-
erated entanglement is not an intrinsic property of the field.
Therefore, this contribution must be minimized during
entanglement harvesting. A common signaling estimator,
whose magnitude broadly characterizes how timelike
or spacelike separated the detectors are, is defined as
follows [66]:

E ≔
λ2

2
Im

�Z þ∞

−∞
dτA

Z þ∞

−∞
dτBχðτAÞχðτBÞ

× h0j½ϕðxÞ; ϕðx0Þ�j0i
�
: ð46Þ

Expanding Eq. (42) for mutual information to leading
order in the coupling strength λ yields [67],

I½ρAB� ¼ Lþ logLþ þ L− logL− − LAA logLAA

− LBB logLBB þOðλ4Þ ð47Þ

where,

L� ¼ 1

2

�
LAA þ LBB �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLAA − LBBÞ2 þ 4LABLBA

q �
:

ð48Þ

The reduced density matrix is nonseparable if at least one
of the eigenvalues of its partial transpose is negative. Based
on this concept, one defines a measure of entanglement,
namely negativity, as the absolute sum of the negative
eigenvalues of the partial transpose of the reduced density
matrix. It provides an upper bound on distillable entangle-
ment. Substituting eigenvalues, one gets the following
expression of the negativity for ρAB [67]:

N ½ρAB� ¼
1

2
max

�
0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jMj2 þ ðLAA − LBBÞ2

q

− ðLAA þ LBBÞ
�
þOðλ4Þ: ð49Þ

The measures of correlations discussed above depend upon
the Wightman function that can be written as a sum of a
commutator and an anticommutator. The contribution from
the commutator part represents the correlation due to
communication between detectors. Thus, one needs to
minimize the signaling estimator defined in Eq. (46) while
performing entanglement harvesting.

3Due to the rapid decay of the Gaussian switching function, we
perform our numerical integrations within the interval ½−5σi þ
τi;0; 5σi þ τi;0� for computational simplicity, as contributions
beyond this range are negligible.
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B. Effects of horizon on vacuum correlations

1. Keeping one UDW inertial while the other
accelerating (I-A)

We consider two pointlike UDW detectors, labeled A
and B, each initially prepared in its respective ground state,
with the overall initial state taken to be separable. Both the
detectors are coupled to a massless real scalar field via the
interaction Hamiltonian given in Eq. (30). Our aim here is
to investigate the impact of a finite-time apparent horizon
on entanglement harvesting between the detectors. As a
preliminary check, before addressing the finite duration
accelerated trajectory case, it is instructive to first consider
the eternal Rindler trajectory case. We begin by assuming
that detector A follows the eternal Rindler trajectory given
by Eqs. (6) and (7), while detector B follows the following
inertial trajectory:

xB ¼ xAðτA0
¼ 0Þ − δ1; tB ¼ τB: ð50Þ

Here, δ1 is an arbitrary constant, which determines the
initial separation between the detectors, and τA0

denotes the
proper time coinciding with the peak of the Gaussian
switching function for detector A (see the left panel of
Fig. 8). Detector B is switched on such that the peak of its
Gaussian switching function in Minkowski time is equiv-
alent to the proper time τA0

, that is, through using tðτA0
Þ

from Eq. (6). One expects the negativity for such a detector
pair configuration to decrease as the separation between the
two detectors increases. Hence, one should avoid arranging

the detectors at arbitrary spacetime separation. In fact, the
choice of the Gaussian peak of the switching function of
both detectors described above, provides a sufficient
minimum signaling estimator E, presented in Eq. (46).
Thus, it is expected that most of the contribution to the
entanglement harvested by detectors comes from the
intrinsic entanglement of the quantum field. Since detector
B is inertial, it eventually crosses the future horizon of
detector A and enters the corresponding future wedge, with
the timing of this transition controlled by the parameter δ1.
In other words, δ1 controls the distance of detector B from
the horizon. The corresponding entanglement harvesting
protocol results4 are displayed in panels F1, F2, F4, and F5

of Fig. 9. We next repeat the same protocol with UDW
detector B along the inertial trajectory in Eq. (50) and
detector A along the finite duration accelerated trajectory in
Eqs. (3) and (4). We show the corresponding results in
panels F3 and F6 of Fig. 9.
Our observations are as follows. One can see from Fig. 9

that the mutual information and negativity follow the same
trend. Since the finite duration accelerated trajectory
described by Eqs. (3) and (4) is approximately uniformly
accelerating during entanglement harvesting, the corre-
sponding results obtained by centering the Gaussian
switching function within this almost-uniform acceleration

FIG. 8. Blue curves in the left panel show the inertial trajectory defined in Eq. (50), while in the right panel the blue curves correspond
to the inertial trajectories given by Eqs. (51) and (52). The black dots indicate the Gaussian switching, peaked at different times along the
same inertial trajectory. The red curves represent the variably accelerated trajectory defined in Eqs. (3) and (4). All curves use parameters
fτ0; a; δ1g ¼ f100; 0.14;−6.0g, except the rightmost and leftmost inertial curves in the left panel, which have δ1 ¼ −5.0 and 5.0,
respectively.

4We have used the numerical integration techniques presented
in [68] throughout the paper. Furthermore, to ensure the inte-
grations are stable, we have set all parameters to their default
settings, except for the MinRecursion value, which is set to 3.
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period, closely match those of the eternal Rindler case [see,
for instance, the similarity between the second plot (F2)
and the third (F3), as well as between the fifth (F5) and
sixth (F6)]. However, the purple plot in the sixth panel (F6)
shows slight deviations at high acceleration—visible as two
small bumps—caused by the transition from uniform
acceleration to the inertial phase. The two peaks in the
upper panel of Fig. 9 can be understood by the fact that
since at tB ¼ 0 detector B is on the right side of detector A,
detector B will be closest to detector A twice. Similarly, in
the lower panel of Fig. 9, since detector B is left of detector
A, there will be a minimum separation between the two
detectors for A only once. Therefore, there is only one peak
in the lower panel. Further, the distance between the two
peaks in the upper panel of Fig. 9 increases with the
decrease in acceleration because it takes more time for
detector B to cross detector A. We further observe that
placing detector B to the left of detector A leads to an
increase in the peaks of mutual information and negativity
with increasing acceleration, while placing detector A to
the left of detector B results in a decrease in the peaks of
mutual information and negativity with increasing accel-
eration. This suggests that the Unruh radiation destroys the
correlations on the right side while enhancing them on the
left side. One can also compare this result with those in
[69], which showed that, in the case of a fermionic field, the
quantum entanglement lost between an inertial observer

and the field modes outside the event horizon is compen-
sated by a gain in entanglement between the inertial
observer and the modes inside the horizon.
As discussed in the previous Section, the quantum

dynamics of the detector along the eternal Rindler trajec-
tory, Eq. (2), is Markovian, and the system’s dynamical
map is completely positive. Furthermore, for inertial
detectors, P0 and P1 both are always positive. Therefore,
the inertial detectors also satisfy complete positivity at all
times. However, the quantum dynamics of a detector along
the finite duration accelerated trajectory in Eqs. (3) and (4)
is Non-Markovian when ω⪆a=2. This corresponds to the
range of parameters when the timescales associated with
the environment are much lower than the timescales
associated with the system, which means the detector
remembers its past.
In the above discussion, where detector B is placed along

the inertial trajectory (50), we do not observe any signifi-
cant effect that could be attributed to the finite duration of
acceleration—possibly because correlations decay rapidly
away from the peak. Therefore, next, we consider the
trajectory of detector B to be

xB ¼ xAðτ ¼ τA0
Þ − xAðτ ¼ 0Þ − δ1; ð51Þ

tB ¼ τB; ð52Þ
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FIG. 9. Plots showing the mutual information and negativity obtained by the entanglement harvesting protocol discussed in
Subsection V B 1. In the upper panel, the entanglement harvesting is depicted with detector B positioned to the right of detector A,
determined by the specified choice of δ1. In contrast, the lower panel illustrates the harvesting with detector B positioned to the left of
detector A. Additionally, the last plots with dashed lines in both the upper and lower panels (i.e., the F3 and F6) correspond to the
scenario where detector A follows the trajectory described in Eqs. (3) and (4). The first two plots in both the upper and lower panels (i.e.,
the F1, F2, F4, and F5) correspond to detector A following the eternal Rindler trajectory. Colors (black, green, red, purple) denote the
acceleration parameter “a” with values (0.02, 0.04, 0.06, 0.2). The parameters are in units of σ ¼ 1.
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which is also inertial (see the right panel of Fig. 8). Here,
xAðτ ¼ τA0

Þ denotes the position of detector A at the proper
time corresponding to the peak of its Gaussian switching
function. Therefore, the key difference between the above
family of inertial trajectories, each labeled by a different τA0,
and the inertial trajectory given in Eq. (50) lies in the spatial
configuration. In the present case, the spatial distance
between detectors A and B at the time of the peak of the
detector’s switching function is fixed for all values of τA0.
The corresponding plots for mutual information and

negativity, with detector B following the inertial trajectory

in Eqs. (51) and (52) and detector A along the eternal
Rindler trajectory in Eqs. (6) and (7), are shown in the first
(F1) and ninth (F9) panels of Fig. 10. These plots reveal
that, across all parameter ranges, the negativity exhibits a
local minimum near the center and two peaks, while the
mutual information shows a single peak symmetric about
the origin. This behavior, the entanglement being minimum
where the total correlation is maximum, indicates here that,
the quantum channel is an entanglemen–breaking channel
[70]. One can refer to [71] for the discussion of such
channels as quantum memory resources.
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FIG. 10. Plots showing mutual information and negativity obtained from the entanglement harvesting protocol with detector B kept
along the inertial trajectory (51). Curves with solid lines represent detector A moving along the eternal Rindler trajectory in Eqs. (6) and
(7), while dashed plots refers to detector A moving along the finite duration accelerated trajectory described in Eqs. (3) and (4). The
parameters are in units of σ ¼ 1.
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We further note that the harvested negativity increases
with an increase in acceleration, while the distance between
peaks decreases. Thus, the entanglement with the detector
B on left side of detector A is enhanced by the presence of
Unruh radiation, which is similar (opposite) to the case with
the lower (upper) panel of Fig. 9. One also observes this
behavior when detector A is along the finite duration
accelerated trajectory in Eqs. (3) and (4), provided one
chooses a large enough duration of uniform acceleration
determined by τ0 (see the F2 and F10 plots). For smaller
values of τ0, the negativity and mutual information do not
exhibit distinct peaks but rather form a single continuous
distribution.
In the case of fΩ; a; τg ¼ f0.3; :14; 100g the dynamics

are neither completely positive nor CP divisible [see bottom
left plot of Fig. 4 and the third plot (F3) in Fig. 5].
Interestingly, the form of negativity in this case is similar to
that for fΩ; a; τg ¼ f:07; :14; 100g where the dynamics
remain completely positive as well as CP divisible through-
out the time interval during which entanglement is har-
vested [compare fourth (F4), fifth (F5), and sixth (F6) plots
of Fig. 10]. The remaining difference in the widths and
magnitudes of negativity peaks can be attributed to
differences in acceleration and frequency parameters.
Additionally, we observe that all plots are smooth, and
the presence of non-Markovianity does not cause any
abrupt changes in the entanglement measure, in contrast
to what is observed in the Fisher information and the
transition rate plots.
The entanglement, as well as the total correlation, falls

rapidly for high acceleration. However, the seventh (F7),
eighth (F8), and last three panels of Fig. 10 (F10, F11, F12)

demonstrate that the entanglement, as well as the total
correlation, returns smoothly to its initial value shortly once
the detector resumes inertial motion. It does not suffer any
abrupt change, and the total correlation is symmetric about
the origin, which is in contrast with the transition rate
displayed in Fig. 4.

2. Keeping both UDWs accelerated (A-A)

We next consider both UDW detectors A and B along
finite duration accelerated trajectories, with detector A
following Eqs. (3) and (4), while detector B is additionally
spatially shifted by a parameter δ1. More specifically, we
have ðtA; xAÞ ¼ ðtðτÞ; xðτÞÞ and ðtB;xBÞ¼ðtðτÞ;xðτÞþδ1Þ.
Both detectors are switched on with Gaussian switching,
with the peak for detector B delayed by a parameter δs. The
results are shown in plots of Fig. 11.
We observe a single continuum of mutual information

from Fig. 11, characterized by two peaks, one of which is
greatly diminished, in comparison to the other. At high
frequencies, however, only one peak is observed. One can
understand this phenomenon as high-energy gap detectors
not being sensitive to small changes in their trajectory.
Interchanging the ordering of detectors A and B by
appropriately setting the value of δ1 also interchanges
the diminished peak. This is expected as δ1 determines
the relative position of the detector with a delayed peak in
its Gaussian switching with respect to the other detector.
Moreover, at high acceleration, the detectors separate
rapidly during the delay time δs, further suppressing
correlation. This contrasts with the findings in the previous
Section, where the mutual information exhibited either two
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FIG. 11. Plots showing mutual information obtained from the entanglement harvesting protocol discussed in Subsection V B 2.
Dashed lines represent both detectors undergoing the variable acceleration trajectory, whereas solid lines indicate eternal uniform
acceleration. The parameters are in units of σ ¼ 1.
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almost equivalent height peaks or a single peak, depending
on the ordering of detectors.
The first (F1) and second (F2) plots indicate that the

magnitude of the total correlation also decreases as fre-
quency (energy gap) increases. Further, from the first (F1)
and third (F3) plots, we find that, for a fixed frequency, an
increase in acceleration increases the peak of mutual
information while decreasing its width. This suggests that
the increase in Unruh radiation raises the maximum value
of the total correlation observed.
We further observe that the plots are asymmetric about the

origin, which tends to become symmetric at high frequencies
and acceleration. This is consistent with the previous
Subsection, where the peaks shifted closer to the origin
with an increase in acceleration. The fifth (F5) and sixth (F6)
plots demonstrate that similar behavior occurs when both
detectors follow eternal uniformly accelerated trajectories,
spatially separated by parameter δ1. Since the eternally
accelerated detectors discussed above are Markovian for
all frequencies, this confirms that this property at high
frequencies is not a consequence of non-Markovianity.
In the literature, non-Markovian environments are

known to produce revivals or oscillations in entanglement
when two systems are already entangled and subsequently
evolve under open-system dynamics [33,72,73]. Moreover,
non-Markovian effects are also found to significantly affect
the dynamics of initially factorized states when reservoir-
mediated interactions between the qubits give rise to the
generation of entanglement [72]. The UDW detectors
discussed above are initially uncorrelated, and their corre-
lations are generated perturbatively via the intrinsic entan-
glement of the quantum field. It is therefore natural to ask
whether memory effects in the field could similarly
influence the correlations harvested between the detectors.
The entanglement measures in Eqs. (47)–(49) are fully

determined by the coefficients LAA, LBB, andM, which are
computed perturbatively from the field’s two-point corre-
lation functions and are used in an entanglement harvesting
protocol. This is qualitatively different from the scenarios
with long time setups, where non-Markovian effects are
known to strongly influence entanglement dynamics. In
those cases, the entanglement measures are evaluated along
the dynamical evolution and inherit the temporal features
induced by the memory kernel. In particular, non-
Markovianity manifests through deviations from exponen-
tial decay, oscillatory behavior, and revivals of coherences
and populations, which directly translate into correspond-
ing features in the time dependence of entanglement. In
contrast, the entanglement harvesting involves short-time
interactions effectively. The correlations are generated
perturbatively at leading order, due to the field’s intrinsic
entanglement, and the final two-detector state is con-
structed directly from integrated field correlators. The
negativity obtained above is controlled by the competition
between the nonlocal correlation term M and the local

excitation probabilities LAA and LBB, which are given by
double integrals over the full switching functions and
trajectories. Consequently, the correlation measures used
need not necessarily encode the detailed time-local features
of the detector dynamics. While the same Wightman
function underlies both the detector dynamics and the
harvesting protocol, the latter effectively probes its cumu-
lative effect over the interaction duration, thereby sup-
pressing sensitivity to the temporal structures responsible
for the non-Markovian behavior. As a result, we do not see
the effect of the presence of the memory effects in the
negativity and mutual information obtained by the entan-
glement harvesting protocol discussed above.

C. Keeping both UDWs inertial in front of a moving
mirror (II)

Moving mirror models can provide a useful analog
system for the finite-time horizons discussed above, where
the effective horizon exists only for a finite interval and
disappears once the acceleration ends. In these models, a
quantum field in flat spacetime interacts with a perfectly
reflecting boundary whose trajectory is time-dependent,
leading to particle creation. Early works like [74–76]
showed that accelerated mirrors radiate particles in a
manner analogous to Hawking radiation from black holes,
establishing the moving mirror as a simple laboratory for
studying quantum field theory in the presence of horizons.
Subsequent studies developed mirror trajectories that
mimic aspects of gravitational collapse and evaporation,
including trajectories that produce finite bursts of radiation
or approach asymptotically inertial motion after a period of
acceleration [77–81]. In such constructions, the mirror may
form a horizon at a finite time and emit a finite amount of
radiation before the acceleration ceases, providing a flat-
spacetime analog of black hole formation and evaporation
with transient horizons and finite energy emission.
The entanglement harvested discussed in the preceding

Subsection depends upon the relative motion of the two
detectors as well as the number of spacetime dimensions.
To clarify the effects of the energy flux of the Unruh
radiation and see if the conclusion drawn in the previous
Section depends upon the relative motion or the (3þ 1)
dimensionality, in this Section, we consider both detectors
to be inertial with the same velocity and keep them in front
of a moving mirror in (1þ 1) dimensional Minkowski
space. We first consider the mirror to follow a trajectory as
described by the following ray tracing function, since it
gives a time-varying flux of radiation that becomes negative
for some time and it also models black hole evaporation
very nicely [77],

pðuÞ ¼ −β ln ð1þ e−u=βÞ þ β ln ð1þ eðu−u0Þ=βÞ; ð53Þ

where β > 0; u0 > 0. The above represents a trajectory
with a kinklike shape, that is, it becomes inertial in the far
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past and far future (see Fig. 12). The expectation value of
the energy flux is positive and constant over a range, apart
from a dip with a negative value (see Fig. 12 and [82]).
Symmetries of Minkowski spacetime allow us to work in
the rest frame of detectors. Therefore, the trajectories of
detectors are taken to be

xAðτÞ ¼ xA; tAðτÞ ¼ τA; ð54Þ

xBðτÞ ¼ xB; tBðτÞ ¼ τB: ð55Þ

The Wightman bidistribution of a massless scalar field in
(1þ 1) dimensions, in the presence of a mirror with a
Dirichlet boundary condition, is given by [46]

Wðx;x0Þ ¼−
1

4π
ln

�ðϵþ iðpðuÞ−pðu0ÞÞÞðϵþ iðv−v0ÞÞ
ðϵþ iðpðuÞ−v0ÞÞðϵþ iðv−pðu0ÞÞÞ

�
:

ð56Þ

It should be noted that there is no IR ambiguity in the above
Wightman bidistribution due to the Dirichlet boundary
condition on the mirror [83]. We repeat the protocol
outlined in the previous Section, now using the Gaussian
switching function with compact support for static detec-
tors with the above Wightman bidistribution, Eq. (56). The
corresponding results are presented in Fig. 13. The peak of
Gaussian switching function for detector B is set to
τB0 ¼ τA0 − ðrB − rAÞ − δ, where δ is chosen to minimize
the communication estimator defined in Eq. (46).
It can be observed from Fig. 13 that the harvested

negativity returns to its initial value, up to a slight shift in
some cases, sometime after the mirror resumes inertial
motion. This shift is attributed to the differing locations of

the boundary in the distant past and distant future. It is more
pronounced when both detectors are close to the mirror.
Furthermore, it is notable that the negativity between the
two detectors shows a reverse trend compared to the
expectation value of the energy flux emanating from the
mirror, as depicted in Fig. 12. Since the relative velocity
between detectors is zero and we have minimized the
contribution from signaling, this observation indicates that
the positive energy flux is destroying the entanglement
while the negative energy flux enhances it. This trend
contrasts with the behavior of holographic entanglement
entropy displayed in Fig. 6 of [82], which follows a
trend similar to the energy flux. The peak of negativity
occurs at the same value of τA0 − xA if the separation
between two detectors, xA − xB is the same. However,
the peak of negativity is shifted from the minima of the
energy flux from the mirror. This can be attributed to
the time delay between the Gaussian peaks of the
switching functions of both detectors. One can shift
the peak by changing the separation between detectors
or the delay parameter δ.
In the preceding paragraph, we discussed the effect of a

variable energy flux. To examine the case where energy
flux has a zero expectation value, we consider a mirror
moving along a trajectory that corresponds to the boundary
analogous to the boundary experienced by a Rindler
observer, which is closer to the energy flux experienced
in the previous Section. The ray tracing function is given by

pðuÞ ¼ −α2

u
: ð57Þ

We repeat the entanglement harvesting protocol outlined
earlier in this Section with the ray tracing function
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FIG. 12. Red colored curve in the left panel shows the kink trajectory defined in Eq. (53), with β ¼ :2 and u0 ¼ 4, while the right panel
shows the flux of radiation observed. Here, C represents the central charge of the underlying CFT, and the minimum of Tuu occurs at
u0=2 ¼ 2. The black dashed lines in the left panel denote light rays, and the red curves look overlapping the light rays where dx=dt is
close to −1, but the motion of the mirror remains timelike everywhere.
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Eq. (57) and display the results in the lower panel of
Fig. 13. It can be seen from the bottom panel of Fig. 13
that we get two peaks, analogous to the negativity plot
for an eternal Rindler in the previous Section [see the
first plot (F1) of Fig. 9]. In the present case, the relative
velocity between detectors is zero, and therefore, this
effect is due to the radiation from the mirror. The peaks
are located at the same τA0 − xA for a fixed xA − xB and
the delay parameter δ. However, the magnitude of
negativity depends upon all three parameters α, δ and
(xA − xB). For a constant xA − xB and δ the negativity
decreases with decreasing α. Since the proper accel-
eration is characterized by the inverse of α, this
observation implies that the negativity is inversely
related to the acceleration parameter in this region of
parameter space, which is consistent with the first plot
of Fig. 9. Therefore, this analysis confirms that the
results of the previous Sections are not merely a
kinematic effect. Similar behavior is reproduced even
with a mirror following a trajectory that yields a zero
expectation value for the energy flux and using two
inertial detectors with zero relative velocity.

VI. DISCUSSION

To study the effects of a finite duration horizon, we
introduced a trajectory in Minkowski spacetime that under-
goes uniform acceleration for a finite interval, remaining
almost inertial in the asymptotic past and future. We
demonstrated that this trajectory reduces to the Rindler
trajectory in an appropriate limit and showed that the local
temperature, as computed using the thermal time hypoth-
esis, reproduces the expected Unruh-Davies temperature in
the same limit. Furthermore, the Bogolyubov-Fock space
calculations yield the thermality within the limit of the
eternal Rindler trajectory. However, in contrast with the
eternal Rindler, for a finite duration of proper acceleration
τ0 and a finite proper acceleration a, the expectation value
of the number operator, hNΩi, is finite for Ω > 0. To
explore what an observer localized in spacetime observes,
we take a UDW detector along this trajectory within the
open quantum system framework. The results are summa-
rized below.
The transition rate of the detector is shown to match that

of an eternally uniformly accelerating detector over a
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FIG. 13. Top panels of the above plots display the negativity obtained by two inertial detectors in front of a moving mirror, with the
ray-tracing function given in Eq. (53), while the bottom panels show the results for a mirror following the ray-tracing function defined in
Eq. (57). The parameters are in units of σ ¼ 1.
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specific time interval, which depends not only on the
magnitude and duration of acceleration (a and τ0), but also
depends upon the detector’s frequency. At high frequen-
cies, the transition rate can become negative well before the
trajectory transitions smoothly from the accelerated phase
to the inertial one. As a result, the onset of CP divisibility
violation depends upon all three parameters: frequency,
acceleration, and the duration of the uniform acceleration.
For a specific class of trajectories, we highlight a simple
condition in both lower and higher frequencies that
determines the frequency range in which CP divisibility
is violated for a given acceleration. Further, we observe
numerically that the dynamics is not completely positive
for ω⪆a=2. Therefore, we conclude that there is a backflow
of information and the memory effect due to the finite
lifetime of the local horizon. This contrasts with the case of
a pointlike UDW detector following a Rindler trajectory: if
the coupling is small and the detector is switched on in the
far past, there is no memory effect, as the detector under-
goes uniform acceleration for all time.
Fisher information flow is also employed to quantify the

memory effect. We find a positive Fisher information flow
when time is treated as the nonobservable parameter,
particularly near the transition from the accelerated to
the inertial phase, signaling the onset of non-Markovian
behavior. However, when the duration of nearly uniform
acceleration is taken as the nonobservable parameter, we
get a positive Fisher information flow around both tran-
sitions: from inertial to accelerated motion and from
accelerated to inertial motion. Furthermore, when analyzed
with the duration of almost uniform acceleration as the
nonobservable parameter, the peaks in the Fisher informa-
tion shift to the right (toward later times) and diminish in
magnitude as the frequency ω increases. This behavior
suggests that at higher frequencies, the detector response
becomes more sensitive to changes in the duration of
acceleration during the decelerating phase, whereas at
lower frequencies, it is more sensitive during the accel-
erating phase. This differential sensitivity provides further
evidence of the memory imprint left by the finite lifetime of
acceleration on the detector dynamics.
The dependence of the above conclusions on the detailed

functional form used to smooth the finite duration accel-
erated trajectory can be understood from the structure of the
detector transition rate in the long-interaction regime.
When the detector operates well inside the interaction
window, the switching function χðτ − sÞ ≃ 1 for the values
of s that dominate the integral, the switching effectively
drops out, and the rate is governed by the pullback of the
regularized Wightman function along the worldline. Hence,
changing the smoothing amounts to changing the nonsta-
tionary proper-time correlations encoded in Wðτ; τ − sÞ.
For an eternally uniformly accelerated trajectory,
Wðτ; τ − sÞ is translation invariant in τ, which yields the
time-independent non-negative Planckian rate in Eq. (33).

For finite-duration acceleration, however, stationarity is
necessarily broken in the onset/termination regions where
g0ðτÞ ≠ 0, and the effect of smoothing enters through the
derivatives of the proper acceleration. This is made explicit
by the adiabatic expansion used in Eq. (34): the leading
term depends only on gðτÞ, while the first nonthermal
correction is proportional to g0ðτÞ [higher corrections
involve g00ðτÞ, etc.].
In particular, in the high-frequency regime the asymp-

totics in Eq. (37) shows that the sign of the trajectory-
induced correction is controlled by gðτÞg0ðτÞ, so that
negative rates [and hence temporary violation of CP
divisibility through Eq. (24)] arise generically during
decelerating phases [g0ðτÞ < 0]. Different smoothings
therefore modify quantitative details [the magnitude and
duration of the negative-rate window through the size and
shape of g0ðτÞ; g00ðτÞ;…], but the qualitative conclusion,
namely that non-Markovianity originates from the finite-
time nonstationarity of the acceleration segment rather
than from the specific choice of smoothing, is robust as
long as the trajectory contains a finite-duration uniform-
acceleration plateau joined smoothly to inertial motion.
To further understand the role of information backflow

and the memory effect caused by the finite duration of
acceleration, we perform the entanglement harvesting using
two UDW detectors, prepared initially in an unentangled
state. The entanglement measures obtained from the
entanglement harvesting protocol with a detector along
the finite duration accelerated trajectory and a second
detector along an inertial trajectory are found to match,
with the scenario using one UDW detector along an inertial
trajectory and the other along an eternally accelerated
trajectory, during the period of uniform acceleration.
Interestingly, while the transition rate is sensitive to the
sign of the time derivative of the proper acceleration and
exhibits asymmetry, the total correlation is symmetric about
τ ¼ 0. Despite the abrupt variations in Fisher information
and the violation of CP divisibility, the total correlation and
negativity are smooth, except for a little deviation observed
at high acceleration. After the acceleration duration, neg-
ativity and mutual information return to their original value
smoothly. Furthermore, the form of entanglement harvested
is found to be independent of whether the dynamics are
Markovian or non-Markovian.We verify this result using all
three combinations, namely: (i) one UDW detector follows
a finite-duration accelerated trajectory while the other
remains inertial; (ii) both detectors follow finite-duration
accelerated trajectories; and (iii) both detectors remain
inertial in front of a moving mirror (as will be discussed
in the next paragraph). In all cases, the results are found to
be consistent, highlighting the robustness of entanglement
harvesting to the presence or absence of CP-divisibility and
memory effects in the detector dynamics.
The effects discussed above could, in principle, be purely

kinematical. To isolate the role of the radiation, we consider
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two comoving inertial detectors placed in front of a moving
mirror. The entanglement harvested using two inertial
detectors with zero relative velocity, kept in front of a
mirror moving along a kink trajectory, is found to be
inversely correlated with the energy flux of radiation. This
suggests that the entanglement is being destroyed by the
positive energy flux of radiation. Therefore, the enhance-
ment of entanglement may be either a kinematic effect or
due to the negative energy flux. In our case, since the
relative velocity between detectors is zero, the enhancement
is due to the negative flux. Furthermore, as the mirror
asymptotes to an inertial trajectory, we find that the
negativity smoothly returns to its initial value, mirroring
the behavior seen in the finite acceleration detector trajec-
tories. Repeating the entanglement harvesting protocol
discussed above with two inertial detectors in the presence
of the mirror along the eternal Rindler trajectory yields
negativity plots similar to the case of keeping one detector
along the eternal Rindler trajectory while the other is at rest.
In particular, the peak values of negativity decrease with the
increase in the acceleration of the mirror, which is con-
sistent with the inertial detector positioned on the right side
of the horizon experienced by the accelerated UDW. This
suggests that the results of Sec. V B are not merely a
kinematic effect. The expectation value of energy flux from
the mirror is zero in this case, yet the negativity is
enhanced. This suggests that radiation with the vanishing
expectation value of energy flux can lead to entanglement
generation.
Indeed, we focused on a specific example of a trajectory

in Minkowski spacetime that exhibits a Rindler-like

horizon for a finite duration. While this serves as a toy
model, it offers valuable insights into the effects arising
from the finite duration of acceleration, many of which are
expected to extend to more general classes of trajectories.
Importantly, introducing a finite-time horizon in a curved
spacetime can lead to additional phenomena, particularly
due to the influence of spacetime curvature on entangle-
ment structure. Furthermore, one could extend the analysis
by considering fields other than the real massless scalar
field, such as massive or spinor fields. We leave these
generalizations and broader implications for future
investigation.
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APPENDIX A: GETTING THE RINDLER
TRAJECTORY

In this Appendix, we present the limit that makes the
variable acceleration trajectory defined in Eqs. (3) and (4) a
uniformly accelerating trajectory defined in Eqs. (6) and
(7). One can rewrite Eq. (3) as

xðτÞ ¼ sinh ðaτ0=2Þ
a

�
ln

�
eaðτ−τ0=2Þ=2 þ e−aðτ−τ0=2Þ=2

2

�
þ ln

�
eaðτþτ0=2Þ=2 þ e−aðτþτ0=2Þ=2

2

��
− C

¼ sinh ðaτ0=2Þ
a

ðln ð1þ eaðτ−τ0=2ÞÞ þ ln ð1þ e−aðτþτ0Þ=2ÞÞ þ aτ0=2 − 2 ln 2Þ − C:

In the limit aðjτj − τ0=2Þ → −∞, one can take only the first term in expansion ln 1þ x ¼ x − x2=2þ ::… and write the
above expression as follows.

xðτÞ ≈ sinh ðaτ0=2Þ
a

ðeaðτ−τ0=2Þ þ e−aðτþτ0=2Þ þ aτ0=2 − 2 ln 2Þ − C

¼ 2 sinh ðaτ0=2Þ
a

ðe−aτ0=2 cosh aτ þ aτ0=4 − ln 2Þ − C

≈
1

a
cosh aτ þ 2 sinh ðaτ0=2Þ

a

�
aτ0
4

− ln 2

�
− C

¼ 1

a
cosh aτ:

Similarly,
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tðτÞ ¼ τ cosh ðaτ0=2Þ þ
sinh ðaτ0=2Þ

a

�
ln

�
eaðτ−τ0=2Þ=2 þ e−aðτ−τ0=2Þ=2

2

�
− ln

�
eaðτþτ0=2Þ=2 þ e−aðτþτ0=2Þ=2

2

��

¼ τ cosh ðaτ0=2Þ þ
sinh ðaτ0=2Þ

a
ðln ð1þ eaðτ−τ0=2ÞÞ − ln ð1þ e−aðτþτ0=2ÞÞ − aτÞ

≈ τ cosh ðaτ0=2Þ − τ sinh ðaτ0=2Þ þ
sinh ðaτ0=2Þ

a
ðeaðτ−τ0=2Þ − e−aðτþτ0=2ÞÞ

¼ τe−aτ0=2 þ 2 sinh ðaτ0=2Þ
a

ðe−aτ0=2 sinh aτÞ

≈
1

a
sinh aτ

where aðjτj − τ0=2Þ → −∞ has been assumed.

APPENDIX B: BOGOLYUBOV
TRANSFORMATION

In this Appendix, we present the intermediate steps for
calculating the Bogolyubov coefficients. The Minkowski
line element corresponding to coordinates fη; ξg Eqs. (8)
and (9) is given by

ds2 ¼ ðcosh ðaτ0=2Þ − sinh ðaτ0=2Þ
× tanh ðaðη − ξþ τ0=2Þ=2ÞÞðcosh ðaτ0=2Þ
þ sinh ðaτ0=2Þ tanh ðaðηþ ξ − τ0=2Þ=2ÞÞ
× ðdη2 − dξ2Þ: ðB1Þ

Due to its conformal nature, the solution of the KG
equation can be expanded in terms of plane wave modes,
as shown in Eq. (12). Let n0 be normal to the Cauchy
surface at t ¼ 0, and h be the determinant of the reduced

metric. Using the above (1þ 1) dimensional metric,
defined in Eq. (B1), it can be easily shown that
n0

ffiffiffi
h

p ¼ 1. Therefore, one can perform scalar products
in the same manner as inertial coordinates. The
Bogolyubov coefficients can be obtained using the scalar
product on a t ¼ constant surface. However, there is also an
easier way to use the Fourier transform. Since plane wave
modes are complete in both coordinate systems, the inertial
positive frequency modes can be expressed in terms of the
modes of the new coordinates using Bogolyubov coeffi-
cients as

1ffiffiffiffi
ω

p e−iωu ¼
Z

∞

0

dΩffiffiffiffi
Ω

p ðαΩωe−iΩμ − β�Ωωe
iΩμÞ; ðB2Þ

where μ ¼ η − ξ and u ¼ t − x are the null coordinates.
Using

Rþ∞
−∞ eiðΩ−Ω0Þηdμ ¼ 2πδðΩ −Ω0Þ one gets the follow-

ing Bogolyubov coefficient.

2π

ffiffiffiffi
ω

Ω

r
βΩω ¼

Z þ∞

−∞
eiðωuþΩμÞdμ ¼ eiωC

Z þ∞

−∞
ei
	
i2ω
a ðaμ cosh ðaτ0=2Þ=2−sinh ðaτ0=2Þ ln cosh ðaμ=2þaτ0=4ÞÞþiΩμ



dμ

¼ eiωC
Z þ∞

−∞
eiðω cosh aτ0=2þΩÞμðcosh ðaμ=2þ aτ0=4ÞÞ−

i2ω sinh aτ0=2
a dμ

¼ 2
i2ω sinh ðaτ0=2Þ

a e
−iωτ0 sin haτ0=2

2
þiωC

Z þ∞

−∞
eiðωe−aτ0=2þΩÞμð1þ eð−aμ−aτ0=2ÞÞ−i2ω sinhaτ0=2

a dμ:

By making a change of variable p ¼ e−aμ−aτ0=2 and using the integral identity
R
∞
0 pl−1ð1þ pÞ−m−ldp ¼ βðl; mÞ along with

the relation ΓðiyÞΓð−iyÞ ¼ π
y sinhðπyÞ, we obtain the following:

βΩω ¼ ω sinh ðaτ0=2Þ
π2a2

ffiffiffiffi
Ω
ω

r
2i

2ω
a sinh ðaτ0=2Þe−i

ωτ0
2
ðcosh ðaτ0=2ÞÞ−iΩτ0=2þiωCΓ

�
−i

2ω

a
sinh ðaτ0=2Þ

�
Γ
�
−
i
a
ðωe−aτ0=2 þ ΩÞ

�
; ðB3Þ
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Γ
�
i2ω
a

sinh ðaτ0=2Þ þ
i
a
ðωe−aτ0=2 þ ΩÞ

�
sinh

�
2πω

a
sinh aτ0=2

�

⇒ jβΩωj2 ¼
Ω sinh aτ0=2

2πa

sinh
�

2πω
a sinh ðaτ0=2Þ

�

ðωe−aτ0=2 þΩÞ sinh
�

πðωe−aτ0=2þΩÞ
a

�
ðωeaτ0=2 þΩÞ sinh

�
π ωeaτ0=2þΩ

a

� : ðB4Þ

One can obtain αΩω by using a similar calculation as that of βΩω. The substitution of Eq. (B4) in hNΩi ¼
R∞
0 dωjβΩωj2

gives,

hNΩi ¼
Ω sinh ðaτ0=2Þ

2πa

Z
∞

0

dω
sinh

�
2πω
a sinh ðaτ0=2Þ

�

ðωe−aτ0=2 þΩÞðωeaτ0=2 þΩÞ sinh
�

πðωe−aτ0=2þΩÞ
a

�
sinh

�
π ωeaτ0þΩ

a

�

¼ Ω sinh ðaτ0=2Þ
2πa

Z
∞

0

dω
cosh

�
π
a ðωe−aτ0=2 þΩÞ

�

ðωe−aτ0=2 þΩÞðωeaτ0=2 þΩÞ sinh
�
πðωe−aτ0=2þΩÞ

a

�

−
Ω sinh ðaτ0=2Þ

2πa

Z
∞

0

dω
cosh

�
π
a ðωeaτ0=2 þΩÞ

�

ðωe−aτ0=2 þ ΩÞðωeaτ0=2 þ ΩÞ sinh
�
πðωeaτ0=2þΩÞ

a

� : ðB5Þ

Using the following two identities, Eqs. (B6) and (B7), in Eq. (B5) we get the number expectation value expression given
in Eq. (16).

1. Identity 1

Z
∞

c
dx

ex

xðaxþ bÞðex − e−xÞ ¼
Z

∞

c
dx

1

xðaxþ bÞð1 − e−2xÞ
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