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We investigate quantum field excitations in a rigid cavity that undergoes a transition from inertial motion
to uniform acceleration while maintaining constant proper length. By constructing exact Bogoliubov
transformations between inertial and accelerated mode bases, we analyze the induced excitations and
identify a universal power-law decay in the excitation power spectrum and an alternating pattern in particle
production. The spectrum’s dependence solely on the acceleration, and not on the size of the box or the
observer’s position, highlights a kinematic universality akin to that seen in horizon thermodynamics.
Generalization to time-dependent accelerations reveals a convolution structure for the Bogoliubov
coefficients, with resonant oscillations selectively enhancing mode excitations. These results provide
new analytical insights into the interplay between acceleration, confinement, and quantum excitations.
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I. INTRODUCTION

Quantum field theory in curved spacetime (QFTCS)
provides a consistent framework for studying quantum
fields in the presence of classical gravitational or non-
inertial backgrounds. In contrast to quantum gravity, the
spacetime metric in QFTCS is treated as a fixed, classical
entity while the matter fields are quantized. This semi-
classical approach has yielded some of the most profound
results in theoretical physics, including Hawking radiation
[1] and the Unruh effect [2], both of which demonstrate that
the concept of vacuum is observer dependent. These results
have fundamentally altered our understanding of quantum
fields and their interaction with spacetime geometry, with
implications ranging from black hole thermodynamics to
the generation of cosmological perturbations [3,4].
The Unruh effect predicts that an observer undergoing

uniform acceleration perceives the Minkowski vacuum as a
thermal bath, with a temperature proportional to the
acceleration. This observer-dependent notion of particles
reflects the noninvariance of vacuum states under general
coordinate transformations. A closely related phenomenon
is Hawking radiation, where particle creation arises near
black hole horizons due to the causal structure of space-
time. Both effects exemplify how acceleration or curvature
can mix positive and negative frequency modes, leading to
observable particle creation.
Another closely related manifestation of vacuum fluc-

tuations is the Casimir effect, first predicted by Casimir in
1948 [5], where static boundaries alter the vacuum energy,

resulting in a measurable force. Its time-dependent exten-
sion, the dynamical Casimir effect (DCE), involves particle
production caused by nonstationary boundary conditions.
Moore’s seminal work [6] demonstrated that a moving
mirror in a one-dimensional cavity can convert vacuum
fluctuations into real particles. While the Unruh effect
attributes such excitations to noninertial motion of the
observer, the DCE attributes them to the dynamical
evolution of the boundaries themselves.
The theoretical development of the DCE spans several

decades. Initial analyses considered scalar fields in
(1þ 1)-dimensional spacetime with a single accelerated
mirror [7,8], followed by studies of fields confined between
two moving mirrors, particularly under periodic boundary
motion [9,10]. The framework was later extended to
higher-dimensional spacetimes [11], to spinor and vector
fields [12,13], and to curved backgrounds [14]. Further
generalizations include partially reflective boundaries
[15,16], quantized boundary motion [17], and stochastic
trajectories [18]. This effect has since been extensively
studied, both theoretically and experimentally [19,20].
These studies collectively establish the DCE as a robust
phenomenon arising from the coupling between geometry
and quantum vacuum fluctuations.
Several theoretical works have highlighted deep corre-

spondences between acceleration-induced and boundary-
induced particle creation. Nikishov and Ritus [21] showed
that the spectrum of radiation emitted by an accelerated
mirror in (1þ 1) dimensions is identical to that produced
by an accelerating charge in (3þ 1) dimensions. Ritus
further extended this correspondence to spinor fields [22].
Mendonça et al. [23] demonstrated that photon creation
inside a vibrating cavity is equivalent to time refraction and
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closely related to the Unruh effect in free space. These
connections underscore the unifying role of acceleration
and time-dependent boundary conditions in quantum field
excitation.
On the experimental side, the DCE was first observed

unambiguously by Wilson et al. [24] in a superconducting
coplanar waveguide, and subsequently by Lähteenmäki
et al. [25] in a Josephson metamaterial. More recent
proposals include the use of atoms in accelerated cavities
[26], circuit-QED analogs with tunable boundary condi-
tions [27], hybrid optomechanical platforms [28], nano-
photonic configurations [29], and dispersion-engineered
optical fibers [30]. Notably, Vezzoli et al. reported photon-
pair creation from vacuum fluctuations through periodic
modulation of the refractive index, establishing an optical
analog of the DCE. Numerical simulations of moving-
mirror setups [31] further reinforce the theoretical and
experimental feasibility of detecting such effects.
Most discussions of the DCE involve cavities whose

physical length changes in time. However, several studies
have examined particle creation in noninertial cavities of
fixed proper length, allowing direct comparison between
inertial and accelerated frames without the additional
complexity of boundary motion. Sorge [32] analyzed a
cavity subjected to a short acceleration burst, while Levin
[33] studied detector response in accelerated cavities. Boyer
[34] contrasted classical zero-point radiation with quantum
field theory predictions in noninertial frames. Related
analyses have explored entanglement degradation in non-
inertial motion [35,36], mode mixing in accelerated cavities
[37–39], and cosmological analogs [40,41]. In the limit of
small cavity acceleration, the behavior of different types of
quantum fields in a cavity with fixed dimensions has been
explored in depth, with the development of a “small
acceleration formalism” [37,42,43]. These studies empha-
size the fundamental interplay between confinement, accel-
eration, and observer dependence in quantum field theory.
In this work, we consider a massless scalar field in

(1þ 1)-dimensional Minkowski spacetime, confined within
a box of constant proper length. The box is initially inertial
and then undergoes a sudden transition to uniform accel-
eration while maintaining its proper size. This configuration
enables a controlled analysis of acceleration-induced exci-
tations without introducing geometric distortions due to
changing boundary separation. The setup thus provides a
direct bridge between the Unruh and dynamical Casimir
frameworks.
We employ Bogoliubov transformations to relate the

field modes before and after the transition. These trans-
formations encapsulate the mixing between positive and
negative frequency components and quantify particle cre-
ation. Similar methods have previously been employed to
study entropy production [44], information scrambling
[45], entanglement degradation [37], and mode mixing in
accelerated cavities [46]. We extend these analyses to obtain

exact and approximate expressions for the Bogoliubov
coefficients relevant to our configuration.
The novelty of the present work lies in the exact

treatment of a single transition from inertial to accelerated
motion while preserving the cavity’s proper length. In
contrast to previous approaches that consider arbitrary
mirror trajectories within a single reference frame, we
describe the field in coordinate systems naturally adapted
to each regime. Where possible, we obtain closed-form
expressions for the Bogoliubov coefficients, allowing a
detailed characterization of the excitation spectrum and its
asymptotic behavior.
Section II introduces the coordinate systems and

describes the physical setup. We present the mode expan-
sions for both inertial and accelerated regimes and impose
continuity and differentiability conditions to match the fields
across the transition. Section III derives integral expressions
for the Bogoliubov coefficients, evaluates them exactly
using special functions and computes the excitation spec-
trum as a sum over the squares of the Bogoliubov
β coefficients. Section IV focuses on the low-acceleration
limit (aL ≪ c2), deriving first-order expressions and ana-
lyzing mode dependence of the excitation spectrum.
Section V evaluates the exact coefficients for large mode
numbers at arbitrary acceleration, revealing a well-defined
continuum limit. Section VI generalizes the setup to
arbitrary acceleration profiles, obtaining exact integral forms
for the Bogoliubov coefficients and closed-form expressions
to first order in acceleration. Finally, Sec. VII discusses
possible experimental realizations, including noise esti-
mates, detection probabilities, and resonance effects in
oscillating cavities. The implications are discussed in the
last section.
Throughout, we use natural units c ¼ ℏ ¼ 1, except

where explicit units are required. The results presented here
provide analytical insight into acceleration-induced quan-
tum excitations and help clarify the relationship between
Unruh and Casimir-type phenomena within a unified
framework.

II. FIELD IN A RIGID BOX

We consider a (1þ 1)-dimensional flat Minkowski
spacetime in which a massless, real scalar field ϕðx; tÞ is
confined within a rigid box of fixed proper length L. The
field obeys the massless Klein-Gordon equation and
satisfies Dirichlet boundary conditions at the worldlines
of the box boundaries, ensuring that the field amplitude
vanishes at both ends. In the inertial phase, the field admits
a discrete set of normal modes corresponding to standing
waves confined within the box, and the Minkowski vacuum
is defined as the state annihilated by the corresponding
inertial mode annihilation operators.
At a particular instant, the box starts to uniformly

accelerate while preserving its proper length, so that each
point of the box undergoes a motion consistent with Born
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rigidity. The boundaries thus follow uniformly accelerated
trajectories that maintain constant proper separation in
Rindler coordinates. During the accelerated phase, the field
modes are naturally defined with respect to the timelike
Killing vector corresponding to continuous Lorentz boosts
in the Rindler spacetime, leading to a distinct notion of
positive frequency modes. The transition from inertial to
uniformly accelerated motion therefore induces a nontrivial
Bogoliubov transformation between the two complete sets
of modes. Our aim is to analyze the resulting field
excitations and the particle content, particularly the fre-
quency dependence, perceived by an observer comoving
with the rigid box after the onset of acceleration. We begin
by formally defining the quantities relevant for the ana-
lytical calculations.

A. Setup

During the inertial phase, it is convenient to employ
Minkowski coordinates ðT; XÞ, in which the box remains at
rest. We choose the left edge of the box to be located at
X ¼ 0, and define T ¼ 0 as the instant at which the box
begins to accelerate. The worldlines of the box edges in
Minkowski coordinates are illustrated in Fig. 1.
Once the box begins to accelerate, it is natural to switch

to Rindler coordinates ðt; xÞ, which are adapted to uni-
formly accelerated observers. We define t ¼ 0 to coincide
with the onset of acceleration. The left edge of the box is
chosen to lie at x ¼ 0 in these coordinates. If the proper
acceleration of the left edge is a, the transformation

between Minkowski and Rindler coordinates is given by

T ¼ 1

a
eax sinhðatÞ; ð1Þ

X ¼ 1

a
eax coshðatÞ − 1

a
: ð2Þ

Since the box maintains a constant proper length L, its
right edge must also follow a trajectory of constant x in
Rindler coordinates. To determine the Rindler coordinate
x ¼ l corresponding to the right edge, we compare the
positions of both edges at the transition point T ¼ t ¼ 0. At
this instant, the Minkowski position of the right edge is
X ¼ L, and using Eq. (2), we find

l ¼ 1

a
lnð1þ aLÞ: ð3Þ

This setup ensures that the box remains rigid in its
instantaneous rest frame throughout its motion, allowing
us to consistently define field modes and analyze their
evolution across the inertial and accelerated regimes.

B. Mode expansions

We consider a massless, free scalar field ϕ confined
within a one-dimensional box of fixed proper length L. The
field satisfies Dirichlet boundary conditions, vanishing at
both ends of the box. In the inertial regime, it is convenient
to work in Minkowski coordinates ðT; XÞ, where the box is
at rest and the left edge is located at X ¼ 0. The mode
expansion of the field in this frame is given by

ϕinðT; XÞ ¼
X∞
n¼1

1ffiffiffiffiffiffi
nπ

p sin

�
nπ

X
L

�
ðbne−inπTL þ b†neinπ

T
LÞ;

ð4Þ

where bn and b†n denote the annihilation and creation
operators for the nth mode, respectively. The normalization
is chosen such that the canonical equal-time commutation
relations,

½ϕðT; XÞ; ∂TϕðT; X0Þ� ¼ iδðX − X0Þ;

imply the standard algebra for the mode operators,

½bn; b†m� ¼ δnm; ½bn; bm� ¼ ½b†n; b†m� ¼ 0:

Physically, the field configuration corresponds to standing
wave patterns trapped between perfectly reflecting boun-
daries. The discreteness of allowed wave numbers arises
from the confinement, and each normal mode behaves as an
independent harmonic oscillator in the quantized theory.
Once the box begins to accelerate uniformly, it is natural

to adopt Rindler coordinates ðt; xÞ, in which the left edge of
FIG. 1. Worldlines of the left and right edges of the box confining
the field, plotted in Minkowski coordinates ðT; XÞ. The box
transitions from inertial motion to uniform acceleration at T ¼ 0.
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the box is located at x ¼ 0. The metric in these coordinates
is conformally flat, and the equation of motion for the
scalar field retains its form. The field modes defined with
respect to the Rindler time t therefore describe oscillations
as perceived by a comoving accelerated observer. Since the
box maintains constant proper length, the right edge is fixed
at x ¼ l, where l is given by Eq. (3). The boundary
conditions remain Dirichlet, and the mode expansion in
the accelerated frame becomes

ϕacðt; xÞ ¼
X∞
n¼1

1ffiffiffiffiffiffi
nπ

p sin

�
nπ

x
l

�
ðcne−inπtl þ c†neinπ

t
lÞ; ð5Þ

where cn and c
†
n are the annihilation and creation operators

associated with the accelerated modes. As in the inertial
case, these operators satisfy the canonical commutation
relations

½cn; c†m� ¼ δnm; ½cn; cm� ¼ ½c†n; c†m� ¼ 0: ð6Þ

The similarity in structure between Eqs. (4) and (5)
reflects the conformal nature of the Rindler metric in 1þ 1
dimensions and the preservation of boundary conditions
under the transition. Because the notions of positive
frequency in the inertial and accelerated frames are defined
with respect to different timelike Killing vectors, the
associated annihilation and creation operators differ.
Consequently, the field modes in the two frames are related
through a Bogoliubov transformation, which encodes the
redistribution of excitations due to acceleration.

C. Continuity and differentiability conditions

To consistently describe the evolution of the scalar field
across the transition from inertial to accelerated motion at
T ¼ t ¼ 0, we require the field to be both continuous and
differentiable at this instant. These matching conditions
allow us to relate the mode expansions in the inertial and
accelerated regimes, given by Eqs. (4) and (5), respectively.
In particular, they yield expressions for the accelerated
mode operators cn and c†n in terms of the inertial operators
bn and b

†
n, thereby determining the Bogoliubov coefficients

for the system.
Using the coordinate transformation in Eq. (1) and

inverting Eq. (3), we express the inertial field ϕin in terms
of Rindler coordinates ðt; xÞ as

ϕinðt; xÞ ¼
X∞
n¼1

1ffiffiffiffiffiffi
nπ

p sin

�
nπ

eax coshðatÞ − 1

eal − 1

�

× ðbne−inπ
eax sinhðatÞ

eal−1 þ b†ne
inπe

ax sinhðatÞ
eal−1 Þ: ð7Þ

1. Continuity condition

The continuity of the field at t ¼ 0 requires

ϕinð0; xÞ ¼ ϕacð0; xÞ: ð8Þ

Evaluating both sides at t ¼ 0, we obtain

X∞
m¼1

1ffiffiffiffiffiffiffi
mπ

p sin

�
mπ

x
l

�
ðcm þ c†mÞ

¼
X∞
m¼1

1ffiffiffiffiffiffiffi
mπ

p sin

�
mπ

eax − 1

eal − 1

�
ðbm þ b†mÞ: ð9Þ

Multiplying both sides by 1
l sin ðnπ x

lÞ and integrating over
x∈ ½0; l�, we use the orthogonality relationZ

l

0

dx
l
sin

�
nπ

x
l

�
sin

�
mπ

x
l

�
¼ 1

2
δnm ð10Þ

to isolate the nth mode on the left-hand side. This yields

1

2
ðcn þ c†nÞ ¼

X∞
m¼1

Inmðbm þ b†mÞ; ð11Þ

where the overlap integral Inm is defined as

Inm ¼
ffiffiffiffi
n
m

r Z
l

0

dx
l
sin

�
nπ

x
l

�
sin

�
mπ

eax − 1

eal − 1

�
: ð12Þ

Introducing the substitution z ¼ eax−1
a , and recalling that

l ¼ 1
a lnð1þ aLÞ, we can recast the integral as

Inm ¼
ffiffiffiffi
n
m

r
a

lnð1þ aLÞ
Z

L

0

dz
1þ az

sin
�
nπ

lnð1þ azÞ
lnð1þ aLÞ

�

× sin

�
mπ

z
L

�
: ð13Þ

2. Differentiability condition

Next, we impose differentiability of the field at t ¼ 0,
requiring

∂tϕinðt; xÞjt¼0 ¼ ∂tϕacðt; xÞjt¼0: ð14Þ

Evaluating both sides, we obtain

X∞
m¼1

ffiffiffiffi
m
π

r
1

l
sin

�
mπ

x
l

�
ðcm − c†mÞ

¼
X∞
m¼1

ffiffiffiffi
m
π

r
aeax

eal − 1
sin

�
mπ

eax − 1

eal − 1

�
ðbm − b†mÞ: ð15Þ

Multiplying both sides by 1
l sin ðnπ x

lÞ and integrating over
x∈ ½0; l�, as before using the orthogonality relation of
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Eq. (10) to isolate the nth mode on the left-hand side, we
obtain

1

2
ðcn − c†nÞ ¼

X∞
m¼1

Jnmðbm − b†mÞ; ð16Þ

where the coefficient Jnm is given by

Jnm ¼
ffiffiffiffi
m
n

r
al

eal − 1

Z
l

0

dx
l
eax sin

�
nπ

x
l

�

× sin

�
mπ

eax − 1

eal − 1

�
: ð17Þ

Using the same substitution z ¼ eax−1
a , we can rewrite the

integral as

Jnm ¼
ffiffiffiffi
m
n

r
1

L

Z
L

0

dz sin

�
nπ

lnð1þ azÞ
lnð1þ aLÞ

�
sin

�
mπ

z
L

�
:

ð18Þ

Equations (11) and (16) together define the Bogoliubov
transformation relating the inertial and accelerated mode
operators. Both the coefficients Inm and Jnm are dimension-
less and depend only on the dimensionless parameter aL,
which characterizes the strength of acceleration relative to
the box size. They encode how the inertial field modes
decompose in the accelerated basis, with nonvanishing off-
diagonal elements signifying mode coupling induced by
the transition to accelerated motion. This coupling reflects
the fact that the notion of vacuum for an accelerated
observer differs from that of an inertial one, thereby
providing the framework for analyzing field excitations
and particle creation in the subsequent sections.

III. THE BOGOLIUBOV COEFFICIENTS

We now turn to the evaluation of the Bogoliubov
transformation connecting the inertial and accelerated field
modes within the rigid box.
Having established the continuity and differentiability

conditions across the transition at T ¼ t ¼ 0, we can express
the mode operators in the accelerated frame as linear
combinations of those in the inertial frame. Specifically,
the annihilation and creation operators cn and c†n are related
to bn and b†n via the Bogoliubov transformation:

cn ¼
X∞
m¼1

ðαnmbm − βnmb
†
mÞ; ð19Þ

c†n ¼
X∞
m¼1

ðβ�nmbm − α�nmb
†
mÞ: ð20Þ

From the continuity and differentiability conditions
given in Eq. (11) and Eq. (16), we can directly read off

the Bogoliubov coefficients αnm and βnm as

αnm

βnm

�
¼ �Inm þ Jnm; ð21Þ

where Inm and Jnm are the overlap integrals defined in
Eqs. (13) and (18), respectively.
Before combining Inm and Jnm, it is useful to express

them in alternative forms. Consider the integrand in Eq. (13).
A part can be written as a total derivative,

nπ
a

lnð1þ aLÞ
1

1þ az
sin

�
nπ

lnð1þ azÞ
lnð1þ aLÞ

�

¼ −
d
dz

�
cos

�
nπ

lnð1þ azÞ
lnð1þ aLÞ

��
: ð22Þ

This allows us to perform integration by parts on Eq. (13).
The boundary terms vanish, yielding

Inm ¼
ffiffiffiffi
m
n

r
1

L

Z
L

0

dz cos

�
nπ

lnð1þ azÞ
lnð1þ aLÞ

�
cos

�
mπ

z
L

�
:

ð23Þ
This manipulation highlights that the acceleration enters the
overlap integrals through the logarithmic deformation of the
spatial argument, which modifies the phase structure of each
mode. Substituting Eq. (23) and (18) into Eq. (21), we obtain
a compact expression for the Bogoliubov coefficients

αnm

βnm

�
¼ �

ffiffiffiffi
m
n

r
1

L

Z
L

0

dz cos

�
nπ

lnð1þ azÞ
lnð1þ aLÞ ∓ mπ

z
L

�
:

ð24Þ
Alternatively, we may integrate Eq. (18) by parts. Using

mπ
1

L
sin

�
mπ

z
L

�
¼ −

d
dz

�
cos

�
mπ

z
L

��
; ð25Þ

and noting that the boundary terms vanish, we obtain

Jnm ¼
ffiffiffiffi
n
m

r
a

lnð1þ aLÞ
Z

L

0

dz cos
�
nπ

lnð1þ azÞ
lnð1þ aLÞ

�

× cos

�
mπ

z
L

�
: ð26Þ

Combining Eq. (26) with Eq. (13) in Eq. (21) yields an
alternative expression for the Bogoliubov coefficients:

αnm

βnm

�
¼

ffiffiffiffi
n
m

r
a

lnð1þ aLÞ
Z

L

0

dz
1þ az

× cos

�
nπ

lnð1þ azÞ
lnð1þ aLÞ ∓ mπ

z
L

�
: ð27Þ

The two alternative representations, (24) and (27), empha-
size different asymptotic regimes: the former is more
convenient for large n, while the latter simplifies for large
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m, corresponding to high-frequency inertial or accelerated
modes respectively. That they agree has been numerically
checked as well.

A. Proper time dependence

Until now, the coefficients have been evaluated taking
the instant the acceleration begins as the zero of time. To
understand a more general transition occurring at some
specified arbitrary proper time, we next incorporate the
phase dependence explicitly.
It is worth noting that the Bogoliubov coefficients

derived above are real. This is a consequence of our choice
to set T ¼ 0 and t ¼ 0 as the instant the box begins
accelerating. To generalize, let us introduce a proper time
parameter τ associated with the left edge of the box, such
that the transition occurs at τ ¼ τ0. In the inertial regime
(τ ≤ τ0), we have T ¼ τ − τ0, while in the accelerated
regime (τ > τ0), we have t ¼ τ − τ0. The temporal depend-
ence of the nth mode in the inertial frame is given by

bne−i
nπ
L T ¼ bne−i

nπ
L ðτ−τ0Þ;

and similarly, in the accelerated frame,

cne−i
nπ
l t ¼ cne−i

nπ
l ðτ−τ0Þ:

Thus, the appropriate annihilation and creation operators in
each frame are modified by phase factors:

bn → bneinπ
τ0
L ; b†n → b†ne−inπ

τ0
L ;

cn → cneinπ
τ0
l ; c†n → c†ne−inπ

τ0
l :

Accordingly, the Bogoliubov transformation appropriate
for this choice of proper time becomes

αðτ0Þnm ¼ einπ
τ0
l αnme−imπ

τ0
L ; ð28Þ

βðτ0Þnm ¼ einπ
τ0
l αnmeimπ

τ0
L : ð29Þ

These expressions allow us to track the phase evolution
of the modes relative to a general choice of transition time
τ0, and will be useful when considering time-dependent
acceleration profiles.

B. Exact solution in terms of the incomplete
gamma functions

While the integral expressions of Eqs. (24) and (27)
obtained for the Bogoliubov coefficients are compact, they
obscure the analytic structure of the coefficients. To make
this structure explicit and facilitate asymptotic analysis, it is
useful to obtain a closed-form representation.
To proceed, we express the cosine function as the real

part of a complex exponential:

αnm

βnm

�
¼ ℜ

� ffiffiffiffi
n
m

r
a

lnð1þ aLÞ
Z

L

0

dz
1þ az

e−inπ
lnð1þazÞ
lnð1þaLÞe�imπ z

L

�

ð30Þ

¼ ℜ

� ffiffiffiffi
n
m

r
a

lnð1þ aLÞ
Z

L

0

dzð1þ azÞ −inπ
lnð1þaLÞ−1e�imπ z

L

�
ð31Þ

¼ ℜ

� ffiffiffiffi
n
m

r
1

lnð1þ aLÞ
Z

1þaL

1

dww
−inπ

lnð1þaLÞ−1e�imπw−1aL

�
ð32Þ

¼ ℜ

� ffiffiffiffi
n
m

r
1

lnð1þ aLÞ

×
Z ∓imπ=aL∓imπ

∓imπ=aL

�iaL
mπ

dq

��iaL
mπ

q

� −inπ
lnð1þaLÞ−1

e−qe∓imπ
aL

�

ð33Þ

¼ ℜ

� ffiffiffiffi
n
m

r
1

lnð1þ aLÞ
�
∓ i

mπ

aL

� inπ
lnð1þaLÞ

e∓imπ
aL

×
Z ∓imπ=aL∓imπ

∓imπ=aL
dqq−i

nπ
lnð1þaLÞ−1e−q

�
: ð34Þ

Here, we have substituted w ¼ 1þ az and q ¼ mπ
aL w. In

the final form, we identify the integral as the incomplete
gamma function, defined by

γðs; u; vÞ ¼
Z

v

u
dqqs−1e−q: ð35Þ

Using the identity ð∓ iÞi ¼ e�π=2, we obtain a closed-
form expression for the Bogoliubov coefficients:

αnm

βnm

�
¼ ℜ

� ffiffiffiffi
n
m

r
1

lnð1þ aLÞ e
� nπ2

2 lnð1þaLÞei
nπ

lnð1þaLÞ lnðmπ
aLÞe∓imπ

aL

× γ

�
−i

nπ
lnð1þ aLÞ ;∓ i

mπ

aL
;∓ i

mπ

aL
∓ imπ

��
:

ð36Þ

The agreement of this equation with Eq. (27) has been
numerically checked as well.
It is noteworthy to recast this expression in terms of the

mode frequencies. The frequency of the nth mode in the
accelerated box is

Ωn ≔
nπ
l
¼ nπa

lnð1þ aLÞ ; ð37Þ

while the frequency of the mth mode in the inertial box is
ωm ≔ mπ=L. In terms of these variables, Eq. (36) becomes

HEMANSH SHAH and SANVED KOLEKAR PHYS. REV. D 113, 045006 (2026)

045006-6



αnm

βnm

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aL lnð1þ aLÞp
ffiffiffiffiffiffiffi
Ωn

ωm

s
e�π

2
Ωn
a ℜ

�
ei

Ωn
a lnðωma Þe∓iωma γ

×

�
−i

Ωn

a
;∓ i

ωm

a
;∓ i

ωm

a
ð1þ aLÞ

��
: ð38Þ

This expression makes transparent the dependence of the
Bogoliubov coefficients on the ratio of mode frequencies to
acceleration, showing how the confinement modifies the
characteristic Unruh-type frequency scaling. Further, this
form bears a striking resemblance to the Bogoliubov trans-
formation for a scalar field propagating freely in Minkowski
spacetime, when comparing inertial and uniformly accel-
erated observers. In the latter case, the Bogoliubov coef-
ficients are given by [47]

αnm

βnm

�
¼ � 1

2πa

ffiffiffiffiffiffiffi
Ωn

ωm

s
e�π

2
Ωn
a ei

Ωn
a lnðωma ÞΓ

�
−i

Ωn

a

�
: ð39Þ

These coefficients are noninvertible and lead to a thermal
state of the field in the accelerated frame which is a
manifestation of the Unruh effect. Comparing these with
the coefficients obtained in Eq. (36) leads to few notable key
differences. The Bogoliubov transformation derived here is
real, invertible, and involves the incomplete gamma function
γðs; u; vÞ rather than the complete gamma function ΓðsÞ.
This distinction reflects the finite spatial extent of the system
and the nonstationary nature of the transition, which together
prevent the emergence of a thermal particle distribution.
Further implications for the nature and spectrum of particle
creation shall be explored in the following sections.

C. The excitation spectrum

Having determined the Bogoliubov coefficients relating
the inertial and accelerated modes, we next look at the
physical consequences of acceleration on the quantum field.
In particular, we analyze the spectrum of excitations induced
when the box begins to accelerate, signifying particle
creation in a confined system. Even though the field remains
spatially confined, the sudden transition to uniform accel-
eration effectively acts as a time-dependent perturbation,
redistributing vacuum fluctuations into real excitations.
We assume the field is initially in its vacuum state jSi

during the inertial phase defined by

bnjSi ¼ 0 ∀ n; ð40Þ
where bn are the annihilation operators as defined in Eq. (4)
associated with the inertial modes.
Once the box accelerates, the relevant mode operators

are cn and c†n, corresponding to the accelerated frame. The
expected number of excitations in the nth accelerated
mode, when the field is in the state jSi, is given by

Pn ¼ hSjc†ncnjSi: ð41Þ

Using the Bogoliubov transformation from Eq. (19) and
Eq. (20), along with the vacuum condition in Eq. (40), we
find that

Pn ¼
X∞
m¼1

βnmβ
�
nm: ð42Þ

This quantity Pn represents the excitation spectrum of the
field in the accelerated box, assuming the field was initially

FIG. 2. The spectra of particles created as the box starts accelerating, plotted for different values of aL.
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unexcited in the inertial vacuum. Physically, it quantifies
the number of particles created in each mode due to the
sudden acceleration of the box.
Figure 2 shows the excitation spectrum Pn computed for

various values of the dimensionless parameter aL. The plot
is generated by numerically evaluating Eq. (42) using the
closed-form expression for βnm given in Eq. (38). As
expected, larger values of aL correspond to greater particle
production, reflecting the stronger influence of acceleration.
For each fixed value of aL, the excitation spectrum

exhibits a smooth decay with increasing mode number n,
indicating that higher-frequency modes are less populated.
Interestingly, for small values of aL, particularly in the low-
mode regime, the spectrum displays an alternating pattern that
favors even modes over adjacent odd ones. This modulation
is superposed on the overall decay and suggests a subtle
structure in the mode mixing induced by acceleration.

IV. SMALL ACCELERATION APPROXIMATION

Before investigating the general case, we begin by
analyzing the Bogoliubov transformation in the limit of
small acceleration, retaining terms only up to first order in
a. This regime corresponds to situations where the box is
gently accelerated, so the field modes are only slightly
perturbed from their inertial form. Studying this limit gives
insight into the onset of particle creation and the role of
mode mixing.

A. Bogoliubov coefficients

To calculate the Bogoliubov coefficients in the limit of
small acceleration, it is convenient to work with the expres-
sion in Eq. (24). Expanding the logarithmic terms to first
order, we find

lnð1þ azÞ
lnð1þ aLÞ ≈

az − 1
2
a2z2

aL − 1
2
a2L2

≈
z
L

�
1þ 1

2
aðL − zÞ

�
: ð43Þ

Substituting this into Eq. (24), the Bogoliubov coeffi-
cients become

αnm

βnm

�
≈ �

ffiffiffiffi
m
n

r
1

L

Z
L

0

dz cos

�
nπ

z
L

�
1þ 1

2
aðL − zÞ

�

∓ mπ
z
L

�
ð44Þ

≈�
ffiffiffiffi
m
n

r
1

L

Z
L

0

dz

�
cos

�
ðnπ ∓ mπÞ z

L

�
− nπa

zðL − zÞ
L

× sin

�
ðnπ ∓ mπÞ z

L

��
: ð45Þ

The zeroth-order term corresponds to the case where the
box remains inertial, and the mode functions are unchanged,

αð0Þnm

βð0Þnm

)
¼ �

ffiffiffiffi
m
n

r Z
1

0

dy cos ððnπ ∓ mπÞyÞ ¼
�
δnm

0
: ð46Þ

Here we have introduced the substitution y ¼ z=L for
convenience. This is a consistency check that, without
acceleration, the observer would see exactly the same
vacuum as the inertial one, with no excitations. The
first-order contribution is given by

αð1Þnm

βð1Þnm

)
¼∓ ffiffiffiffiffiffiffi

nm
p

πaL
Z

1

0

dyyð1 − yÞ sin ððnπ ∓ mπÞyÞ:

ð47Þ
The presence of the factor yð1 − yÞ indicates that the
contribution from acceleration is mostly near the center
of the box and vanishes at the edges, perhaps reflecting the
rigidity of the box boundaries. Moreover, the sine term
indicates that particle creation arises primarily from mode
interference and only certain pairs of modes mix, producing
the alternating pattern observed in the low aL spectrum.
Evaluating the integral using integration by parts, we obtain

αð1Þnm ¼
(
−aL 2

π2

ffiffiffiffiffi
nm

p
ðn−mÞ3 if nþm is odd

0 if nþm is even
ð48Þ

βð1Þnm ¼
(
aL 2

π2

ffiffiffiffiffi
nm

p
ðnþmÞ3 if nþm is odd

0 if nþm is even
ð49Þ

These expressions have been found previously [37] and are
in agreement with the literature.

B. Excitation spectrum

Using the approximate expression Eq. (49) for small
acceleration in Eq. (42), the expectation value of the
number of particles produced in the nth mode, assuming
the field was initially in the inertial vacuum, is given by

Pn ¼ a2L2
4

π4
X∞
m¼1

nþm¼odd

nm
ðnþmÞ6

¼ 4a2L2

π2

(P∞
m¼1

nð2m−1Þ
nþ2m−1 if n is evenP∞

m¼1
nð2mÞ
nþ2m if n is odd

: ð50Þ

The structure of the summation differs significantly
between even and odd values of n, leading to distinct
excitation patterns, namely

Pn ¼
4a2L2

π4
×

8<
:

n
ðnþ1Þ3 þ 3n

ðnþ3Þ3 þ 5n
ðnþ5Þ3 þ… if n is even

2n
ðnþ2Þ3 þ 4n

ðnþ4Þ3 þ 6n
ðnþ6Þ3 þ… if n is odd

:

ð51Þ

HEMANSH SHAH and SANVED KOLEKAR PHYS. REV. D 113, 045006 (2026)

045006-8



The quadratic dependence on aL reveals that the leading-
order particle production rate grows with the square of the
acceleration, similar to other noninertial effects such as the
Larmor radiation [48]. However, the discrete boundary
conditions modify the spectrum by imposing mode-depen-
dent selection rules.
Figure 3 shows the excitation spectrum Pn in the low-aL

regime, along with separate curves for even and odd modes.
The alternating pattern favoring even modes, observed in
Fig. 2, is clearly explained by the structure of Eq. (51).

C. Large-n decay

To understand the asymptotic behavior of the excitation
spectrum for large mode numbers, we analyze Eq. (50) in
the limit n ≫ 1. Introducing the variable ζ ¼ m=n, the
summation becomes a Riemann sum with step size 2=n,
which can be approximated by the integral

Pn ≈
2a2L2

π4n3

Z
∞

0

dζ
ζ

ð1þ ζÞ6 : ð52Þ

Evaluating the integral yields the asymptotic form

Pn ¼
1

10π4
a2L2

n3
: ð53Þ

The result in Eq. (53) is particularly significant. It applies to
modes with wavelengths much smaller than the box length,
i.e., the regime n ≫ 1. This is the standard limit in which
discrete spectra are often approximated by continuous ones.
The 1=n3 decay law indicates that high-frequency (short-
wavelength) modes are relatively less sensitive to the effects
of small acceleration. Physically, one may try to understand

this as these modes oscillate too rapidly to respond to the
comparatively slow change in the boundary’s trajectory,
leading to a suppression of particle creation at large n. This
feature ensures the total excitation energy remains finite and
dominated by low frequency modes.
In the following section, we extend this analysis to the

general case, beyond the first-order approximation in aL.

V. EXCITATION SPECTRUM FOR ARBITRARY
ACCELERATION a IN THE LARGE n LIMIT

We next analyze the behavior of excitations produced,
for the general case of arbitrary acceleration, in modes with
wavelengths much smaller than the size of the box, i.e., in
the limit of large mode number n. Our goal is to evaluate the
Bogoliubov coefficient βnm, given exactly in Eq. (38), in
the asymptotic regime n → ∞. For this purpose, it is
convenient to begin with the integral representation in
Eq. (24), which we recast as

βnm ¼ −
ffiffiffiffi
m
n

r Z
1

0

dy cos ðnπpðyÞÞ; ð54Þ

pðyÞ ≔ lnð1þ aLyÞ
lnð1þ aLÞ þm

n
y: ð55Þ

We evaluate Eq. (54) in the limit n → ∞, holding the
function pðyÞ fixed. The function pðyÞ is strictly mono-
tonically increasing from 0 to 1þm=n as y varies from 0 to
1, as illustrated in Fig. 4. The phase nπpðyÞ thus undergoes
nþm half-cycles over the interval, and we must treat the
cases of even and odd nþm separately. The function pðyÞ
effectively encodes the nonlinear mapping between inertial
and accelerated spatial coordinates.

FIG. 3. A plot showing the excitation spectrum in the low aL limit.
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Effectively, we are interested in evaluating the following
oscillatory integral

ξ ¼
Z

1

0

dy cos ðnπpðyÞÞ; ð56Þ

where the integrand undergoes either an integer or half-
integer number of oscillations depending on the parity
of nþm.

A. Even n+m

In this case, the integrand completes ðnþmÞ=2 full
oscillations over the interval y∈ ½0; 1�. As n → ∞, the
oscillations become increasingly dense, and each cycle
spans a narrow region in y. The rth oscillation occurs as
p ranges from ð2r − 2Þ=n to 2r=n. Using the inverse
function yðpÞ, the contribution from the rth oscillation is

δξr ¼
Z

yð2rn Þ

yð2r−2n Þ
dy cos ðnπpðyÞÞ ð57Þ

¼
Z 2r

n

2r−2
n

dp
dy
dp

cosðnπpÞ: ð58Þ

yðpÞ, or its derivative, cannot be written explicitly in terms
of its argument. However, as n → ∞, the above integration
interval becomes infinitesimal, allowing us to Taylor
expand dy

dp around the midpoint p0 ¼ ð2r − 1Þ=n leading to

δξr ¼
Z

2r
n

2r−2
n

dp

��
dy
dp

�
p0

þ
�
d2y
dp2

�
p0

ðp − p0Þ

þ 1

2

�
d3y
dp3

�
p0

ðp − p0Þ2 þ…

�
cosðnπpÞ: ð59Þ

The first two terms vanish upon integration due to the
symmetry of the cosine function. The leading nonzero
contribution arises from the third term;

δξr ≈
�
d3y
dp3

�
p0

1

2

Z
2r
n

2r−2
n

dpðp − p0Þ2 cosðnπpÞ ð60Þ

¼ −
�
d3y
dp3

�
p0

1

2n3π3

Z
π

−π
dqq2 cosðqÞ ð61Þ

¼
�
d3y
dp3

�
p0

2

n3π2
; ð62Þ

where we used the substitution q ¼ nπðp − p0Þ. Summing
over all oscillations, we obtain

ξ ¼
Xnþm

2

r¼1

δξr ¼
2

n3π2
Xnþm

2

r¼1

�
d3y
dp3

�
2r−1
n

: ð63Þ

For large n, this sum can be approximated by an integral.
Defining χ ¼ 2r=n, we write

ξ ¼ 2

n3π2
X1þm

n

χ¼2=n
step¼2=n

�
d3y
dp3

�
χ−1

n

ð64Þ

≈
1

n2π2

Z
1þm

n

0

dχ
d3y
dp3

ðχÞ ð65Þ

¼ 1

n2π2

�
d2y
dp2

�
1þm

n

�
−
d2y
dp2

ð0Þ
�
: ð66Þ

Next we rewrite the unknown function yðpÞ back in terms
of its inverse pðyÞ using

d2y
dp2

¼ d
dp

�
dy
dp

�
¼ 1

p0ðyÞ
d
dy

�
1

p0ðyÞ
�

¼ −
p00ðyÞ
p0ðyÞ3 ; ð67Þ

and noting that pð0Þ ¼ 0 and pð1Þ ¼ 1þm=n, we obtain
the leading-order final result for even nþm:

ξ ¼ 1

n2π2

�
p00ð0Þ
p0ð0Þ3 −

p00ð1Þ
p0ð1Þ3

�
þO

�
1

n3

�
: ð68Þ

This procedure effectively replaces the rapidly oscillating
integrand with a smoothed average over each cycle,
allowing us to extract the leading-order behavior. The
above expression shows that the leading contribution to
the oscillatory integral depends entirely on the behavior of
pðyÞ at the end points of the interval.

FIG. 4. A generic plot of the function pðyÞ.
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B. Odd n+m

In the odd nþm case, the integrand cos ðnπpðyÞÞ
completes ðnþm − 1Þ=2 full oscillations over the interval
y∈ ½0; 1�, followed by a final half oscillation. Let ξf denote
the contribution from the full oscillations and ξh the
contribution from the last half-cycle. We then have

ξf ¼
Z

yð1þm
n−

1
nÞ

0

dy cos ðnπpðyÞÞ; ð69Þ

ξh ¼
Z

1þm
n

yð1þm
n−

1
nÞ
dy cos ðnπpðyÞÞ: ð70Þ

The contribution ξf spans an integer number of oscillations
and can be evaluated using the same method as in the even
nþm case. Applying Eq. (68), we obtain

ξf ¼
1

n2π2

�
p00ð0Þ
p0ð0Þ3 −

p00ðyð1þ m
n −

1
nÞÞ

p0ðyð1þ m
n −

1
nÞÞ3

�
þO

�
1

n3

�
ð71Þ

¼ 1

n2π2

�
p00ð0Þ
p0ð0Þ3 −

p00ð1Þ
p0ð1Þ3

�
þO

�
1

n3

�
: ð72Þ

In the second step, we note that the effect of truncating the
final half-cycle introduces an additional factor of 1=n,
which can be absorbed into the Oð1=n3Þ remainder.
We next evaluate the contribution from the final half

oscillation, ξh. Changing the integration variable to p, we
write

ξh ¼
Z

1þm
n

1þm
n−

1
n

dp
dy
dp

cosðnπpÞ: ð73Þ

Again, Taylor expanding dy
dp around p ¼ 1þ m

n , we obtain

ξh¼
Z

1þm
n

1þm
n−

1
n

dp

��
dy
dp

�
1þm

n

þ
�
d2y
dp2

�
1þm

n

�
p−1−

m
n

�
þ…

�

×cosðnπpÞ ð74Þ

¼ −
�
d2y
dp2

�
1þm

n

1

n2π2

Z
0

−π
dqq cosðqÞ þO

�
1

n3

�
ð75Þ

¼ −
�
d2y
dp2

�
1þm

n

2

n2π2
þO

�
1

n3

�
ð76Þ

¼ 2

n2π2
p00ð1Þ
p0ð1Þ3 þO

�
1

n3

�
: ð77Þ

In the final step, we used Eq. (67) to express the result in
terms of the function pðyÞ rather than its inverse. Combining
ξf and ξh, we obtain the total integral for odd nþm:

ξ ¼ 1

n2π2

�
p00ð0Þ
p0ð0Þ3 þ

p00ð1Þ
p0ð1Þ3

�
þO

�
1

n3

�
: ð78Þ

C. The Bogoliubov coefficients βnm
Using Eq. (54) and the asymptotic results from Eq. (68)

and Eq. (78), we can now write the large-n behavior of the
Bogoliubov coefficients as

βnm ≈ −
ffiffiffiffi
m
n

r
1

n2π2

�
p00ð0Þ
p0ð0Þ3 − ð−1Þnþm p00ð1Þ

p0ð1Þ3
�
; ð79Þ

where the function pðyÞ is defined as

pðyÞ ¼ lnð1þ aLyÞ
lnð1þ aLÞ þm

n
y: ð80Þ

The sign alternation in this term arises from interference
between oscillations reflected at the two boundaries of the
box. Depending on whether the combined mode index
nþm is even or odd, these reflections interfere construc-
tively or destructively, producing the alternating pattern in
the excitation spectrum calculated later. This expression
captures the leading-order behavior of βnm in the regime
n ≫ 1 for the general case of arbitrary acceleration, and
will be instrumental in deriving the continuum excitation
spectrum ahead.

D. Excitation spectrum

Having obtained the asymptotic form of βnm, we now
compute the excitation spectrum Pn, defined in Eq. (42),
which gives the expected number of particles created in the
nth mode. Separating contributions from even and odd
values of nþm, we write

Pn ¼
�

1

n4π4
X∞
m¼1

nþm¼even

�
p00ð0Þ
p0ð0Þ3 −

p00ð1Þ
p0ð1Þ3

�
2
�

þ
�

1

n4π4
X∞
m¼1

nþm¼odd

�
p00ð0Þ
p0ð0Þ3 þ

p00ð1Þ
p0ð1Þ3

�
2
�
: ð81Þ

In the large-n regime, we approximate the summations by
integrals by introducing the continuous variable ζ ¼ m=n.
This yields

Pn ¼
1

2π4n3

�Z
∞

0

dζ

�
p00ð0; ζÞ
p0ð0; ζÞ3 −

p00ð1; ζÞ
p0ð1; ζÞ3

�
2
�

þ 1

2π4n3

�Z
∞

0

dζ

�
p00ð0; ζÞ
p0ð0; ζÞ3 þ

p00ð1; ζÞ
p0ð1; ζÞ3

�
2
�

ð82Þ

¼ 1

π4n3

Z
∞

0

dζ

��
p00ð0; ζÞ
p0ð0; ζÞ3

�
2

þ
�
p00ð1; ζÞ
p0ð1; ζÞ3

�
2
�
: ð83Þ

Here, we have made the ζ-dependence of the function pðyÞ
explicit:
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pðy; ζÞ ¼ lnð1þ aLyÞ
lnð1þ aLÞ þ ζy; ð84Þ

p0ðy; ζÞ ¼ aL
lnð1þ aLÞ ·

1

1þ aLy
þ ζ; ð85Þ

p00ðy; ζÞ ¼ −
a2L2

lnð1þ aLÞ ·
1

ð1þ aLyÞ2 : ð86Þ

Since p00ðy; ζÞ is independent of ζ, the integrals simplify
and resemble the form encountered in Eq. (52). Evaluating
the resulting expression, we obtain the asymptotic excita-
tion spectrum:

Pn ¼
1

10π4
·
ðlnð1þ aLÞÞ2

n3
: ð87Þ

Figure 5 shows the exact spectraPn for various values of aL,
plotted on a log-log scale alongside the fit from Eq. (87). The
agreement between the exact spectrum calculated numeri-
cally and the large n analytical expression is evident.

E. Excitation spectrum in frequency domain

The expression in Eq. (87) is not only compact but also
reveals deeper physical insights when interpreted in the
frequency domain. In the large-n regime, the spacing
between adjacent mode frequencies becomes small com-
pared to the frequencies themselves. It is therefore natural
to treat the frequency Ω as a continuous variable and define
a spectral density PðΩÞ, such that PðΩÞdΩ gives the

expected number of excitations in a small frequency
interval of dΩ around the frequency Ω.
An important point now is that observers located at

different positions within the accelerating box will perceive
different frequencies for the same mode due to gravita-
tional1 time dilation. The proper time τO for an observer at
proper distance ξ from the left edge of the box evolves as
dτO ¼ ð1þ aξÞdt. Using Eq. (37) for the frequency of the
nth mode as on the left edge, the frequency of the nth mode
as measured by the observer is

Ωn;O ¼ Ωn

1þ aξ
¼ nπa

ð1þ aξÞ lnð1þ aLÞ ; ð88Þ

and the spacing between adjacent frequencies is

ΔΩO ¼ πa
ð1þ aξÞ lnð1þ aLÞ : ð89Þ

Rewriting Eq. (87) in terms of Ωn and dividing by ΔΩO
to obtain the continuum spectrum, we find

PðΩOÞdΩO ¼ 1

10π2
·

a2

ð1þ aξÞ2 ·
1

Ω3
O
dΩO: ð90Þ

FIG. 5. Exact spectra of excitations, as calculated before using Eq. (38), shown on a log-log plot, with the large-n fit of Eq. (87) shown
in dashed lines.

1The uniform acceleration of the box is equivalent to a uniform
gravitational field across the box. Hence, this time dilation can be
interpreted as gravitational. Alternatively, one could just note that
the Rindler metric is conformal, and the conformal factor varies
with x.
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Recognizing that a=ð1þ aξÞ is indeed the proper accel-
eration aO experienced by the observer, we arrive at a
remarkably simple and universal expression:

PðΩOÞdΩO ¼ 1

10π2
·
a2O
Ω3

O
dΩO: ð91Þ

This result encapsulates several elegant features of the
excitation spectrum.
(1) It follows an inverse cubic dependence on frequency.
(2) It is proportional to the square of the proper

acceleration experienced by the observer.
(3) It is independent of the observer’s position within

the box.
(4) It is independent of the box’s total length L.
These properties highlight the universality of the exci-

tation spectrum in the frequency domain and hints at some
deeper symmetry.

VI. GENERALIZED ACCELERATION PROFILES

We now consider a broader class of scenarios beyond the
sudden onset of uniform acceleration, motivated by the fact
that realistic systems may experience time-dependent or
stepwise changes in acceleration rather than a single
instantaneous burst. Physically, such generalizations allow
us to understand how the field responds dynamically to
varying acceleration, and how particle production accumu-
lates over multiple transitions.

A. From ai to af
To start with, let us ask: what are the Bogoliubov

coefficients when a box already undergoing uniform accel-
eration changes its acceleration at a given instant? Suppose
the left edge of the box initially accelerates at rate ai, and
this is changed to af at some instant, all the while as the box
maintains constant proper length. What are the resulting
Bogoliubov coefficients αnm and βnm associated with this
transition? What would be the spectrum of excitations
created in the box, if the field was in the vacuum state
before the transition (in the ai phase of acceleration)?
Following the same procedure as before, that is, con-

structing mode expansions in the uniformly accelerated box
before and after the change, and imposing continuity and
differentiability conditions, we obtain a generalization of
Eqs. (24) and (27):

αnmðai → afÞ
βnmðai → afÞ

�
¼ �

ffiffiffiffi
m
n

r
ai

1þ aiL

Z
L

0

dz
1þ aiz

× cos

�
nπ

lnð1þ afzÞ
lnð1þ afLÞ

∓ lnð1þ aizÞ
lnð1þ aiLÞ

�

ð92Þ

or equivalently,

αnmðai → afÞ
βnmðai → afÞ

�
¼

ffiffiffiffi
n
m

r
af

1þ afL

Z
L

0

dz
1þ afz

×cos

�
nπ

lnð1þ afzÞ
lnð1þ afLÞ

∓ lnð1þ aizÞ
lnð1þ aiLÞ

�
:

ð93Þ

Unlike Eq. (27), these expressions do not admit closed-
form solutions. However, they reveal a symmetry between
the initial and final accelerations that was obscured in the
earlier problem. Expanding to first order in ai and af, we
obtain a generalization of Eqs. (48) and (49) in the small
acceleration limit case as

αð0Þnm ¼ δnm; ð94Þ

βð0Þnm ¼ 0; ð95Þ

αð1Þnm ¼
�
−ðaf − aiÞL 2

π2

ffiffiffiffiffi
nm

p
ðn−mÞ3 if nþm is odd

0 if nþm is even
; ð96Þ

βð1Þnm ¼
� ðaf − aiÞL 2

π2

ffiffiffiffiffi
nm

p
ðnþmÞ3 if nþm is odd

0 if nþm is even
: ð97Þ

It is worth noting that for most realistic experimental
setups, the dimensionless parameter aL=c2 is extremely
small. Thus, Eq. (96) and the corresponding spectrum of
excitations for a field initially in the vacuum state for large n,

Pn ≈
1

10π4
·
ðaf − aiÞ2L2

n3
; ð98Þ

are sufficient for practical analyses. Physically, the first-order
β coefficients, proportional to af − ai, indicate that particle
creation arises from changes in acceleration rather than its
absolute value; if the acceleration remains constant, no new
particles are produced. Consequently, the excitation spec-
trum in Eq. (98) scales with the square of the change in
acceleration, reflecting the intensity of the perturbation
imparted to the field.

B. Successive acceleration steps

Now consider a scenario where the box undergoes two
successive changes in acceleration. Let the Bogoliubov
coefficients for the first change be α1;nm, β1;nm, and for
the second change be α2;nm, β2;nm. The cumulative
Bogoliubov transformation from the initial to the final
state is then given by

αnm ¼
X∞
l¼1

ðα2;nlα1;lm þ β2;nlβ
�
1;lmÞ; ð99Þ
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βnm ¼
X∞
l¼1

ðα2;nlβ1;lm þ β2;nlα
�
1;lmÞ: ð100Þ

If both transitions involve small changes in acceleration,
and we retain only first-order terms, we find

βð1Þnm ¼ βð1Þ1;nm þ βð1Þ2;nm; ð101Þ

i.e., the first-order Bogoliubov β coefficients simply add
over successive transitions.
To describe successive changes, we must introduce a time

parameter, which leads to phase factors in the expression
for βnm. Using Eq. (28), and retaining only first-order terms,
we find that for a change in acceleration from ai to af
occurring at proper time τ,

βnm ¼ ðaf − aiÞL
π2

ð1 − ð−1ÞnþmÞeiðnþmÞπτ
L

ffiffiffiffiffiffiffi
nm

p
ðnþmÞ3 :

ð102Þ

Combining expressions of the form Eq. (102) over multiple
transitions using Eq. (101), and generalizing to a continu-
ously varying acceleration profile aðτÞ, we obtain the elegant
result:

βnm ¼ L
π2

ð1 − ð−1ÞnþmÞ
ffiffiffiffiffiffiffi
nm

p
ðnþmÞ3

Z
dτ

da
dτ

eiðnþmÞπτ
L:

ð103Þ

This expression captures the Bogoliubov coefficients for a
box undergoing small, time-dependent accelerations, and
highlights the linear response of the field to changes in
acceleration. The exponential factor, exp iðnþmÞπτ=L,
encodes the relative timing of the acceleration change:
excitations produced at different times accumulate with
different phases, leading to interference effects that can
modulate the particle spectrum in scenarios with multiple
transitions. Equation (103) generalizes the discrete jumps to
a continuously varying acceleration profile aðτÞ. Further, the
integral shows that the particle production is governed by the
time derivative of the acceleration, da=dτ, confirming that
the field responds dynamically to changes rather than
absolute acceleration. This is analogous to a linear response
in classical systems, where the response is proportional to
the rate of change of the driving parameter. This expression
agrees with an analogous expression found by Bruschi et al.
[39] for the case where the box is inertial both at early and
late times.
Finally, we note another maybe useful generalization: if

the field is confined using Neumann boundary conditions,
that is, requiring ∂ϕ=∂x ¼ 0 at the boundaries, instead of
Dirichlet conditions, the results derived above remain
unchanged, indicating that the qualitative features of particle
creation, namely, its dependence on changes in acceleration,

the linear superposition over multiple transitions, and the
phase-sensitive interference are robust and largely indepen-
dent of the precise boundary type. While we do not show
this explicitly, it is straightforward to verify by starting from
the modified mode functions with cosines instead of sines.
The zeroth mode decouples from the system, and does not
have or affect particle creation. For the rest of the modes,
expressions analogous to Eqs. (13) and (18) are found, with
cosines replacing the sines. They can be manipulated
by integrating by parts and combining to get the same
expressions for αnm and βnm.

VII. CONSTRAINTS AND CHALLENGES
FOR DETECTION

We begin by noting that the excitation spectrum Pn, as
given by Eq. (87), is orders of magnitude larger than what
one would expect from an Unruh-type radiation effect. By
an Unruh-type effect, we refer to a thermal spectrum of the
form with a temperature given by the Unruh temperature,
TUnruh ¼ a=2π. Using Eq. (37) for the frequency of the
modes, this thermal spectrum would look like

Πn ¼
1

e
nπa

lnð1þaLÞ·
2π
a − 1

: ð104Þ

A comparison between Pn and Πn for various values of
acceleration is shown in Fig. 6. For the small accelerations
achievable in laboratory settings, aL≲ c2 and Pn clearly
dominates and thus presents a more promising candidate
for probing noninertial quantum field effects.
Thermal noise can also be effectively suppressed, as its

contribution decays exponentially with increasing mode
number n. The ratio of Pn to the thermal noise N n in the
nth mode at temperature T is given, using Eq. (98), by

Pn

N n
¼

1
10π4

· ðaf−aiÞ
2L2

n3

1

e
nπ
LT−1

¼ ðenπℏc
LkBT − 1Þ · 1

10π4
·
ðaf − aiÞ2L2

c4n3
;

ð105Þ

where we have restored physical units in the final expres-
sion. A modest reduction in temperature exponentially
enhances the signal-to-noise ratio Pn=N n, making low-
temperature rigid boxes or cavities a viable platform for
detection.
As an example, consider a perfectly reflecting metal

cavity of width L ¼ 0.01 m, undergoing a change in
acceleration of 100 m=s2 (approximately 10g).2 Suppose
we observe photons in the modes n ¼ 1000 and

2While the electromagnetic field is not a scalar field, the mode
functions for a photon is the same as for a free massless scalar
field, with an added complication of polarization. We will not
worry about this, and use the results above as it is for photons in a
reflecting cavity.
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n ¼ 10000.3 Figure 7 shows the variation of the signal-to-
noise ratio, Pn=N n, with temperature for these modes. To
detect photons, sufficiently clearly above the (thermal)
noise, say near n ¼ 10000, the cavity must be cooled to
approximately 60 K, while for n ¼ 1000, a temperature of
around 5 K is required, both of which are well within reach
of current cryogenic technology.

Another consideration is the detector’s4 influence on the
mode structure. To avoid significant perturbation, the
detector must interact weakly with the field. If placed at
the cavity walls, it should detect only a small fraction f of
the reflected photons; if placed within the cavity, it should

FIG. 6. The particle spectrum for selected values of aL, compared with the spectrum expected from an Unruh-like effect.

FIG. 7. Variation of the ratio of particle number produced due to acceleration to thermal noise with temperature.

3Both of these modes would lie roughly in the infrared regime.

4Here, by a detector, we mean any mechanism inserted into the
cavity to detect the field. We do not consider the Unruh–de Witt
detector formalism to rigorously note the response of a detector.
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intercept only a fraction f of the passing photons. To ensure
all photons are eventually detected, the cavity must main-
tain its acceleration profile for a duration sufficient for
photons to traverse the cavity approximately 1=f times.
This sets a lower bound on the experiment duration of

δt ∼
2L
fc

: ð106Þ

For the parameters discussed above and f ¼ 0.001, we find

δt ≈ 7 × 10−8 sec; ð107Þ

a duration modestly achievable in practice.
The most significant challenge lies in the smallness of Pn

itself. For meaningful detection, we would ideally require
Pn ∼ 1, which is far from the case. A naive strategy would
be to repeat the experiment many times and use a broad-
band detector. However, this quickly proves impractical.
Suppose we employ a detector with bandwidth μn, centered
at mode n. The total number of particles detected is

Pdet ¼
Xnþμ

2
n

n0¼n−μ
2
n

Pn0 : ð108Þ

Using Eq. (98) and approximating the sum by an integral,
we obtain

Pdet ¼
1

10π4
·
ðaf − aiÞ2L2

n2

Z
1þμ

2

1−μ
2

dx
1

x3

¼ 8

5π4
·

μ

ð4 − μ2Þ2 ·
ðaf − aiÞ2L2

n2
: ð109Þ

For a reasonable bandwidth μ ¼ 1, i.e., detecting modes
between n=2 and 3n=2, we find

Pdet ¼
8

45π4
·
ðaf − aiÞ2L2

c4n2
; ð110Þ

where we have restored dimensions. For the setup described
earlier, with af − ai ¼ 100 m=s2 and L ¼ 0.01 m, we
obtain

Pdet ≈ 2 × 10−43 ð111Þ

for n ¼ 1000, and a hundredfold smaller value for
n ¼ 10000. To detect even a single particle, the experiment
would need to be repeated 1043 times. Even if we change
acceleration every 10−7 seconds, the fastest permissible given
Eq. (107), the total duration required would be

1036 sec∼3 × 1028 yr;

rendering such a detection infeasible with current technology.

Now, the extra spatial dimensions we inhabit offer a
potential advantage in amplifying the excitation spectrum.
While a full three-dimensional calculation is considerably
more involved, we can perform a simple order-of-magni-
tude estimate to assess the impact.
Let the cavity have dimensions ðL;LY; LZÞ, where L is

aligned with the direction of acceleration, and LY , LZ span
the transverse directions. The field modes are now labeled
by a triplet ðn; nY; nZÞ, corresponding to longitudinal and
transverse wave numbers. For small aL, and for modes
satisfying

nY
LY

;
nZ
LZ

≲ n
L
; ð112Þ

i.e., transverse wave numbers significantly smaller than
the longitudinal wave number, the mode functions in the
inertial and accelerated boxes can be approximated as

ϕinðT; XÞ ¼
X∞
n¼1

1ffiffiffiffiffiffi
nπ

p sin

�
nπ

X
L

�
sin

�
nYπ

Y
LY

�

× sin

�
nZπ

Z
LZ

�
ðbne−inπTL þ b†neinπ

T
LÞ; ð113Þ

ϕacðt; xÞ ¼
X∞
n¼1

1ffiffiffiffiffiffi
nπ

p sin

�
nπ

x
l

�
sin

�
nYπ

Y
LY

�

× sin

�
nZπ

Z
LZ

�
ðcne−inπtl þ c†neinπ

t
lÞ: ð114Þ

The key approximation here is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
nπ
L

�
2

þ
�
nYπ
LY

�
2

þ
�
nZπ
LZ

�
2

s
≈
nπ
L

; ð115Þ

which is justified under the condition in Eq. (112).
Additionally, we approximate the accelerated mode func-
tions using sinusoidal profiles as in the inertial case, which is
why it is only valid for small aL. Under these assumptions,
continuity and differentiability of the field across the
transition yield a Bogoliubov transformation of the form

α3Dðn;nY ;nZÞðm;mY;mZÞ ¼ αnmδnYmY
δnZmZ

; ð116Þ

β3Dðn;nY ;nZÞðm;mY;mZÞ ¼ βnmδnYmY
δnZmZ

; ð117Þ

where αnm and βnm are the one-dimensional Bogoliubov
coefficients previously derived.
Consequently, the excitation spectrum for each mode

ðn; nY; nZÞ is simply

P3D
ðn;nY ;nZÞ ¼ Pn; ð118Þ

where Pn is the one-dimensional excitation spectrum. The
total number of excitations in the nth longitudinal mode is
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obtained by summing over all transverse modes satisfying
Eq. (112). The number of such modes scales as

∼
�
LY

L
n

��
LZ

L
n

�
¼ n2

LYLZ

L2
;

yielding

P3D
n ∼ Pn · n2

LYLZ

L2
: ð119Þ

We make no assumptions about the contribution from high
transverse wave numbers; if significant, they would only
enhance P3D

n . Substituting Pn from Eq. (98), we obtain

P3D
n ∼

1

10π4
·
ðaf − aiÞ2LYLZ

c4n
: ð120Þ

If a detector is sensitive to photons with transverse wave
numbers between nmin and nmax, the total number of photons
detected is

P3D
det ∼

1

10π4
·
ðaf − aiÞ2LYLZ

c4
· ln

�
nmax

nmin

�
: ð121Þ

Since lnðnmax=nminÞ ∼ 1 for any reasonable bandwidth, and
10π4 ∼ 1000, we estimate, for the previous configuration
with af − ai ¼ 100 m=s2 and LY ¼ LZ ¼ 10 m,

P3D
det ∼

ðaf − aiÞ2LYLZ

1000c4
≈ 10−28: ð122Þ

Assuming acceleration changes every 10−7 s, we would
require 1021 s ∼ 3 × 1013 years to detect a single particle
—an improvement over previous estimates, though still far
from feasible. If we consider extreme acceleration values
∼400; 000g,5 we obtain

P3D
det ∼ 2 × 10−22;

which would require approximately 20 million years for
detection under the same repetition rate.
An alternative direction for experimental feasibility is to

explore the possibility of rapidly and precisely modulating
the acceleration of the cavity with frequencies comparable
to the frequency of the mode we wish to excite. In the small
aL regime, Eq. (103) provides a compact expression for the
Bogoliubov coefficients βnm, where the integral involves
ȧðτÞ multiplied by a rapidly oscillating exponential.
Suppose we subject the cavity to a time-dependent accel-
eration of the form

aðτÞ ¼ 2a0 cos

�
kπτ
L

�
; k∈Zþ;

i.e., an oscillating acceleration at the frequency of a standing
mode inside the box. Substituting into Eq. (103), we obtain

βnm ¼ L
π2

ð1 − ð−1ÞnþmÞ
ffiffiffiffiffiffiffi
nm

p
ðnþmÞ3

· i
kπ
L

Z
dτða0eikπτ

L þ a0e−ikπ
τ
LÞeiðnþmÞπτ

L ð123Þ

≈
a0L
π2

ð1 − ð−1ÞnþmÞ
ffiffiffiffiffiffiffi
nm

p
ðnþmÞ3 · i

kπ
L

· δk;nþm · T; ð124Þ

where in the second line we have assumed a long interaction
time T, allowing the integral to be approximated by a delta
function in frequency space. Rewriting this expression with
dimensions restored, we find

βnm ≈ i
a0T
πc

ð1 − ð−1ÞkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðk − nÞp
k2

δm;k−n: ð125Þ

This result reveals several important features:
(i) Constructive excitation occurs only for odd values of
k, due to the factor 1 − ð−1Þk. (ii) For a given k, only modes
with n < k contribute, and for each such n, there is a unique
m ¼ k − n that satisfies the resonance condition. (iii) The
excitation spectrum Pn ¼

P
m jβnmj2 is hence just jβn;n−kj2,

giving

Pn ¼ 4
a20T

2

π2c2
·
nðk − nÞ

k4
; ð126Þ

which describes an inverted parabola peaking at n ≈ k=2.
To target excitations around n ∼ 1000, we require
k ∼ 2000, say k ¼ 2001 (odd). For a cavity of length
L ≈ 0.01 m, this corresponds to an acceleration oscillation
frequency of approximately 30 THz, with a precision better
than 0.05%. While challenging, let us assume for now that
such control is achievable.
Next, we consider the contribution from transverse

modes. For a given longitudinal mode n, the number of
transverse modes contributing with spectrum given by
Eq. (126) is approximately

∼
�
LY

L

��
LZ

L

�
n2:

The total number of excitations produced is then, for odd k,

Ptot ∼ 4
a20T

2

π2c2
·
LYLZ

L2

Xk
n¼1

nðk − nÞ
k2

n2 ð127Þ

≈4
a20T

2

π2c2
·
LYLZ

L2
· k

Z
1

0

dμμ3ð1 − μÞ ð128Þ

¼ a20T
2

5π2c2
·
LYLZ

L2
· k: ð129Þ5This is the acceleration that can be achieved in a modern

centrifuge.
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Assuming lateral dimensions LY ¼ LZ ¼ 1 m, k ¼ 2000,
and peak acceleration a0 ¼ 15000g,6 we find that it takes
approximately 10 seconds for Pn ∼ 1. Moreover, since
Ptot ∝ T2, extending the duration of oscillation leads to a
quadratic increase in particle production.
These are interesting estimates. However, unlike the case

of a single acceleration change, where detection can occur
continuously, here we must preserve the quantum state of
the field and ensure that it is undisturbed for the entire
duration T. This requires near-perfect confinement of the
field and minimal coupling to the external environment.
While technically demanding, such isolation is increasingly
feasible given the rapid advances in quantum technologies,
particularly those driven by quantum computing and
precision control of quantum systems.

VIII. DISCUSSION

In this work, we have investigated the excitation of scalar
field modes confined within a rigid cavity undergoing
sudden or time-dependent acceleration. Starting from exact
expressions for the Bogoliubov coefficients in terms of
incomplete gamma functions, we obtained the excitation
spectrum Pn and analyzed its behavior across different
regimes. In the low-acceleration limit, compact analytic
forms of αnm and βnm were derived, exhibiting an alter-
nating pattern in mode excitations and a universal decay
proportional to n−3. This scaling was corroborated through
an exact large-n analysis, yielding

1

10π4
·
ðlnð1þ aLÞÞ2

n3
:

The universality of the n−3 decay reflects the robustness of
acceleration-induced particle creation, independent of
microscopic details of the box.
Recasting the results in the frequency domain, we found

that the spectral density PðΩOÞmeasured by any comoving
detector depends solely on the proper acceleration aO and
scales as a2O=Ω3

O. Remarkably, this dependence is inde-
pendent of the observer’s position or the cavity’s proper
size. For general, time-dependent acceleration profiles, the
Bogoliubov coefficients acquire a convolution form, from
which we showed that resonant, oscillatory accelerations at
odd cavity-mode frequencies lead to selective amplifi-
cation of excitations. Such resonant configurations offer

promising routes for experimental verification in optome-
chanical or superconducting-circuit platforms.
The asymptotic form of the excitation spectrum,

Pn ∼ a2=n3, bears a close analogy to the Larmor formula
for classical radiation, where the emitted power scales as
a2. In both classical and quantum settings, acceleration
serves as a source of radiation, where the former produces
electromagnetic waves, the latter generates quanta from
vacuum fluctuations. This correspondence, previously
noted in single-mirror setups [21], reinforces the concep-
tual continuity between classical and quantum radiation
mechanisms [49–52].
Equally striking is the universality of the frequency-

domain spectrum. That PðΩOÞ depends only on the observ-
er’s acceleration, and not on their spatial position or the
cavity dimensions, hints at a connection to horizon physics.
In the limit where the cavity is extended indefinitely, while
effectively forming a Rindler wedge, the dominant feature is
the causal restriction: radiation within the wedge cannot
communicate with the exterior, a significant divergence
from the structure underlying the Unruh effect.
The present analysis also clarifies a subtle aspect relevant

to experimental searches for acceleration-induced radia-
tion. Any realistic attempt to compare inertial and accel-
erated observers necessarily involves a finite-time
transition between frames. Such transient effects modify
the instantaneous particle content, leading to excitations
that may far exceed the weak thermal signal associated with
the Unruh temperature T ¼ a=2π. In principle, these
transients could thus provide a more accessible observa-
tional signature than the steady-state Unruh radiation itself.
Finally, the mechanism described here may have astro-

physical relevance. In extreme environments, such as
magnetized plasma sheets or accretion flows, localized
regions can experience rapid, nonuniform accelerations
while maintaining partial confinement. If such systems act
analogously to rigid cavities, they could produce measur-
able signatures of acceleration-induced quantum excita-
tions. Although speculative, these possibilities underscore
the broader reach of quantum field theory in noninertial
settings.
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