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There are currently two open questions in white dwarf physics: why are massive dwarfs observed less often
in astronomical surveys, and why have not any super-Chandrasekhar white dwarfs been found despite the
discovery of more than a dozen peculiar, overly-luminous type Ia supernovae in about a couple of decades?
According to different research, magnetic fields appear to somewhat resolve these issues, but stability remains a
concern. For the first time, we investigate how modified gravity affects the specific heat of electrons and ions,
the crystallization process, and the cooling mechanism in white dwarfs. We demonstrate it for the Ricci-based
gravity. We show that massive white dwarfs fade faster and conclude that it could be a physical reason, apart

from the presence of high magnetic fields, both for finding fewer massive white dwarfs and the lack of direct
detection of super-Chandrasekhar white dwarfs.

Many proposals for the extensions of General Relativity (GR) have
been proposed to shed light on the dark sector of the Universe, such
as the mismatch between observations of the visible components in
galaxies and their dynamical mass, as well as ‘too massive’ compact
objects [1-3]. The modifications of GR seem unavoidable in the cosmo-
logical regimes while in small-scale systems such as compact objects and
solar systems, they should be significantly suppressed. Nevertheless, the
gravitational parameter space diagrams [4] reveal noticeable untested
regimes for the curvature values in which one can find galaxies, stel-
lar objects, and also white dwarfs. These gaps, separating small-scale
systems from cosmological ones, could potentially hide the onset of cor-
rections to GR.

As it turns out, the most popular alternate gravity theories, such as
the scalar-tensor gravity and metric-affine theories, are not only suitable
to explain at least some parts of the GR’s shortcomings, but they also
modify their Newtonian limits [5]. Generally, the Poisson equation for
such theories of gravity can be written as

V2® =47Gp + a MGT, 1)
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where the modified gravity term MGT is a general function of density p
and their derivatives, whose exact form depends on the characteristics
of a given theory of gravity while « is the model parameter. In a spher-
ically symmetric spacetime with r being the radial coordinate, MGT is
often a function of p(r) and its r—derivatives for the most popular grav-
ity proposals [6-9]. In such a case, the hydrostatic balance and the mass
estimate equations are respectively given by

@=—ld—P and %=47zr2p, 2)
dr p dr dr

where .Z(r) is the mass and P(r) is the pressure, related to p(r) by a
barotropic equation of state.

A class of astrophysical objects which can be considered under the
above formalism, are white dwarf stars. Various surveys, e.g., GAIA,
SDSS, Kepler, etc. have explored white dwarfs, deriving surface temper-
atures and masses from measured fluxes and photometric distances.!
Notably, super-Chandrasekhar white dwarfs remain undetected, with
most white dwarfs having masses below 1 M,. For an in-depth analysis
of white dwarf mass distribution, refer to [10,11], which highlights a
scarcity of massive white dwarfs. The absence of super-Chandrasekhar
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white dwarfs in these surveys may be attributed to their potential
high magnetization, leading to reduced luminosity [12,13]. However,
exceeding the Chandrasekhar limit requires an exceptionally strong
magnetic field, possibly rendering the white dwarf unstable [14]. Thus,
modified gravity emerges as a strong plausible explanation.

While super-Chandrasekhar white dwarfs are not directly ob-
served, their existences are indirectly predicted based on peculiar
over-luminous type Ia supernovae. This study aims to demonstrate
that modified gravity accelerates the cooling process for higher-mass
white dwarfs, resulting in a diminished population as mentioned
above [10-14].

In the further part of the paper, we focus only on the case where
MGT is a function of p and its derivatives only [15], which is a correc-
tion term to the Poisson equation resulting from the Ricci-based theory
of gravity [16,17]. Theories such as GR (@ = 0) but also Eddington-
inspired Born-Infeld (¢ — x%a/4) [7,8] and Palatini f(R) (a — 2x2a)
[6] are the most popular examples. Note that for the last two cases,
we have MGT = V2. Those GR extensions, with Lagrangian functionals
built of the symmetric part of the Ricci tensor contracted with metric,
are considered a la Palatini: the metric and affine connection are inde-
pendent variables. This feature does not only provide the second-order
field equations (thus, no extra degree of freedom apart from the GR po-
larization of the gravitational field), but also that in the vacuum and
radiation-dominated eras, the field equations reduce to the GR ones
with a cosmological constant. However, the non-vacuum case differs
with respect to Einstein’s gravity, therefore providing different scenar-
ios in early and late-time cosmology, as well as in astrophysics.

The most stringent constraint on the parameter « is presently pro-
vided in [18-20]. Specifically, the current precision confines a within
the range of —2 x 10° to 10° m? with a 2¢ accuracy, while ensuring
microscopic stability provides a > —7.52x 107 m?. The latest cosmolog-
ical data, available in [21], yields bounds approximately 40 orders of
magnitude larger.

For the considered Ricci-based gravities, the hydrostatic equilibrium
equation (2) takes the form [22]>

dP _ G p
a2
Because our target is to study internal properties and processes hap-
pening in white dwarfs, whose cores are predominantly comprised of
degenerate electrons, they effectively follow the Chandrasekhar equa-
tion of state [23]

+ SnGapd—p. 3)
dr

4,5
Tm_c
P=—"—|xp(2x3—3)/x2+ 1 +3sinh ' x|,
EYE F F F F
C))
Sﬂplemp(mec)3 3
=g %p
3hn3

where xp = pp/m.c with pp being the Fermi momentum while other
constants have their usual meaning.
The thermal energy of a spherical-symmetric object is given by

M

v=c, 2
Y Amy,

T, %)
where .7/ (Amy,) is the number of ions with A being the mean atomic
weight and T the temperature of the isothermal core while the mean
specific heat, taken for the whole stellar configuration, is as follows:

/A
¢, = j /(CSl + cf}on)dm. 6)
0

2 The hydrostatic equilibrium equation similarity in both gravity proposals
is not accidental. In the 1st order approximation, EiBI gravity becomes Palatini
gravity with a quadratic term. However, only the quadratic term affects the non-
relativistic equations, as higher-order curvature scalar terms enter the equations
at the sixth order [6].
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Fig. 1. ¢, as a function of T for different carbon white dwarfs with their central
densities are shown in the label in gcm™ units. Solid lines represent conven-
tional white dwarfs under Newtonian gravity while dotted lines represent white
dwarfs under modified gravity with a = —2 x 10'3 cm?.

The specific heat of the electrons per ion cgl is given by [24]

el
¢

kgr? _ kT
B”ZB,
3 €R

=3
=3 @

where Z is the charge and ep = 4/ péc2 + m2c* is the Fermi energy. The
specific heat of ions ciU"“ takes the form

5 /T \
i T x*e*
fon _ gj £ _*° 4 , 8
¢y B<®D> / 17 X ®
0
where the Debye temperature is given by
2Z
Op =0.174 x 1047\/7;. 9)

Note that ®p, and both specific heats depend on the density profile p(r)
which is a solution of the hydrostatic equilibrium equations (2). From
Eq. (6), it is evident that (specific) heat capacity is not only a property
of the material depending on temperature and state of matter, but it
also depends on the model of gravity. Moreover, the mean specific heat
in Eq. (6) contains phonons’ contribution resulting from crystallization
processes. Because the elastic and thermodynamic properties of crystals
are expressed via @ as shown in Eq. (9), which also relies on ®p
\/m, the characteristics of the crystal vary in different gravitational
proposals.

Fig. 1 shows the variation of ¢, as a function of T' for carbon white
dwarfs. As expected, the effect related to gravity is more prominent at
high densities. Since in modified gravity, the mean specific heat reaches
lower values than in the Newtonian case for the same temperature,
as we will see later, compact objects cool down faster with respect to
Newton’s gravity. Let us comment that in the case of a different compo-
sition, for instant O-Ne or O-Ne-Mg white dwarfs, they do not change
the mass-radius relation significantly (see e.g. [25]). In this work, since
our target is to understand the cooling age, we stick to one specific type
of white dwarf as the overall final result does not alter significantly with
the elements present.

The luminosity, which is determined by the rate of decrease in ther-
mal energy of ions and electrons over time 7, using Eq. (5), can be
expressed in the following form:

dUu A . dT

L =-== &= 10

thermal dr Amp v 4r (10)
Apart from it, we need to consider the latent heat released during the
crystallization process. Assuming it as gkg T, the additional contribution
to the total luminosity takes the form [26]
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Fig. 2. Age of carbon white dwarfs as a function of their central densities,
obtained by solving Eq. (10) as they cool down from 10% K to 10° K. The blue
curve in the inside plot shows the effect of crystallization on the low-mass white
dwarfs.

d(mg/ Amp)
Llatent =qkgT d s an
t
where m, is the amount of mass that is already crystallized. Therefore,
the total luminosity L = Lyemar + Liagene iS given by

_ 3kptt ( g,

- 4
Amy, 3kp

L

1 dm dr) dr (12)

P ar dp)
where p (T') is the density of the crystallized mass at a temperature 7.

It is derived from the ratio of Coulomb to thermal energy I" when it
reaches a critical value for which the crystallization process starts [24]

1/3
zZ% p
r:=228x%x10° yUE ; = Leritical- a3

Assuming the initial (i.e. at = 0) temperature to be 103 K, Fig. 2
shows a carbon white dwarf’s age (we understand the ‘age of a white
dwarf” as cooling time from this temperature to the present values, say
10% K). Simultaneously, Fig. 3 shows the fading of this white dwarf with
time and thereby the effect of modified gravity. It is evident that mas-
sive white dwarfs fade faster. A detailed discussion on this phenomenon
in the context of modified gravity can be found in [22,27]. This could
be another reason for detecting less number of massive white dwarfs
in astronomical surveys like GAIA, SDSS, etc. [28,29], and also for the
non-detection of super-Chandrasekhar white dwarfs directly so far. This
idea is very different from those in the existing literature based on mag-
netic fields [12,13], where it was shown that the surface luminosity of
white dwarfs decreases with the increase in the magnetic field strength.
Note that the presence of latent heat in the form of extra energy result-
ing from crystallization makes a longer cooling process as this energy
must also be dissipated from the surface of the star, which is indepen-
dent of the gravity theory as evident in Fig. 2. On the other hand, the
cooling process is speeded up by modified gravity as illustrated in Fig. 3.
This is desirable for explaining the existence of white dwarfs that ap-
pear to be older than the universe, especially because of the fact that
this effect is particularly noticeable in low-mass white dwarfs [30]. De-
spite the inadequacy of established scenarios to account for this unusual
phenomenon [31], Ricci-based as well as other gravitational proposals
may also offer viable solutions.

This is the first time gravity’s influence on specific heat, Debye tem-
perature, and crystallization process has been reported in the literature.
This property can have a significant meaning in solid-state physics and
Earth science. Recent experiments recreated extreme conditions of the
Earth’s core, allowing the study of iron’s behavior under high pressure
and temperature [32]. While modified effects can be ignored in weak
fields like Earth’s laboratories, they are important in Earth and stellar
interiors [33-35]. Our findings can be used to understand gravitational
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Fig. 3. Change in L with time for carbon white dwarfs assuming the surface
temperature to be 10’ K at t = 0.

interaction in dense environments [18] and test existing proposals of
gravitational theory against white dwarf data [36-38].
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