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Abstract

The study of bound particle trajectories around a rotating black hole is crucial to
the understanding of many astrophysical processes like accretion on to a black hole,
relativistic precession, and Gravitational waves from extreme-mass ratio inspirals. We
study various bound trajectories in the Kerr spacetime. We have derived new closed-
form analytic solutions for the non-equatorial eccentric bound particle trajectories,
{6 (r,0), t(r,0), r(0)}, around a spinning black hole by using the transformation
1/r = u(1+4 ecosx). The trajectories are completely expressed in the (e, i, a, Q)
parameter space by implementing the translation relations between energy and angular
momentum of the particle, (F, L), and eccentricity and inverse-latus rectum, (e, ),
for a given spin, a, and Carter's constant, ). We derive the necessary bound orbit
conditions to select the allowed combinations of (e, u, a, @), and specialized formulae
for equatorial, spherical and separatrix orbits. We study non-equatorial separatrix
trajectories, where a homoclinic orbit asymptotes to an energetically bound spherical
orbit of radius r, and derived exact expressions for e and p as functions of {r;, a,
@}, and their trajectories for (@) # 0) separatrix orbits; they are also shown to reduce
to the equatorial case. We also obtain closed-form expressions of the fundamental
frequencies of non-equatorial eccentric trajectories. The application of these solutions

is straightforward and numerically fast.

We apply these results to extend the relativistic precession model (RPM) for Quasi-
periodic oscillations (QPOs) in black hole X-ray binaries (BHXRB) to associate the
fundamental frequencies of the general eccentric trajectories with the QPO frequencies.
We call this a generalized relativistic precession model (GRPM). For this study, we
take up the cases of BHXRB GRO J1655-40, M82 X-1, XTE J1550-564, 4U 1630-47,
and GRS 1915+4+105. For BHXRB M82 X-1 and GRO J1655-40, we find trajectory
solutions at {e = 0.230%00%, r, = 4.8347038%, a = 0.299, Q = 2.36271 339} for M82



X-1, and at {e = 0.0711003%, r, = 52570115, a = 0.283, Q = 0193} for GRO
J1655-40. We see that the trajectories within the range of parameter errors, giving
frequencies in the range of width of the QPO, when taken together, span a torus
region and should together give rise to a strong QPO signal in the power spectrum.
We also suggest that the inner edge radius of the circular accretion disk, r;,, should be
near this torus region. For BHXRB 4U 1630-47, and GRS 19154105, we find highly
eccentric and equatorial orbit solutions, where better estimates of spins are required to
make a reasonable prediction for the orbital parameters. We also find spherical orbit
solutions in the cases of BHXRB M82 X-1 and XTE J1550-564 with {r, =6.0447307
a =0.32140.013, Q =6.113"%21% and {r, = 5.538 + 0.054, Q = 2.6971 %5

respectively. We also find an equatorial eccentric solution for BHXRB XTE J1550-564
at {e = 0.26270 009, 7, = 4.36570359}. We also show that the eccentric orbit solution
fits the PBK correlation observed in BHXRB GRO J1655-40. Our analysis of the fluid
flow in the relativistic disk edge suggests that instabilities cause QPOs to originate in

this region which, then, follows geodesic in the torus region.

We also discuss QPOs in the X-rays seen in Seyferts, ~-ray and optical band QPOs that
are seen in Blazars which are attributed to plasma motion in the corona or jets of these
AGN. We apply the GRPM and deduce orbital parameters like the radius of the emission
region, and spin parameter a for a circular orbit, while we obtain Carter’s constant @,
a, and the radius in the case of a spherical orbit solution for the two simultaneous
QPOs seen in NLSyl 1H 0707-945. In other cases where only one QPO is seen we
localize the orbital parameters for REJ 10344396, 2XMM J123103.2+110648, MS
2254.9-3712, Mrk 766, and MCG-06-30-15. By applying the lighthouse model, we
find that a kinematic origin of the jet QPOs in a relativistic MHD is plausible. Based
on the inbuilt Hamiltonian formulation with a power-law distribution in the energy
of the plasma consisting of only circular or spherical trajectories, we show that the
resulting PSD has a break corresponding to the energy at ISCO. Further, we derive
connection formulae between the slopes in the PSD and that of the energy distribution.

Overall, given the preliminary but promising results of these relativistic orbit models,



to match the QPO frequencies and PSD at diverse scales in the inner corona and the
jet, it motivates us to build detailed models for the energy spectrum in the corona and

relativistic MHD jet models of plasma flow and polarization properties.

We are currently working on the study of the distribution of energy levels of closed and
periodic non-equatorial orbits and deriving the simplest form of the separatrix surface
in (e, @, 1, a) space. We also discuss future work stemming from the ideas in this

Thesis.
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of nonequatorial eccentric (e@), spherical (Q0), eccentric equatorial
(e0), and circular (00) orbits) studied to explore QPO frequencies
using the GRPM in various sections of this paper, where the most
specialized case of circular orbits was previously studied (Motta

et al. 2014a,b). Clearly, the GRPM is valid strictly only when e # 0.

Generalized relativistic precession phenomenon for @) # 0, near a
black hole (BH) at the center, rotating anticlockwise, where (2,
represents the periastron precession and (2,, represents the nodal
precession frequency. The initial point of the trajectory is indicated
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point B. The particle sweeps an extra A¢ azimuthal angle dur-
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riastron or nodal precession. . . . . . . ... ... L.
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orbit representing the nodal precession phenomenon of the orbital
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showing the periastron precession phenomenon. . . . . . .. .. ..
Important radii: the ISCO (ISSO), MBCO (MBSO), light radius,
and the horizon. These radii separate various kinds of orbits outside
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that are depicted by numbers, for (a) the equatorial orbits with
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made in this Thesis. . . . . . . . ... ... L
A summary of the results, tables, and figures related to the GRPM
parameter extraction for BHXRB and AGN, GR gas-flow model,
PBK analysis, ROM model for PSD, and MHD jet model. . . . . .
A list of various types of trajectories around a Kerr black hole with
their description, and the region in the (r, a) plane where they are
found, as shown in Fig. 5.4. ®The regions for e0 and 00 orbits
are shown in Fig. 5.4(a), whereas e@) or Q0 orbits are shown in
Fig. 5.4(b). T(Rana and Mangalam 2019a,b); *(Levin and Perez-
Giz 2009; Perez-Giz and Levin 2009); ”*(Glampedakis and Kennefick
2002). ..o
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Energy distribution of particles
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Slopes of the energy distribution inside and outside ISCO
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Chapter 1

The first image of a black hole (M87). Courtesy: jpl.nasa.gov

Overview

1.1 Introduction

The modern study of black holes is rooted in the theory of general relativity devel-
oped by Albert Einstein in 1915. The theoretical ideas became the central focus
in the field of general relativity when Karl Schwarzschild derived the solution of
Einstein’s vacuum field equations for a spherical non-rotating body of mass M,
(Schwarzschild 1916), which led to the Schwarzschild radius, R, = 2GM/c* =
2.95 (M, /Mg )km, defined as the horizon radius of a non-rotating black hole. Ini-
tially, the existence of black holes was considered only virtual, as mathematical
ideas, and their real existence was questioned by Albert Einstein himself. The
late twentieth century (1960s) changed this situation when a revolution started
in the field of observations of black holes with the discovery of quasars and other

active galactic nuclei (AGN) in distant galaxies (M, > 10°M) because the most
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FIGURE 1.1:  An artistic image of Cygnus X-1. Courtesy: NASA/CX-
C/M.Weiss.

natural explanation for their extraordinary luminosity can only be the release of
gravitational potential energy due to accretion of matter onto the supermassive
black holes (Rees 1984). This was an indirect detection of the astrophysical black
holes. The further boost in black hole astrophysics started in the 1970s when an
X-ray binary, Cygnus X-1 (Fig. 1.1), was discovered (Bolton 1972). The compact
object in this binary was found to have it’s mass greater than the maximum mass
limit of a neutron star, M < 2.17M, (Margalit and Metzger 2017; Oppenheimer
and Volkoff 1939), hence it was inferred to be a black hole. The formation process
of black holes, with such high masses, is believed to be due to its self-gravity lead-
ing to the gravitational collapse of high mass objects. From a simple Newtonian

treatment, it is seen that the escape velocity of a very dense object having a radius

R, is )
oG\ M2
Vese = ( (; ) =c. (1.1)

This implies that light cannot escape from a region where R < R, and a general
relativistic treatment is required to study the objects with vese ~ ¢. Here, we
discuss the dynamics of the more general case of rotating black holes in the general

relativistic regime.



Chapter 1: Introduction and overview 3

1.2 The Kerr black holes

The solution to Einstein’s vacuum field equations for a rotating object with mass
M and angular momentum J was derived by Roy Kerr, where the line element is

called the Kerr geometry (Kerr 1963), is given by (¢ = G = 1 units)
ds®> = g, dztda”, (1.2a)

where {21, 2% 23 21} = {t,r,0, ¢}, and

git = — (1 _ IQO_Z) S ogt=— (r* + QQ)Zp;ACL2A sin? 97 (1.2D)

9op = (7“2 +a* + %W) sinf, g% = %{:ﬁ;g, (1.2¢)
Gt = —Qa%;nw, g’ = —32%, (1.2d)

Grr = %2, goo = 1, g7 = %, g% = %, (1.2¢)

where a = J/M? is the Kerr parameter, p? = r? +a? cos® 0, and A = r? — 2r + a?.
We have scaled r and a by M to make them dimensionless. The coordinates
(t,r,0,¢) are called the Boyer-Lindquist coordinates, which are related to the

Cartesian coordinates as

= Vr2+a?sinfcos o, (1.3a)
y =  Vr2+4a?sinfsin g, (1.3b)

z = rcosb, (1.3¢)

which differs from the spherical coordinate system, and where the radial equivalent

is given by v/72 + a2 in 2" and y equations [Egs. (1.3a, 1.3b)].
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1.2.1 Important properties of the Kerr geometry

The important properties of the Kerr geometry, that the metric [Eq. (1.2a)] obeys,

are:

Asymptotically Flat: The line element approaches the geometry of flat space-

time for r >> 1 and r >> a, given by
ds? = r* (d6* + sin* @ d¢?) . (1.4)

Schwarzschild when a = 0: The Schwarzschild metric is a special case of the

Kerr family, which is obtained when a = 0 and given by

2 2\ 7!
ds? = — <1 — —> dez + (1 — —) dr? + r2d6* 4+ r?sin®0 d¢?.  (1.5)

T r

Stationarity, Axisymmetric: The metric is independent of ¢ and ¢, making

it stationary and axisymmetric. In addition, the Kerr metric has a reflection
symmetry with respect to the equatorial plane, which means that the metric

remains unchanged when 6 — (7 — 0).

Singularities and Horizon: The metric has singularities at p = 0 and A = 0;

where p = 0 is the real singularity (when r = 0 and § = 7/2), and A =0 is

the coordinate singularity which has solutions at
rye =1++vV1—a? (1.6)

This defines the outer and inner horizon radii for a Kerr black hole, 7,
where only r is physically relevant. It can be seen from the expression of
r+, Eq. (1.6), that the horizon radius is real only when —1 < a < 1, hence

constraining the value of spin for a Kerr black hole.
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1.2.2 Radial milestones in the Kerr geometry

There are important radii around a Kerr black hole, which have physical signifi-
cance in the study of the motion of matter near a rotating black hole, and hence

set important radial milestones. We discuss their details and significance below:

e Horizon surface: The horizon surface is a null three-surface, generated by

light rays that neither fall into the black hole nor escape to infinity. A null
three-surface is defined as the one where at each point there is one tangent

direction, [, that points along a light ray,

Gl =0, (1.7)

which is also orthogonal to two independent spacelike directions (Hartle
2003). This implies that [ is a null vector that is normal to the null sur-
face and also lies in it. It can be shown that the surface r = r; is a null

three-surface in the Kerr spacetime. Although, the horizon in the Kerr ge-

F1GURE 1.2: The horizon of a rotating black hole with a = 0.86. Lines of
constant ¢ and constant 6 are shown on the surface. Courtesy: Hartle (2003).

ometry has a constant Boyer-Lindquist coordinate, r = r,, the geometry of
the horizon surface is not spherically symmetric. The substitution of r = r

and t =constant (constant time slice) in Eq. (1.2a) gives the line element of
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a two-dimensional surface

9 2

ds? = p2d? + (ﬁ) sin?6 dg?, (1.8)
P+

where p, = p(ry,0). This line element does not have geometry of a sphere.

A two-surface with geometry given by Eq. (1.8) is shown in flat space in

Fig. 1.2.

e Light radius: A light radius defines the innermost limit for the spherical
(circular) orbits of particles around a black hole. The radius of a photon

orbit in the equatorial plane of the Kerr geometry is given by
r =X = 2{1 + cos [2arccos (—a) /3]}, (1.9)

which was derived by Bardeen et al. (1972), by setting the energy per unit
rest mass of the particles to infinity, £ = oo (also see §4.6.1). An example

of a light radius in the equatorial plane of the Kerr black hole is shown in

Fig. 1.3.
2,
1t
ol 1 — Event horizon
Light radius
-1l
—2r

2 1 0 1 2
F1GURE 1.3: The horizon and light radii are shown in the equatorial plane of

a Kerr black hole with a =0.5, where the point at the center represents the real
singularity at r = 0.

e FErgosphere and frame-dragging: The concept of relativistic frame-dragging

is a natural consequence of spinning black holes. Let us consider the frame
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of a zero angular momentum observer (ZAMO), L = u, = 0, near a Kerr

dz?
black hole. The contravariant four-velocity for ZAMO is given by u* = di’
-

where 7 is the proper time and u® = ¢g®u, # 0. The angular velocity of the

frame of ZAMO will be
_dé_w?

Q= = 1.10
and uy = 0 = ggeu® + ggu', which gives
_ YGet
Q=-9% 4, (1.10b)
9pe
where the substitution of Eqgs. (1.2¢) and (1.2d) yields
2
0= a (1.10c)

(r2 + a2)” — a?Asin® 0’

It is easy to see that the denominator in the above equation is always positive,
implying that (£2/a) > 0, which means that the ZAMO is forced to rotate
or frame-dragged along the direction of the spin of the black hole.

1.0
0.8r
0.6r

\0 [y
re(e) 0.4}

—_— ,'+
1 — ro(8=m1/2)

horizon 0.2f

s

0.0k s
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

r

(a

N

(b)

FIGURE 1.4: The Ergosphere along with the horizon radius is shown (a) on
a flat plane for a = 0.95, Courtesy: Hartle (2003); (b) in the (r, a) plane for
6 = 7/2. The region between r4 and r, is the Ergoregion.
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Now, the four-velocity for a stationary observer is given by
ut = (u',0,0,0), (1.11)

which is a unit timelike vector

y 2 2r 2
Gt = gy (ut) =— (1 — F) (ut) = —1; (1.12)
where this condition is solved to obtain u‘. However, it can not be satisfied

when g;; = 0 which gives a solution for the stationary surface as
r=r.(0)=14++v1—a%cos?0, (1.13)

that defines the radius of the Ergosphere. There are no possible stationary
observers, seen from infinity, which follow Eq. (1.12) inside this surface,
r < 1 (0), because g changes its sign at r. (6) and is positive inside it. The
region defined by ry < r < r.(0) is called the Ergoregion. The radius of the
Ergosphere and the Ergoregion are shown in Fig. 1.4.

As we see that r > 7. (0) (except for § = 0 and § = w, when r = r.), which
means that an observer in the Ergoregion can be in causal contact with the
outside Universe. If an orbiting body fragments into two parts within the
Ergoregion, it is possible to arrange the decay so that the escaping particle
carries more energy than the one which falls into the black hole, having
effectively extracted the rotational energy (angular momentum) of the black

hole. This phenomenon is called the Penrose process (Penrose 1969).

e Marginally bound spherical (circular) orbit (MBSO/MBCO): The Kerr ge-

ometry is not spherically symmetric but axisymmetric, which allows the
motion of matter in a non-equatorial manner around the black hole. The
marginally bound spherical (circular) orbits are the ones having £ = 1,
and they are unstable orbits. They are spherical (circular) in geometry but

parabolic in their energetics (Bardeen et al. 1972). Hence, the unstable
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spherical (circular) orbits exist only locally at MBSO (MBCO), and any in-
finitesimal outward perturbation to a particle in such orbit will escape it to
infinity in a parabolic trajectory. The expression for MBCO was derived by
Bardeen et al. (1972), which is given by

r=Y=2-a+2V1-—aq, (1.14)

whereas the expression for MBSO is much more complicated (which we
derive in chapter 4). An example of MBSO radius (blue) with Carter’s
constant, @ = 4 (Carter 1968), is shown in Fig. 1.5. A diagram of MBSO is
shown in Fig. 1.6 (blue), representing a local unstable spherical orbit with

E=1.

e Innermost stable spherical (circular) orbit (ISSO/ISCO): The ISSO (ISCO)

defines the innermost radial limit for the stable spherical (circular) bound

orbits. The conditions for a ISSO (ISCO) radius are (derived in §4.6.1)

E?—1 dVgs(r) d®V s (1)
Vers (r) = —5— gi =0, —d’;’; =0, (1.15a)

where V. (r) is the radial effective potential given by

1 L2 —a?(E?-1 L —aE)?
‘/;ff(r):—;+ CL( )—( a ), (1.15b)

22 73

for the equatorial orbits, where E and L are the energy and z-component
of the angular momentum per unit rest mass of the orbiting particle. Any
radial perturbation at ISSO (ISCO) makes the particle to fall in the unstable
orbit region (region 2 and 3 in Fig. 1.5). The solution of Eq. (1.15) gives
r(a), F(a), and L(a). Hence, the radius for ISCO, r = Z, is given by
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(Bardeen et al. (1972), also derived in Appendix A.3)

r=27= {3+qu:[(3—21)(3+Zl+222)]1/2}, (1.16a)
Zi= 1+(1-a?)"? [(1+a)1/3+(1 —a)l/ﬂ, (1.16b)
Zy= (3¢ +2)"?, (1.16¢)

where the upper sign represents the prograde and the lower sign represents
the retrograde case. And the expressions of F (a) and L (a) for ISCO are
given by (also derived in §4.5.1)

[Z (a)” —2Z (a) + a\/m}

Ef(a) = , (1.17a)
) 1/2
Z (a) [z (a)® = 37 (a) + 2a\/Z (a)]
[Z (a)* + a® — 2a+/Z (a)}
L(a) = : - (L17b)
7 (@) [z (a)® = 3Z (a) + 2a/Z (a)}

An example of the ISSO radius (black) is shown in Fig. 1.5. A diagram of
ISSO is shown in Fig. 1.6 (black), representing a spherical radial limit for
the stable bound orbits.

1.0f~

0.8¢

0.6/ | — Horizon

© 5 14\ 3 2 1 Light radius
0.4+ 1 — MBSO
— ISSO
0.2f
0.0L \
1 2 3 4 5 6

FIGURE 1.5: The contours of various radii are shown in the (r, a) plane for
@ = 4, which divide it into various regions, depicted as 1, 2, 3, 4, and 5, which are
associated with different types of trajectories around a Kerr black hole (which
we discuss in chapter 3 and 4).
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The regions depicted in Fig. 1.5 correspond to different types of bound
particle orbits around a Kerr black hole, as described below (for an analysis

see §4.6.1 and 5.2):

1. Region 1 contains the stable spherical (circular) and the eccentric orbits.

2. Region 2 corresponds to the unstable spherical (circular) and the sep-

aratrix (Levin and Perez-Giz 2009) types of orbits.

3. Region 3 contains unstable spherical (circular) orbits with £ > 1.

4. There are no bound (stable or unstable) orbits found in region 4, and
region 5 is inside the horizon.

5. The Ergoregion overlaps with region 4 (for small a) and with region 3

(for large a).

(a) (b)

FIGURE 1.6: The horizon radius (r4, red), light radius [Eq. (1.9), green ring],
MBSO (blue), and ISSO (black) (embedded in flat space), (a) side view, (b) top
view, are shown together as the important radial milestones around a Kerr black

hole, where {a = 0.5, Q = 4}.
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1.3 Observations of black holes

It has now been established with observational evidence that black holes with
masses ranging from 4-20M, in black hole X-ray binaries (BHXRB), to 105-10 M,
in galactic nuclei, are ubiquitous. One among such important evidences is the
recent detection of gravitational waves from the black hole binary merger (Abbott
et al. 2016) and more such events are being detected, and are awaited by future
missions like Laser Interferometer Space Antenna (LISA) (Glampedakis 2005).
Another remarkable milestone in the field of black hole astrophysics was set by
the Event Horizon Telescope (EHT) Collaboration, which recently reported the
observations of the galactic nucleus of M87 from 1.3 mm Very Long Baseline
Interferometry (VLBI). It achieved a very high angular resolution by observing an
annular region with typical radius of 6,5 ~ 21uas, which is comparable to the size

of the galactic nuclei (Event Horizon Telescope Collaboration et al. 2019a,b,c,d e,f).

The release of gravitational potential energy due to the process of accretion onto
black holes is a powerful and efficient mechanism for producing high-energy radia-
tion. To provide a simple order-of-magnitude estimate, we consider a body of mass
M and radius R. The gravitational potential energy released by the accretion of

a mass m on to its surface is

AE,,. — G%, (1.18a)

when this is compared with the energy released per unit rest mass, we obtain the

fraction of the gravitational potential energy released

AFE,. GM
— ———— 1.1
c mc? Rc? (1.18D)

Hence, the fraction of the energy released due to the accretion mechanism is

strongly dependent on the compactness ratio of the central object, M/R, which
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is very high for black holes. A precise estimate of the efficiency of energy release
due to accretion is obtained from the binding energy per unit rest mass [1 — F (a)]
at the ISCO, where FE (a) is given by Eq. (1.17a), in the equatorial plane of a
rotating black hole. This is shown in Fig. 1.7, where we see that for a Kerr
black hole with extreme spin, a = 1, the maximum fractional binding energy is
n=1-E(1)= (1 — \/ig) ~ (.42, which is lower for the retrograde case as the
ISCO radius is higher, and it is p = 1 — B (0) = (1 . ¥> ~ 0.057 for a = 0; this
has implications for the evolution of the black hole (Bhattacharyya and Mangalam
2020). Hence, accretion of matter on to a black hole is a very efficient mechanism

for the release of energy in keV to MeV range (X-rays) (Novikov and Thorne 1973;
Shakura and Sunyaev 1973).

0.4¢

0.3;

1-E(a)

0.2¢

0.1¢

-1.0 -0.5 0.0 0.5 1.0
a

FIGURE 1.7: The figure shows binding energy per unit rest mass [1 — F (a)] of
ISCO radius for a Kerr black hole as a function of a, where a > 0 is the prograde
and a < 0 is the retrograde case.

1.3.1 Black hole X-ray binaries (BHXRB)

Black hole X-ray binaries (BHXRB) are systems with a primary black hole grav-
itationally bound to a non-degenerate companion star. These systems display
transient behavior exhibiting high X-ray luminosities (Lx ~ 10% erg s™!) during
the outburst state, lasting from a few days to many months, followed by a long

quiescent state (Ly ~ 103 erg s7') (Remillard et al. 2006). During the outburst
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phase, the X-ray intensity shows rapid variations with time-scale ranging from mil-
liseconds to a few seconds, which is most likely to arise in proximity to the black
hole (r ~ r;sso, where ISSO stands for the innermost stable spherical orbit). The
triggering of these X-ray outbursts has been modeled as an instability arising in
the accretion disk when the accretion rate is not adequate for the continuous mat-
ter flow to the black hole, and when a critical surface density is reached (Dubus
et al. 2001). However, the disk instability model has not been able to explain
the outbursts of much shorter or longer time-scales; for example, BHXRB GRS
1915+105 has shown high X-ray luminosity state for nearly 20 years (Fender and
Belloni 2004). An artistic sketch of 16 BHXRB in the Milky Way is shown in Fig.
1.8.

Companion star - =X
O Sun Mercury

Accretion disk

and black hole *®

GRS 1915+105

e e
XTE J1118+480 XTE J1859+226 - “
SAX J1819.3-2525
- -e
GRS 100945 GRS 1124-683
- - e - ‘¢
GS 2000425 H1705-250
GRO J1655-40
®e PN
A0620-00 GRO J0422+32 . ‘
4U 154347

¥e e

XTE J1550-564

GX 339-4 GS 2023+338

FIGURE 1.8: A sketch of 16 BHXRB in the Milky Way is shown. A comparison
of the distance is shown with respect to the Sun-Mercury distance at the top.
The color of the companion star roughly represents their surface temperature.
Courtesy: Remillard et al. (2006).
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1.3.1.1 Quasi-periodic oscillations (QPOs) in BHXRB

The power spectral density (PSD) of the X-ray intensity, which is commonly used
to probe this fast variability, exhibit distinct features called quasi-periodic oscil-
lations (QPOs) during the outburst period with their peak frequency, vy, ranging
from 0.01 Hz to 450 Hz (Remillard et al. 2006; Belloni and Stella 2014). QPOs
can be distinguished from other broad features of the PDS by their high-quality
factor vy/FWHM 2, 2, where FW HM is full width half maximum. Hence, the
study of properties and origin of QPOs in BHXRB is crucial to understanding the
properties of inner accretion flow close to the black hole where general relativistic

effects are ascendant. QPOs in BHXRB are categorized as (Remillard et al. 2006):

1. Low-frequency QPOs (LFQPOs): vy < 30Hz, which are again classified as

type-A, B, and C based on their various properties. The type-A QPOs are
usually weak and broad with (vg/FWHM) < 3, seen in the range 6-8 Hz.
The type-B QPOs are observed to be relatively strong and narrow around
1-3 Hz or 6 Hz with (vg/FWHM) > 6. Type-C is the most frequent QPO
with very strong and narrow peak, (vo/FW HM) > 10, and having a wide
frequency range from mHz to 30 Hz (Motta 2016).

2. High-frequency QPOs (HFQPOs): vy > 30Hz with 10 < (vy/FWHM) <
40. The launch of the Rossi X-ray Timing Explorer (RXTE) in 1995 with its

high sensitivity significantly increased the detection of BHXRB, and made
it possible to detect HFQPOs in their PSD in the late 1990s (Belloni and
Stella 2014); for example, the detection of 300 Hz and 450 Hz QPOs in
GROJ1655-40 (Remillard et al. 1999a; Strohmayer 2001a) (Fig. 1.9) and

many more.
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FIGURE 1.9: The detection of simultaneous HFQPOs is shown in the PSD of
BHXRB GROJ1655-40. Courtesy: Strohmayer (2001a).

1.3.1.2 Spectral states in BHXRB

The energy spectrum of BHXRB shows a superposition of different components
arising from different regions of the accretion flow, and it is also time-dependent.
These systems transit through various spectral states during their outburst period
and show a hysteresis behavior seen as a Q-shaped loop in the hardness-intensity
diagram (HID) (Fig. 1.10) (Fender et al. 2004; Fender and Belloni 2012; Remillard
et al. 2006). Initially, the spectral states were categorized as thermal (high/soft
state, HSS), hard (low/hard state, LHS), and steep power-law (very high or ultra-
luminous state, SPL) states (Remillard et al. 2006) based on whether the thermal
component (multi-temperature blackbody spectra arising from a thin accretion
disk) or the power-law component (most probably arising from a coronal region) is
dominant in the X-ray spectrum. Later, the states between low /hard and high /soft
in the HID was further classified as Hard Intermediate State (HIMS) and Soft
Intermediate State (SIMS) according to the photon index value of the power-law
component, I', and the association of these states with the type-A, B, C, and
HFQPOs (Motta 2016). An X-ray outburst starts with the LHS (A—B in Fig.
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1.10), and moves towards the HIMS (B—C in Fig. 1.10) and then SIMS (C—D
in Fig. 1.10), where it reaches the SPL state (D—E in Fig. 1.10). Finally, the
outburst comes back to LHS through E-F—A (Fig. 1.10). The timescale of this
Q-track in the hardness-intensity diagram varies from a few months to years in

BHXRB.

SOFT X-ray spectrum —HARD>

C B

el
------

FiGURE 1.10: The X-ray hardness versus luminosity diagram showing the
evolution track of the outburst in BHXRB. Courtesy: Fender and Belloni (2012).

The type-A LFQPOs (6-8 Hz) are usually observed during the HSS, whereas type-
B LFQPOs (1-3 Hz or 6 Hz) are associated with the SIMS. The centroid frequency
of the type-C LFQPOs transits from mHz during the LHS to a few Hz during
the HIMS, and finally attains the maximum value around ~ 10—30 Hz when
the spectral state reaches the HSS. On the other hand, the HFQPOs have been
observed to have a high-quality factor, 5 to 20, and they are always detected
during the anomalous or SPL state when the X-ray flux is very high (Remillard

et al. 2006; Belloni and Stella 2014; Motta 2016). Also, the HFQPOs are found to
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be stable in their frequency values even when the luminosity of BHXRB changes
by a factor of 2 — 3, for example, 67 Hz QPO of GRS 19154105 (Strohmayer
2001b); this is a characteristic of the system, a voice print that might only depend

on the spin and mass of the black hole.

1.3.1.3 PBK correlation

There is an interesting and positive correlation that was found between the fre-
quencies of HFQPOs and LFQPOs in different BHXRB, called the Psaltis-Belloni-
van der Klis (PBK) (Psaltis et al. 1999) correlation. In the cases of BHXRB where
HFQPOs are not detected, the same correlation was followed by the characteristic
frequency of a broad feature (not a QPO) in the PSD with the LFQPOs, dur-
ing the low/hard state. Such a strong correlation suggests a single phenomenon

responsible for the origin of these QPOs in various BHXRB.

1.3.2 Intermediate mass black holes (IMBH)

The black holes with mass range M, = 10%— 10° My, provide the evidence for IMBH
(Miller and Colbert 2004). The existence of these black holes is still considered to
be controversial, however, there are a few candidates that show strong evidence
of IMBH. For example, the ultra-luminous X-ray sources (ULX), like M82 X-1,
with Ly > 10%%rg/s are considered to be the IMBH candidates (Pasham et al.
2014; Bambi 2019). However, only a dynamical measurement of the mass of the
compact object in the ULX can unveil the presence of an IMBH. Another example
of an IMBH is HLX-1 in the spiral galaxy ESO 243-49 with a black hole mass
of over 500M, (Farrell et al. 2009, 2012). Other evidence of IMBH comes from

the gravitational wave observations, for example, the formation of 142M from
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the merger of 85M and 66M,, black holes was reported (Abbott and Abbott
2020b,a).

1.3.3 Active galatic nuclei (AGN)

Most of the galaxies in the Universe are thought to possess a supermassive black
hole at their centers. Active galactic nuclei (AGN) are the compact regions at
the center of certain galaxies having very high luminosities 102 — 10%8erg/s. The
emission from these central engines is observed in a wide range of wavelengths,
like radio, infra-red, ultra-violet, X-rays, and v-rays. The standard unification
model for an AGN explains the origin of the wide range of wavelengths originating
from different regions around a black hole (Rees 1984; Blandford and Rees 1992;
Antonucci 1993; Urry and Padovani 1995), which are:

1. An accretion disk around the central supermassive black hole with mass
range M, = 105M, (Seyfert galaxies) to 10°M,, (Blazars), which is the

source of UV, optical, and soft X-rays emission.

2. A torus-shaped region of gas and dust of size > 0.1 pc, which is found to be
cooler than the accretion disk because it exists further away from the central

black hole.

3. The broad line region (BLR) of gas clouds with a typical size of ~ 10 light
days, and gravitationally bound to the central black hole.

4. The narrow line region (NLR) of gas clouds at a distance of 1 to 1000 pc

from the central region.

Along with these components of the standard model, the radio loud AGN with

powerful jets are modeled as jets consisting of accelerated particles aligned with the
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rotation axis of the black hole. The observational properties of different types of
AGN are believed to be associated with the observer’s line of sight passing through
various components mentioned above. A cartoon diagram of this unification model

is shown in Fig. 1.11.
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FIGURE 1.11: The unification model for AGN showing the main features:

accretion disk, BLR, NLR, and the torus region. Courtesy: Urry and Padovani
(1995).

1.3.3.1 Power spectral density (PSD) and QPOs in AGN

The X-ray variability is a key diagnostic for understanding the physical processes
in the innermost regions of the accretion flow. The similarity in the behavior of
X-ray variability in AGN and BHXRB is an important aspect of the AGN-BHXRB
connection (McHardy et al. 2006; McHardy 2010). The AGN are known to have
a characteristic shape mathematically described by a bending power-law model

(McHardy et al. 2004; Papadakis et al. 2010) given by

Pv)=F (y%) - 1+ <§b)(ah_al)] _1, (1.19)
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where P, is the normalization constant, and «;, oy, are the PSD slopes below and
above the break frequency, v4,. Typically, it is observed that aj, ~ 2 and a; ~ 1 for
higher and lower frequencies respectively in various types of AGN with 14, ranging
from ~ 107¢ — 10~ (Papadakis et al. 2010; Gonzalez-Martin and Vaughan 2012).
An explanation for this PSD slopes was first proposed by Mangalam and Wiita
(1993) as a Fourier sum of contributions from time signals induced at different
annuli of the accretion disk. An example of a typical PSD shape is shown in Fig.

1.12.
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F1GURE 1.12: The PSD of a narrow-line Seyfert 1 galaxy PKS 0558-504 fol-
lowing the bending power-law, Eq. (1.19). Courtesy: Papadakis et al. (2010).

Over the last decade, there are also various claims of the detection of QPOs in
different classes of AGN with timescales ranging from a few tens of minutes to
hours in X-rays, days and also years in optical and ~ ray light curves (Gierliriski
et al. 2008; Lin et al. 2013; Alston et al. 2015; Ackermann et al. 2015a; Sandrinelli
et al. 2014, 2016a,b, 2017, 2018; Gupta et al. 2009; Graham et al. 2015; King et al.
2013; Fan et al. 2014). A X-ray QPO with ~ 2 hour timescale was detected in MS
2254.9-3712 (Alston et al. 2015). Later, 1H 0707-495 also showed the detection
of a significant QPO at ~ 3800s and another at timescale ~ 8265s with relatively
low significance in the X-ray light curve (Pan et al. 2016; Zhang et al. 2018). A
highly significant X-ray QPO of timescale ~ 6450s was reported in NLSyl Mrk
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766 (Zhang et al. 2017), while another QPO (but not simultaneous) with a period
of ~ 4200s was also reported (Boller et al. 2001), making these two signals in
~ 3 : 2. Another significant X-ray QPO was reported in NLSyl MCG-06-30-15 of
timescale ~ 3600s (Gupta et al. 2018). Very recently, the detection of two QPOs
was reported at timescales ~ 8064.5s and ~ 14706s in ESO 113-G010 (Peng et al.
2020).

QPOs are also observed in the v ray and optical light curves in various Blazars,
for example, a QPO of timescale 2.18 £ 0.08 year was discovered in v ray light
curve of PG 1553+113 (Ackermann et al. 2015a), where correlated oscillations
were found in the radio and optical light curves. Later, an optical QPO of similar
timescale, ~ 810 days, was confirmed in PG 1553+113 (Sandrinelli et al. 2018).
Another v ray QPO with a timescale of a few months, 7" ~ 280 days, was reported
in PKS 0537-441, where an optical QPO of timescale ~ T'/2 was also discovered
(Sandrinelli et al. 2016b). A pair of optical and v ray QPO was also reported in
BL Lac, having similar timescales of ~ 680 days (Sandrinelli et al. 2017, 2018).

The understanding of the PSD shape and QPO frequencies are fundamental for

probing the inner region close to the black hole, that is taken up in chapter 6.

1.3.4 The spin and mass measurement of black holes

There are various techniques that have been developed to measure spin and mass

of the black hole in BHXRB and AGN. We discuss some of these methods below:
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1.3.4.1 Mass measurement techniques

The most accurate mass measurement technique in black hole astrophysics is
through dynamical methods. For a test particle orbiting in Keplerian orbits around
a black hole of mass M, (Narayan 2005), we have

2,3 3
_Artr VT

= o = (1.20)

M, ,
orb 27TG

where v is the velocity of the orbiting particle, T, is the period of the orbit, and

r is radius if it is a circular orbit and the semi-major axis if it is an elliptical orbit.

e Mass function: In the case of BHXRB, one measures the mass function given

by

K3T, 4 M, sin®i

f (M) 2rG 1+ M, /M,)*

(1.21)

where M, is mass of the companion star and K is the maximum line-of-sight
Doppler velocity, K = vsini, of the companion star and 7 is the inclination
angle of the binary orbit. The values for T,,, and K are obtained from the
optical or infra-red observations of the companion star. One requires an
independent measurement of i and M., which combines with those of T,
and K to estimate M,. The masses of many compact objects in the binary

systems have been measured through this method.

o Stellar dynamics: Using the accurate measurement and modeling of the el-

liptical orbits of stars near a supermassive black hole, and by using Eq. (1.20)
is another method for estimating the mass of the black hole. For example,
the mass of the black hole at the center of the Milky Way galaxy estimated
through this method is measured to be (3.7 +1.5) x 10M, (Schédel et al.
2002), and a more recent estimation is (4.5 + 0.4) x 10M, (Ghez et al. 1997,
2000, 2008). For a review of this method, see Kormendy and Ho (2013).
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o Water maser emission: The observation of H20 maser emission at ~ 22 GHz

is also used to trace gas clouds orbiting the massive black holes in galactic
nuclei. Radio interferometry measurements, such as the VLBA, have shown

that the gas clouds in the extended disk follow Keplerian orbits and hence

1/2
v = (GM'> sin i, (1.22)

r

follow

where ¢ is the disk inclination with respect to the line of sight and r is
the radial distance from the center of the galaxy. The observation of such
velocity profile gives a direct measurement of the mass of the supermassive
black hole, for example in the case of galaxy NGC 4258, a mass of 3.6 x 107 M.,
was inferred for the central black hole (Miyoshi et al. 1995).

e Reverberation mapping: The reverberation mapping of the BLR clouds (Pe-

terson 1993) is also a much-favored technique. For a virialized gas cloud,

B frv2

G Y

M, (1.23)

where f is a covering fraction that accounts for the shape of the BLR clouds,
r is distance to the BLR region, and v is the average velocity of the gas. The
continuum emission from the accretion disk shows fluctuations due to the
perturbations in the flow. These fluctuations are imprinted on the outgoing
radiation. The BLR clouds close to the inner region will re-process this
incoming radiation before it reaches the observer. The time delay between

the continuum and line variations, A7, then gives an upper limit on r = cAr.

1.3.4.2 Spin measurement techniques

There are various techniques for spin measurements of black holes, which are

discussed below:
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o Continuum spectral fitting: In the high-soft spectral state of BHXRB, when

the accretion rate and hence the luminosity, L., is very high, the accreting
gas is optically thick and radiates approximately as a blackbody. Using the
flux of radiation, F'(r), emitted by the accretion disk, and one can theoreti-
cally estimate the effective temperature profile T, (r) = [F(r)/ o]"/*, where
o is the Stefan-Boltzmann constant. The comparison of this quantity with
the observed spectral flux, F,Av, one obtains an estimate of r? cosi/D?
(the projected solid angle of the disk), where D is the distance to the source
and 7 is the inclination angle. The dependence of 7;, on the spin of the black
hole then provides an estimate of spin (Zhang et al. 1997; Mudambi et al.
2020; Zhao and Dong 2020).

e [ron line emission: The observation of the relativistic Ko fluorescent emis-

sion line from gas in the accretion disk also provides an estimate of the spin
of the black hole (Fabian et al. 1995, 1989). The observed line ranges from
about 4-7 keV, whereas the rest energy of this emission line is 6.4—6.9 keV,
this is a result of broadening due to the Doppler shifts. The shape of the
observed emission line depends on: (i) the range of radius over which the
emission occurs, where the black hole spin has a significant effect, (ii) the
line emissivity as a function of r, (iii) the disk inclination, i, because the
Doppler effects are much less for a face-on disk than an edge-on disk. For an
observed broad iron line, and assuming that the radiating gas is orbiting in
a Keplerian orbit with radii » > Z, one can fit the shape of the line profile
to estimate a, 7, and the emissivity function (Brenneman et al. 2011; Walton

et al. 2012).

e ()POs: The frequencies of QPOs have an imprint of relativistic motion of gas
close to the black hole. Using the relativistic precession model (Stella and
Vietri 1999; Stella et al. 1999), one associates the fundamental frequencies
of the relativistic bound orbits, {vy, (v — 1), (Vs — 1)}, in the Kerr space-

time, with the QPO frequencies to infer the spin of the black hole (see Fig.
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FIGURE 1.13: An illustration of (a) periastron, and (b) nodal precession of
the relativistic orbits near the equatorial plane of a Kerr black hole. Courtesy:
Belloni and Stella (2014).

1.13). This technique was applied to BHXRB GRO J1655-40 for estimating
mass and spin of the black hole (Strohmayer 2001a; Motta et al. 2014a).

1.3.5 Importance of integrals of motion (IOM) in black hole

dynamics

The study of trajectories and accretion of matter around the black holes is a
critical input to our understanding of the physical processes and their observational
consequences like PSD), relativistic precession, QPOs, and gravitational waves from
extreme-mass ratio inspirals, etc (Narayan 2005; Bambi 2019; Remillard et al.
2006; Glampedakis 2005). The study involves the dynamics of test particle motion
in a most general and non-equatorial scenario, and finding solutions to the integrals
of motion around a Kerr black hole. Any progress made in the analytic solutions

will advance the current understanding of the observations of black holes.
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1.4 Goals of the Thesis

1. To identify and classify of various types of general bound timelike trajecto-
ries, for example, non-equatorial eccentric, spherical orbits, etc, and special

radii in the {r, a} plane of the Kerr spacetime.

2. The identification of the general bound trajectories as regions and curves in
the energy and angular momentum space {E, L, a, Q}, and the eccentricity
and inverse-latus rectum space {e, u, a, @}, and the mathematical forms of

the conditions for these bound orbits.

3. The comparison of {E, L, a, Q} and {e, u, a, @} parameter space and

translation relations between them.

4. Building the compact analytic forms for the integrals of motion of the most
general bound timelike trajectories in the Kerr spacetime using {e, u, a, Q}
parameter space, which removes the singularity at the turning points of the

orbit.

5. Reduction of the general trajectory solution to the special cases of equatorial

eccentric and spherical orbits to obtain simpler forms.

6. To study the special kind of trajectories, called the non-equatorial separatrix
orbits, and obtaining their trajectory solution while finding the locus of these

trajectories in the {e, u} space.

7. To develop a simpler method to derive the analytic forms of the fundamental

frequencies {vy, v, v} for general bound timelike trajectories.

8. To sketch and visualize these orbits using the analytic forms of the trajectory

solutions.

9. To apply the analytic forms of the integrals of motion and the fundamen-

tal frequencies to develop a general relativistic precession model (GRPM)
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to comprehend the origin of QPO frequencies in BHXRB and AGN, and

estimation of the orbital parameters and the spin of the black hole.

10. To develop a general relativistic orbit model, based on distribution functions
of integrals of motion, for the observed PSD in AGN, and to motivate a
relativistic MHD jet model for the v ray QPOs observed in Blazars from the

fundamental timescale of the orbits around a Kerr black hole.

11. To provide a context for future work.

1.5 Plan of the Thesis

The chapter-wise plan of the thesis is given below and the concept flow chart is

shown in Fig. 1.14.

e In chapter 2, we derive the fundamental equations for the integrals of mo-
tion defining the solution for timelike trajectories using the Hamiltonian
dynamics, and obtain the conserved quantities, £ and L, associated with
the symmetries in the Kerr geometry, and also derive the Carter’s constant,
@, from the separability of the Hamilton-Jacobi equation. We discuss the
Hamilton-Jacobi theory and the history of its application to dynamics of

Kerr black holes.

e In chapter 3, we derive the translation relations between {F, L, a, @} and
{e, u, a, Q} parameter space. We classify various types of timelike bound
trajectories as regions and curves in the (F, L) and (e, u) planes, and also
derive corresponding mathematical conditions for these orbits. We also pro-
vide a mathematical prescription to obtain bound trajectories in the (E, L)

and (e, i) space.
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e In chapter 4, we present a compact and analytic form for the integrals of
motion of the bound timelike trajectories, using (e, p, a, Q) parameter space,
in terms of the standard Elliptic integrals. These expressions increase the
computation efficiency for obtaining trajectory solutions. We also derive the
analytic forms of the fundamental frequencies using an asymptotic average
method. We reduce our trajectory solutions to the special formulae for the
equatorial eccentric and spherical orbits. We write the general expressions
for important radii like ISSO, MBSO, and the light radius. We also derive
the analytic form for (e, u) for the non-equatorial separatrix trajectories,
and also obtain their trajectory solutions. We finally sketch different non-

equatorial trajectories using our analytic solutions.

e In chapter 5, we develop a general relativistic precession model (GRPM)
for QPOs observed in BHXRB. We apply our analytic expressions for the
fundamental frequencies of general non-equatorial and eccentric trajectories
to understand the origin of QPO frequencies and deduce the physical pa-
rameters of the orbits. We also study the PBK correlation, seen in BHXRB,
using our model. We finally connect our results with a GR fluid model and

determine the region around a Kerr black hole which is associated with the

genesis of QPOs.

e In chapter 6, we apply the GRPM to study the origin of X-ray QPOs observed
in AGN. We motivate a jet model to explain the v ray QPOs observed in

Blazars. We also present a relativistic orbit model to obtain the PSD shape

observed in AGN.

e In chapter 7, we summarize our work, discuss the novel aspects, and the
implications for future work. We also present caveats and future theoretical

approaches.
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1.6 Resource summary

In this chapter, we presented a basic introduction to the theory of Kerr black
holes, and an overview of the observations of various kinds of astrophysical black
holes, their literature survey along with the motivation and plan of the Thesis.
We also present a schematic of the Thesis and its goals in Fig. 1.14. The main
resources we used for discussion are - Hartle (2003), Middleton (2016), Remillard
et al. (2006), Belloni and Stella (2014), Fender and Belloni (2012), Rees (1984),

Narayan (2005), and references within.
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An artistic image of a black hole with edge-on accretion disk. Courtesy: Wikipedia

Hamilton-Jacobi dynamics in Kerr

geometry

2.1 Introduction

The trajectories in the Kerr (Kerr 1963) and Schwarzschild (Schwarzschild 1916)
geometries have been studied extensively. The formulation of the Hamilton-Jacobi
equation was first used by Carter (1968) for the axisymmetric background, where
it was shown that the general trajectory solution can be expressed in terms of
quadratures. Consequently, another conserved quantity, called Carter’s constant,
was deduced using a simplistic idea of separability of the Hamilton-Jacobi equation
into r and € parts. Hence, the addition of a constant of motion in the Kerr orbital

dynamics, then, revolutionized the understanding of trajectories around a rotating

black hole.
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In this chapter, we derive the basic equations of motion and associated integrals
in quadrature form using the Hamilton-Jacobi equation. The formulation of these
equations is more straightforward than solving the Euler-Lagrange equation. In
§2.2, we first write the Lagrangian to obtain conserved quantities £ and L, and
corresponding equations of motion for ¢ and ¢. We then move to Hamilton-Jacobi
formulation in §2.2.1, where we derive the quadrature forms for {t, r, 6, ¢} and
also equations of motion {f, 7, 0, ng} In §2.2.2, we obtain the radial effective
potential for the most general and non-equatorial trajectory around a Kerr black
hole. In §2.2.3, we discuss the domains in the (r-0) plane where equations of motion
have real solutions. We discuss the history of the solution to the Hamilton-Jacobi

equation in the Kerr geometry. We provide a resource summary in §2.4.

2.2 Equations of geodesic motion in the Kerr ge-

ometry

Here, we start with the basic Lagrangian formulation and then motivate the
Hamilton-Jacobi method. The simplest and generalized form of the Lagrangian

can be written as
1 da*dz¥ 1

1
1 o1 2.1
29 N AN 2t TR (2.1)

where A is an affine parameter, which turns out to be the proper time for the
time-like geodesics [see Misner et al. (1973)] and w,u* = —d; is the normalization

condition of the four-velocity where

+1 for time—like geodesics,

0 for null geodesics,
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is a constant of motion. Now, using g, defined for the Kerr geometry, Eq. (1.2),

L gets the form

2 | 2ra? sin 6 L darsin?d . e

2L = — (1 - —Z) t2+(r2 ta+ %) sin? 9 ¢ ——T oL i g Py 262,
p p p A

(2.2)

The symmetries of the metric lead to the constants of motion through £. In the
case of Kerr geometry, the metric elements are independent of ¢ and ¢. Thus, the

conserved quantities are given by the corresponding conjugate momenta:

oL

Pu= 5200 = Gt (2.3a)
which are
. . 2r\ .  2arsin’6 .
Pt = gut + Gip = —FE = — (1 — —2) t————9, (2.3b)
p p
. . 2arsin’ @ . 2ra?sin® 6\ . .
Po = Jpp® + gprt = L = —Tt + (r2 +a® + T) sin?d ¢. (2.3c)

Hence, the equations for ¢ and gzﬁ are deduced by solving above equations, (2.3b,

2.3c), which yields

: (X2E — 2arL)
t= AP : (2.4a)
. 1 ,02 —2r
= — | 2rall + —=—L 2.4b
¢ Ap? ( rakt sin’ @ > ’ ( )
where
¥ = (r’+ a2)2 — a®Asin? 0. (2.4c)

The equations governing the evolution of £ and ¢ coordinates are easily obtained
using the Lagrangian method. However, the derivation of 7 and # involves the
analysis of basis null vectors in the integrals of geodesic motion (Chandrasekhar
1983). Next, we now discuss the elegant derivation using the Hamilton-Jacobi

formulation to derive the equations of motion leading to the quadrature forms.
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2.2.1 Hamilton-Jacobi equation

We know by definition that the Hamiltonian for Kerr geometry follows from the

Lagrangian, Eq. (2.1), as

» 1
H=p,t —£:—§51 =3y (2.5)

where the equivalance is the action principle acting on the characteristic function
S. Therefore the Hamilton-Jacobi equation defining the geodesic motion in a given

metric is (Misner et al. 1973)

L0 _ 1,08 9S

—9Zr — 2.6
ox 7 oar oz (2:6)
and the generalized momentum is given by
., 0S
Pu = Gt = w (27)

The equation (2.6) expands for the Kerr metric to

aS 95\ ? 95\ 2 S\ [0S 95\ ? 95\ 2

9= — gt = oo | 22 2t¢ -~ htiag) rr [ Y~ 00 [ ¥~
oY (at) o (&b) " (0t)(8¢)+g <a> 9 (ae> ’
(2.8a)

where the substitution of metric tensor elements, g**, using Eq. (1.2) gives

—28—5——L (r* + a?) o5 +a o5 2—|—# asin® 6 95 + 05 2
ox  pPA ot 0o p?sin? 6 ot 0¢

A 70S\? 1 [/0S\?
(o) (%) (250)

Since, the above equation has no explicit dependence on ¢, ¢, and A, the solution

for S must take the form

1
S =50\ = FEt+ Lo+ S™0 (r,0) . (2.9a)
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Assuming that r and 6 variables are separable, a solution of the following form is
sought:
1
S:§&A—EHJ@+SWM+SW@, (2.9b)

where the integration constants follow from Eq. (2.7)

oS oS
E =Pt = —E, 8_¢ = p¢ = L, (29C)
and
oS 1

Hence, by substituting Eq. (2.9b) in Eq. (2.8b), we obtain

2 2 o 2 F i 2(9—L 2 r\ 2 o\ 2
26, = (P +ad*)E—aL]” (a sin 2 ) A dsm\*  [ds’ (2.10)
A sin” 6 dr de

With the aim of separating r and 6 parts in the above equation, we use the

following trigonometric identity:
(aEsin® 6 — L)2 csc®f = (L? esc® 0 — a®E?) cos® 0 + (L — aF)?, (2.11)

which yields

dsm\? [(r?+a*) E — aL]2 ) ) d50\ 2 .
_[(dr) A — A + (L —aE) +6r°| = (@) + 010" cos” 0
+ (L?esc® 0 — a®E?) cos® 6] . (2.12)

We see that r and # parts are separable in the above equation. Hence, both should
equate to a constant which is called Carter’s constant, (). We finally obtain the

separated equations

ds™\? . [(rP*+a?) E —aL]’ > < ool
_ [( dr> A — A +(L—aE)" + 617 =Q, (2.13a)
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and

ds?\”
(W) + 01a® cos® 0 + (L2 csc? ) — a2E2) cos’f| = Q,

which yields

ar A2

(dsr): RO) | o, J_

(%)2:@(9) -~ s@<e>:/mde,

where

R =[("+a®) E—al] - A[(L - aB)’ +Q+ 0],

O (0) = Q — cos® 0 [a’0y + L* csc® 0 — a’E?] .

(2.13b)

(2.14a)

(2.14D)

(2.14c)

(2.14d)

Hence, by substituting S” (r) and S? (f) using Egs. (2.14a, 2.14b), S [Eq. (2.9b)]

takes the final form

S:%&)\—EtJrLd)Jr/ v ]Zmdw/\/@ (0)do.

(2.15)

The basic equations defining the geodesic motion can now be deduced using the

standard procedure of setting the partial derivatives of S with respect to the

constants of motion to zero, that is (Carter 1968; Schmidt 2002)

g_g 0o 2)9(9) (2.16a)
e e
(2.16b)
g_g_oj - /A\/l_r aE /¢1_ ) ol . (2.160)
g_; 0o / \/_dr La / COSQQ (2.16d)
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where A = 7 for the time-like trajectories. We see that the radial and polar motion

are coupled, Eq. (2.16a).

To obtain the equations for momenta or {¢, 7, 0, qﬁ}, we use Eq. (2.7) which gives

oS

5 = o= = VR (1), (2.172)
aS .
00
and aa—f = gy, " and g—z = g4 @ combine together to yield
Ap*t = (X°E — 2arL) , (2.17¢)
. 2_9
ApPd = (2mE+ r— TL). (2.17d)
sin” 6

The equations of motion, Eq. (2.17a-2.17d), can also be obtained by differentiating
and combining Eqgs. (2.16a-2.16d).

It is evident from Eq. (2.14d) that © (6) = @ for the equatorial plane (0 = 7/2).
This implies that at the turning points of the orbit, when § = 0 [Eq. (2.17b)] in
the equatorial plane, we get ,029 = +/Q = 0. Hence, Q = 0 is a solution for the
equatorial trajectories, and 0 is always zero in the equatorial plane which implies

that the equatorial trajectories always remain confined to the same plane.

2.2.2 The radial effective potential

The radial motion of a general trajectory in the Kerr spacetime is governed by Eq.

(2.17a), which is expanded further to obtain

(B2-38) ot (dr

2
= EEY E, L 2.1
) O d)\) + ‘/eff (’I“, a, v, 7@7 51) ) ( 8a)
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where

L2— 2 E2— I — E2 2
‘/eff(T,G,E,L7Q,51):_%+ a( 51)“‘@_( af) +Q+GQ

272 r3 2rd
(2.18Db)
For the equatorial plane (@ = 0), the radial effective potential reduces to a simpler
form:
6 L*—a*(E*—6,) (L—aE)?
‘/eff (T‘,CL, E, L,51) = —?—i— 9,2 - 3 . (219)

It is evident that the potential reduces to the classical Kepler potential for very

large r and ; = 1:

Very (1) = —%- (2.20)

2.2.3 Positivity of R (r) and © (0)

The equations (2.17a) and (2.17b) need to follow R (r) > 0 and © () > 0 to obtain
real values of  and 6. This gives a domain in the (r-0) plane where the equations
of motion are valid. For the radial motion, the trajectories are found in the region
R(r) > 0, and R (r) = 0 gives the boundaries for the real domain of the radial
equation of motion, also defining the turning points of the orbit. We solve for
R (r) = 0 to obtain the analytic form of the turning points of the time-like bound
trajectories in chapter 3. For the polar motion, the conditions for © (6) > 0 can

be categorized as (Carter 1968)

e () > 0: There are always real solutions, where # varies symmetrically below
and above the equatorial plane, cosf = 0. This region extends to sinf = 0

plane (axis of symmetry) only when L = 0 and Q + a® (E? — §;) > 0.
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e (Q < 0: The real solutions exist only when a*(E* —§;) > L? and Q >
—{[a® (E? = 6,)]"* — |L|}2. The variation of 6 is in such a range that the

orbit does not reach the equatorial plane.

2.3 History of the solution to Hamilton-Jacobi equa-

tion in Kerr geometry

The first results in the theory of orbital solutions go back to Bardeen et al. (1972)
who derived analytic expressions of E and L for circular orbits [cf. Eqgs. (2.12,
2.13)], which was calculated from the Lagrangian. Subsequently, the vast majority
of the solutions cited in the literature involve expressing the solutions in terms of
quadrature using the Hamilton-Jacobi theory as summarized in (Chandrasekhar
1983; Schmidt 2002). Schmidt (2002) introduced a clever way of deriving the
fundamental frequencies in terms of quadratures, making use of a theorem in
implicit functions (Hille 1979). The key idea is that the action-angle variables are
expressed as Py = {—FE, Ji} = F3(Z;), where J,, are the three actions, and Z; are
four integrals of motion, for example, {—m?/2, E, L,Q}. Given this relationship,
where the actual form of the Hamiltonian, H(Z;), is not known, one can apply the

implicit function theorem which states that
JP-JP'=7gP(gP) ' =1, (2.21)

provided that the Jacobian JP and P are non-zero. It turns out, fortunately,
that this equation simplifies to a set of 8 linear equations relating the unknowns,
(OH/0J;), and fundamental frequencies, w; = (OH /dJ;), and the known functions,
OP,/0Z;, which is a sparse matrix as Py = —E and J, = L are constants. This
way, the three fundamental frequencies, {w,,wp,wy}, are expressed in terms of

quadratures given in (Egs. 2.16a -2.16d). Independently, and in contrast, in
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chapter 4 we have used the asymptotic ratios of these integrals to derive these

frequencies which is easier than the method used by Schmidt (2002).

After Schmidt (2002), the task that remained to complete the solution, was to re-
duce the quadratures to algebraic relations by integrating them. One such attempt
by Fujita and Hikida (2009) resulted in a complicated set of functions involving
Mino time A, as the choice of parameters were still restricted to Z;. In contrast, we
were able to choose the parameter space of eccentricity and inverse latus rectum,
{e, u} in addition to {a, @} to carry out the integrations in a far less cumbersome
and cleaner way that opens the path to fast computations using these fully analytic
but simple expressions involving Elliptic functions for the full three-dimensional
trajectory. All trajectories are not useful but only a subset leading to bound tra-
jectories is astrophysically meaningful. A study devoted to prescribing the bound
orbits in both spaces {F, L,a, @} and {e, i, a, Q} is carried out in chapter 3, that
includes classifying orbits both in two and three dimensions, determining the con-
dition for bound orbits and translating this to a prescription of input parameters

in both spaces.

It is well known that the powerful structure of Hamiltonian dynamics is applicable
when a separation of variables is accomplished, which critically depends on the
proper choice of generalized coordinates and ingenuity is required to find separable
coordinate that makes the analysis simpler. So the last word on Hamiton-Jacobi
equations in Kerr geometry is yet to be written and further theory can be explored

to make the solutions simpler.
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2.4 Resource summary

In this chapter, we presented the basic derivation of obtaining constants of motion
E and L, the equations of motion, and the separability of radial and polar motion
in the Hamilton-Jacobi equation to obtain Carter’s constant. We write the radial
effective potential for the most general trajectory and discuss the domains of real
solutions for the equations of motion in the (r-6) plane. A discussion on the
history of the solution to Hamilton-Jacobi equations in the Kerr geometry is also
presented. The main resources we used for discussion are - Hartle (2003), Misner

et al. (1973), Chandrasekhar (1983), Carter (1968), and Schmidt (2002).






Chapter 3

A simulated image of a black hole with thin accretion disk. Courtesy: Luminet (1979)

Bound orbit conditions for time-like

trajectories in Kerr spacetime”

3.1 Introduction

The study of bound time-like trajectories in the Kerr spacetime has been a prime
focus for many astrophysical applications, for example, the study of accretion of
matter onto a black hole in the relativistic regime (Shakura and Sunyaev 1973;
Novikov and Thorne 1973), and comprehending the gravitational wave signals
from inspiral of a compact object onto a supermassive black hole (Glampedakis
et al. 2002; Drasco et al. 2005). Some of the important results related to time-like
trajectories in the Kerr and other geometries are presented in pioneering work

(Chandrasekhar 1983).

*A part of the work in this chapter is published in a paper: Rana and Mangalam (2019a,b).
The remaining work is submitted as proceedings: Rana and Mangalam (2020c,d)
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In Bardeen et al. (1972), the energy, F, and angular momentum, L, of the circular
orbits were expressed in terms of the circular orbit radius and the spin parame-
ter a in the Kerr spacetime; the specific solution for the radius of the innermost
stable circular orbit (ISCO) was also derived. The necessary conditions for bound
geodesics for spherical orbits and the dragging of nodes along the direction of spin
of a black hole was discussed (Wilkins 1972). The formulae have proved to be
extremely useful in predicting observables in astrophysical applications like accre-
tion around the black holes. For example, a general solution for a star in orbit
around a rotating black hole was expressed in terms of quadratures (Vokrouh-
licky and Karas 1993) using the formulation given by Carter (1968); the resulting
integrals have been calculated numerically. The general expression in terms of
quadratures for fundamental orbital frequencies vy, vy and v,, for a general eccen-
tric orbit, were first derived by Schmidt (2002), where different cases for circular
and equatorial orbits are also discussed but complete analytic trajectories were not
calculated. An exact solution for non-spherical polar trajectories in Kerr geometry
and an exact analytic expression for ¢(r) for eccentric orbits in the equatorial plane
were derived (Kraniotis 2007). These were used to obtain the expressions for the
periapsis advance and Lense-Thirring frequencies. The time-like geodesics were
expressed in terms of quadratures involving hyper-elliptic, elliptic and Abelian
integrals for Kerr and Kerr-(anti) de Sitter spacetimes including cosmological con-
stant (Kraniotis 2004) and applied in a semi-analytic treatment of Lense Thirring

effect.

We discussed earlier (in Chapter 2) that the conserved quantities for time-like
trajectories in the Kerr geometry are: energy per unit rest mass, F/, z-component
of angular momentum per unit rest mass, L, of the test particle and the Carter’s
constant, ) (Carter 1968). Hence, once E, L, ), and spin of the black hole, a,
are fixed, a time-like trajectory and its evolution can be completely described. We
call the (E, L, a, Q) space as the dynamical parameter space. Another important

parameter space can be defined using the eccentricity, e, and inverse-latus rectum,
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1, of the bound orbit, which are defined as

e=ll it (3.1)
Tq+7p 2rq1p

where r, and r, are the apastron and periastron of the bound trajectory respec-
tively. A bound time-like trajectory can again be completely described in the (e,
i, a, Q) space, which we call as the conic parameter space. Such a parameter
choice is possible because (E, L) parameters are easily translated to (e, u) for
bound orbits. It is also important to construct the essential conditions in both

dynamical and conic parameter space which are necessary for bound trajectories.

In this chapter, we focus on the time-like trajectories. We first derive the trans-
lation relations between (E, L) and (e, p) for fixed a and @ in §3.2. In §3.3, we
then derive the essential bound orbit conditions in dynamical parameter space for
the non-equatorial eccentric bound orbits and then derive the analog of these con-
ditions in the conic parameter space. These conditions are applicable for @) > 0
orbits. The regions of different bound orbits were graphically separated in the (F,
L) plane by Hackmann et al. (2010), according to the pair of roots of the effec-
tive potential spanning the radius of the bound orbit. The essential conditions,
that we derive, thus give a complete mathematical construction of these regions,
by specifying the loci of the bounding curves. In §3.4, we study the special case
of equatorial eccentric orbits, () = 0, where we again define different bound or-
bit regions and their bounding curves in the (E, L) and (e, u) space, and also
derive the corresponding bound orbit conditions. Finally, in §3.5, we provide a
mathematical prescription to choose the parameters (E, L) and (e, p) to obtain
an astrophysically relevant bound time-like trajectory. We summarize the results

presented in this chapter in §3.6.
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3.2 Translation relations between (£, L) and (e, )

In this section, we derive the relation translating (E, L) to (e, i) parameter space
for non-equatorial bound trajectories for fixed a and @, i.e. E (e, u,a,Q) and
L (e, p,a,Q). These relations make it possible to completely describe the bound
orbit dynamics in the conic parameter space. We start with the equation governing

the radial motion, Eq. (2.17a), given by

p'r? = R(r), (3.2a)

R(r) = (E* = &) r'420ir°+(’E? — Q — L* — a*61) r*+2 [Q + (L — aE)*] r—a*Q.
(3.2b)
The radial equation, Eq. (2.18a), for time-like trajectories (§; = 1) is given by

(E?—1)  p* [dr
2 2t

2
E) + Veys (r,a, B, L, Q) (3.3a)

where

1 L2—a®(E2-1)+Q (L—aE)P+Q a2Q
‘/eff (r7a7 EvaQ) = _;—i_ 92 - r3 + 94 )

(3.3b)

which is the radial effective potential experienced by a test particle orbiting in a
general non-equatorial eccentric trajectory near a rotating black hole. The expres-
sion of R (r) determines the turning points of the bound trajectory which are the
first two roots of R (r), that is r; and ro where r1 > 19 > r3 > r4. We express

R (r) as function of uw = 1/r variable, which is easy to work with, and given by

R(u) =-a*Qu'+2 (xQ + Q) u® + (a2E2 —Q—L*— a251) u? + 26,u + (E2 — 51) ,

(3.4a)
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= —a?Q |ut+d v +bu+cu+ d/] : (3.4b)

where x = (L — aF) and
Y - 2=+ Q) ) (2% + 2aFx 4 a®6, + Q) S 201 7 - (6, — E?)
TTeq T 2Q T e T e
(3.4¢)

Now, the quartic in Eq. (3.4b) can be further factorized into two quadratics given

by
W rduP bt cutd = <u2 +au+ b1/> (u2 +ay u+ bgl) , (3.5)

and the comparison of coefficients on both sides yields the following relations

a +a) =d, (3.6a)

ar'ay +b; +by =0, (3.6b)
bias +bsa; =c, (3.6¢)

)

bi'by =d. (3.6d

Assuming that the roots of first quadratic <u2 +a;'u+ bll) in Eq. (3.5) are the

turning points of the orbit given by

ulzl:,u(l—e), ugzi:u(l—i-e), (3.7)

Ta Tp

this would imply that

’

0 == (u+us) = =2, by =wuy =’ (1—€”). (3.8)

. Now, substituting the above equation in Egs. (3.6a) and (3.6d) gives the expres-

. !/ / .
sions of ay and by which are

/

! I !/ d
= 2 by = ——— . 3.9
ay =a + 24, Y (3.9)
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Next, the substitution of a;’, b1, as’, and by from Egs. (3.8,3.9) into Egs. (3.6b)
and (3.6¢) yields

/ 2 2 d _l
—2p(a+2u>—l—u(1—e)+u2(1_62)—b, (3.100)
2y oy [ 2
1 (1 e)<a +2,u> —M(1_€2)—c, (3.10Db)

respectively. The substitution of a’, ', ¢ and d from Eq. (3.4c) into Eq. (3.10a)
and (3.10b) gives

6, — E?
1521(1—_62)) = Q = 2>+ 2aEx + a®6, — a*Qu? (1 — 62) +4pu [,uazQ — (mZ + Q)} ,
(3.11a)
E*(e,p,a,Q,01) =0, —p (1 — 62)2 (,anQ - Q- IQ) — 01/ (1 — 62) , (3.11b)
respectively. Finally, replacing E? in Eq. (3.11a) from Eq. (3.11b) yields
1 )
E = 7 —z? = a®0; + a*Qu* (1 — €?) —Q—l—ﬁ— (3+ ) pu(pa’Q —Q —2?)|,
= C’lx + %, (312&)

where
1
G =5 (3+¢*) p—1], (3.12b)
176
Cy = % lﬁ — a0 — Q + a*Qu? (1 — 62) — U (3 + 62) (,anQ — Q)} . (3.12¢)
Next, the substitution of Eq. (3.12a) in Eq. (3.11b) completely replaces E from

the equation and gives

xt [C’f - ,u3 (1 — 62)2] +22 [,u (1 - 62) 01 +2C,Cs + /f’ (1 - 62)2 (,ua2Q — Q) — (51} +C22 =0,
(3.13)

which is further solved for 22 to obtain

—S —/S?—4PT
2P ’

$2 (eﬂﬂv(Z?Qa(Sl) = (314&)
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where

P(e,p,a,Q,6,) = —[(3—}—62)”—1}2—;13(1—62)2,

Sema Q)= (=)o +pt (1= (1?Q~ Q) by + 55 [(3+¢) p—1] x

{% — a0 = QtaQut (1-¢) —p(3+¢) (na*Q - Q)] - (3.14c)
2
T (e, 1,0,Q,6,) = ﬁ B_l = a1 = Q+a’Qu (1-¢) = p(3+¢) (na"Q - Q)} '

Finally, the expression of L is given by

L (67 w, a, QJ 51) =T (67 u, a, Q7 51) + ab (67 w, a, Q? 61) . (315>

Hence, the translation relations between (E, L) and (e, u) parameter space can

be summarized [from Eqgs. (3.11b,3.14a,3.15)] as

1/2
Eepa,Q.0) = [0 —p* (1=¢%) (1?Q - Q —a?) =y (1= )|
(3.16a)
L(€7,U7a7@761) = lE(e,,U/,CL,Q) +ak (evﬂaau Q) ) (316b>
—S —S52—4PT
(e, py0,Q,0,) = : (3.16¢)
2P
These relations further reduce for bound time-like trajectories (d; = 1) to
3 2)2 2 2 2 ]2
Eepna,Q) = [1-p (1= )’ (na*Q - Q—a®) —p(1-¢3)| ", (3.17a)
—S — /52 —4PT
2* (e, 1,0, Q) = , (3.17b)
2P
where
P(e,p,a,Q) = 12 [(3—}-62)#—1}2—#3 (1—62)2, (3.17¢)
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S(e p,a,Q) =

T(e7u’a7Q) =

L(67/“’L7a’Q) =

p (1= @) (1= ) (0 Q = Q) ~ 14 o [(3+ %) — 1] x

{% —a’ - Q+ad*Qu? (1 — 62) — I (3 + 62) (,anQ — Q)} , (3.17d)

1 E —a’ = Q+a’Qu* (1 —¢*) —u(3+¢”) (na*Q — Q)l
(
(

2
4a? ’
3.17e)

z (e, p,a,Q)+ aF (e, p,a,Q), 3.17f)

which reduce to the equatorial case, @ = 0, derived by Bini et al. (2016a).

3.3 Conditions for bound trajectories around Kerr

black hole

In this section, we derive the bound orbit conditions for general non-equatorial

trajectories in both dynamical and conic parameter space, by obtaining the roots

of the R(r) = 0 for the turning points of the bound trajectory as functions of

(E,L,a,Q). We then obtain the essential bound orbit conditions based on the

conditions on these roots.

3.3.1 Dynamical parameter space (F,L,a, Q)

We see from Eq. (3.2a) that the turning points of a bound orbit are obtained

when

R(r) =0, (3.18a)
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which can be written in the form

22 T2 ) 2 2 2
o B WE-E-fh), 20 do
(E2—5)) (E? —0y) (E% —01) (E? —61)

(3.18b)

We apply Ferrari’s method to solve a quartic (Cardano 1968) to obtain the roots

of above equation. We summarize Ferrari’s method below:

e Step 1: For a general quartic equation given by

y'+ oy’ + Byt 4y + 6 =0, (3.19a)

a substitution given by y =Y — ¢ reduces the quartic to the form

Y*+GY?*+ HY + M =0, (3.19D)
where
o— (88 — 3a?) e (a3 + 8y — 4ap) A — (2566 — 64ay + 168a* — 3a?)
8 ’ 8 ’ B 256 ‘

(3.19¢)

e Step 2: Rewriting Eq. (3.19b) in the form

2, G ’ 2 G,
Y+§+Z =2zY —HY—FZ—l—Z +2G — M, (3.20a)

where z is an arbitrary real number chosen such that the R.H.S of above

equation forms a perfect square which is given by

G2 H \’
2zY2—HY+I+z2+zG—M: (@Y—m> . (3.20D)
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This further reduces to a cubic equation of z given by
82° + 8Gz* (2G* —8M) = — H* = 0. (3.20c)

Hence, z is chosen to be the real root of the cubic equation, Eq. (3.20c),

which is [from Cardano’s method (Cardano 1968)|

z:U+V—§, (3.20d)
where
1/3 1/3
U= (1 VI J3> L V= (1 VT J3) , (3.20¢)
and
2G3 — T2MG + 27TH? —(G? +12M
po BE MG - (G4 12M) (3.20f)
132 36

e Step 8: The perfect square form of Eq. (3.20a) is given by

<YQ4-%3+Z>2==<v@zy7—2jé;)2, (3.21a)

which further reduces to

H
Y?+§+z:i<¢EY—2%E>. (3.21b)

The above equation, Eq. (3.21b), gives two quadratic equations of Y which
are solved further to give four roots of the quartic equation, Eq. (3.19b).
Hence making the back substitution Y = y+7 yields four roots of the quartic
equation, Eq. (4.31a), which are

o z 1 V2H
- = 4oy =22 —2G - X 22
o 4+VZ+2¢ 726 N (3-222)
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o z 1 V2H
o z 1 V2H

Ys = —Z—\/;—i— 5\/—22’—2G—|—77 (3.22¢)
o z 1 V2H

e 5\/— VAR

Hence, the four roots of the quartic equation defining the turning points of the

radial motion in the Kerr spacetime, Eq. (3.18b), are

r = %_(51 )+\/Z+\/_ : (3.23a)
ry = % Iz _E2)+\/—_\/_ , (3.23b)
ry = % (51 5 Ny \/_ , (3.23¢)
Y= % (51 7 NGy \/_ , (3.23d)

where r; > ry > r3 > r4 when all roots are real, and

V2H \/_H
G 1/3 1/3
i= UV - U:(I+\/12+J3> , V:([—\/[2+J3) ,
(3.23f)
(G 421H? -T2GM) . (G* +12M)
I= 57 . J= TR (3.232)
[L? —a? (E? - 6)) + Q) 30,°
G = - : 3.23h
(6, — E?) 2 (6 — E2)? (3.23h)
2 2(12 2 3
I— o [L* —a”(E 251) +0Q 2(@°+Q) 01 n (3.231)
(6, — E2) (01— E?) (6, — E?)
M- 07 (L7 —a® (B> =6) + Q] 30," 0 (@ + Q) a’Q
4(6, — E?)° 16 (6, — E2)' (6, — E2)* (01— E?)’

(3.23j)
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Now, for the time-like trajectories (§; = 1), the above equations reduce to

ry = %_(1_E2)+@+\/_, (3.24a)
ry — ;(1 E2)+\/__\/_, (3.24b)
ry = ;(1 EQ)_\/_+\/_, (3.24c)
ry= %_O_EQ)—\/_—\/_, (3.24d)

where r; > ry > r3 > r4 when all roots are real, and

. pP-e@E-n+Q 3 e
- (1-E?) 2(1 — E2)2’ (3.24e)
_ [P-d(E-1)+Q 20*+Q) 1
e (1-E?)? 1-F2) (1- )" (3.24f)
 P-@E-D+Q 3 (@®+Q) | dQ
M = 4(1— E2)° 16 (1 — E2)" (1—E2)2+(1—E2)’
(3.24g)

where all the other constants Dy, Dy, z, U, V, I, and J have the same form as

given in Egs. (3.23e-3.23g).

Next, we derive the essential conditions on (F, L, a, Q) parameters to classify dif-
ferent types of bound orbits. These bound orbits were graphically separated as
regions in the (£, L) plane by Hackmann et al. (2010), according to the pair of
roots of the R(r) = 0 spanning the radius of the bound orbit. We algebraically
classify these regions using the expressions of roots, Eqs. (3.24a-3.24d), in the

(E, L,a,Q) parameter space as follows:

1. Region A: D; > 0, Dy > 0, and E < 1: Bound orbit between r; and ry or

rg and ry4.
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2. Region A: Dy > 0, Dy > 0, and E > 1: Bound orbit between r, and r3 with

ry < 0 and r; > r9.

3. Region ¢: (D1 - Ds) < 0: Bound orbit between 7 and 75 if D; < 0 or r3 and
ry if Dy < 0. This region exists for both £ < 1 and £ > 1.

Note that for Dy and D, to have real values, z should be positive [see Eq. (3.23¢)].
Hence z is always positive for regions A, ¢, and A, which is followed from cor-
responding conditions of these regions. Hence, through D; and Ds, which are
functions of (E, L,a, Q) [Egs. (3.23¢)-(3.23g), (3.24e)-(3.24g)|, we have provided
the mathematical conditions in the dynamical parameter space for various bound
orbit regions. The Fig. 3.1 depicts all these three bound orbit regions in the
(E, L) plane. We also show the radial effective potential [Eq. (3.3b)| diagrams

corresponding to these region in Fig. 3.2.

Now, we discuss these regions and their boundaries in the (F, L) plane below:

1. A region: The Fig. 3.1 shows the A region for various (a, () combinations.
All points inside the A region corresponds to the eccentric non-equatorial
bound orbits existing between r; and r, or r3 and ry, where all roots are
real (r; > ry > r3 > ry). Fig. 3.2(a) shows the radial effective potential
[Eq. (3.3b)] for a typical point inside the A region. We see that the smallest
root, 74, is usually found inside the horizon radius; this implies that the
bound orbit spanning its radius between r; and ry is an astrophysically
relevant orbit. The boundaries of the A region correspond to £ = 1 and
the spherical orbits, where they can be again categorized into stable and

unstable spherical orbits which we discuss below:

(a) Stable spherical orbits: The red curves in Figs. 3.1(a)-3.1(d) show com-

binations of £ and L corresponding to stable spherical orbits with
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FIGURE 3.1: The figure shows different bound orbit regions in the (E, L) plane:
(a) and (c) represent the prograde cases with a = 0.5 and a = 0.9 respectively;
(b) and (d) show the retrograde cases with a = —0.5 and a = —0.9 respectively,
where we have fixed Q = 5. The regions ¢ and A span from EF = 0 to 1 and
E =1 to oo respectively, but a limited range of E is shown for convenience.
The A region is bounded by the curves representing stable, unstable spherical
orbits, and £ = 1. The A region is bounded by the inner unstable spherical
orbits (IUSO). The points A and B depict the innermost stable spherical orbit
(ISSO) and marginally bound spherical orbit (MBSO) respectively.
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{a = 0.5, a = 0.9} for prograde and {a = —0.5, a = —0.9} for retro-

grade, where () = 5. The radius of the stable spherical orbits decreases

as we move along these curves from a very large value (corresponding

to very large L) to the radius corresponding to the innermost stable

spherical orbit (ISSO), represented by point A in Fig. 3.1. We have

shown the radial effective potential [Eq. (3.3b)| for a stable spherical

orbit in Fig. 3.3(a).

(b) Unstable spherical/separatriz orbits: The orange curves in Figs. 3.1(a)-

3.1(d) represent all the combinations of E and L for the unstable spher-
ical orbits for {a = 0.5, 0.9, —0.5, —0.9} with @ = 5. These orbits are
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FIGURE 3.2: The figure shows the radial effective potential [Eq. (3.3b)| for
different regions of bound orbits, where the horizontal black curve and vertical
dashed red curve correspond to (E2 — 1) /2 and the horizon radius respectively,
and the arrows depict the bounding region of the orbit. While (a) represents
an orbit in region A with parameter values {E = 0.958818, L = 2.65917}, (b)
represents an orbit in region ¢ with {E = 0.9, L = 5}, and (c) represents an
orbit in the A region with {E = 2, L = 10}, where we have fixed {a = 0.5,
@ = 5}. Each orbit corresponds to a single point in the A, ¢, and A regions of
Fig. 3.1(a).

also called the non-equatorial separatrix orbits. The periastron point,
rp, of a separatrix orbit corresponds to an unstable spherical orbit with
its apastron, r,, at a finite radius. Fig. 3.3(c) shows an example of
the radial effective potential [Eq. (3.3b)] of a separatrix orbit, where
r, =1y = 13 and r, = r;. The end points of the separatrix (orange)
curve correspond to the ISSO and marginally bound spherical orbit

(MBSO), which means that 7, or the unstable spherical orbit radius for
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FIGURE 3.3: The figure shows the radial effective potential [Eq. (3.3b)]| for
various types of spherical orbits, where the horizontal black curve corresponds to
(E? — 1) /2 and the vertical dashed red curve corresponds to the horizon radius:
(a) represents a stable spherical orbit with parameter values {E = 0.954215,
L = 2.85451}, (b) represents an ISSO with {E = 0.926965, L = 2.12011} (point
A of Fig. 3.1(a)), (c) represents an unstable spherical orbit with {E = 0.952441,
L = 2.38042}, (d) represents a MBSO with {E = 1, L = 2.74974} (B of Fig.
3.1(a)), and (e) represents an IUSO with {E = 2.77331, L = 10.9958}, where
we have fixed {a = 0.5, @ = 5}. The turning point r; = oo for both MBSO and
IUSO.
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a separatrix orbit decreases from ISSO to MBSO while moving from
point A to B, as shown in Fig. 3.1. Figs. 3.3(b) and 3.3(d) show exam-
ples of the radial effective potentials [Eq. (3.3b)| for ISSO and MBSO

respectively.

(¢) Limiting bound orbit: The blue curves in Fig. 3.1(a)-3.1(d) represent

the £ = 1 curve. These curves correspond to the orbits where a test

particle starts from infinity at rest, r, = oo.

(d) Change of the shape of A region with a: Fig. 3.1 shows the A region
in (E, L) plane for {a = 0.5, —0.5, 0.9, —0.9} for @ = 5. A comparison

of these figures shows that the increase in a shifts the A region towards
lower values of E for prograde orbits and higher values of E for retro-
grade orbits. This shows that the prograde bound orbits exist closer to
the black hole for a high spin black hole than for a low spin black hole,

and vice-versa for retrograde orbits.

2. A region: The region A is shown in the (E, L) plane for {a = 0.5, —0.5, 0.9,
—0.9} with @ = 5 in Fig. 3.1. This region corresponds to £ > 1 where all
the roots are real and r4 < 0. The eccentric bound orbit exists between r
and r3, where r; > ro. Fig. 3.2(c) shows the radial effective potential |Eq.
(3.3b)] for a typical point of the A region shown in Fig. 3.1(a). For this
region also, it is seen that either one or both roots making the bound orbit
(ro and r3) are found inside the horizon radius, hence this region is also not
astrophysically relevant. The A region is bounded by £ = 1 (blue curves)
and the inner unstable spherical orbits (IUSO) (black curves), as shown in
Fig. 3.1. TUSO are the orbits where an unstable spherical orbit exists at
ro = 13, where r; = oo and r; < 0. An example of the radial effective
potential of an IUSO is shown in Fig. 3.3(e). The IUSO exist inside the
MBSO radius (r < M BSO), whereas the innermost limit for these orbits is

given by the light radius, where £ = oco.
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3. ¢ region: In Fig. 3.1, the ¢ region is shown in the (E, L) plane for {a = 0.5,
—0.5,0.9, —0.9} with @ = 5. This region ranges from £ = 0 to oo, where an
eccentric bound orbit exist either between m and ro when {rs, 74} forms a
complex conjugate pair or between r3 and r4, when {ry, o} forms a complex
conjugate pair. Fig. 3.2(b) shows the radial effective potential [Eq. (3.3b)]
for a typical point of the ¢ region shown in Fig. 3.1(a). It is seen that
either one or both roots of the real pair [(r1,72) or (rs,r4)] are found inside
the horizon radius for the ¢ region, hence this region is not astrophysically

relevant.

Hence, we can conclude that the astrophysically relevant general eccentric bound
orbits belong to the A region of the (F, L) plane, where the orbit exists between

r1 and 7o.

3.3.2 Conic parameter space (e, 1, a, Q)

In §3.3.1, we mathematically distributed bound orbit regions (A, ¢, A) in the
(E, L) plane, as previously defined by Hackmann et al. (2010). Here, we derive
the mathematical conditions for these regions in the (e, u, a, @) space and also
graphically analyze them in the (e, p) plane. The translation relations between
dynamical and conic parameter space, derived in §3.2, are the key to write the
bound orbit conditions in the conic parameter space. It is due to these transla-
tion relations that the dynamics and evolution of the bound trajectories can be

completely determined using the conic parameter space.

We discuss (A, ¢, A) regions in the (e, 1) plane and derive corresponding conditions

below:
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1. A region: As we discussed earlier that for the A region the realistic bound
orbit exists between r; and ry (see Fig. 3.2(a)), we write the eccentricity and
inverse-latus rectum as {ejs, p12} by definition, Eq. (3.1). We start with the

equation of radial motion for time-like trajectories (d; = 1), Eq. (3.4a-3.4c),

R(u) =0, (3.25a)
ut+aud w4 cu+d =0, (3.25Db)
where
a,__2($2+Q) b,_(a;2+2aEx+a2+Q) S 2 , (1-FE?
B a2Q a@Q T akQ T a?Q
(3.25¢)

We factorize Eq. (3.25b), as also shown in Eq. (3.5), where the first
quadratic contains the turning points of the orbit u; = pi9 (1 — e12) and

us = 12 (1 4 e12). Hence we get
wrtaud +bui+cu+d = (u—u) (u—up) <u2 +ay u+ b2,> , (3.26a)

where from Eq. (3.9), we have

/ 2 (332 +Q) ; (1-— EQ)
=\ * 49 by = . 3.26b
as 20 + 2419, 2 PQpna? (1= ens?) ( )

This implies that the factor <u2 +asu+ b2'> contains roots uz and w4, where

—CLQ/ + (l212 - 4b2/
9 )

Ug3 = (3.27a)

and we require

U < Uy < Uz < Ug. (3.27b)
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Here u; < wus and uz < wuy are valid by definition, hence the necessary

condition is given by

ug < ug, (3.28a)
/ 1) 7
—ay — Vas® — 4b
pin (14 1) < —2 = V02 2 (3.28b)

2 Y

CLQ, —+ 2//42 (1 + 612) < —Y/ a2'2 — 4b2/, (3280)
— [(12/ + 2#12 (1 + 612)] > \/ CZQIQ — 4b2/, (328d)

12 ’ 12 ’
ay + 4#%2 (]_ + 612)2 + 4a, 12 (]_ + 612) > ay — 4by , (3286)

|:b2/ + ,U,%2 (1 + 612)2 + (IQ//J,12 (1 + 612)] > 0. (328f)

The substitution of ay” and by from Eq. (3.26b) into Eq. (3.28f) yields

{ (1- B?)

a2QM122 (1 - 6122)

(2> + Q)
a?Q)

+ 3y (1+ 612)2 +2 {Mu — ] pz (1+ 612)} >0,
(3.29a)
and using the translation relation given by Eq. (3.17a) to replace (1 — E?)

in the above equation, we finally obtain

[1112°a°Q (1 + e12)” + p12? (11120°Q — Q — %) (3 — e12) (1 + €12) + 1] > 0.
(3.29b)
Along with the above condition, £ < 1 and r, > 74 are other necessary
conditions for the A region, as also discussed in §3.3.1. Hence we can together

write the conditions for the A region as

[112°0%Q (1 + €12)” + p1o® (1120°Q — Q — 2%) (B—e1n) (1 +e12) +1] >0,
(3.30a)

E (e, p,a,Q) < 1, (3.30b)

jiis (14 e12) (1 + m) <1. (3.30c)
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FIGURE 3.4: The figure shows the bounding curves of the region A and A in (e,
w) plane each for (a) a = 0.2, (b) a = —0.2, (¢) a = 0.5, and (d) a = —0.5 with
@ = 5. The red, blue, and orange curves represent the stable spherical, £ = 1,
and the unstable spherical or separatrix orbits respectively. The points A and
B depict ISSO and MBSO respectively. The regions A; and As are replicas
of region A, when (ej3, p13) and (ea3, pog) are calculated respectively [from Eq.

(3.1)] using the real roots of the A region.
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We now discuss the A region, its boundaries, and the distribution of different

kinds of bound orbits in the (e, i) plane for different a and @) combinations

below:

(a) Fig. 3.4 shows the boundaries of the A region in the (e, ) plane for

different @ and () combinations. All points within the A region follow

the bound orbit condition, Eq. (3.30), (for the fixed a and @ values)

and represent eccentric bound orbits between r; and ry, and hence

{e, u}={eia, p12}. The A region is bounded by the stable spherical,
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unstable spherical (or separatrix) orbits and e = 1 (or E = 1) curves,

which we discuss below:

e Bounding curves: The e;5 = 0 curves (red) in the A region in Fig.

3.4 represent the stable spherical orbits. The upper boundaries
(orange) drawn in Fig. 3.4, correspond to the unstable spherical or
separatrix orbits. The e;o = 1 curves (blue) in the A region in Fig.
3.4 represent the orbits where the particle is falling from infinity
(E=1).

e [/SS0: This is labeled as A in Fig. 3.4 which is the intersection

point of the stable spherical and separatrix curves.

e MBSO: This is labeled as B in Fig. 3.4 which is the intersection

point of the separatrix and e;s = 1 curves.

(b) There is a one to one parametric correspondence between the points
in the A region to regions outside it in the (e, p) plane when the
mathematical definition of (e, u) is changed. The Fig. 3.4 shows the A
region and its boundaries for different a with each point inside the region
representing a unique eccentric orbit having a unique combination of
(€12, f12) and the corresponding unique set of (F, L) or x. The regions

A7 and Ay in Fig. 3.4 are replicas of region A, where

e When (e, ) are chosen to be (ej3, p13) using Eq. (3.1) to represent
the corresponding set of roots, 1 and r3, that is physically allowed
by the A region, with each point in it corresponding to a point in
the A; region. The boundaries of the A region correspond to the
boundaries of A; region and the one to one correspondence of the

boundaries are indicated by the colors.

e Similarly, when (e, pt) are chosen to be (egs, 1123) using Eq. (3.1),
then each point in the A region corresponds to a point in the A,
region, where the one to one correspondence of the boundaries is

indicated by the colors.
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The regions A; and As do not give any new information, but represent
the degeneracy of the A region in the (e, i) plane when their definitions

are swicthed to (e13, t113) and (eqs, fi23).

(c) Ewvolution of A region with a and @Q): From Fig. 3.5, we see that the

boundary of A region evolves with different ¢ and () combinations. As
() increases, the A region move towards smaller p and larger p val-
ues for prograde and retrograde orbits respectively (see Figs. 3.5(c)
and 3.5(d)), indicating that the orbits with higher @) values move out-
wards from the black hole and closer to the black hole for prograde and
retrograde cases respectively. The Figs. 3.5(a) and 3.5(b) show the
boundary of the A region for different values of a with () = 5. It is seen
that the A region moves towards the higher values of i as a increases
for the prograde orbits and vice-versa for the retrograde orbits. This
indicates that the prograde bound orbits exist closer to the black hole
for higher a than for a lower a and vice-versa for the retrograde bound

orbits.

2. A region: The region A is defined by the condition that a bound orbit exists
between 15 and r3 (or us and wug) with r; > ry (or u; < ug) and r3 > r4 (or
ug < uy), where all roots are real and F > 1. We can express Eq. (3.26a)

for this region as

Ua uPHb w4 utd = [u— piag (1 — ea3)] [u— prag (1 + ea3)] <u2 +ay u+ b2/> :
(3.31a)
where ug = g3 (1 — e93) and ug = 93 (1 4 e93). The remaining roots u; and

uy can be derived from the factor <u2 +asu+ b2/>, which are given by

—agl + CZQIQ — 4b2/
5 .

(3.31h)

Ug1 =

The necessary condition for roots is u; < ugs < uz < uyg. As us < ug is

valid by definition in the A region, the remaining conditions are u; < uy and
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FIGURE 3.5: The upper boundaries of the A region are shown in the (e, u) plane
for different (labeled) values of a (a) for prograde, (b) for retrograde orbits with
Q@ = 5, and for different values of @ (c) for prograde a = 0.5, and (d) retrograde

a = —0.5 orbits.

ug < uy. Now, u; < ug can be written as

’ D) 7
—ay — V agl —4b2

which further reduces to

2

< pog (1 —ea3),

[bzl + pi23” (1 = ea3)” + @z piag (1 — eas) | <0,

(3.32a)

(3.32b)
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where further substitution of ay” and b, from Eq. (3.26b), and E from Eq.
(3.17a) finally yields

[,uggazQ (1 — 623)2 + ,ugg (/LQg&QQ — 332 — Q) (3 + 623) (1 — 623) + 1] < 0.
(3.32¢)

Similarly, the condition uz < uy gives

[1550°Q (1 + eas)’ + 112 (1230°Q — ° — Q) (3 — €ea3) (1 + €a3) + 1] < 0.
(3.32d)
Next, as the region A corresponds to the orbits with £ > 1; this implies
[using Eq. (3.17a)]

(1435 (1 — €33) (23a®@Q — Q — 2%) +1] < 0. (3.32¢)

In effect, Egs. (3.32¢, 3.32d, 3.32e) together define A region the (e, u) plane.
The Fig. 3.4 shows region A for different (a, () combinations. The line
E =1 (blue curve) gets mapped to the region above the unstable spherical
or separatrix curve when (ess3, jo3) definition of (e, p) is used, and this region
above F = 1 is effectively representing the region A which is bounded by the

curve where x becomes complex.

3. ¢ region: The region ¢ is defined by two complex roots of r or u = 1/r with a
bound orbit existing between the two remaining real roots, either between r;
and r9 or between r3 and ry, depending on which roots are making a complex
conjugate pair. Hence in the (e, p) space, we will either have {ej, p12} or
{es4, pss} by definition, Eq. (3.1). We can rewrite Eq. (3.26a) for the region

¢ in the form

wtaud+bui+cu+d =u—p(l—e)]fu—p(l+e) <u2 —|—a2lu+b2/> :
(3.33)
where the form of a,” and by is given by Eq. (3.26b). As the remaining two

roots should be complex conjugates, which are the solutions of quadratic
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<u2 + ay u + b2/> in Eq. (3.33), the condition for the ¢ region is given by
(a2’2 . 4b2’> <. (3.34a)

Next, the substitution of a;” and b, from Eq. (3.26b) gives

4 { {u _ @ Q)} 2 (- E) } <0, (3.34b)

2Q | a2QuA(1—¢2)

where replacing factor (1 — E?) in the (e, p, a, Q) form, using the translation

relation given by Eq. (3.17a), finally yields
{(Q + x2)2 pu+ate’Q*® — d’Q [1 + (1 + 62) (Q + xQ) u2] } <0, (3.34c)

where {e, p}={e12, p2} or {ess, pss}. The ¢ region defined by the above
equation, Eq. (3.34c), is shown in Fig. 3.6 for non-equatorial orbits with a

prograde and retrograde case.

800 1000

600. 800
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200¢ — Imjxj=0 200 — Imx]=0
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e e
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FIGURE 3.6: The region ¢ in the (e, ) plane is shown for (a) (a = 0.2, Q = 2),
and (b) (e = —0.2, @ = 2). This region is bounded by curves of stable, unstable
spherical orbits and the boundary where z gets complex.

Hence we conclude that only A region is relevant to the astrophysical scenarios.
A comparison of the A region in the (£, L) and (e, x1) plane is shown in Fig. 3.7.

The results presented in this section are summarized in Table 3.1.



Chapter 3: Bound orbit conditions for time-like trajectories in Kerr spacetime 70

30 T T T T 0.5
25 ] 0.4}
20F
i 03¢ 1 — Stable spherical
15 ] — Stable spherical 3 A p
100 ] Unstable spherical 0.2¢ B Unstable spherical
— E=1
5¢ A Al — B 0.4} A [
of ‘ ‘ ‘ ‘ B 0.0Lk ‘ ‘ ‘ ‘ ,
0.90 0.92 0.94 0.96 0.98 1.00 0.0 0.2 0.4 0.6 0.8 1.0
E e

(a) (b)

FIGURE 3.7: The A region is shown for comparison in the (a) (£, L) and (b)
(e, p) plane for (a = 0.5, @ = 5), where points A and B represent ISSO and
MBSO respectively.

3.4 Equatorial eccentric bound orbits (@) = 0)

In this section, we focus on the equatorial orbits and derive the bound orbit con-

ditions in (F, L, a) and (e, u, a) space.

3.4.1 Bound orbit conditions in the dynamical parameter

space, {F,L,a}

Here, we derive the conditions in the dynamical parameter space for the equatorial
eccentric bound orbits. The effective potential, Eq. (3.3b), for the equatorial orbits
(Q = 0), reduces to a form given by

1 L*—a*(E?—1) (L—aE)
Veff (r,a, E,L) = —; -+ 92 — .3 .

(3.35)

The radial equation for the turning points for a test particle motion in the equa-

torial plane, Eq. (3.18b) (Q = 0), reduces to

(1—-E*)r* — 2" + [IP—a*(E*=1)] r — 2(L—aE)>=0.  (3.36)
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We apply the Cardano’s method (Cardano 1968) to obtain the roots of the cubic

equation, Eq. (3.36), which we describe below:

e Step 1: For a general cubic equation given by
ay’ + By* +yy+6 =0, (3.37)

we first make the substitution y =Y — 3£, which reduces it to a form
o

Y34+ Yw+s=0, (3.38a)
where
-5 v
= =42 3.38b
233 5
o= B0 (3.38¢)

2703 302  «

e Step 2: Next, we make another substitution ¥ = ¢ 4+ n and impose the

constraints

Gt = (3.39a)
CHnt= —s, (3.39b)

this system gives sum and product of ¢* and 7%, which helps to determine a

quadratic equation whose roots are ¢* and n? given by

3

2 w
_Z A
t* + st o 0, (3.40a)
whose solutions are
1/3
—5 2w

= — — 4 — .40b
¢ 5 + 1 + 57 , (3.40b)
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—5 s wd 3
= — =+ — A4
1 [ 2 T (3.40c)
e Step 3: We define
2wl
A= —+4 — A1
RTa (3.41)

which gives three possibilities for ¢ and 1 and hence for roots of Y or y,
which are
1. A <0, three real and distinct roots.
2. A =0, two equal and one distinct real root.
3. A > 0, two complex and one real root.
o Step 4: The case of A > 0 gives scattering orbits and are non-circular and

unbound by definition, so this is precluded from our study of bound orbits.

Therefore, we focus on the cases of A < 0 for which ¢ and n are given by

(= 1V3e/3 (3.42a)
n= 137/ (3.42b)
52 1/2 —2v—=A ) )
where [ = T A and tan p = ———— and the corresponding dis-
s

tinct and real roots of the cubic equation, Eq. (3.37), are

y = 2Y3cos (g) - 3%, (3.43a)
-2

Yo = 203 cos (QP 3 7r) — 3%, (3.43b)
2

ys = 203 cos (901: W) — %. (3.43c)
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From Eq. (3.41), we obtain the corresponding A (the discriminant of the cubic)
for Eq. (3.36), which is given by

A= 27(1—E>*(L—aBE)" — (I* —a® (E* = 1))* + 16 (L — aE)’
—18(L —aE)* (1 - E?) (L* —a® (E* = 1)) + (1 — E?) (I — a® (E?* — 1))".
(3.44)

Hence the condition on {E, L,a} to get three real and distinct roots of r, which

is possible only when the orbit is an eccentric bound orbit, is given by
A <O and 0<E<1. (3.45)

The above condition, Eq. (3.45), spans a region in the (£, L) plane, which we
call the A region as before, which represents all the equatorial eccentric bound
orbits for a fixed spin, a. The A region is shown in Fig. 3.8 for {a = 0.5, —0.5;
@ = 0}, bounded by the circular orbits and E = 1. The radial effective potential,
Eq. (3.35), diagram for an equatorial eccentric orbit is shown in Fig. 3.9(a),
which corresponds to a typical point inside the A region shown in Fig. 3.8(a) with

a = 0.5.

We obtain the expressions for the three roots of the Eq. (3.36) using Eq. (3.43),

which are
o1+ [4—3(1— E?) (L2 —a®(E? - 1))]1/2cos§
_ L 4
T 3(1 _ E2) s (3 6&)
2 1+[4—3(1—E2)(L2—a2(E2—1))]1/%05%2”
= : 2. (34
T2 3(1—E2) s (3 6b)
[ N (T2 _ 2 (12 2 p+2m]
21+ [ =3(1- B (L - a* (B* = 1)) ¥ cos ==

ry = L 50 =, (3.46¢)
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where r; > ry > r3, 1 and ry are the apastron and periastron distances (turning

points) respectively for the eccentric orbits, and where ¢ is given by

8—9(1—E2) (L2 —a2?(E2—1))+27(1 — E2)* (L — aE)?

[4—-3(1— E?) (L% —a2(E? — 1>>]3/2 ; (3.46d)

cos p =

it follows that

—1<cosep <+1 holds for eccentric orbits. (3.46¢)

On the other hand, the case of two equal roots and one distinct real root is possible

when

A=0, (3.47)

which corresponds to the cases of the stable circular, the separatrix orbit or the

inner unstable circular orbit, which are classified using cos ¢ as:

1. Stable circular orbits: The condition for these orbits is given by

cosp=—1 = rp=ry and 0 < E <L (3.48a)

The red curves in Figs. 3.8(a) and 3.8(b) correspond to the contours of the
stable circular orbits [cf. Eq. (3.48a)] for @ = 0.5 and a = —0.5 respectively.
These orbits exist outside the innermost stable circular orbit (ISCO) radius.
The Fig. 3.9(b) shows the radial effective potential, Eq. (3.35), diagram for

a typical point on the red curve of Fig. 3.8(a).

2. Unstable circular/separatriz orbits: The condition for such orbits is given by

cosp=+1 = rp=r3 and 0 < F < 1. (3.48b)

The orange curves in Figs. 3.8(a) and 3.8(b) represent the contours for the

separatrix orbits [cf. Eq. (3.48b)| for a = 0.5 and a = —0.5 respectively.
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These orbits exist between the marginally bound circular orbit (MBCO) and
ISCO radius. The Fig. 3.9(c) shows the radial effective potential, Eq. (3.35),
for a typical point on the orange curve of Fig. 3.8(a).

3. Inner unstable circular orbits (IUCO): The condition for these orbits is

cosp=+1 = ro=r3 and F > 1. (3.48c¢)

The black curves in Figs. 3.8(a) and 3.8(b) represent the contours for [TUCO
[cf. Eq. (3.48¢)] for a = 0.5 and a = —0.5 respectively. These orbits exist
inside the MBCO radius, and the innermost limit for IUCO is given by the
light radius. The Fig. 3.9(d) shows the radial effective potential, Eq. (3.35),
for a typical point on the black curve of Fig. 3.8(a).

30 " " 30
257 | 25,
20¢ 1 — Stable circular 20p 1 _ Stable circular

- 15 Unstable circular = 15 Unstable circular
10 — luco 10p — IUCO
50 A (1Y —— Y A e L
‘ e ‘ ‘ , o S ]
0.9 1.0 1.1 1.2 1.3 0.95 1.00 1.05 1.10 1.15 1.20 1.25 1.30
E E

(a) (b)

F1GURE 3.8: The figure shows the A region for the equatorial eccentric orbits in
the (E, L) plane for (a) a = 0.5 and (b) a = —0.5. The A region is bounded by
the curves representing stable, unstable circular/separatrix orbits, and E = 1.
The points A and B depict the innermost stable circular orbit (ISCO) and
marginally bound circular orbit (MBCO) respectively.

The radius of ISCO is determined by the condition that the first and second
derivative of radial effective potential vanish (i.e. 7 = ry = r3). This is possible
only when the factor in front of the cosine term vanishes in Eqs. (3.46a - 3.46¢)
which leads to

[4-3(1-F%) (L*-a*(E*—1))] =0 (3.49)
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FIGURE 3.9: The figure shows the radial effective potential [Eq. (3.35)] with
{a = 0.5, Q = 0} for (a) an eccentric orbit {E = 0.958328, L = 3.41768}, (b)
stable circular orbit {E = 0.953775, L = 3.58939}, (c) unstable circular/sep-
aratrix orbit {£ = 0.928746, L = 2.9858}, (d) inner unstable circular orbit
{E = 141842, L = 5.40617}, and (e) innermost stable circular orbit (ISCO)
{E = 0.917882, L = 2.90287}, where the horizontal black curve and vertical
dashed red curve correspond to (E2 — 1) /2 and the horizon radius respectively.
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this represents the condition for ISCO in terms of parameters E, L and a. The

radial effective potential diagram, Eq. (3.35), of an ISCO is shown in Fig. 3.9(e).

The eccentricity and latus rectum parameters which are the mathematical counter-
parts of orbits in relativistic precession to the closed conic sections in Newtonian
mechanics (and hence are referred to conic parameters) are defined using perias-

tron and apastron distances as

© (p—271'
COS — — COS
o — r — T2 o 3 3
_ = -2
nr {2 [4-3(1—E?) (L2 —a? (B2 = 1))+ (cos%ﬂoss@ 3 Wﬂ
(3.50a)

[ — 2’["17”2

1+ T2

1+ [a-3(01- B (L2 - a? (B2 - )2 Cosg} .

[1 +[4-3(1—-FE)(L*-a*(E*—- 1))]1/2 cos 2T _327T1

(3.50D)

Now, we analyze the condition, A < 0, for the orbits having one or both turning
points inside the horizon radius and describe their distribution in the (E, L) plane

for a fixed a:

e Inside horizon: The shaded region in the Figs. 3.10(a) and 3.10(b) represent

orbits with two roots inside and one outside the horizon radius for a =
0.5 and a = —0.5 respectively; whereas the boundary of the shaded region
represent unstable bound orbit with 79 = r3 inside the horizon, and r; outside
the horizon. These are not visible to a distant observer. Figs. 3.10(c)

- 3.10(f) show the radial effective potentials for such orbits. The case of
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L = aFE, previously discussed in (Chandrasekhar 1983), for equatorial orbits,
lies inside this shaded region as shown in Fig. 3.11(a). The radial effective

potential, given by Eq. (3.35) reduces to

1 2
Vips(ria) = —= + —. (3.51)

r o 2r?

The Fig. 3.11(b) shows the effective potential of an orbit of this kind, where
one of the turning points lies inside the horizon; hence, the particle plunges
into the horizon. When the dynamics is formulated in a coordinate system
that contains no coordinate singularity at the horizon, i.e., a generalization of
Eddington-Finkelstein or Kruskal-Szekeres coordinates to Kerr background,
it is observed that a particle crossing the horizon inevitably falls into the
singularity at » = 0; furthermore, no light signals from inside the horizon

are accessible to distant observers.

3.4.2 Bound orbit conditions in the conic parameter space

{e, . a}

Here, we discuss the bound orbit conditions in the conic parameter space which is

useful in the study of orbit geometries.

The apastron, r,, and the periastron distances, r,, are defined in the terms of e

and g for an eccentric orbit, as

(3.52)

i)
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FIGURE 3.10: The (E, L) plane is shown for a = 0.5 in (a) and a = —0.5 in
(b) where the condition for three distinct roots, A < 0, is valid in the shaded
region; moreover, the two inner roots, 79 and r3, are inside the horizon, while r is
outside. The radial effective potential [Eq. (3.35)| diagrams are shown in (c) and
(d) for (E, L) chosen on the A = 0 boundary of the shaded region; these cases
have two inner equal roots, ro = r3. The cases of three distinct roots are shown in
diagrams (e) and (f) where the (E, L) points are chosen inside the shaded region
(A < 0). The parameter set {A = 0,cosp = +1,F = 0.97,L = 0.57,a = 0.5}
is used for (c¢), {A = 0,cosp = +1,E = 0.05,L = 0.0387,a = —0.5} for (d),
{A < 0,cosp =0.9995, F = 0.7,L = 0.3,a = 0.5} for (e), and {A < 0,cos¢p =
0.9931, E = 0.06, L = 0.02,a = —0.5} for (£).

Using the Eqs. (3.52, 3.36), the third root of the cubic equation is derived, which
is given by (Bini et al. 2016a)

227 (1 —€?)

ry = (1- B cr=L—ak.

(3.53)
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FIGURE 3.11: L = aF curve for a = 0.5 is shown in (a) which lies in the
shaded region of Fig. 3.10(a), while (b) shows the effective potential [Eq. (3.51)]
diagram for one such orbit with £ = 0.2 that has one turning point inside the
horizon and another outside the horizon.

Using the translation relations for @ = 0, Egs. (3.17), the expression for A, which
is given by Eq. (3.44), is written in terms of (e, p, a) as

2
A= M_BQ [1+2(e® —3) 2®u® + (9 — 10e* + €*) x4,u4]2,
2
= M—i[1—x2u2(1+e)(3—e)}2[1—x2u2(1—e)(3+e)]2,

It is seen that A < 0 for all the real values of x and A = 0 if any one of the

following conditions is satisfied,

e=0, (3.55a)
Al =0=p*2°(3—¢e)(l+e) =1, (3.55b)
Ay =0= 2> (3+e)(l—e) =1, (3.55¢)

where Eq. (3.55a) corresponds to the stable circular orbits, Eq. (3.55b) corre-
sponds to the separatrix orbits and both lie on the boundary of the A region (a
region specified by A < 0) in the (e, u) plane. The condition on {e, u,a} for an

eccentric bound orbit is given by 73 < 7,, which is a necessary condition for a
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particle to oscillate between r = r, and ry = r,. The Eqgs. (3.52, 3.53, 3.17a) are

solved to reduce this condition to
pr? (3 —ern) (14 epp) < 1, (3.56)

which represents the ordering of roots, r; > ro > r3, where the equality in Eq.
(3.56) corresponds to the separatrix orbits. The above equation, Eq. (3.56), can
also be obtained by substituting @) = 0 in Eq. (3.30a). The Fig. 3.12(a) shows
the A region spanned by Eq. (3.56) in the (e, p) plane. This region is bounded
by the stable, unstable circular orbits, and £ = 1.

The equality in Eq. (3.56) automatically follows from A = 0 and it matches
with Eq. (3.55b), which implies that r3 < ry becomes the operative condition for
eccentric bound orbits. The points satisfying Eq. (3.55¢) lie outside the A region
in (e, u) plane, but represent the stable circular orbits when other combinations
of roots are chosen to define e and p instead of {e = ey, u = u12}; for example,
{e13, 13} or {eas, po3}. This would naturally occur outside the A region where

the condition for ordering of roots is not obeyed.

Eccentric orbits: The distribution of eccentric orbits within the A region in the

(e, p) plane is studied through the variable cos. The Fig. 3.12(b) shows the
contours of cos ¢ in the A region for a = 0.5. Using Eqgs. (3.17), the expression of
cos p, Eq. (3.46d), in terms of {ejs, 12, a} is given by

[1—3a2piy (1 — efy)] [=1 + 3erz + 322pi, (1 — e — efy + efy)] -

(14 3e12 — 322udy (1 + €19 — €35 — €,)]
3/2°
[+ 3ed, + (€8 — 1) [6024dy (L + eby) + Batputy (e}, — 1) (3 + e%gm(;

57)

The value of cos ¢ varies from -1 to +1 from left to right in the Fig. 3.12(b), where

Cos p =

cosp = —1 for stable circular orbit (e;2 = 0), and cos¢ = +1 for the separatrix

orbits and for e;o = 1; this is also seen from Eq. (3.57) as described below:
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FIGURE 3.12: (a) The A region, defined by Eq. (3.56), is shown for the equato-
rial orbits in the (e, ) plane, where points A and B depict the ISCO and MBCO
respectively, and (b) the contours of cos ¢ are shown inside the A region, where
a = 0.5.

1. For the stable circular orbit case, e;o = 0, Eq. (3.57) reduces to

cosp = [1—322u3,] [—1 + 32?pudy) [1 — 3224,
[1— 62242, + 9atpdy]*?
1—-3 2,213
- i (3.58)
[1 = 322p3,]

2. For the €15 =1 case, Eq. (3.57) reduces to

CoS p = —= = +1, (3.58b)

3. For the separatrix orbits, Eq. (3.56) gives

1
2 2% = , 3.58¢
Hi2 (3 . 612) (1 + 612) ( )
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and the substitution of Eq. (3.58¢) in (3.57) gives

2612 4612 8612

cos p = (B—e€12) B—en) (3—en)
(e12—1)[6(1+¢€dy) (3 —e12) +3(e12 — 1) (3 +€2y)] 3/2
+ (1 +3ef,y) (3 - 612)2

(3 — 612)2

64e3,

_ o Bmew) (3.584)

[ 16¢€, }3/2
(3 —e12)’

The results presented in this section are summarized in Table 3.1.

3.5 The prescription for selecting bound orbits

In this section, we present the scaling formulae for the parameters (£, L) and (e,
i) in terms of the variables (x1, y1) and (x2, y2), where z;, y; € [0,1],7 = 1,2, to
produce valid combinations of (E, L) and (e, u) for bound orbits in the A region,
which corresponds to the astrophysically relevant bound trajectories. These scaling
formulae are derived using the expressions of (E, L) for spherical (circular) orbits
and the expressions of (e, 1) for separatrix orbits, which we derive later in Chapter

4 and 5.

1. Dynamical parameter space: The scaling formulae for (E, L) to choose bound

orbits in the A region depend upon the (E, L) formulae of the spherical (cir-
cular) orbits (which we derive in Chapter 4) because the A region is bounded
by the spherical (circular) orbits. The range of F in the A region for a fixed
(a, ) combination is bounded between E at the ISSO (ISCO) radius and
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TABLE 3.1: This table presents a formulary for different types of orbits in the non-equatorial and equatorial plane for both
dynamical and conic parameter spaces.

Dynamical parameter space

Conic parameter space

mq NJ @,@ € 1, 94©
Type of Region in the Conditions for the Type of Region in the Conditions for the
orbit (E, L) plane orbit orbit (e, p) plane orbit
Bound orbit between A Dy >0,D;>0,and ' < 1; Bound orbit with A [122 (111202Q — Q — 22) (3 — e12) (1 + €19)
ry and 7y or 3 and 74 Fig. 3.1 Bounded by stable, unstable (e12, p12) or (a4, fi3a) Fig. 3.4 +upa?Q (1 + mzvm + L >0,
spherical orbits, and F = 1. 1 (1 + e19) ﬁ + V1 - pmv <1,
and E (e, i, a,Q) < 1; Eq. (3.30).
Bound orbit between A D, >0,Dy>0,and E > 1; Bound orbit with A (1135 (1 — €3,) (p23a®Q — Q — %) + 1] < 0,
ry and r3 Fig. 3.1 Bounded by IUSO. (€23, f123) Fig. 3.4 (135 (1230°Q — 2% — Q) (3 + €23) (1 — €a3)
+1330%Q (1 — en3)” + 1] <0,
(135 (1230°Q — 2% — Q) (3 — e23) (1 + e3)
11350°Q (1 + e33)° + 1] < 0; Egs. (3.32c, 3.32d, 3.32e).
Bound orbit between S (D1-Dy)< 0 and E < 1; Bound orbit with S {a*e®*Q*1® — a®>Q 1+ (1 + €%) (Q + %) %]
ry and ry or r3 and 14 Fig. 3.1 Bounded by stable and unstable (e12, p12) or (esa, paa) Fig. 3.6 +(Q+ amvm:w <0, Eq. (3.34¢).
spherical orbits.
Q@ = 0, Bound orbit A A<0,0<FE<1,Eq. (3.45), @ = 0, Bound orbit with A 12,22 (3 —e1p) (1 + e19) < 1, Eq. (3.56),
between 7 and ro Fig. 3.8 —1 < cosp <1, Eq. (3.46¢), (e12, t12) Fig. 3.12(a) —1<cosp <1, Eq. (3.57).
Bounded by stable [Eq. (3.48a)],
unstable circular [Eq. (3.48b)] orbits, and £ = 1.
@ = 0, Inner unstable Curve in A=0,FE>1,Eq. (347), @ = 0, Inner unstable | ey3 = 0 curve €12 > 1, ea3 =0, cosp = +1, Eq. (3.58b),
circular orbits region A cosp = +1, Eq. (3.48¢), circular orbits in region A fo3 from ranges 1/Y to 1/X.
(IUCOs) Fig. 3.8 r. ranges from MBCO (Y)) to light radius (X). (IUCOs)
@ = 0, no bound orbit 'S @ = 0, no bound orbit S
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E =1 [at MBSO (MBCO) radius|. Hence, the formula for selecting E for

bound orbits written in terms of the variable x;, a, and @ is given by

E(r1,0,Q) =Ez(a,Q)+x1[1 — Ez (a,Q)], (3.59a)

where z; € [0, 1] defines the range of the parameter E for bound orbits. The
parameter E (a, Q) is the energy at the ISSO (ISCO) radius, given by

(Z-3)(Z—-2722—a2Z (22 (32 —-5)+Q(Z(Z -4 +5)] |
+2a'Q —2a[Z(Z — 2) + a®| \Ja?Q?* — Z3Q (Z — 3) + Z°

Ez(a,Q) = 7 [Z (7 - 3)2 B 4@2} 1/2

Y

(3.59b)
where Z(a, @) is the ISSO (ISCO) radius. We will derive the above expres-
sion, Eq. (3.59b), for a general spherical orbit and also the expression for

Z(a, Q) in Chapter 4.

For a fixed z1, a, and @), the range of L is bounded between L of a stable and
an unstable spherical (circular) orbit. We attribute this range of L to the
parameter y; € [0, 1] to define L for bound orbits in the A region. Hence, the

formula for selecting L for the bound orbits written in terms of the variables
{1, 11}, a, and @ is given by

1 1 1 1

Ly a®) I (@aQ) "I (11,6Q) Li(wmaeQ)]
(3.60a)

where L, (z1,a,Q) and L_ (21, a,Q) are given by

Ly (21,0,Q) =z(ry (71,0,Q),a,Q) + a- E(r, (x1,a,Q) ,a,Q), (3.60b)
L_(z1,a,Q) = x(ry (z1,a,Q) ,a,Q) + a- E(r, (r1,a,Q) ,a,Q), (3.60c)
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where 7, (z1,a,Q) and r, (71, a, Q) are the two roots of r, in the equation

(re=3) (re = 2)° 1t — a®r, 12 (31— 5) + Q (s (r, — ) +5)] |
+2a*Q — 2a[ry (rs — 2) + a*] \/a2Q? — r3Q (rs — 3) + 13
172

72 [7’5 (rs — 3)2 — 4a2}
= EZ ((I, Q) + T [1 - EZ (Q,Q)] :

(3.60d)

The radii r, (z1,a,Q) and 7, (x1,a,Q) are chosen such that they are in
the range given by r, (z1,a,Q) > Z(a,Q) and Y (a,Q) < ry(r1,a0,Q) <
Z (a,Q), where Y (a,Q) is the MBSO (MBCO) radius (which we derive in
Chapter 4). They give the upper, L, (x1,a,Q), and lower, L_ (x1,a,Q),

limits of L for a fixed x1, a, and @ respectively.

2. Conic parameter space: The range of e in the A region is already between

0 to 1, and the range of p is bounded between 0 and the value of u of a
separatrix orbit [or unstable spherical (circular) orbit| for a given e. Hence,

in the (e, u) space, the corresponding formulae are given by

e(xe) =  m9, (3.61a)

p(Y2,rea, Q) = Yo s (ra,a, Q) (3.61b)

where x5, y5 € [0, 1] and hence the allowed range of p1is 0 < p < ps (12, a, Q)
for a given x9, and where u,(r;,a,Q) corresponds to a separatrix orbit

(which we derive in Chapter 5) given by

1 :
s (12,0, Q) = 7= {—a re — \/(rxa’ +2)" —dd'ri] (3.62a)

and r, is a root of r, in the equation

4+ar,+ \/(rsa' + 2)2 —4d'r?

Ty = , (3.62b)
—a'r, — \/(rsa’ +2)* — 4d'r?
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which lies between Y (a, Q) and Z (a, Q) for a given a and @, and where o’

and d are given by

5 {2a4Q =13 (rs = 3) [rd — (rs = 3) Q] — a’r, (r{ + i — 2Qr, + 8Q) }

B +2ary (rs — 2) + a2 \/a2Q2 — 73Q (15 — 3) + 1% — Qr [rs (rs — 3)” — 4d?]
“ - a?Qr [rs (rs — 3)? — 4a?] ’

(3.62c)
_2a4Q - (Ts - 3) (Ts - 2)2 T;L + CLQTS [7“3 (3rs - 5) + Q (rs (Ts - 4) + 5)]
/ + 7l [rs (rs — 3)2 — 4a2] +2a(r (rs — 2) + a?| \/a2Q2 —1r3Q (rs —3) + 15

a’Qri [7“5 (rs — 3)2 - 4a2]

(3.62d)
Hence, for a fixed a and @, the range of x5,y € [0, 1] defines the range of

(e, ).

3.6 Summary

1. We first translate the dynamical parameters (E, L, a, Q) to the conic pa-
rameters (e, p, a, Q) by deriving the translation formulae, Eqgs. (3.16), in
terms of 6; (= 0 for null and = 1 for time-like trajectories). We then write
these translation relations for the time-like trajectories, Eqs. (3.17). These
formulae help to completely describe the bound orbit conditions in the conic

parameter space.

2. We presented the algebraic conditions for the non-equatorial bound time-like
trajectories in the (E, L, a, Q) and (e, p, a, Q) spaces. We first solve the
general radial equation of motion to find four roots of the effective potential
as functions of (E, L, a, @), 41) using the Ferrari’s method, Eqgs. (3.23). We
then reduce them for the time-like trajectories (6; = 1), Eqgs. (3.24). Using
these formulae of roots, we derive the bound orbits conditions in the (F, L, a,
Q) parameter space. We show how these conditions classify the bound orbits

into various regions, A, ¢, and A, in the (F, L) plane, which was previously
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discussed graphically in Hackmann et al. (2010); see Fig. 3.1. Later, we
write these bound orbit conditions for various regions in the (e, u, a, Q)
parameter space, Egs. (3.30), (3.32¢-3.32¢), (3.34c), using the translation
relations [Egs. (3.17)]. The bound orbit regions in the (e, u) plane, Figs.
3.4 and 3.6, are geometrically specified by their bound curves and vertices.
For astrophysically relevant orbits, only the region A is applicable. These

results are summarized in Table 3.1.

3. We discussed the bound orbit conditions for the eccentric equatorial orbits in
the {F, L,a}, and {e, u,a} spaces. We first derive the roots of the effective
potential for the eccentric equatorial orbits, Eqs. (3.46a-3.46¢), using the
Cardano’s method, and write the bound orbit condition in terms of { £, L, a},
Eq. (3.45). The bound orbit region is shown in the {F, L} plane in Fig.
3.8. We then translate these conditions to {e, u,a} space, Eq. (3.56), where
the bound orbit region for the equatorial orbits is shown in the (e, p) plane

in Fig. 3.12. These results are summarized in Table 3.1.

4. We also provided a useful prescription to select the parameters (E, L) and
(e, p) in the A region, Egs. (3.59a, 3.60a) and Egs. (3.61a, 3.61b), which
are canonical inputs to the trajectory solutions for studying their evolution
in various applications like gravitational wave emission from extreme-mass
ratio inspirals (Drasco et al. 2005; Drasco 2006; Drasco and Hughes 2006;
Glampedakis and Kennefick 2002; Glampedakis et al. 2002), relativistic pre-
cession around black holes (Burgay et al. 2003; Lyne et al. 2004), and the

study of gyroscope precession as a test of general relativity (Bini et al. 2016a).
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A sketch of the precessing orbit around a black hole. Courtesy: ESO/L. Calgada

Astrophysically relevant bound
trajectories around a Kerr black

hole*

4.1 Introduction

The exploration of analytic forms of various kinds of trajectories around Kerr
and Schwarzschild black holes is one of the important problems in the field of
general relativity. The study of some of these trajectories has been carried out
before (Chandrasekhar 1983). There are several notable results in the vast lit-

erature discussing various aspects of dynamics in the Kerr geometry such as the

*The major part of the work in this chapter is published in a paper: Rana and Mangalam
(2019a,b). The remaining work is published in a paper: Rana and Mangalam (2020b)
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quadrature formulae for the trajectories (Chandrasekhar 1983; Carter 1968), cir-
cular orbit formulae (Bardeen et al. 1972), conditions for spherical orbits (Wilkins
1972), expressions in terms of quadratures for the oscillation frequencies (Schmidt
2002), formulae for trajectories in terms of quadratures for spherical polar motion
(Kraniotis 2004), trajectories for non-spherical polar motion (Kraniotis 2007), and
expressions for the trajectories and oscillation frequencies (Fujita and Hikida 2009)
in terms of the Mino time (Mino 2003). Besides these key results, there are other
useful expressions reported for example on separatrix orbits (Levin and Perez-Giz
2009), and on eccentric equatorial bound orbits (Chandrasekhar 1983; Bini et al.
2016a).

A time-like orbital parameter A called Mino time (Mino 2003) was introduced to
decouple the r and 6 equations, which was then used to express a wider class of
trajectory functions in terms of the orbital frequencies vy, v and v, (Drasco and
Hughes 2004). These methods are applied to calculate closed-form solutions of
the trajectories and their orbital frequencies (Fujita and Hikida 2009), using the
roots of the effective potential. However, the solutions are expressed in terms of
Mino time. The commensurability of radial and longitudinal frequencies, their
resonance conditions for orbits in Kerr geometry, and their location in terms of
spin and orbital parameter values were studied using numerical implementations
of Carlson’s elliptic integrals (Brink et al. 2015). Considering the problem of the
precession of a test gyroscope in the equatorial plane of Kerr geometry, the analytic
expressions to transform energy, angular momentum of the orbiting test particle,
and spin of the black hole (E, L, a) to eccentricity, inverse-latus rectum of the
bound orbit (e, i, a) parameters were obtained (Bini et al. 2016a). The expressions
for radial and orbital frequencies are obtained to the order e? for bound orbits
and analytically for the marginally bound homoclinic orbits (Bini et al. 2016b).
The dynamical studies of an important family of Kerr orbits called separatrix or
homoclinic orbits are important for computing the transition of spiralling to plunge

in EMRIs emitting gravitational waves (Levin and Perez-Giz 2009; Glampedakis
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and Kennefick 2002). The test particles (compact objects in this case) transit
through an eccentric separatrix orbit in EMRIs, while progressing adiabatically,

before they merge with the massive black hole.

In this chapter, we present the study of the generic bound trajectories, which
are eccentric and inclined, around a Kerr black hole, and then we investigate the
eccentric and equatorial orbits, the spherical orbits, and the non-equatorial sepa-
ratrix orbits as special cases. We have solved the equations of motion and produce
alternate and new closed-form solutions for the trajectories in terms of the elliptic
integrals without using the Mino time, {¢ (r,0), t(r,0),r(0) or 6(r)}, which
makes them numerically faster. We also implement the essential bound orbit con-
ditions to choose the parameters (e, i, a, @) of an allowed bound orbit, derived
from the essential conditions on the parameters for the elliptic integrals involved
in the trajectory solutions. We find that the e — p space is more convenient for
integrating the equations of motion as the turning points of the integrands are
naturally specified in terms of the bound orbit conditions. The exact solutions
for the trajectories are found in terms of not overly long expressions involving
elliptic integrals. We implement the translation formulae between (E, L) and (e,
w) parameters, Eq. (3.17), that help us to express the trajectory solutions com-
pletely in the (e, u, a, @) parameter space, which we call the conic parameter
space. We then study the case of non-equatorial separatrix trajectories in the
conic parameter space. First, we write the essential equations for the important
radii like innermost stable spherical orbit (1.5S0), marginally bound spherical
orbit (M BSO), and spherical light radius. Similar to the equatorial separatrix
orbits, the non-equatorial separatrix or homoclinic trajectories asymptote to an
energetically bound unstable spherical orbit, where the spherical orbit radius can
vary between MBSO and ISSO. We show that the formulae for (e, p) for the
non-equatorial separatrix orbits can be expressed as functions of the radius of the
corresponding spherical orbit, s, a, and ), which also reduce to their equatorial

counterpart (Levin and Perez-Giz 2009) by implementing the limit ) — 0. These
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formulae are obtained by using the expressions of E' and L for the spherical orbits.
Next, we derive the exact solutions for the non-equatorial separatrix trajectories
by reducing our general eccentric trajectory solutions to this case. These solutions
are important for investigating the behavior of gravitational waveforms emitted
by inspiralling and inclined test objects near non-equatorial separatrix trajecto-
ries in the case of EMRIs. The ab-initio specification of the allowed geometry of
bound orbits in the parameter space is crucial for the calculation of the orbital
trajectories and its frequencies. These criteria are used in building, studying and
sketching different types of trajectories around a Kerr black hole: for instance,
spherical, non-equatorial eccentric, non-equatorial separatrix and zoom-whirl or-
bits, using our closed-form expressions for trajectories are constructed. We also
derive closed-form analytic expressions for the fundamental frequencies of the gen-
eral non-equatorial trajectories as functions of elliptic integrals around the Kerr
black holes. We use a time-averaging method on the first-order equations of mo-
tion to derive these frequencies and show that our closed-form analytic expressions
of frequencies match with the formulae given by Schmidt (2002) which were left
in the quadrature forms. We also reduce the general trajectory forms and the
frequency formulae to the equatorial eccentric and spherical orbit cases, which are
also new forms that are easier to implement and faster, for example by a factor of

~ 20 for the equatorial eccentric orbits.

These novel results are useful for various applications and simulations related to
astrophysical scenarios involving relativistic precession like QPOs and accretion
disks. We also derive the locus of the () # 0 separatrix curve in the e — p plane
besides providing the form of the trajectories. Using this, further studies can be
carried for chaotic motion and study of gravitational waves from zoom-whirl orbits
which can be set-up by locating them near the separatrix locus, in the same spirit,
as was done for the equatorial case (Levin and Perez-Giz 2009; Glampedakis and
Kennefick 2002). The analytic results have direct application to the study of non-

equatorial separatrix orbits which has not been discussed before. They also help
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in understanding the highly eccentric behavior of trajectories seen in numerical
simulations (Glampedakis et al. 2002) just before plunging onto the massive black
hole in the case of EMRIs which is possibly related to the eccentric and inclined
homoclinic orbits, besides relativistic precession in other astrophysical systems like
binary pulsars and black holes, spin precession of gyroscopes around rotating black
holes for the test of general relativity, and the study of chaotic orbits in the phase

space.

In §4.2.1, we derive the analytic form of the integrals of motion governing the
time-like bound trajectories in the Kerr geometry (e # 0, Q@ # 0). We then write
the necessary and sufficient conditions in (e, u, a, @)) parameter space for the
bound trajectories using these integrals in §4.2.2. We derive the analytic form
of the fundamental frequencies in terms of the elliptic integrals for the general
bound trajectories in §4.3. In §4.4, we reduce the trajectory solution and the
fundamental frequencies to the case of equatorial and eccentric orbits (e # 0,
Q = 0). In §4.5, we write the formulae for (E, L), trajectory solutions, and
the fundamental frequencies for the spherical orbits (e = 0, @ # 0). We then
derive the analytic expressions for the eccentricity and inverse latus rectum (e,
s) for the non-equatorial separatrix trajectories, and derive the reduced form of
their trajectory solution in §4.6. In §4.7, we make the consistency check of our
formulae by reducing them to the previously known results. We plot various types
of trajectories using our analytic formulae in §4.8 and discuss various important
astrophysical applications of our results in §4.9. Finally, we summarize all results

in §4.10 and conclude in §4.11.
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4.2 Integrals of motion and bound orbits around

Kerr black hole

We derived the integrals of motion in the Kerr spacetime in Chapter 2, Eqgs.

(2.16d-2.16a), given by (Carter 1968; Schmidt 2002)

= / \/_ /00 a 00829d9 | (4.1a)
¢ — o = / A\l/—aLd 1 e%g—?delz—%h—%[{hm.lb)
bety— - T:ﬁg—gd# 41 e%g—gde = ; + %Hz, (4.1¢)

where A = 7“/2 —2r + a2 and

R= [(r+a )E—aL]2 —(rP4ad=2r) [P+ (L—aE)Q—FQ} , (4.1e)
-9 {( —E)a siiQQ 08”0, (10

for the time-like trajectories.

4.2.1 Analytic solutions of integrals of motion

We solve for the integrals of motion, i.e. Eqgs. (4.1b-4.1d) and reduce them to
a simple form involving elliptic integrals. We first derive the expressions for the
radial integrals Iy, I, and Is. We assume the starting point of the radial motion
to be apastron point of the bound orbit, r = r,. The steps taken to obtain the

reduced form of the radial integrals are as follows:
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1. We make the substitution 1/r" = 1 (1 4 ecos x) and implement the method
of partial fractions, where the variable x varies from 7 (periastron) to 27
(apastron). The motivation to use this variable transformation is to remove
the singularity in the integrands of the radial integrals (I, I, Ig) at the

turning points, r, and r,.

2. Then make the substitutions, cosy = 2cos?X — 1 and ¢ = 5 -

IR

v1—m?2sin
1—m2 sin?

m? is defined by Eq. (4.4i). Such variable transformation reduces the form

3. Implement the variable transformation given by sina = , Where

of the radial integrals in terms of the standard elliptic integrals defned by
(Gradshteyn and Ryzhik 2007)

(o, k%) = / (4.2a)
1— k?sin®a
K (o, k%) = / V1 —k2sin® o - da, (4.2b)

do

I(s% o, k?) = / )
( ) 0 (1—32sin2a) V1 —k2sin?a

(4.2¢)

As a result, the integrals of motion are expressed as functions of standard elliptic

integrals, given by

Il (a767ﬂ7a’Q) = - [03[3 (047@/%@; Q) +O4]4 (O[7€7M7a7 Q)] ) (438’)

12 (Oé, €, W, a, Q) = [0515 (O{, €, W, a, Q) + C161'6 (Oé, €, W, a, Q) + C7I3 (OK, €, W, a, Q) +
CSI4 (Oé, €, 1, a, Q)] ) (43b)

1 ' — (3 +m?) '

I = °F(a, k) +p3ll | —=——, o, K

3((1767#’&7@) m(WlQ—i—pg) _m (OZ, ) +p2 ( 1 _m2 )y &y | ’
(4.3c)

1 [ — (3 +m?) '
Iy (o, e, p,a, = m2F (o, k*) + p2I1 <3—,a, k)|,

i(ose,p,a,Q) T ) | (o, k%) + p3 s

(4.3d)

1
T 1 |

Iy (o,e,p,a0,QQ) = miF (oz, k;2) + 2p2m?II (32, a, k:2)

+p411]7 (Oé, e u,a, Q)} ) (436)
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1
IG (Oé, €, u,a, Q) - m (m2 + p%) [m2F (O{, k2) + p%H (82’ «, k2)} ) (43f)
s*sina cos ay/1 — k2sin® a 52
I — — K (o, k?
Pl e, Q) 2(1—5%) (k2 —s?) (1 —s?sin®a)  2(1 —s?) (k% — s?) (0, %)
1 [s* —2s% (1 + k?) + 3k?
- F k> I (2, o, k2 4.
Ta— @R R ey k), (43
2p (1 - ¢?)

— 2
IS (Oé,e,u,a,Q) - \/C—A—|— ,—32 —4ACF (&7k ) ) (43h)

where

2(1—€?) p|La® — 2xry]

VA B0 ) (e 1)
2(1—¢€*)pu[—La*+ 2zr_]

VA BiO (@) (e 1)

B 4F (1+e)  8E(1+e) .
= i/ A—B+O)(1—e) Co= (A-—B+0) (4:4¢)
C. = 4a’p (1 —e?) (—La + 2Er_) | (4.4d)

A= B +C)(1— @) (@i — ae — 1)

dap (1 —€?) (=2Lr_v/1—a® — 2Ear_ + La?)

Cg = , 4.4e
® r_\/(A—B+C)(1—a?) (a?u—a?ue —r_) (44¢)
A= Qad*e’u (1— 62)2 ) (4.4f)
B= 2e? (1 — 62)2 [2@@2,u —z?— Q} , (4.4¢g)
C= i (1-¢)°[3uQa® —22° —2Q] + (1 — E?) (1 —¢?),  (4.4h)
9 4A 9 4A

n = , m°= . (4.41)

2A— B — /B2 —4AC 2A — B+ +VB? —4AC
2 2 2 2
9 n*—m s —Dpi—m ,
— - = 4.4
¥ 1-m2> T 1—m2 (44))
2e 2ea’p 2ea’
7= 5= 5= 4.4k
b1 1—¢ P2 ap — a*pe —ry’ Ps ap — a?pe —r_’ (4.4k)
—B+ VB2 —-4AC
T1a = o : (4.41)

and where the variables F, L and x can be written as functions of (e, u, a, Q)

using Eqgs. (3.17), which makes all the integrals to be only functions of (e, u, a,
Q).
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A complete derivation of these integrals is given in Appendix A.1. Next, to solve
the integrals Hy, Hs, and Hj of Egs. (4.1b- 4.1d), we make the substitutions
z =cosf and z = z_sin 8 (Fujita and Hikida 2009) which reduces these integrals

to
2L . [ cosb z2) ( . (COS 9)
H,(0,0y,e,u,a,QQ) = — < F | arcsin ,— | — F | arcsin
Otneo0.Q) = —ZE f (s (2] 5 o
0 2 6 2
I (z%, arcsin <COS ) ,2—2) —1I (zz,arcsin (COS O) ,2—2) } , (4.5a)
Z_ 22 Z_ 22
2F 0\ 2 0\ z?
Hy (0,00, e,p1,a,Q) = \/% {K (arcsin (CZi > ’%) - F (arcsin (Ci ) ,%
6 2 0 2
K (arcsin (COS 0) ,Z—;> +F (arcsin <COS 0) ,Z—_) } , (4.5b)
Z_ ot Z_ z

2
+
1 0 2 )
a0 0:Q) = et {F (ansin (22 57 ) = aesin (£22)
(

where

—P' +/P?—4Q
2
= P pu—
= 2 ’ a2 (1— B2

SL-Q-at(1-F) ., Q
C=onomy
(4.5d)

Hence, the equations of motion can now be written in short as

6= b0 = 5 Culs (@ €.,0,Q) + Culi (o, s, @) = Hy (0,00, €,1,0, Q).
(4.6a)

t—ty= % [Cs 15 (o, e, p,a,Q) + Colg (o, e, p1,a, Q) + Crlz (o, e, 1,0, Q)

+Csly (o, e, 1,0, Q) + Ha (0,00, €, 11,0, Q)] (4.6b)

18 (Oé7€7,u>a/7 Q) = H3 (9790>€7u7a7 Q) 9 (46C)

where I3, Iy, I5, Is, Is, Hy, Hy and Hj are given by Eqs. (4.3c¢-4.3h; 4.5) respec-
tively, these integrals are also summarized in Table 4.1. Hence, all the integrals

are written explicitly as functions of parameters (e, u, a, @) through variables
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a(e, p,a,Q;x) and B (e, u,a,Q;0) which are directly used to calculate (r, 6, t)
through Eqs. (4.6a-4.6¢). The radial motion, which varies with the «, is assumed
to have the starting point at the apastron distance, r, or a = 0, of the orbit and
the starting point of the polar motion, £y or 6, is an extra variable which can be
chosen in the range {6_, 7 —6_}. This is tantamount to shifting the starting point

of the motion in time or adjusting the initial value of the observed time, ;.

Once the initial points are fixed (o = 0, 0 = 6y), Egs. (4.6a) and (4.6b) are used
to calculate ¢ (r,0) and t (r, 0) respectively, whereas Eq. (4.6¢) gives r () or 6 (1),
which can be used to obtain ¢ (r) or t (6) and ¢ (r) or ¢ (0).

The elegant alternate forms presented here help us to write useful and simpler
expressions of (¢, t) for the equatorial eccentric trajectories, as shown later in §4.4.
Also, these results can be used to reduce the radial integrals for non-equatorial
separatrix trajectories in the form of logarithmic and trigonometric functions,

presented in §4.6.2, which are useful in the study of gravitational waves from

EMRIs.

4.2.2 Bound orbit conditions in conic parameter space

The bound orbit regions have been studied and divided in the (£, L) space ac-
cording to the different types of possible r motion by Hackmann et al. (2010).
The most relevant astrophysical bound orbit region corresponds to the case where
E < 1 and there are four real roots of R(r), ry > ry > r3 > ry > 0, such that
the bound orbit either exists between ry and ro or r3 and 7,4, this has been defined
as region III in the (F, L) plane by Hackmann et al. (2010). Since r; and ry are
the outer most turning points of the effective potential, the bound orbit should

exist between these two in the astrophysical situations. We can implement this
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constraint in the (e, i, a, Q) space by imposing the condition &% < 1 on the param-
eter k used in the radial integrals in §4.2.1, where we have assumed that a bound
orbit exists between r; and 75, which requires k% < 1 as an essential condition for

the elliptic integrals to have real values, Eqs. (4.2a-4.2c). This further implies
n® < 1; (4.7a)
where the substitution of Eq. (4.41) in the above expression yields
(A+B+C) >0, (4.7b)
and by using Eqgs. (6.8c-4.4h) and (3.17) this implies
[11a*Q (1 + e)® + p? (na*Q — 2> — Q) 3—e) (1+¢€) +1] > 0. (4.7¢)

Another necessary condition is that the periastron of the orbit 7o = 1/ [ (1 + €)]

is outside the horizon, which gives
[,u(1+e) (1+\/1—a2>] <1 (4.7d)

Hence, the necessary and independent conditions for this region can be collectively

given as
12a*Q (1 +e)” + i (ua*Q — 2> = Q) 3 —e) (L +e) +1> 0, (4.8a)
11+ e) <1+\/1—a2> <1, (4.8b)
E(e,pu,a,Q) < 1. (4.8¢)

There exists unstable bound orbits for £ > 1 specified as region IV in the (F, L)
plane by Hackmann et al. (2010), where the bound orbit exists between 75 and 3.
Such a situation is not important from the astrophysical point of view, because
the particle will follow a bound trajectory between the outermost turning points,

i.e. r; and 79, and hence the above conditions, Eq. (4.8), together represent a
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necessary and sufficient condition for the existence of bound orbits. These results,
Eq. (4.8), were also derived in chapter 3, Eq. (3.30), using the roots of the effective

potential.

4.3 Fundamental oscillation frequencies

In this section, we derive the expressions for fundamental frequencies (v, v;, 1)
in terms of the integrals derived analytically in §4.2.1. We take a long time average

of Eq. (4.1d) on both the sides so that

" dr o1 % a6
Jim Bv/ At M3 (4.9)

As T — oo, there exist large integer solutions, which can be found with arbitrary
precision, so that N,t, = Nyty = T, where N, and Ny are the number of radial
and vertical oscillations; hence Eq. (4.9a) reduces to
ON, [T 2N, [0
lim i lim M (4.9b)
Ny—»oo N, -t, Np—o0 Ny - tg

where 7, and r, are the periastron and apastron of the orbit and 6_ corresponds
to the starting point of the vertical oscillation, and where §_ = arccos(z_) and

m—0_ = — arccos(z_), which results in 8 varying from —7/2 to /2. Hence, using

Egs. (4.3h, 4.5¢) we find

ve It aV1— BRI (e

) 7”7 )
l/_ T pm— 97 do x T (490)
T 0. Ve 2. F <§, z;
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102
TABLE 4.1: This table summarizes all the integrals solved in §4.2.1 to calculate
the integrals of motion in the Kerr geometry, where the constants are given by
Eqgs. (4.4a-4.41).
Analytic solution of ¢ and ¢ for @ # 0
¢ —¢o= % (Csly + Culy — Hy); t —to = 5 (CsI5 + Cols + Crls + Csly + Hy)
" 1 OR
11 / FﬁdT — [03]3 + 04[4]
" 1 OR
12 /Ta Fﬁdr = [0515 + 06[6 + 0713 + 08[4}
I /w dy _ 1
. (14 p3sin® ) V1 —m2sin® /1 — nZsin® e

V1 —m?2(m?+ p3)

{mQF (a, k‘z) +pZH (

1—m?
V1 —m2sin
where sina = 1 - m’sing L= X T and 1/r=p(l+ecosy)
1 —m2sin®y 2 2
v dy 1 { . m?
I / = m*F (o, k? +pH( Jo, kP
4 Jo (1 +p§ sin2 L) \/1 — m2sin? w\/l — nZsinZe V1—m? (m?2 +p§) ( ) 3 1 —m?
I /‘/’ dy
0 Jo (1 + p? sin? w)Q \/1 — m?2sin? 1/)\/1 — n2sin®y
1 4 2 2 2 2 2 4
= m F (o, k%) + 2ptm 1 (%, a, k%) + pi 17 (e, pya
m(nﬂ +p%)2 [ ( ) 1 ( ) ) Pl ( H Q)}
i dy 1
I / = m2F (a, k?) + p*11 (%, o, K2
‘ o (L+p?sin®¢) /1 —m2sin’¢y/1 —n2sin’y V1 —m?(m? +p}) [ (k%) + 1l )]
I /1//' dy s*sina cosav/1 — k2sin’ o N [s* — 252 (1 + k) + SkZ]H (5% a, k)
= 5, QL R
! o (L+s2sin?¢)” /1 —k2sin’y  2(1—s%) (K2 — %) (1—s?sin’a) 2(1 — s2) (k2 — s2)
1 P 52 P
21 ,SZ)F(O‘vk ) - 2(1— s2) (k2 ,sz)K(avk )
I /T dr’ 2u (1 —e?) - F (o, k?)
. ar
VR \JC— A+ /B —1AC
91 90 cos@\ 22 cosby\ 22
H —df = I 22, arcsin , =) —I (22, arcsin [ —— ), = ) —
| e ﬁ{ oo (S22). ) -0 (2o (122) )
cosf\ 2% . [cosby\ 2%
F'( arcsin 'z + F' | arcsin y g
4 A s
1 90 2Faz, . cos@\ 22 . cosbly\ 22
H2 0 ﬁﬁ( ﬁ K | arcsin 7 s g — K [ arcsin [ —— s g —
. [cos@\ 2% . [cosby\ 2%
Flarcsin | — ), — | + F { arcsin sy
Z_ o Z_ o
o q¢' 1 costy) 22 cosf\ 22
H. —= = ——= < F' [ arcsin ,— | — F'| arcsin , 5
3 o am {F (e (52) 5) - (e () 5))
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A similar expression can also be derived using formulae given in Fujita and Hikida

(2009). Again, we take a long time average of Eq. (4.1¢), so that

t—te . 1L 1 OR. ., 1 (% 1 00
le—{roloT = le—{{olof |:— /TO ma—EdT + — Ta—Ede] (410&)

where using the same argument, again, of large possible integer solutions, so that

Nrtr = Ngtg =T to find

2N, [[* 2_0Rqy' 9N, [T0 09 gy

1= ), smE V608 Iy + vgHy, (4.10b
ON,t, 2Nyts = vrla +vellz, (4.100)
which gives

1

Vr (67 s a, Q) = T v T T ) (410C>

[2 (57 €, W, a, Q) + ,/_fHQ (_57 9,6 1, 4, Q)

1

Vg (67 s a, Q) = (410d)

Z_;IQ (%767N7a7 Q) + Ho (_%7 gae7ﬂ'7aa Q) ‘

The limits of integral I are « = {0,7/2}, and that of Hy are 5y = {n/2, —m/2}.
The substitution of Hj (—g, %,e,,u,a,@) and 2 from Egs. (4.5b) and (4.9¢) in
Vp

the above equations give

(1:3)
VT(€7M7G7Q): + 2 Y
(L (3,e,11,0,Q) + 20?22 Fls (%, e, p,0,Q)] F <g i)
— 2a® Z+EIS (%a G,M,G,Q) K (%7 %)
(4.11a)
V91— FE?z I (5
V@(@,M,CL,Q): a Z+ 8(2767M7Q7Q) .

[12 (%767”7a7 Q) + 2a22_2|_E18 (%7 €, W, a, Q)] F (%7 z__
— 20222 Bl (%, e, 1, 0,Q) K (g —i)
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Similarly, taking the long time average of Eq. (4.1b) and the substitution of H;
and H, from Eqs. (4.5a) and (4.5b) yields

|:_-[1 (%767M7G’7 Q) - 2L]8 (%767M7a7 Q)} F (ga é
+2LIs (3. e0,0,Q) 11 (2,3, 5

)
Ve (6, H, @, Q) = :2 ’
B GennQ) 22 B oo Q)] F (5. 5)
7 —2a*22 EIy (5767%@,@)}((%,%)
(4.11c)

where I, I, and Iy are given by Eqs. (4.3a)-(4.3g) and (4.3h). Hence, the
fundamental frequencies are explicit functions of input parameters (e, pu, a, @),
which can be chosen using the bound orbit conditions, Eq. (4.8), presented in
§4.2.2. These dimensionless frequency formulae also match with the quadrature
formulae derived in Schmidt (2002); but here we have explicitly solved the integrals
Iy, I, and Ig in §4.2.1. The frequency formulae with dimensions are summarized

in Table 4.2.

4.4 Equatorial and eccentric bound orbits (e # 0,
Q=0)

In this section, we reduce the integrals of motion, Eqs. (4.6a, 4.6b), to the case
of eccentric and equatorial trajectories, where @ = 0 (0 = 7/2). We show that
the forms derived in §4.2.1 reduce to very compact expressions of (¢, t) involving
trigonometric functions and elliptic integrals for the equatorial eccentric orbits.
We implement the limit, ¢ — 0 which leads to A — 0, Eq. (6.8¢c), and reduces
the factors (14 1), A(1 4 x2), using Eq. (4.41), to

(14 x1) — <1 — %) , and A(1+z2) — —B, (4.12a)
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TABLE 4.2: This table summarizes the fundamental frequency formulae (with
dimensions) derived using the long time average method in the Kerr geometry.
The explicit expressions for integrals Iy, Is, and Ig are summarized in Table 4.1.

Analytic form

VT’(€7/’L7CL7Q)

g
—
=
%)
—~
[VE]
®
¥
8
Q
—
+
N
&
&
—~
(NE]
I
¥
RS
D
=
!
N
NE]

c3a\/1—E2z+Is(g,e,u,a,Q>
Vo (ealuaa’v Q) 22 22
2GM{ [12( % e,0,Q) +2E1s (5 e,11,0,Q) | F (g—i) —20222 Bls( 5 e,,0,Q) K (gg) }
2 2
63 { [_Il (%76’“’(17@)_2[/[8 (%767H7a7Q)]F(%7%) +2L18<%,€“U,,CL,Q)H (22_’%7% }
Ve (GHLL,(I,Q) ;5 +Z2
27TGM{ [12 (%7€7ﬂ7a»Q)+2E18(%,e»ﬂ»%Q)]F (gag) —2a? _2|>E18 (%76’“’(17@)[( (%aé) }

which gives
A(1+x1)(1+x2):A—B+C’:p,(1—62)2 [1—p?2® (3—¢* —2¢e)], (4.12b)

where the translation equation given by Eq. (3.17a) for ) = 0 is used to substitute

for £2. Also, m? and n? reduce to
2 2B 4p2ex? W2 4AB? _0
 B-C 1 —p222(3—e2—2e)] - 2B%2(A— B)+2AC
(4.12¢)

The substitution of these reduced expressions of m? and n? further simplifies the

integrals I3, I, I5, and Ig, as shown in Appendix A.2, which finally yields the

expressions for azimuthal angle and time coordinate for equatorial trajectories to
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be given by
1
¢ - Qb() = _511 = alH (_pgv va m2) + bIH <_p§a ¢7 m2) ) (4138’)
1
t—1ty = 512 = apls + byl + col3 + daly,

) piK (¥, m?)
) 2(1+p3) (m?+pd)

pisiny cosy/1 — m?2sin? _ F(p,m?

2(1+p) (m?+pf) (L+pisin®e)  2(1+p
1 2 2 2

+ 2p7 (1 +m?) + 3m?|

I (—p2, o, m? [p1 1 by b 4 eoll (—p2, ), m?

(rh) e gpy e} + ol ()

+d2H (_p§7 @D» m2) ) (413b)

where the substitution of Eq. (4.12b) into Eqs. (4.4a-4.4e) yields the reduced

forms of the constants given by

C p'’? [La® — 2xr
“= 73:\/72 2 2 | i 2 2 ’ (4.13¢)
1—a2 (a2 — a’pe —ry) /1 — p2x? (3 — €2 — 2e)
C 12— La® +2
= i pl7 = La” + 2oy ] . (4.13d)
2 V1—a(a?u—a2ue —r_) /1 — p2a? (3 — €2 — 2e)
Cs 2F
’ 2 321 —e)?\/1T—p2a2(3— e — 2e) ( )
C 4F
by— 0 = , (4.13f)
2 21 —e)\/1— 122 e? — 2¢)
Cy 2a u1/2 —La +2Er_
2= 5= 2.2 2 ( 2 )2 2 , (4.13g)
V= PP B = 20 (1= @) (@i — aee — 1)
2ap'? (=2Lr_+/1—a® — 2Er_a + La*
PR ap'* (2L @~ 2Br-a+ La’) . (4.13h)

2 o1 —p2a2(3—e2—2e)] (1 — a?) (a®u — a?ue —r_)

The corresponding fundamental frequency formulae for the equatorial trajectories

are
_ - o (¥ =7/2) — ¢
V¢> (ealuaa) - 27TGM [t (¢:7T/2> _t0]7 (4143)
3 3
velena) = G T aaar [t(=m/2) —to]’ (4.14D)
2v, (e, p, a) pt/?\/ (22 + a® + 2aEz) - F <g, m2>
Vo (67 K CL) = ) (4140)

71— p2a2 (3 — 2 — 2¢)]"/?



Chapter 4: Astrophysical bound trajectories around a Kerr black hole 107

TABLE 4.3: This table summarizes the trajectory formulae and fundamental
frequency formulae for the equatorial and eccentric bound orbits in the Kerr

geometry.
Analytic form
® — o —31 = a1 (—p3, ¢, m?) + byl (—p3, o, m?)
t—1o = 31y = aols + byl + col3 + do 1y,
. p} sintp coshy/1—m?2 sin? 1) _ F(w,m2> p%K(l/},mz) .2 2
=2 () () (1r s 0) | 2(148) | 2(1483) (m2 ) + ol (=p3, ¥, m7)
2 2 [p‘ll+2p?(l+7n2)+3m2] 2 9
+IL (—p1, ¥, m?) {az 2(1497) (2 +27) + by p + coll (—p3, ¥, m?)
_ - [o(v=n/2)—¢0]
v (¢, 1, ) = mGii- [t(¢7r:7r/2)ft0]
_ 3 . 3
v (€, 1, a) = GMt, — 2GM [t{y=n/2)—1to]
s
2up(e,p,a)pt/ 24/ (z2+a2+2aEx) « F<57m2>
v (87 H, a) - w[1—p22(3—e2—2¢)] /2

where v, (e, i, a) is given by Eq. (4.14b) and m? is given by Eq. (4.12¢). See
Appendix A.2 for the derivation of vy (e, p,a) for the equatorial and eccentric

bound orbits.

These compact expressions, Eqs. (4.13, 4.14), for the equatorial eccentric tra-
jectories have their importance in various astrophysical studies, in addition to,
gyroscope precession and phase space studies. The trajectory and fundamental

frequency formulae derived in this section are summarized in Table 4.3.
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4.5 Spherical orbits (e =0, @) # 0)

Spherical orbits are the non-equatorial counterparts of circular orbits and set a
crucial signpost in the dynamical study of non-equatorial and separatrix trajecto-
ries. In this section, we first deduce the expressions of £/ and L for the spherical
orbits as functions of the radius of the spherical orbit, r,, and (a, ). We then re-
duce the general trajectory solution, Eq. (4.6), to the spherical orbit case, and also

write the analytic form of the fundamental frequencies for spherical trajectories.

4.5.1 Energy and angular momentum of spherical orbits

The exact expressions for energy and angular momentum for the spherical orbits
can be derived by substituting e = 0 and p = 1/ry, where r, is the radius of the
orbit, in the expressions for E, L, and x given by Egs. (3.17a-3.17e), which yields

21Q + (. = 3) (r. = 2)°r! —@n. [2 (3. = 5) + Q. (.~ +5)] |
—2a[rs (rs — 2) + a®] /a2Q? — r3Q (rs — 3) + 13

E =

T2 [rs (rs — 3)2 — 4a2} 12
(4.15a)
—20'Q + 72 (ry = 3) [r2 — (r, = 3) Q] + a?r, (¥ + 12 = 2Qr, +8Q) "
—2alrs (rs —2) + d?] \/a2Q2 —1r3Q (rs —3) + 15
T = ’
r;/Q [rs (rs — 3)2 — 4a2] 12
(4.15b)
and
L=x+aF. (4.15¢)

Similar formulae were derived in terms of inclination angle using an approximation
in Grossman et al. (2012), whereas we have written the exact form in terms of the
fundamental parameters and constant of motion ). These formulae reduce to

the energy and angular momentum formulae for circular orbits when () = 0 is
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substituted (Bardeen et al. 1972):

12— 2r. + a\/Te I Ve (12 = 2ay/rc + a?) (4.16)

E= L= .
Te (7“2 —3r, + Qa\/r_c) 1/2 Te (7“3 — 3r, + Qa\/r_c) 1/2

4.5.2 Trajectory solution for spherical orbits

Here, we derive the reduced form of the integrals of motion for the spherical
trajectories. Rewriting the integral form of the trajectory solution (r, ¢, 0, t), Eq.
(4.1b-4.1d),

1/ 1 OrR., 1 (% 1 00 _, 1 1
¢_¢0 - —§/TO A—\/}_{a_[/ r — 5 " %a—Lde = —511 — §H1, (4.17&)
1 (7 1 OR.., 1 (%1006 , 1 1
t—1ty = 5/740 A—\/ﬁa_E r —|—§ A ﬁa—Ede = 5[2+§H2, (4.17Db)
" dr o ¢
P — — =] :H’ 4.17c
/mﬁz /QO\F@ s (4.17¢)

where R and © are defined by Egs. (4.1e) and (4.1f) respectively.

From Eq. (4.17¢), we have

’ /

dr' de
o (4.18)

VR VO
the substitution of the above equation into Eqs. (4.17a, 4.17b) for the spherical

orbits reduces the expressions of the azimuthal angle and coordinate time to

1[10R 1[10R
—¢g=——|——H3+ H t—to=—-|———=Hs+ Ho| . 4.19
¢ — oo Q[AaL 3+ 1}, 0 Q{AE)E 3+ 2} ( )
Since, r = r, is a constant for the spherical orbits, the expressions of %% and
%% can be written as

1O0R _ 2(2Lrs — Lri = 2r,aE) 1 OR _ 2[E(a®r] 41§ + 2a%r,) — 2Lary]
AOL A " AJE A ’
(4.20)
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where the 6 integrals Hy, Hs, and H3 have been previously derived, and they are
given by Eq. (4.5) (Fujita and Hikida 2009). Hence, the substitution of Eqgs. (4.20,
4.5) into Eq. (4.19) yields the expressions of (¢ — ¢q, t —t) for the spherical orbits,

given by

1 (a*L — 2aEr,) . [cos@\ 2%
O — o = . —1—E2z+{ A [F (aresm( = )72
2 2
—F <arcsin (COS 00) Z—;)} — L {H <22,arcsin <C080> ,Z—;>
Z_ z5 Z_ Pl
—II <z arcsin (COS 90) )] } (4.21a)
t—1tg = ; { {K (arcsm (COSG> —%> (arcsm (COS 90) é)}
RN gy -2 e =
co 22
12
+

Tea(2)2) =(299)

E(a®r? +rl+ —2Lar,
{E(fzi + A

(4.21b)

4.5.3 Fundamental frequencies of spherical trajectories

The closed forms for fundamental frequencies associated with the non-equatorial
eccentric bound trajectories have been previously derived, and they are given by
Eq. (4.11) (Schmidt 2002). We first reduce the common denominator of these
expressions to the case of spherical orbits. If we take I3 (e, i, a, Q) outside from

the denominator of Egs. (4.11a-4.11c), it gives

2 2 T
(I + 2021 FIs) F (W Z;) —2a*22 ELK (E, %)] = I3 [(—2 + 2azziE> .
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where by definition I5/Iy = %% for spherical orbits which is given by Eq. (4.20).

Hence, Egs. (4.22), (4.20) and (4.11b) combine to give the vertical oscillation

frequency for the spherical orbits
o (e, 0, Q) = av'1l— E?z,
v E (a®r? + r} + 2d®r,) — 2Lar,
4{[[ (a rs+r5+Aar) ar]—l—a%iE}F(%, ) - a2 K (3.7
(4.23)

V]
|N
| N

)}

NlIN

—+ |
+ N

Next using Eq. (4.22), the azimuthal frequency, Eq. (4.11c), can be written as

Il 22 22
_— —2L F <£7 g) +2LH <Z37I7_;>
( Q) Iy 2T 2
Vp \Ts, A, = 2,2 4 2 ,
E 2 s _2L S 22 -
i { [ECO b W0 2]y ot ] (5, 5) - st (5.5) |
(4.24a)

where I, /Ig = %%, which is given by Eq. (4.20). Hence, the azimuthal frequency

for the spherical orbits is given by

2Lr, — Lr? — 2ryaF 22 z
i - r(53) ren(255))

vg (rs,a,Q) A
» \TI's; 4, = 2,2 4 2
E 2a%r,) — 2L .
o { {[ (a7rs 1 +Aa ro) = 2Lary] azziE] F (g ;> — @222 EK (g f)
(4.24b)

Similarly, the radial oscillation frequency, Eq. (4.11a), can be written for the

spherical orbits by using Eq. (4.22) as

)

F53) |

v (rs,a,Q) =
T E (a*r? + rf + 2a®r,) — 2Lar, 2
2[8{[[ (a®r? + rf a’rs) Lary) a%iE}F(g, >}

w | N
+N |
¥

N

~ ) — 222 EK (g :
(4.25a)

NlIN

419
419

where for spherical orbits integral Iy reduces to a constant as shown below.

We see that the expression for k%, Eq. (4.4j), reduces to zero for spherical orbits

(e = 0), because we see from Eq. (6.8¢,6.8¢) that A = B = 0. Hence, from Eq.



Chapter 4: Astrophysical bound trajectories around a Kerr black hole 112

(4.3h), Is (e =7/2,e =0, n = 1/, a,Q) reduces to

9 )
Iy = “F(fk:?:o i

Voo ) - Vi (1 — E?) + (3Qa2 — 2221, — 2Qr,) (4.25b)

Hence, the radial oscillation frequency, Eq. (4.25a), for spherical orbits reduces to

Uy (T87 a, Q) =

Vil (U= )+ (3Qa? = 227, = 2Qr,) - F (3,57 )

[E (a*r? + r} + 2a®r,) — 2Lar]
2 s S S
- { { :

+ a?ziE] F (g —3) — 222 EK (g

The analytic formulae of (E, L), the trajectory solution, and the fundamental

frequencies for the spherical orbits are together summarized in Table 4.4.

4.6 Non-equatorial separatrix trajectories

The separatrix orbits have been studied for the equatorial plane around a Kerr
black hole (Perez-Giz and Levin 2009; Levin and Perez-Giz 2009). They have
been shown as homoclinic orbits that asymptote to an energetically bound and
unstable circular orbit. Here, we discuss the non-equatorial counterpart of these
separatrix trajectories where these orbits asymptote to an energetically bound,
unstable spherical orbit. These non-equatorial homoclinic trajectories are critical
in calculating the evolution of test objects transiting from inspiral to plunge, which
is not always confined to the equatorial plane, as in EMRIs emitting gravitational

radiation.

In this section, we derive the exact expressions for the conic parameters (e, u) for

non-equatorial separatrix orbits as a function of the radius of the corresponding
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TABLE 4.4: This table summarizes (F, L) formulae, the trajectory formulae,
and the fundamental frequency formulae for the spherical orbits in the Kerr

geometry.
Analytic form
2a*Q + (rs — 3) (ry — 2)2 rd—a’r, [r2(3ry —5) + Q (rs (rs — 4) +5)] v
s —2a[ry (rs — 2) + d? \/@2@2 —r3Q (rs —3) 412

r2 [7'5 (rs ,3)274(#] 172

1/2

—2a4Q + 12 (ry — 3) [r2 — (rs — 3) Q] + a®ry (r2 + 12 — 2Qr, + 8Q)
—2ar (rs — 2) + a®| \/a2Q2 — r3Q (ry — 3) + 13
L xr = T;/z[“(“_g)z_zlaz}l/z

L=x+aF

1 (a*L — 2aEry) [ , 2 e 22
— 2R (arcsm (C050 ,4) - F (arcsm (M) , —’)}
¢ ¢0 a\/ﬁz+ { A z_ z z_ zi

—L [H (z%, arcsin (C‘;S") ,jé) —1I (zz, arcsin (%‘9“) ; i—é)}}
. 7 - z

1 2 :
., et K (aresin (22) ) — & (aresin (<20) 2]
= a@2+{ R R \mem )= M A

2z 22 E 2,.2 4 2 . _9I \
o (22).2) o (22, )] s « B2 22 i)
T _

@Lry - Lf — 2rak) L} F<§,¥)+L~n(z2‘;’~22)}

Vg (7'37(1762) {"[E(GZT§+T;L+2(12TS) —QLGTS] t “
2T A T

2
\/7‘3(17E2)+(3Q(1272w2’r572Q7'3) . F(%z—_>

el . Q) [E@RF o) —2ar] ey
27rs A +a z+E F(5,2>—a z+EK(5,Z)
Vo (15,0, Q) S

A 2=

E (a®>r2 + % + 2a%r,) — 2Lar, R R
([EEEE A R ) een(33))
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spherical orbit, r,, and (a, Q). We also show that these formulae reduce to the
equatorial case, previously derived in Levin and Perez-Giz (2009), when @@ — 0
is applied. Next, we derive the exact analytic expressions for the non-equatorial
separatrix trajectories by reducing it from the general trajectory formulae, Eqgs.
(4.6a-4.6c). We find that in this case, the radial part of the solutions can be

reduced to a form that involves only logarithmic and trigonometric functions.

4.6.1 Exact expressions of conic variables for non-equatorial

separatrix orbits

Similar to the case of the equatorial plane, the non-equatorial separatrix trajecto-
ries can be parametrized by the radius of unstable spherical orbits, r,, for a given
combination of a and @), where 7 varies from MBSO to ISSO. The energy and an-
gular momentum of the separatrix orbits can be determined by Eqgs. (4.15a-4.15¢)
by varying rs between the extrema MBSO and ISSO radii. In the (e, p) plane,
these homoclinic orbits forms the boundary (other than e = 0 and e = 1 curves)
of the allowed bound orbit region defined by Eq. (4.8) for a fixed a and Q; see red
curve in Fig. 4.1(a). The locus of this boundary in the (e, p) plane is obtained
when equality is applied to the inequality Eq. (4.8a), which results in

[1Pa*Q (1 + ) + p? (na*Q —2* — Q) (3—e€) (L+e€)+1] =0. (4.26)

ISSO is a homoclinic orbit with e = 0 and MBSO is a homoclinic orbit with e = 1;
hence the endpoints of the separatrix curve (red curve in Fig. 4.1(a)) represents
the ISSO and MBSO radii. At these endpoints, the parameter p takes values as

described below:

2r, 1 1
For ISSO, e = 0 for the homoclinic orbit gives p = Ta _ - _ 2
2rprq  Tp T
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(a) (b)

FIGURE 4.1: (a) The shaded region depicts bound orbit region in the (e, )
plane determined by Egs. (4.8) for a = 0.5 and Q = 5. The red boundary of
the region represents non-equatorial separatrix orbits with eccentricity of the
orbit varying along the curve. The black dot represented by S corresponds to
the ISSO with (e =0, u = 1/ry), whereas M represents the MBSO with (e = 1,
= 1/2rs); (b) The effective potential, Eq. (3.3b), is shown for a non-equatorial
separatrix orbit with £ = 0.92959309 , L = 2.15349738, a = 0.5, and Q = 5,
where the horizontal line represents the total energy given by (E2 — 1) /2.

1 a 1 1
For MBSO, e = 1 for the homoclinic orbit gives y = Lp/r = —= :
21y 2r,  2rg

The equations for ISSO and MBSO radii can be obtained using the equation
of separatrix curve, Eq. (4.26), by plugging in (e = 0, u = 1/r,) and (e = 1,
w = 1/2rs) to derive ISSO and MBSO respectively (as shown in Appendix A.3).

Hence, the equations for these radii are given by

r? — 127"? - GCLQTZ + 36713 + 8(12@7"2 - 28@27"2S - 24a2Q7’§ + 9a4r§ — 24&4627";" +

48a*Qrt 4+ 16a*Q*r? — 8a*Qr? — 48a*Q*r? + 48a*Q*r, — 16a°Q* = 0, (4.28)
for ISSO and

8 — 87 — 2a%r% + 167° + 2a°Qr? — 8a*r® — 6a’Qri + a'r? — 2a*Qr? +

8a*Qr? + a'Q*r? — 2a'Qr? — 2a'Q*ry + a'Q* = 0. (4.29)
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FI1GURE 4.2: The contours of different important radii around the Kerr black
hole in the (rs, a) plane for (a) @ =0, (b) @ =5, (¢) @ =10, and (d) @ = 12.

for MBSO. The light radius for the spherical orbits can be obtained by equating
the denominator of Eq. (4.15a) to zero, so that E' — oo, which has the well known

form for the equatorial light radius (Bardeen et al. 1972) given by

X =2 {1 + cos E arccos (-@} } | (4.30)

Fig. 4.2 shows the contours of these radii in the (r4, a) plane for various @ values.

The effective potential diagram for the non-equatorial separatrix orbits shows
double roots (ry = r3) of R(r) at the periastron of the eccentric orbit and it also
represents the spherical orbit radius, rs (see Fig 4.1(b)). One of the remaining two

roots of R(r) represents the apastron (= r; > r4) of the eccentric orbit and the
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other inner root (= r4 < ry) is not the part of the bound trajectory.

Now, following a similar method used in Levin and Perez-Giz (2009), we derive
the expressions for e and p for separatrix orbits with @ # 0. We write R(r) = 0

in the form

Wt adud +bui+cu+d =0, (4.31a)
where u = 1/r and
/ 2 [z + Q] ) (22 4+ 2aEz + a* + Q) / 2 J 1— E?
qQ = ——F— g CcC = —— = -
a*Q aQ ’ a’@Q’ a*Q
(4.31b)

For the separatrix orbits, Eq. (4.31a) can be written as
(u—uy)? - [0® — (u1 + ug) u+ ugug) =0, (4.32)

where us; = 1/rs, uy = 1/r; apastron of the orbit, and us = 1/ry corresponds to
the inner most root of R(r). The comparison of u® and constant term of the above

equation with those of Eq. (4.31a) further gives the expression

up = % [— (a/ + 2u5> - \/(a' + 2u,)? — i—{] : (4.33)

S

The conic parameters for such an orbit are given by

Ug — Uy Ug + Up
s = ) s = , 4.34
c Us + Up K 2 ( )
where the substitution of u; and u, = 1/r, yields
4+ars+ \/(rsa' + 2)2 — 4d'r?
es = : (4.35a)
—a'r, — \/(rsa' + 2)2 —4d'r?
1 /
pe= g [—a s — \/(rsa' +2)% —4d'rt| ; (4.35b)
Ts
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since a homoclinic orbit has the same energy and angular momentum of the un-
stable spherical orbit, as shown in Fig. 4.1(b); hence a" and d can be rewritten

using the formulae of F and L for the spherical orbits, Eqs. (4.15a-4.15¢), to be

5 2aQ — 12 (ry — 3)[r2 — (rs — 3) Q] — a®r, (r2 +r? — 2Qr, + 8Q)
, { +2ars (rs — 2) + a®] /a?Q? — r3Q (ry — 3) + 12 — Qry [y (s — 3)? — 4a?] }
a’Qr, [rs (rs — 3)2 — 4a2]

a =

Y

(4.35¢)

_2a4Q - (Ts - 3) (Ts - 2>2 7“;1 + a27“5 [’I“z (3rs - 5) + Q ('rs (rs - 4) + 5)]
/ +rd [rs (rs — 3)2 - 4a2] +2a(r (rs — 2) + a?| \/a2Q2 —1r3Q (rs —3) + 15

a?Qri [TS (rs — 3)2 - 4a2]

(4.35d)
These expressions reduce to the (e, ) formulae for the equatorial separatrix orbits
(see Appendix A.4 for the details) when the limit ) — 0 is implemented, to the
forms previously derived by Levin and Perez-Giz (2009):

r2 — 6r. — 3a® + 8ay/T. r2 4+ a2 —2r,
- y Ms =
re+a? —2r. dr, (/T — a)

€s =

. (4.36)

4.6.2 Exact forms for the non-equatorial separatrix trajec-

tories

In this section, we show the reduction of our general trajectory solutions, Egs.
(4.6), for the case of separatrix orbits with @) # 0 to simple expressions. The
separatrix or homoclinic orbits represent a curve in the (e, p) plane for a fixed a
and () combination, Fig. 4.1, which is also the boundary of the bound orbit region
defined by Egs. (4.8). This separatrix curve is defined by Eq. (4.26), which gives

us the relation
1+ 4u2aQ (1
PB—e)(1+e)

(4.37)
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this further reduces the expressions of A, B, C' (Egs. (6.8¢-4.4h)) and correspond-

ingly the expressions of n? and m? to

n*=1 or k* =1, (4.38a)

. Que(l+e)(3—¢)
m° = 15902 (<15 8 Q] (4.38b)

The integrals governing the vertical motion (@ integrals) given by Eqs. (4.5a, 4.5b,
4.5¢) retain their same form as they do not involve k* = 1, whereas, the radial
integrals given by Egs. (4.3a-4.3h) reduce further, when k? = 1 is substituted. The
elliptic integrals reduce to forms involving trigonometric and logarithmic functions

using the following identities given here

1 1 i
In (tan o +seca) — ¢ In +q—sm ,where ¢* > 0, ¢* # 1,
1 —¢? 1—-g¢gsina

1
=1 [In (tan v +seca) + | ¢ | tan™" (] ¢ | sina)], where ¢* <0, (4.39)

IT (q2, a, 1) =

F(a,1) =lIn(tana+seca), (4.39b)

K(a,1) =sina. (4.39¢)

The final and simple expressions for the azimuthal angle, (¢ — ¢g), (t — to), and
the equation relating » — 6 motion for the non-equatorial separatrix trajectories

(see Appendix A.5 for the derivation) are given by

o1 \/,u (I+e)(3—e) [La? — 27, ]
Pt g { Vell+2a? (-1 +e2) Q] (1 - a?) [(a% —ue—1,)"

[—La® 4 2xr_] B
e =% (4.40a)
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Vl+e)(B—e) E a’u(—La+2Er_)
t—to = 595 + S3
Ve[l +2a% (=1 +¢*) Qu?] | n(1—e) roy/(1—a?) (a’p — a’pe — 1)
—2Lr_\/1—a? —2Far_ + La?
N 2F Sﬁ+aﬂ( rvV1—a ar_+ La )54 —|—1H2, (4.40b)
(1—e) r_v/ (1 —a?) (a®u— a’ue —r_) 2

— 2 V1= E2 2
2u(-caznvi- B In (tan o + seca) = {F (arcsin (COS 90) ,Z—2>
VC — A++VB? —4AC - ) A

2
—F (arcsin (COSQ> : Z—;) } . (4.40¢)
z_ 23

where integrals S3 — S7 are summarized in Table 4.5, and H; (0,60q, e, i, a, @),

Hj (0,00, e, 1, a,Q) are given by Eq. (4.5a), (4.5b) respectively. These expressions
have their utility in evaluating the trajectory evolution of inspiralling objects near
the separatrix, and just before plunging, for extreme mass-ratio inspirals (EMRIs)
in gravitational wave astronomy (Glampedakis et al. 2002; Drasco et al. 2005;
Drasco 2006). The analytic formulae for (ey, 1) and the trajectory solution for

the non-equatorial separatrix trajectories are together summarized in Table 4.5.

4.7 Consistency check with previous results

To verify our results, we have reduced our analytic formulae to various known

results:

1. Equatorial separatriz orbits: We reduce the non-equatorial separatrix tra-

jectories, Eqgs. (4.40) (Table 4.5), to the case of equatorial separatrix orbits,
and found that they are consistent with earlier results derived in Levin and

Perez-Giz (2009).
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TABLE 4.5: This table summarizes the analytic form for the expressions of (es,
is) and the trajectory solution for the non-equatorial separatrix orbits.

Analytic solutions

4+u/rs+ (rsa/+2)2—4d/7§ ’ , 2 ,
(657 /IJS) €= *G,Ts*\/(h(l,+2)2*4d,rf ’ fe = 415 |:_a T (Tsa * 2) A T;{| ’
2a8Q —r2 (rg — 3) [r2 — (rs — 3) Q] — a®r, (r3 + 12 — 2Qr, + 8Q)
) , +2alr, (rs — 2) + a?] \/a2Q2 —r3Q (rs —3) + 13— Qry [7’5 (rs — 3)2 - 4a2]
where a =

a?Qrs ['r's ('7‘5—3)2—4112] ’

{2(1,462 —(rs =3)(rs — 2)2 i+ ar, [r2 (3ry —5) + Q (s (rs — 4) + 5)] }

s—3)
+rd [’rs (rs — 3)2 — 4a2] +2a[rs (rs — 2) + a? \/a2Q2 —r3Q (rs —3) + 18

and d = aQQr‘,‘[r,('fsfli)z*‘lllﬂ
_ 1 n(14-e)(3—e) [L(),Z—Z:I:mr} [—La2+217‘,} _
d) ¢0 2 {\/6[1+2a2(71+62)Qu3](17a2) ((12/1—1L2,ue—7'+)53 + (azu—azpe—T,)S4 Hl

pu(—2Lr_vi1—a?—2Bar_+La?)
r_ \/(l—a2)(a2p—a2ya—'r,)

Sy + 22585+

t— o VT9B=¢) {,,ui)z S, 4 ol Latapr)

Venl1+202(—1+¢2)Qu?] 7-/(1=a2)(a2p—a?pe—ry)

54} + %HQ

_e2 7 5
r — 0 coupling 2‘l(le)aé\/ﬁln (tan a + sec ) = {F (arcsin (("’”}0> , é) - F (arcsin (C°59> , %)} .
VC-a+yBT—1AC = )0 F 2 ) E
equation
s 1 [ P2 ) VI—m?+ ./~ (p3 +m?)sina ln(tanaJrsoca)_
R = n =
’ (14 p3) V= (P +m?) VI=m?— /= (p3 +m?)sina V1—m?
S 1 [ 3 ) \/17m2+\/f(p§+m2)sino¢+ln(tana+seca)_
= n
! (1+p3) _\/*(nger) VI—m2 — /= (p}+m?)sina Vi-m? |
1 2 (2 — p2m2 4 92 202m2 (1 — m?2
S == T 1 ) m”(m @ il;z) + pl)ln (tan a + sec ) + piSy + % | s | tan™'[| s | sina]
V1—m?(m?+ p? i ¢

In (ta * V1 —m?
Se = n(tana + seca) T i |'s|tan™"[| s | sina]

VI—m2(1+4p2)  (m?+p}) (1+p)

1 stsina cos® a

5 = p +21In(tana +seca) — s?sina+ (3—5%) | s | tan™' (| s | sin«
’ 2(1—s2)° (1 - s?sin’a) ( ) ( )1l (Is] )
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2. Spherical orbits: We also found that the frequency ratio, v,/vp, from Egs.

(4.11b, 4.11c) (Table 4.2), reduce to the case of maximally rotating black

hole, a = 1, for spherical orbits previously derived in Wilkins (1972).

3. Equatorial circular orbits: We also show the reduction of our frequency for-

mulae to the standard case of equatorial circular orbits (e = 0, @ = 0), where

the frequency formulae are given by (Bardeen et al. 1972; Wilkins 1972)

c3 1
vo(ra) = N G a) (4.41a)
6 3a> 8a )\
vy (7“, a) = I/¢ <1 — ; — F =+ m) 5 (441b)
302 4a \'?
14’] (’l“, a) = I/¢ (1 + ? — m) (441C)

This is derivable from both equatorial eccentric orbits (e # 0, @ = 0), Eq.
(4.14) (Table 4.3), and spherical orbits (e = 0, @ # 0), Eqgs. (4.23, 4.24b,
4.25¢) (Table 4.4), formulae.

See Appendix A.6 for these derivations.

4.8 Trajectories

The analytic solution of the integrals of motion presented in this paper in §4.2.1
provides a direct and exact recipe to study bound trajectories without involving
numerical integrations. These expressions have their utility in calculating extreme
mass ratio inspirals (EMRIs) in gravitational wave astronomy, where numerical
models consider an adiabatic progression through series of geodesics around a
Kerr black hole (Glampedakis et al. 2002; Drasco et al. 2005; Drasco 2006). We
now discuss various kinds of bound geodesics around Kerr black hole using our

analytic solution for the integrals of motion. We use the translation formulae, Eqs.
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(3.17), to obtain the integrals of motion only in terms of (e, u, a, @) parameters.
To sketch the trajectories, we have chosen the starting point for the trajectories
to be (By = 7/2, @ = 0) as it follows from Eq. (4.1d). We use Eq. (4.6¢) to
calculate corresponding small change in 6 or [ with the small change in r or «
and substitute corresponding (r, #) or («, /) values in Eqgs. (4.6a) and (4.6b) to
calculate (¢, t).

There are various possible kinds of bound orbits. Here, we take up the each
case and sketch these trajectories for different combinations of (a, )), where the
parameters values are tabulated in the Table 4.6. We take up slow rotating (a =
0.2) and fast rotating black hole situations (a = 0.5 or a = 0.8), with both prograde
and retrograde cases, for various () values. The various features of these orbits are

enumerated below:

1. Eccentric orbits: Figs. 4.4 and 4.5 represent eccentric bound prograde and

retrograde trajectories respectively, where the parameter values are depicted
in the Table 4.6. The particle periodically oscillates between the perias-
tron and the apastron, and is also bound between 6 = arccos(z_) and
0 = arccos (—z_) as shown in (¢&-r) and (¢-0) plots in Figs. 4.4 and 4.5,
whereas (t-¢) plots depict that ¢ varies between 0 to 2. We have fixed (e,
) of the plotted trajectories and show the variation with change in @ and @
parameters. The motion of the trajectory increases in the vertical direction

with increase in () parameter.

2. Homoclinic/Separatriz orbits: Homoclinic orbits are the separatrices be-

tween eccentric bound and plunge orbits, where the particle asymptotically
approaches the unstable spherical/circular orbit in both the distant past
and the distant future. The energy and angular momentum of the orbiting
particle simultaneously correspond to a stable eccentric bound orbit and an
unstable spherical /circular orbit. Separatrix orbits in the equatorial plane

of a Kerr black hole are well studied (Levin and Perez-Giz 2009; Perez-Giz
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TABLE 4.6: The following table summarizes the values of conic parameters (e, )
chosen in the listed orbit simulations to study eccentric, homoclinic and spherical
orbits for different (a, @) combinations for both prograde and retrograde cases
constructed using Eqs. (4.6).

Type of Orbit # Inverse latus- Eccentricity Spin of Carter’s constant | Varying
orbit rectum of the orbit | of the orbit | the black hole parameter
It e a Q
Eccentric orbits El 0.1 0.6 0.2 3 a
E2 0.1 0.6 0.8 3
E3 0.1 0.6 0.2 8 a
E4 0.1 0.6 0.8 8
E5 0.1 0.6 -0.2 3 a
E6 0.1 0.6 -0.8 3
E7 0.1 0.6 -0.2 8 a
E8 0.1 0.6 -0.8 8
Homoclinic orbits H1 0.153 0.6 0.2 3 a and e
H2 0.208 0.2 0.5 3
H3 0.153 0.5 0.2 8 a
H4 0.172 0.5 0.5 8
H5 0.127 0.5 -0.2 3 a and e
H6 0.127 0.2 -0.5 3
H7 0.134 0.5 -0.2 8 a
H8 0.123 0.5 -0.5 8
Spherical orbits S1 0.222 0 0.5 3 a and @
S2 0.144 0 -0.5 8
Zoom-whirl 71 0.155 0.5 0.2 5 a
72 0.226 0.5 0.8 5
73 0.142 0.8 0.2 5 a
74 0.212 0.8 0.8 5
75 0.162 0.5 0.5 10 a
76 0.179 0.5 0.8 10
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and Levin 2009; O’Shaughnessy 2003). The homoclinic orbits form an im-
portant group in Kerr dynamics as they represent the transition between
inspiral and plunge orbits and hence, have their significance in the study of
the gravitational wave spectrum under the adiabatic approximation. The
homoclinic or separatrix orbits correspond to the boundary of the region in
(e, i, a, Q) space, defined by Eq. (4.26). Separatrix orbits with ¢ # 0 also
have similar features as the equatorial separatrix orbits, where the particle
asymptotically approaches the unstable spherical orbit. Figs. 4.6 and 4.7
show prograde and retrograde non-equatorial homoclinic/separatrix orbits
respectively (see Table 4.6 for parameter values). We see from H3 and H4
trajectories that an increase in spin parameter, a, increases the range of 6.
The orbit initially follows an eccentric path and asymptotically approaches
the periastron radius which also corresponds to the unstable spherical orbit

radius as shown in (¢-r) plots of Figs. 4.6 and 4.7.

3. Spherical orbits: Fig. 4.8 shows prograde and retrograde innermost stable

spherical orbits (ISSO), which are also the homoclinic orbits with e = 0.
All the spherical stable orbits exist outside ISSO, whereas unstable spherical
orbits are found between ISSO and MBSO.

4. Zoom-whirl orbits: Zoom whirl orbits are orbits where the particle takes a

finite number of revolutions at the periastron before going back to the apas-
tron, which is an extreme form of the periastron precession. Their signifi-
cance in gravitational astronomy has been studied for the case of equatorial
Kerr orbits (Glampedakis and Kennefick 2002). Here, we discuss zoom-whirl
orbits with @) # 0 as shown in Fig. 4.9, where the particle takes finite revo-
lutions with varying 6 at the periastron before turning back to the apastron.
We have chosen the value of p very near to the separatrix, where usually the
zoom whirl behavior is seen, for different values of (e, a, @)) combinations.
As expected, the particle spends more time at the periastron, compared to

the time taken at apastron, to take a finite number of revolutions which is
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FIGURE 4.3: The shaded region depicts the bound orbit region defined by Eq.
(4.7c) in the (e, p) plane for a = 0.5 and @ = 5. The black curve represents the
homoclinic orbits where the endpoints depict e = 0 and e = 1 homoclinic orbits
corresponding to the ISSO and MBSO respectively. The red curve represents
e = 0.5 and we study orbits with different u values as depicted by the dots on
this curve.

making the ¢t — r plots appear flatter near the periastron, (see Fig. 4.9). We
again see that the increase in a increases the range of vertical motion of the
orbit like for the eccentric orbits case. Homoclinic/Separatrix orbit family
is the limiting case of the zoom-whirl orbit family where the particle takes

infinite revolutions as it asymptotes to the unstable spherical orbit.

Now, we discuss how different kinds of orbits are distributed in the bound orbit
region in the (e, p) plane defined by the Eq. (4.8) for a fixed combination of
(a, Q). We fix a = 0.5 and Q = 5 and show the shaded bound orbit region in
Fig. 4.3, that represents the eccentric orbits allowed. The black curve which is
the boundary of the shaded region represents homoclinic or separatrix orbits. The
curve defined by e = 0 represents all the spherical orbits with its endpoint at ISSO,
which intersects with the separatrix line. We fix e = 0.5 depicted by the red curve
in Fig. 4.3 and take different values of i, as depicted by the black dots on the
red curve, and plot the corresponding trajectories and study their corresponding

behavior.
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FIGURE 4.4: The figure shows prograde eccentric bound orbits (a) E1, (b) E2,
(c) E3, and (d) E4 in the Table 4.6, for various combinations of (e, u, a, Q)
satisfying Eq. (4.7c) and also presents the evolution of corresponding 6, ¢ and

r with coordinate time, t.
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FIGURE 4.5: The figure shows retrograde eccentric bound orbits (a) E5, (b) E6,
(c) E7, and (d) E8 in the Table 4.6, for various combinations of (e, u, a, Q)
satisfying Eq. (4.7c) and also presents the evolution of corresponding 6, ¢ and
r with coordinate time, t.
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FIGURE 4.6: The figure shows the prograde homoclinic orbits (a) H1, (b) H2,
(c) H3, and (d) H4 in the Table 4.6, for various combinations of (e, u, a, @) and
also presents the evolution of corresponding 6, ¢ and r with coordinate time, ¢.

We see from Figs. 4.10 and 4.11, that for a fixed e = 0.5, as p is increased,
the trajectory shows zoom-whirl behavior as it gets closer to the separatrix or
homoclinic orbit for the corresponding e value. It can be seen in the t-r plot of
Fig. 4.11(b) that the particle spends some time at the periastron which depicts

the zoom-whirl behavior. Hence, it can be said that zoom-whirl behavior is a near

separatrix phenomenon and can occur at any eccentricity.
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FIGURE 4.7: The figure shows the retrograde homoclinic orbits (a) H5, (b) H6,
(c) H7, and (d) HS8 in the Table 4.6, for various combinations of (e, y, a, @) and
also presents the evolution of corresponding 6, ¢ and r with coordinate time, ¢.

4.9 Applications

There are various important applications of our analytic solutions of the gen-
eral non-equatorial trajectories and the fundamental frequencies for astrophysical

studies as discussed below:
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FIGURE 4.8: The figure shows the spherical orbits for (a) prograde, S1, (b)

retrograde, S2, in the Table 4.6 along with the corresponding evolution of 6, ¢
and r with coordinate time, t.

1. Gravitational waves: One of the crucial applications of our trajectory solu-

tion is the case of gravitational waves from the extreme-mass ratio inspirals
(EMRIs). Our analytic formulae are directly applicable for the frequency
domain calculation of the gravitational waves using the Teukolsky formal-
ism (Teukolsky 1973), or Kludge scheme (Sopuerta and Yunes 2011), and
the orbits can be computed more accurately than the numerical calcula-
tions (Drasco and Hughes 2006). Also, the homoclinic orbits, which are
the separatrix between plunge and bound geodesics (Levin and Perez-Giz
2008; Perez-Giz and Levin 2009), have their importance to study the zoom-
whirl behavior of inspirals near separatrix (Glampedakis and Kennefick 2002;
Healy et al. 2009). In this paper, we provide the analytic formulae for eccen-
tricity and inverse-latus rectum, (e, u), for non-equatorial separatrix orbits
which are crucial for the selection of these orbits for the study of gravitational

waveforms in the Kerr geometry.

2. Relativistic precession: The exact analytic formula for the azimuthal angle,
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FIGURE 4.9: The figure shows zoom whirl orbits (a) Z1, (b) Z2, (c¢) Z3, (d)
74, (e) Z5, and (f) Z6 in the Table 4.6, for various combinations of (e, u, a, Q)
satisfying Eq. (4.7c) and also presents the evolution of corresponding 6, ¢ and
r with coordinate time, t.
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FIGURE 4.10: The figure shows the eccentric trajectories on the red curve of
Fig. 4.3 (e =0.5, a = 0.5, Q = 5) for (a) u = 0.05, and (b) p = 0.1.
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FIGURE 4.11: The figure shows the eccentric trajectories on the red curve of
Fig. 4.3 (e = 0.5, a = 0.5, Q = 5) for (a) p = 0.15, and (b) p = 0.18. We see
that the trajectory shown in (b) represent a zoom-whirl orbit.
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¢ — ¢p, is useful to find the precession of the orbits in the astrophysical
systems like planets, black hole, and double pulsar systems. PSR J0737-
3039 is one example of a double pulsar system having two pulsars, PSR
J0737-3039A and PSR J0737-3039B having 23 ms (Burgay et al. 2003) and
2.8 s (Lyne et al. 2004) period respectively, which is useful to study the
relativistic precession phenomenon valid in a strong gravitational field. The
periastron advance was estimated in this source using the first PK parameter,
w (Kramer et al. 2006). Our exact analytic results can be used to make a
more accurate estimation of the relativistic advance of the periastron in

pulsar systems where one component is having a major spin contribution.

3. Quasi-periodic oscillations (QPOs): QPOs are broad peaks seen in the Fourier

power spectrum of the Neutron star X-ray binaries (NSXRB) and black hole
X-ray binaries (BHXRB). The relativistic precession (RP) model was intro-
duced (Stella and Vietri 1999) to explain the kHz QPOs in NSXRB and later
applied to BHXRB (Stella et al. 1999). The RP model can be used to calcu-
late the black hole parameters assuming a circular or eccentric orbit is giving
rise to a pair of observed high-frequency QPOs and a singular and nearly
simultaneous corresponding Type-C QPO (Motta et al. 2014a,b), where our
exact formulae for the fundamental frequencies are applicable. We generalize
the RP model, which we call the generalized RP (GRP) model, to associate
QPO frequencies with the fundamental frequencies of the non-equatorial and

equatorial eccentric trajectories, and the spherical orbits.

4. Gyroscope precession: The calculation of the precession of the spin of a test

gyroscope is another application for the test of general relativity. In previous
studies, approximate expressions were used for the fundamental frequencies
as a series expansion in terms of eccentricity up to order e? around a Kerr
black hole for the stable bound orbits in the equatorial plane (Bini et al.
2016a). Our exact analytic results are useful to estimate more accurate

results which are useful to explain the reported results of geodetic drift rate
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and frame-dragging drift rate by the Gravity Probe B (GP-B) (Everitt et al.
2015).

5. Phase space study: The study of dynamics of Kerr orbits by Poincaré maps

is also well-discussed (Levin and Perez-Giz 2008). Our closed-form solutions
are directly applicable to the study of the extreme chaotic behavior of orbits
like Zoom-whirl orbits, which are extreme forms of perihelion precession

(Glampedakis and Kennefick 2002), and their phase space structures.

4.10 Summary

The summary of this chapter is given below:

1. We first translate the parameters (F, L, a, Q) to (e, u, a, Q) using the trans-
lation formulae, Eqs. (3.17) to completely describe the trajectory solution in
the (e, u, a, Q) space. We then select the allowed bound orbit by choosing
the parameters (e, u, a, Q) using the bound orbit conditions, Eqs. (4.8).

2. We have derived the closed-form analytic solutions of the general eccentric
trajectory in the Kerr geometry as function of elliptic integrals, {¢ (r,0) ,t (r,0) ,7(0)},
Eqgs. (4.6a-4.6¢). These trajectories around a Kerr black hole were previ-
ously derived in terms of Mino time (Fujita and Hikida 2009), A, subject to
the initial conditions on dr (0) /dA and df (0) /dA. The application of our
trajectory solution to the various possible studies is numerically faster and
does not require any selection of initial conditions. We choose the starting
point of the trajectory as the apastron of the orbit, r, or @ = 0, and the
initial polar angle, 6y or 3y, is an extra parameter which can be arbitrarily
chosen between maximum and minimum allowed # range for a given ). The

input variables for plotting the trajectories are a and [ which define the
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range of 7 and 6 for a fixed combination of (e, u, a, Q). These results are

summarized in Table 4.1.

3. We derived the closed-form expressions for the fundamental frequencies in
terms of elliptic integrals, Eqs. (4.11), using the long time average method
and without using Mino time, A. We show that these expressions match with
those derived in Schmidt (2002) using Hamilton-Jacobi formulation, which
were left in the quadrature form, and we have obtained a closed-form using
elliptic integrals. These expressions are summarized in Table 4.2. We present
the consistency of our trajectory solution by reducing it to the equatorial
separatrix case and also show that the frequency ratio, v,/vp, matches with
the standard expression derived Wilkins (1972) for the spherical orbits (see
Appendix A.6).

4. We reduce our trajectory solution for the equatorial and eccentric orbits,
Eq. (4.13), and derive the expressions for their fundamental frequencies, Eq.

(4.14). These results are summarized in Table 4.3.

5. We have derived the formulae for £ and L for the spherical orbits as functions
of radius 7, a, and @), given by Eq. (4.15). We also derived the reduced form
of the trajectory solution {¢ (rs,0) ,t (rs,0)}, Eq. (4.21), and the expressions
of fundamental frequencies for the spherical orbits, Eqgs. (4.23, 4.24b, 4.25¢).

These results are summarized in Table 4.4.

6. We have derived the equations for ISSO, MBSO, and spherical light radius,
Egs. (4.28-4.30). The light radius derived is the same as that for the equa-

torial case.

7. We discussed the non-equatorial separatrix orbits, which asymptote to the
unstable spherical radius sharing the same E and L values with the eccentric
bound orbit. The radius of this unstable spherical radius for the separatrix

orbit exists between M BSO and ISS0O. We write the exact forms for the
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eccentricity and inverse-latus rectum (es, p,) for the non-equatorial sepa-
ratrix orbits as functions of 7,5, a, and @, given by Eqgs. (4.35). We use
our general trajectory solutions to derive the equations of motions for non-
equatorial separatrix orbits, given by Eqs. (4.40), and find that the radial
part of the solutions can be completely reduced to the form containing only
trigonometric and logarithmic functions. We also show the reduction of these
trajectories to the equatorial case which is also a new and useful form and
match the solutions with the previously known result derived in Levin and
Perez-Giz (2009) (see Appendix A.6). Separatrix trajectories are essential in
the study of gravitational waves from EMRIs, where our analytic solutions

are directly applicable. These results are summarized in Table 4.5.

8. We discuss families of allowed bound orbit trajectories like non-equatorial
eccentric, non-equatorial separatrix, zoom whirl, and spherical orbits around
a rotating black hole using our analytic solution for the trajectories. Homo-
clinic trajectories have their applications in the gravitational wave astronomy
as these trajectories are the boundaries between bound eccentric and plunge
orbits. Separatrix/homoclinic orbits were studied for the equatorial case in
Levin and Perez-Giz (2009); Perez-Giz and Levin (2009). In this paper, we
describe non-equatorial homoclinic and zoom-whirl trajectories, which is the

more generalized case for the application to gravitational astronomy:.

9. We sketch various types of trajectories, using our analytic formulae discussed

above, in §4.8, and discuss their astrophysical applications in §4.9.

10. By using the set of equations in Fujita and Hikida (2009) and comparing
them with our expressions, it is found that our calculation is easier to im-

plement and numerically faster by ~ 20, in the equatorial case, for example.

The results include novel aspects, listed above, and alternate and more useful new
forms of the known formulae, given in the points (2) and (3) above. The equations

and Tables providing these results are indicated in the points above.
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4.11 Discussion and Conclusions

There are several notable results in the vast literature discussing various aspects
of dynamics in Kerr geometry such as the quadrature formulae for the trajectories
(Chandrasekhar 1983; Carter 1968)), circular orbit formulae Bardeen et al. (1972),
conditions for spherical orbits Wilkins (1972), expressions in terms of quadratures
for the oscillation frequencies (Schmidt 2002), formulae for trajectories in terms
of quadratures for spherical polar motion (Kraniotis 2004), trajectories for non-
spherical polar motion Kraniotis (2007), and expressions for the trajectories and
oscillation frequencies (Fujita and Hikida 2009) in terms of Mino time (Mino 2003).
Besides these key results there are other useful expressions reported for example on
separatrix orbits (Levin and Perez-Giz 2009), and on eccentric equatorial bound

orbits (Chandrasekhar (1983); Bini et al. (2016a)).

We discuss below the utility of the results in this chapter:

The recipe for calculating frequencies and trajectories by Fujita and Hikida (2009)
is as follows: The operative equations are {¢(\),t(A),r(N)}, Egs. (6), (23)-(33),
(35)-(45), which require linear combinations of many other equations. The analogy
to r(x) or x(r) is 7(A) or A(r) (Egs. (26, 27)); the latter is non-trivial, whereas
the former is simple. Given A, (¢,t) are calculated subsequently inverting linear
combinations of many other elliptic integrals. We have numerically matched our
frequency formulae with that given in Fujita and Hikida (2009) and we find that
there is a minor typo in their expression of I' below Eq. (20) in section 3.3, where
there is a factor of £//2 missing in the term (r; — r3)(re — r4) E(k,). However, the
correct factor has been applied to calculate the numbers in their Tables (1, 2, 3)
given in Fujita and Hikida (2009). By using the set of equations in Fujita and
Hikida (2009) and comparing with our expressions, it is found that our calculation
is easier to implement and numerically faster by ~ 20, in the equatorial case, for

example.
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The novel results listed in given in (1) and (3)-(8) of the summary: translation con-
ditions of {E, L} — {e, u}, bound orbit conditions, {E(ry), L(rs)}, ISSO, MBSO,
and light radius formulae, besides new form for equatorial trajectories, are useful
for various applications and simulations related to astrophysical scenarios involv-
ing relativistic precession like QPOs and accretion disks. We have also derived the
locus of the @) # 0 separatrix curve in the e — p plane besides providing the form
of the trajectories. Using this, further studies can be carried for chaotic motion
and study of gravitational waves from zoom-whirl orbits which can be set-up by
locating them near the separatrix locus, in the same spirit, as was done for the

equatorial case (Levin and Perez-Giz 2009; Glampedakis and Kennefick 2002).

The analytic results presented in this paper have direct applications in astrophysics
for example, the study of non-equatorial separatrix orbits which has not been
discussed before. They also help in understanding the highly eccentric behaviour
of trajectories seen in numerical simulations (Glampedakis et al. 2002) just before
plunging onto the massive black hole in the case of EMRIs which is possibly related
to the eccentric and inclined homoclinic orbits, besides relativistic precession in
other astrophysical systems like binary pulsars and black holes, spin precession of
gyroscopes around rotating black holes for the test of general relativity, and the

study of chaotic orbits in the phase space.
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A cartoon picture of the BHXRB. Courtesy: NASA/ JPL-Caltech/R. Hurt (SSC)

A geometric origin for QPO
frequencies in BHXRB*

5.1 Introduction

Quasi-periodic oscillations (QPOs) in BHXRBs are categorized as low-frequency
QPOs (LFQPOs) with vy < 30Hz, which are again classified as type A, B, or
C based on their various properties, and high-frequency QPOs (HFQPOs) with
vp > 30Hz (Motta 2016). These different types of QPOs are also known to show
a remarkable association with various spectral states during the outburst phase
(Fender et al. 2004; Remillard et al. 2006; Fender and Belloni 2012; Motta 2016).
The launch of the Rossi X-ray Timing Explorer (RXTE) in 1995 with its high
sensitivity significantly increased the detection of BHXRBs, and made it possible

*This work is published in a paper: Rana and Mangalam (2020b).
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to detect HFQPOs in their PDS in the late 1990s (Belloni and Stella 2014), for
example, the detection of 300 Hz and 450 Hz QPOs in GRO J1655-40 (Remillard
et al. 1999a; Strohmayer 2001a); QPOs in the range 102-284 Hz, at 188 Hz, 249-
276 Hz and near 183 Hz, 283 Hz in XTE J1550-564 (Homan et al. 2001; Miller
et al. 2001; Remillard et al. 2002); 67 Hz, 40 Hz, and 170 Hz in GRS 1915+105
(Morgan et al. 1997; Strohmayer 2001b; Belloni et al. 2006); 250 Hz in XTE J1650-
500 (Homan et al. 2003); 240 Hz and 160 Hz in H1743-322 (Homan et al. 2005;
Remillard et al. 2006); and more. Some of these HFQPOs have been detected
simultaneously along with their peak frequencies showing nearly 3:2 or 5:3 ra-
tios, indicating a resonance phenomenon (Remillard et al. 2006; Belloni and Stella
2014). There is also an interesting case of BHXRB GRO J1655-40 which showed
three QPOs simultaneously—two HFQPOs and one type C LFQPO (Motta et al.
2014a). Understanding of the origin of HFQPOs and their simultaneity has been

the prime focus of the observational studies as well as the theoretical models.

The study of general relativistic effects is important for a theoretical understand-
ing of the origin of QPOs and their connection with various spectral states during
the X-ray outburst, as these signals appear to emanate very close to the black
hole. Several existing models, based on the instabilities in the accretion disk and
other geometrical effects, which attempt to explain the origin of LFQPOs and
HFQPOs. Most of these models assume that the disk inhomogeneities orbiting in
the innermost regions of the accretion disk are the cause of high variability in the
X-ray flux, resulting in QPOs in the PDS. A widely used model among them is the
relativistic precession model (RPM) (Stella and Vietri 1999; Stella et al. 1999),
which ascribes two simultaneous HFQPOs to the azimuthal, v,;, and periastron
precession frequencies, (v, — 1), and a third simultaneous type C LEFQPO to the
nodal precession frequency, (v, — vy), of a self-emitting blob of matter in the ac-
cretion disk. The RPM has been applied to the cases of BHXRBs GRO J1655-40
(Motta et al. 2014a) and XTE J1550-564 (Motta et al. 2014b) to estimate the

spin parameter and mass of the black hole, where they assumed the precession
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frequencies of nearly circular particle trajectories in the accretion disk around a
Kerr black hole. Recently, in contrast with the localized assumption of the RPM,
the most frequently detected type C QPOs in BHXRBs have been modeled as the
Lense—Thirring frequency of a radially extended thick torus precessing as a rigid
body (Ingram et al. 2009; Ingram and Done 2011, 2012). This model describes
the increase in type C QPO frequency with the hard to soft spectral transition
during outburst as coincident with the decrease in outer radius of the torus and
also shows that the maximum type C QPO frequency should be close to 10—30 Hz
(Motta et al. 2018). Other models which concentrate on the 3:2 or 5:3 resonance
phenomena of simultaneous HFQPOs under the regime of particle approach; for in-
stance, the nonlinear resonance models (Kato 2004, 2008; Torok et al. 2005, 2011)
which explain the phenomenon of simultaneous HFQPOs as an excitation due to
the nonlinear resonant coupling between the oscillations within the accretion disk.
One such nonlinear resonance phenomenon is the parametric resonance between
radial, v,., and vertical, vy, oscillation frequencies of particles in the accretion disk
(Abramowicz et al. 2003). Another explanation of HFQPOs is based on the Keple-
rian and radial frequencies of the deformation of the clumps of matter that is due
to the simulated tidal interactions in the accretion disk (Germana et al. 2009). A
recent model involves the study of (magneto)hydrodynamic instabilities, for exam-
ple, in particular, to understand the 3:2 resonance of HFQPOs using the general
relativistic and ray-tracing simulations (Tagger and Varniére 2006; Varniere et al.

2019).

The RPM takes into account of the fundamental phenomenon of relativistic pre-
cession, which is dominant and inevitable in the strong-field regime around a black
hole. Although the emission mechanism for the production of QPOs with strong
rms (~ 20 %) is hitherto unknown, it explains some important observational rela-
tions, for example, the Psaltis—Belloni—Klis (PBK) (Psaltis et al. 1999), which is a
positive correlation between the HFQPOs and the LFQPOs in different BHXRBs.
In a few other BHXRBSs, the characteristic frequency of a broad feature (not a
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QPO) in the PDS during the hard state shows the same correlation with the LFQ-
POs. This correlation has been explained using the RPM as a variation of the

radius of origin around the Kerr black hole, tracing the QPO frequency.

In this chapter, we expand the RPM from a restricted study of circular orbits and
explore the fundamental frequency range of the nonequatorial eccentric, equatorial
eccentric, and spherical particle trajectories around a Kerr black hole and associate
them with the properties of QPOs. We call this the generalized RPM (GRPM).
The general trajectory solutions around a Kerr black hole and their correspond-
ing fundamental frequencies have been extensively studied before (Schmidt 2002;
Fujita and Hikida 2009; Rana and Mangalam 2019a,b). The existence of nonequa-
torial eccentric, equatorial eccentric, and spherical orbits near a rotating black
hole is tangible, and hence the relativistic precession of these orbits can also be
included in the model for the emission of QPOs. The quadrature form of the
general trajectory solution {¢, 6, r, t} around a Kerr black hole (Carter 1968) and
the corresponding fundamental frequencies {v, v, vy} (Schmidt 2002) are well
known. Later, the complete analytic form for the trajectories and the fundamental
frequencies was derived in terms of the Mino time (Mino 2003) and the standard
elliptic integrals (Fujita and Hikida 2009). More recently, a more compact, ana-
lytic, and numerically faster form was derived, in terms of the standard elliptic
integrals, for the particle trajectory solutions and their fundamental frequencies
was derived (Rana and Mangalam 2019a,b). We use these analytic formulae for the
fundamental frequencies via the GRPM for the periastron and nodal precession of
nonequatorial eccentric, equatorial eccentric, and spherical trajectories around a
Kerr black hole to associate them with the detected QPO frequencies. The RPM
was previously described for circular {e = 0, @ = 0} orbits (Stella and Vietri 1999;
Stella et al. 1999). We now include {e # 0, @ # 0} orbits in this paradigm and
test the more general model in this paper. Finally, we show that the eccentric
trajectory solution also satisfies the PBK correlation for the case of BHXRB GRO
J1655-40.
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FIGURE 5.1: Flowchart of various Kerr orbits (with the nomenclature used here
of nonequatorial eccentric (e@), spherical (Q0), eccentric equatorial (e0), and
circular (00) orbits) studied to explore QPO frequencies using the GRPM in
various sections of this paper, where the most specialized case of circular orbits
was previously studied (Motta et al. 2014a,b). Clearly, the GRPM is valid
strictly only when e # 0.

This chapter is structured as follows. We first motivate the association of fun-
damental frequencies of the general eccentric and spherical trajectories with the
QPOs in BHXRBs assuming the GRPM in §5.2.1 and §5.2.2; see Figure 5.1 for the
terminology used for e@ (general case), Q0 (spherical), e0 (eccentric equatorial),
and 00 (circular orbits). We then take up the cases of BHXRBs M82 X-1, GRO
J1655-40, XTE J1550-564, 4U 1630-47, and GRS 1915+105, where HFQPOs have
been discovered before. We discuss their observation history in Appendix B.1,
and we discuss observations of each BHXRB that we use for our analysis in §5.3.1.
Using the observed QPO frequencies in these BHXRBs, we calculate the corre-
sponding orbital parameters. The method for the parameter estimation and its
corresponding errors are discussed in §5.3.2 and in Appendix ?7. We discuss the
results for general eccentric trajectories in §5.3.2.1, and those corresponding to the
spherical orbit in §5.3.2.2. We also show in §5.4 that the PBK correlation is well

explained by the eccentric trajectory solutions found in the case of BHXRB GRO
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J1655-40. In §5.5, we compare our model with another model for the fluid flow
in the general-relativistic thin accretion disk. We finally discuss and conclude our

results in §5.6.

5.2 Generalized Relativistic Precession model (GRPM)

The relativistic precession is a phenomenon that is due to strong gravity near a
rotating black hole, and its consequence for QPOs originating very close to the
black hole is studied. We motivate the association of QPOs in BHXRBs with
the fundamental frequencies of general nonequatorial bound particle trajectories
around a Kerr black hole through the GRPM. Figure 5.2 shows the periastron and
nodal precession of an eccentric particle trajectory near the equatorial plane of
a rotating black hole. We suggest that the instabilities in the inner region close
to the rotating black hole might provide a radiating plasma cloud (it could be a
blob or a torus with the collection of such trajectories degenerate in the parameter
space) with enough energy and angular momentum to attain an eccentric (e # 0)
trajectory, or a nonequatorial trajectory (@ # 0, Carter’s constant, Carter (1968)),
or both simultaneously (e # 0, @ # 0). The Carter’s constant can be roughly
interpreted as representative of the residual of the angular momentum in the x —y
plane, Q < L? — L?, so we have ) = 0 for the equatorial orbits where L = L.. We
first try to find the suitable range for the parameters, {e,r,, a, Q}, of these orbits
that produce the fundamental frequencies to compare with the observed range of
QPO frequencies in BHXRBs, where r, represents the periastron point of the orbit
and a represents the spin of the black hole. We divide our study of the trajectories

into three categories (see Figure 5.1), where a particle follows one of these:

1. A nonequatorial eccentric trajectory (e # 0, @ # 0) called e@Q.

2. An equatorial eccentric trajectory (e # 0, @ = 0) called e0.
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FIGURE 5.2: Generalized relativistic precession phenomenon for () # 0, near a
black hole (BH) at the center, rotating anticlockwise, where €, represents the
periastron precession and (), represents the nodal precession frequency. The
initial point of the trajectory is indicated by point A, from where the particle
follows an eccentric trajectory before completing one (a) radial or (b) vertical
oscillation to reach point B. The particle sweeps an extra A¢ azimuthal angle
during one (a) radial or (b) vertical oscillation because the azimuthal motion is
faster than the radial or vertical motion causing the periastron or nodal preces-
sion.

3. A nonequatorial and noneccentric, also called a spherical trajectory (e = 0,

Q #0), called QO.

We are using dimensionless parameters (G = ¢ = M, = 1) as the convention in
this article for simplicity, so that r, — r,/ (GM./c*), ro = ro/ (GM,/c?), a —
J/(GM2/c), and Q — Q/ (GM2/c)?, where J is the angular momentum and M,
is the mass of the black hole, and r, is the apastron point of the bound orbit, while
e = (rq —1p) / (rq + 1), the eccentricity parameter, is dimensionless by definition.
We also define another mass parameter M = M, /M scaled by solar mass for

convenience. The most general nonequatorial trajectory (e@)) around a Kerr black
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hole comprises of periastron precession in the orbital plane, superimposed on the
precession of the orbital plane about the spin axis of the rotating black hole. Figure

5.3 shows one such trajectory around a Kerr black hole centered at the origin.

FIGURE 5.3: Example of eQ trajectory with parameters {¢ = 0.3, r, =
5.917, a = 0.5, @ = 5} around a Kerr black hole at the origin, with its spin
pointing in the positive z-direction: (a) shows the side view of the orbit rep-
resenting the nodal precession phenomenon of the orbital plane about the spin
axis of the black hole; (b) top view of the orbit showing the periastron precession
phenomenon.

There are a variety of bound Kerr orbits, for example, nonequatorial eccentric,
separatrix, zoom-whirl, and spherical orbits, that have been systematically studied
before (chapter 4). Hence, here we first discuss the distribution of these orbits
in the parameter space and then isolate the most plausible type of orbits, which
should give us the observed range of QPO frequencies assuming the GRPM. These
bound orbits are distributed in particular regions in the parameter space and into
different parameter ranges for different types of orbits. In Figure 5.4, we show how
this distribution belongs in different regions in the (7, a) plane, where r = R/R,
represents distance from the black hole, and R, = (GM,/c*). These regions are
separated by important radii, which are shown as various curves for the equatorial
(Q = 0) and nonequatorial (@ = 4) trajectories in Figure 5.4, where we see that
the (un)stable bound orbits are found in regions 1, 2, and 3. Region 4 is beyond

the light radius, which extends down to the horizon radius [r, = (1 +v1— a2)],
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where bound particle orbits are not present, which means any particle in this
region would plunge into the black hole, and region 5 is inside the horizon surface.
We summarize the distribution of various trajectories in the (7, a) plane (Fig. 5.4)

below:

Eccentric orbits: Region 1 and 2.

Separatriz orbits: Region 2.

Zoom-whirl orbits: Region 1 and 2.

Stable spherical (circular) orbits: Region 1.

Unstable spherical (circular) orbits: Region 2 and 3,

where the regions are represented for equatorial orbits in Fig. 5.4(a) and for
non-equatorial orbits in Fig. 5.4(b). Hence, we restrict our exploration search of
suitable parameters for required QPO frequencies to the regions 1 and 2, where
stable circular (spherical), equatorial (nonequatorial) eccentric, zoom-whirl, and

separatrix orbits are found. These bound orbits can also be shown as a region

1.0 1.0F-
0.8 0.8
06 — Horizon 0.6 — Horizon
R 5 14\3 2 1 Light radius © 5 |4\ 3 2 1 Light radius
0.4 — MBCO 0.4 — MBSO
— Isco — 1SS0
0.2 0.2
0.0 ! 0.0
1 2 3 4 5 6 1 2 3 4 5 6

FIGURE 5.4: Important radii: the ISCO (ISSO), MBCO (MBSO), light radius,
and the horizon. These radii separate various kinds of orbits outside a Kerr
black hole in the (r, a) plane, indicated by different regions that are depicted by

numbers, for (a) the equatorial orbits with @ = 0, and (b) nonequatorial orbits
with Q = 4.

in the (e, 1) space defined by Eq. (3.1). This bound orbit region is shown as a
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shaded region in Fig. 5.5 which only includes regions 1 and 2 of the (r,, a) plane
shown in Fig. 5.4, where the condition for these bound orbits is given by Eq. (4.8).
The RPM has been applied to two cases of BHXRBs, assuming the precession of
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FIGURE 5.5: (a) The shaded region represents all possible bound orbits in the
(e, ) plane for {a = 0.5, Q = 5}, where S depicts the ISSO and M depicts the
MBSO radius, and the red curve represents separatrix orbits [see Fig. 4.1|; the
corresponding effective potential diagrams are shown as a function of r for (b)
ISSO and (c) MBSO, where the horizontal black curve represents (E? — 1) /2
and the vertical red curve represents the horizon radius, and {ri, ro, 73, 74}
are four roots of the effective potential, which are also the turning points of a
trajectory, and where r1 = oo for MBSO.

nearly circular orbits (negligible eccentricity T) in the equatorial plane of a Kerr
black hole (Motta et al. 2014a,b). In general, the observed range of HFQPOs
in BHXRBs is 40-500 Hz, whereas that of type C LFQPOs is 10 mHz to 30 Hz
(Remillard et al. 2006; Belloni and Stella 2014). The formulae for fundamental

particle frequencies of nearly circular and equatorial orbits are given by Bardeen

tas there is no periastron precession for e = 0.
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et al. (1972) and Wilkins (1972); see Appendix A.6 for the derivation of these

formulae from the general frequency formulae of e0 and Q0 orbits:

(na)= e B = = (51

l/¢ rya — 27TGM. (7“3/24—@)’ V¢ T7a — (Cg/GM.) - 271_(713/2_'_0/)\2 .la
6 3a> 8a\"" _ v,

Uy (r,a): Ve (1_;_?4_@) y Ur (T,G)ZW, (51b>
32 4a \'* v,

Vy (7“, a) = Vg (1 + 7 — m) , Uy (?", (Z) = Wejw), (51C)

where {7y, Uy, Uy} are the dimensionless frequencies, where we use the convention
a > 0 for the prograde and a < 0 for the retrograde orbits in this article. Using
these formulae and assuming the RPM, it was retrodicted for BHXRB GRO J1655-
40 and XTE J1550-564 that these signals originated very close to and outside the
ISCO radius, at nearly r = 5.677 £ 0.035 for GRO J1655-40 and r» = 5.47 £ 0.12
for XTE J1550-564 (Motta et al. 2014a,b). We show that the expected QPO
frequency range associated with the 00 orbits in the RPM {vy, vpp = (v — 1),
Unp = (Vp—p) } is valid for a wide range of r, where vy, v, and vy, correspond to
the HFQPO-1, HFQPO-2, and type C LFQPO, respectively *. To illustrate this,
we present a mass-independent model of these frequencies. In Table 5.1, we have
shown the observed range of the HFQPO and LFQPO frequencies in BHXRBs
along with a typical range in dimensionless values {Uy, Vpp, Unp}, Obtained by
scaling the observed frequencies of HFQPOs in BHXRBs using the corresponding
known value of the black hole mass M ~ 5 — 10 (given in Table 5.3). For a
BHXRB, the typical frequency range of the type C QPOs is 10 mHz to 30 Hz,
and we have scaled this frequency range with M = 10 (a typical mass value for
BHXRB) to obtain the dimensionless frequency range. This provides an expected
range of the geometrical orbital parameters independent of the black hole mass
that implies largely a range of r,. Figure 5.6 shows the contours of vy, ,,, and
Unp for the 00 orbits, using Equations (5.1a—>5.1c), in the (r, a) plane outside the
ISCO radius (region 1 of Figure 5.4(a)). We find the following:

fwhere pp and np represent the periastron and nodal precession frequencies, respectively.
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TABLE 5.1: Summary of the Observed QPO Frequency Range in BHXRBs and

Their Corresponding Dimensionless Values Derived from Data Given in Table
5.3.

Type of QPO QPOs in the Observed QPO frequency Dimensionless frequency range
RPM and GRPM range in Hz v=v-1073/(c*/GM,)
HFQPO-1 Vg 100 — 500 2—15
HFQPO-2 Vpp 40 — 300 1-9
Type-C LFQPO Vnp 1072 - 30 1075 —1
1.0F i ‘ 1O \ \ \ 1.0
0.8} 0,0"5 | 1 0.8t \\ ] 0.8} 00009
0‘0‘ 0.005 \
0.6 ‘ 0.6t \ . 0.6 00004
u.o‘m © \ | \ \ © {
0.4r ‘ ‘ 0.005 e 0.4+ 0002 \ R 0.4+ / 0.0002
‘ ‘ . 0.001 \ \ 0.0001
0.2 \ o 0.2 \ o. 0\005 \ ] 0.2 0.00004
0.0k R | ‘ ] 0.0k ‘ \ \ ‘ \ ] 0.0l ‘ ‘ ‘ ]
5 10 15 20 5 10 15 20 5 10 15 20

(a) (b) (c)

FIGURE 5.6: Dimensionless frequency contours are shown for circular and equa-
torial trajectories (00), using Equations (5.1a—5.1¢), in the (7, a) plane outside
the ISCO radius, which is indicated by a thick black contour as also depicted in

Figure 5.4, for HFQPOs (a) 7y, (b) pp, and type C LFQPO (c) yp assuming
the RPM.

1. The expected range of simultaneous QPO frequencies corresponds to a wide

range of r ~ 5 — 15 for the 00 orbits, which is typically the inner region of

the accretion disk.

2. The simultaneous QPOs, if associated with the 00 orbits, should originate

very near to the ISCO radius.

3. We expect much higher QPO frequency values {7, 2 0.015, ,, 2 0.009, 7, 2

0.001} for the 00 orbits near the ISCO radius for a 2 0.5, as seen in Figure
5.6, which are outside the observed QPO frequency range.
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Now, with this, we can explore the frequency range of the nonequatorial eccentric,
equatorial eccentric, and spherical orbits using a similar approach assuming the

GRPM in the regions 1 and 2 of Figure 5.4 (shaded region of Figure 5.5).

5.2.1 Non-equatorial and equatorial eccentric orbits: e()

and e0

Here, we use the formulae of the fundamental frequencies for the non-equatorial
and equatorial eccentric particle trajectories to explore the required frequency

range for QPOs in BHXRBSs, based on the GRPM, and determine the correspond-

ing parameter range {e, r,,, a, Q} associated with these trajectories.

As shown in Figure 5.3, the orbital plane of a nonequatorial eccentric trajectory
oscillates with respect to the spin axis of the black hole, along with the phenomenon
of periastron precession taking place in the orbital plane. A complete analytic
trajectory solution and the fundamental frequencies for such trajectories around
a Kerr black hole were derived in terms of {e, u, a, @} parameters, where the
inverse latus rectum can be written in terms of {e,7,} as u = 1/[r, (1 +¢€)].
The expressions of dimensionless fundamental frequencies for these trajectories

are given by Eq. (4.11).

Next, in the case of equatorial eccentric orbits (€0), the expressions for the funda-

mental frequencies can be further reduced to a simpler form given by Eq. (4.14).

Now, we use these frequency formulae, Eq. (4.11), to deduce the suitable param-
eter range of parameters {e, rp, a, @} for eQ) and Eq. (4.14) for €0 trajectories
to find {e, 7,, a} to retrodict the observed range of QPOs in BHXRBs, which is
provided in Table 5.1. In Figures 5.7—5.9, we have shown the variation of the
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FIGURE 5.7: The contours of 64 (e, 7p,a, Q) are shown in the (7, a) plane for
eccentric orbits around a Kerr black hole, where the parameter combinations
are (a) {e = 0.25,Q = 0}, (b) {e = 0.25,Q = 2}, (¢) {e = 0.25,Q = 4}, (d)
{e=0.5,Q =0}, (e) {e=0.5,Q =2}, and (f) {e =0.5,Q = 4}.

quantities

_ [Ty (e,7p,a,Q) — Uy (e =0,7p,a,Q = 0)]

(5¢ (6, T'p, Q, Q) T (6 —0 I a = 0) , (5.2&)
Sop (6,70, Q) _ [pp (e, Tpv;% Cge) ; 0’71); (ea:Qoip(;)aa Q= 0)] . (5.2b)
oo (07, 0,Q) [Unp (€,7p,a, Q) — Uy (e =0,7p,a,Q = 0)] (5.2¢)

Unp (6 =0,7p,a,Q =0) ’

in the (rp, a) plane for combinations of e ={0.25, 0.5} and @ ={0, 2, 4}. These
quantities provide a fractional deviation between frequencies of general eccentric
orbits and circular orbits for the same spin and periastron radius. For this com-

parison, we have calculated the frequency corresponding to a circular orbit at
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FIGURE 5.8: The contours of d,p, (e, 7p, a, Q) are shown in the (rp, a) plane for
eccentric orbits around a Kerr black hole, where the parameter combinations

are (a) {e = 0.25,Q = 0}, (b) {e = 0.25,Q = 2}, (c) {e = 0.25,Q = 4}, (d)
{e=0.5,Q =0}, (¢) {e=0.5,Q =2}, and (f) {e =0.5,Q = 4}.

the same radius, r, = r, for a fixed value of parameter a. Hence, the deviation,
0, between frequencies defined in this manner is dominated by the parameters e
and ). Also, these deviations are shown only in the region where 7y (e,r,, a, @),
Vpp (€,7p,a,Q), and vy (e,7,,a,Q) are in the range of QPO frequencies allowed
by the observations, as provided in Table 5.1. Hence, these plots together give us
the information of deviation of frequencies from circularity, as the e and () pa-
rameters are varied, along with information on the range of (e, ,, a, Q)) for general
eccentric orbits allowed by the observed range of QPO frequency. The 3:2 and 5:3
ratios of the simultaneous HFQPOs, seen in a few BHXRBs, are also a remarkable

phenomenon that we need to fathom; for example, 300 Hz and 450 Hz HFQPOs
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FIGURE 5.9: The contours of oy, (e, 7p, a, Q) are shown in the (r,, a) plane for
eccentric orbits around a Kerr black hole, where the parameter combinations

are (a) {e = 0.25,Q = 0}, (b) {e = 0.25,Q = 2}, (¢) {e = 0.25,Q = 4}, (d)
{e=0.5,Q =0}, () {e=0.5,Q =2}, and (f) {e =0.5,Q = 4}.

were seen in GRO J1655-40 (Remillard et al. 1999a; Strohmayer 2001a), and 240
Hz and 160 Hz HFQPOs in H1743-322 (Homan et al. 2005; Remillard et al. 2006).
Assuming the GRPM, this ratio is given by v4/v,, = s/Vpp, which is a dimen-
sionless quantity. The contours of this ratio are shown in Figure 5.10 for the six
combinations from the set e = {0.25, 0.5}, @ = {0, 2, 4}. The blue contours
in Figures 5.7—5.10 represent the ISSO radius, and black contours represent the
MBSO radius as also indicated in Figure 5.4, whereas the magenta color contours
represent the separatrix orbits, given by Eq. (4.26), defining the innermost limit

for r, of an eccentric orbit with a given e.

A summary of the results is given below:
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FIGURE 5.10: The HFQPO frequency ratio, 74/vpp, contours are shown for
eccentric orbits around a Kerr black hole in the (7,, a) plane, assuming the
GRPM, where the parameter combinations are (a) {e = 0.25, Q@ = 0}, (b)

{e=025,Q =2}, (c) {e =025 Q =4}, (d) {¢ =05, =0} (e) {e = 0.5,
Q =2}, and (f) {e = 0.5, Q = 4}.

1. Assuming the GRPM, (non)equatorial eccentric trajectories with small to
moderate eccentricities, e < 0.5, with @@ ~ 0 — 4 also generate the expected
range of QPO frequencies, {7y, Vpp, Vnp}, in BHXRBSs, as shown in Table
5.1. We have not taken very high values for the () parameter, as the particle
oscillation is expected to be close to the equatorial plane in typical BHXRB
scenarios.

2. The effective r, ranges that produce the required QPO frequency ranges are
Ar, ~ 2 — 15 for vy, Ar, ~ 2 — 10 for v,,, and Ar, ~ 4 — 20 for v,,, where
a varies from 0 to 1. While these Ar, values are strongly dependent on e,

they are only weakly dependent on the () parameter. The frequency 7y, (see
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Figure 5.9) increases with a, which implies that we expect to find high type
C LFQPO values (nearly oy, ~ 0.001) for the black holes with high spin.

3. As e increases, the allowed region shifts close to the black hole. In other
words, we expect (non)equatorial eccentric orbits close to the black hole to
create the allowed frequency range, whereas circular orbits at comparatively
larger radius cater to the same frequency range (see Figure 5.6). This is con-
sistent with the finding that the GRPM favors slightly eccentric and strongly
relativistic orbits. We also see that as e increases, the frequencies deviate
and decrease from corresponding circular orbit frequencies; for example, 774
decreases by 30% for e = 0.25 to 60% for e = 0.5 (see Figure 5.7), v, de-
creases by 40% for e = 0.25 to 79% for e = 0.5 (see Figure 5.8), and oy,
decreases by 40% for e = 0.25 to 80% for e = 0.5 (see Figure 5.9).

4. The dependence of these frequencies on @) is very weak. Although the change
is comparatively small, we see that these frequencies increase with (). For
example, the maximum increase in 7, is ~3% (see Figure 5.7) and ~10% for
Vpp (see Figure 5.8), whereas it is ~3% for vy, (see Figure 5.9) as ) changes
from 0 to 4. Even for high ) values, say Q ~ 10, the change in frequencies
is of the same order.

5. Expectedly, the associated frequencies increase as the r, of a trajectory de-
creases for a given {e, a, Q}, where r, of an eccentric trajectory is limited
by the corresponding separatrix orbit, having the same {e, a, Q} values.

6. As shown in Figure 5.10, the 3:2 or 5:3 ratios of HFQPOs originate in the
region very close to the separatrix orbits, which is between MBSO and ISSO
radii corresponding to typically Ar, ~ 2 — 6; this range is dependent on a
since 7, decreases as a increases. The frequency ratio contours shift close to
the black hole as e is increased, whereas these contours move toward large
rp as () is increased. This indicates that nonequatorial orbits show a 3:2 or
5:3 ratio of HFQPO frequencies farther away from the black hole than the
equatorial orbits, and eccentric orbits have such ratios comparatively closer

to the black hole than the circular orbits. Therefore, e() and 00 orbits close
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to the black hole can account for these ratios, as e and ) have canceling

effects.

5.2.2 Spherical orbits: (0

Similar to the e@) trajectories, the spherical orbits (Q0) are also specific to the
rotating black holes. They are the orbits with a constant radius, r,, where the
orbital plane precesses on a sphere about the spin axis of the black hole. Similar
to the ISCO and MBCO radii for circular orbits, ISSO and MBSO radii exist for
the spherical orbits that are functions of the a and ) parameters. We explore
the ranges of parameters, {r,, a, @}, for spherical orbits allowed by the observed
frequency range of QPOs (see Table 5.1). The fundamental frequency formulae
for the spherical orbits reduce to the form given by Eqs. (4.23-4.25¢).

In Figure 5.11, we show the contours of the quantities

o [’745 (T&a’ Q) — D(b (Tsaa7Q = O)]
0y (1s,0,Q) = Vo (r, O = 0) : (5.3a)

(@) =l Bt e @20l ()

onp (7s5,0,Q) = [Pap (7, C; ()r_ aDnZ?(Za(;l)a Q= 0)]’ (5.3¢)

for QPOs in the (75, a) plane for spherical orbits with @ = {2, 4} assuming
the GRPM, using Eqs. (4.23-4.25c). The blue contours in Figures 5.11 and 5.12
represent the ISSO radii, and the black contours represent the MBSO radii. The

results for spherical orbits are enumerated below:

1. Assuming the GRPM, we see that the spherical orbits with @) ~ 0 —4 are in
the expected range of QPO frequencies for BHXRBs. The allowed range of
rs to source the QPOs is typically ~ 3 — 18 for 7, (see Figures 5.11(a) and
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FIGURE 5.11: The contours of d4 (75, a, Q) are shown for (a) Q=2, (b) Q=4;

dpp (15,0, Q) for (c) Q=2, (d) Q=4; and dyp (75,0, Q) for () Q=2, (f) Q=4 in
the (75, a) plane for the spherical orbits around a Kerr black hole.
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5.11(b)), ~ 3 —12 for v, (see Figures 5.11(c) and 5.11(d)), and ~ 3 —20 for

Unp (see Figures 5.11(e) and 5.11(f)), where a varies from 0 to 1.

2. The frequencies change weakly with (). The maximum changes in frequencies

are ~2—3% for v,, ~11—23% for v, and ~4—8% for v, as () changes from
2 to 4 for the spherical orbits.
decreases for a given {a, Q}.

3. We see from Figure 5.12 that the 3:2 or 5:3 ratio of HFQPOs, 7,/1,,,, for

The associated frequencies increase as r;

spherical orbits should emanate in the region r, ~ 3 — 7 for Q=2 and r, ~

3.5 — 7.5 for Q=4. The ranges of r¢ are also dependent on a, where r, for a

given ratio contour decreases as a increases.
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FIGURE 5.12: The HFQPO frequency ratio, 7y/pp, contours are shown for
the spherical orbits around a Kerr black hole in the (75, a) plane, assuming the
GRPM for (a) @ =2 and (b) Q = 4.

5.3 Parameter estimation of orbits in black hole

systems with observed QPOs

Next, we take up a few cases of black hole systems that are known to have shown
either two or three simultaneous QPOs in their PDS, and we extract the parameter
values of the nonequatorial eccentric (eQ), equatorial eccentric (e0), and the spher-
ical orbits (Q0) corresponding to the observed QPO frequencies using our GRPM.
The solution for a given GRPM class (eQ, Q0, €0) being attempted here is based
on balancing the knowns (number of simultaneous frequencies, two or three) with
the number of unknown parameters {e,r,,a,Q} (see Table 5.2 illustrating this
criterion). For the three frequency cases (M82 X-1 and GRO J1655-40), we have
to either supply a from available data or deduce this using a procedure that in-
volves minimizing x? in the unknown parameter volume. For the geometric study
of orbits that is of importance here, we have taken the view that the best ap-
proximation to a is to be determined first, and then the solution vector {e,r,, @}
(which is crucial for the orbital shape) for the peak probability is found. We
have taken slightly different approaches for the two sources as exact solutions are

found only in one of the two sources (M82 X-1), where we minimize x? in the a
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TABLE 5.2: Various GRPMs, Their Corresponding Unknown Parameters, and
Underlying Assumptions for BHXRBs with Three and Two Simultaneous QPOs.

*need to supply a from the best fit of y?;

fa is fixed from the available data (see Table 5.3).

BHXRB with 3 QPOs
GRPM Model parameters Number of parameters Number of observed QPOs
eQ {e, 1p, a, Q} 4 3*
€0 {e, rp, a} 3 3
Qo {a, 7, Q) 3 3
BHXRB with 2 QPOs
e0 {e, rp} 2 21
Qo {re, Q) 2 2!

dimension to isolate a. In the other case where no exact solution vector is found

(GRO J1655-40), and where it is computationally expensive to explore the full

four-dimensional parameter volume of {e,r,,Q,a} in a fine-grained manner, we

have only done a primary coarse-grained search to find a sufficiently accurately

and then proceeded to determine the unknown parameters {e,r,, @} by a fine-

grid search. The two QPO frequency cases (XTE J1550-564, 4U 1630-47, and

GRS 1915+105) are searched by direct fine-grid computations assuming a from

available data (see Table 5.2 and 5.3).

We describe our parameter search criteria below:

1. For BHXRBs with three simultaneous QPOs, that is, M82 X-1 and GRO
J1655-40 (see Table 5.3), since a type C LFQPO is also present, which cor-

responds to the nodal oscillation frequency (vy;,), we search for all e@, €0,

and QO orbit solutions. We use Eqgs. (4.11) and (4.14) to equate the QPO

frequencies to {vy, Vpp, Vnp} and find the parameters {e, r,, a} of eQ) and €0

orbits for M82 X-1 and GRO J1655-40. Next, we calculate the most probable

spin of the black hole to estimate {e, r,,, @} of the orbit. Similarly, we study
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the QO orbits as solutions to the QPOs using Eqs. (4.23-4.25¢) and find the
parameters {rs, a, Q} for these BHXRBs. Hence, the parameters searched

for these cases are

e and e0, {M = fixed from observations, e, r,,a,Q) ={0,1,2,3,4
3QPOs = { g { (5.313

QO0, {M = fixed from observations,e = 0,rs,a,Q}.

2. For BHXRBs with two simultaneous QPOs, that is, XTE J1550-564, 4U
1630-47, and GRS 19154105 (see Table 5.3), we expect that the solutions
are likely to be equatorial as the LFQPO, or vy, oscillation, is absent (this is
consistent with no large-amplitude nodal oscillations and strictly equatorial
orbits). Hence, we search for e0 solutions using Eqs. (4.14) for {v, v,,} to
find {e, r,} of the orbit. However, we also check for the Q0 orbital solution in
these systems and estimate the parameters {r,, Q} using {vy, v,,}. Hence,

the parameters searched for in these cases are

e0, M, a) = fixed from observations, e, r,, ) = 0},
2QP0Os = tiM.a) . (g.4b)

Q0, {(M,a) = fixed from observations,e = 0,ry, Q}.

We have summarized the history of black hole systems considered here in Ap-
pendix B.1. In §5.3.1, we summarize the observations related to QPO detection,
mass, and spin estimation and the parameters we estimated for each source. In
§5.3.2, we explain the method used to estimate the parameters of these orbits and
corresponding errors and then present the results for the (non)equatorial eccentric

orbits in §5.3.2.1, and spherical orbits in §5.3.2.2.

)
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5.3.1 Source selection

Here we summarize the QPO observations of the black hole systems that we have
selected to implement the GRPM for the general eccentric and spherical trajec-
tories. We have chosen cases where either two or three simultaneous QPOs have

been detected, which are as follows:

1. M82 X-1: We use the HF-analog QPOs of M82 X-1 along with the other
detected LFQPOs (Pasham and Strohmayer 2013b) to estimate the parame-
ters {e, rp, a} of the eQ) and €0 trajectories, where the QPOs are created, by
varying () in the range 0 — 4 using the GRPM. Next, using these results, we
calculate the most probable value of a to estimate the remaining parameters
{e, rp, @}, using three simultaneous QPO frequencies, in §5.3.2.1. In our
analysis, we have assumed the mass of the black hole to be M = 428 (Pasham
et al. 2014). We also search for the Q0 orbit solution and estimate the cor-
responding parameters {rg, a, @} assuming the GRPM in §5.3.2.2. In this
paper, we have assumed that the LFQPOs are simultaneous with 3.324+0.06
Hz and 5.07+£0.06 Hz QPOs, because these HF-analog QPOs were found
to be stable over a few years (Pasham et al. 2014), and during this period
LFQPOs were also detected; see Table 5.3. Hence, we explore the parameter

space of {M =428, e, 1,, a, Q} (see Equation (5.4a)).

2. GRO J1655-40: We use three simultaneous frequencies detected, 441+2 Hz,
29844 Hz, and 17.3£0.1 Hz (Motta et al. 2014a), to associate them with
the general e) and e0 trajectories assuming the GRPM in §5.3.2.1. We also
explore a Q0 trajectory solution. For this BHXRB, we fixed the mass of the
black hole to the previously known value, M = 5.4 (Beer and Podsiadlowski
2002). We did not find any QO orbit solution for this BHXRB. Hence, we
explore the parameter space of {M = 5.4, e, r,, a, @} (see Equation (5.4a)).
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TABLE 5.3: Summary of existing BHXRBs that exhibit either three or two
simultaneous QPOs. The first two rows represent the cases having twin HFQ-
POs with simultaneous type-C QPO. The remaining rows show the cases of
BHXRB having only twin HFQPOs. The columns show the source name, QPO
frequencies, and previously measured mass through optical, infra-red or X-ray
observations, previously known spin of the black hole measured by fit to the Fe
Ka line or to the continuum spectrum (for 1 and 2 we calculate the parameter a
from our method), and the class of GRPM applied to estimate the parameters.
The references are indicated by lower case letters (a-m).

References: (a) Pasham et al. (2014), (b) Pasham and Strohmayer (2013b),
(c) Motta et al. (2014a), (d) Beer and Podsiadlowski (2002), (e) Miller et al.
(2001), (f) Orosz et al. (2011), (g) Miller and Miller (2015), (h) Klein-Wolt
et al. (2004), (i) Seifina et al. (2014), (j) King et al. (2014), (k) Strohmayer
(2001Db), (1) Steeghs et al. (2013), (m) Miller et al. (2013).

S.No BHXRB v (Hz) vy (Hz) vy (Hz) M a Model
classes
1. M82 X-1 5.0740.06 3.3240.06® (204.8 +6.3 x 1073)") 4284105 - eQ, €0, Q0
2. GRO J1655-40 441420 2084-4(°) 17.340.1© 5.440.3(@ - eQ, €0, QO
3. XTE J1550-564 26843 18843 - 9.140.610  0.347047 © €0, QO
4. 4U 1630-47  179.345.7M  38.0647.3M - 10£0.10 0.985700% @ €0, QO
5. GRS 1915+105 69.240.15%)  41.540.4% - 10.140.60  0.98+0.01™ €0, QO

3. XTE J1550-564: We use the simultaneous frequencies, 268+3 Hz and 188+3
Hz (Miller et al. 2001), in our GRPM and calculate {e, 7,} of the orbit
assuming the e0 orbit in §5.3.2.1. We also estimate the parameters {rs,
Q} of the QO orbit using these QPO frequencies in §5.3.2.2. We assumed
that the mass of the black hole is M = 9.1, as estimated using the optical
spectro-photometric observations (Orosz et al. 2011), and that the spin of
the black hole is a = 0.34 (Miller and Miller 2015), estimated from the disk
continuum spectrum. Hence, we explore the parameter space of {M = 9.1,
a=0.34, e, r,} for €0 orbits and {M = 9.1, a = 0.34, 5, Q} for QO orbits
(see Equation (5.4b)).

4. 4U 1630-47: We use the twin HFQPOs at 179.34+5.7 Hz and 38.06+7.3 Hz

(Klein-Wolt et al. 2004) and associate them with the fundamental frequencies
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of the €0 orbits to find the parameters {e, r,} in §5.3.2.1. We assumed the
mass of the black hole to be M = 10, calculated from the scaling of the
photon index of the Comptonized spectral component with the LFQPOs
(Seifina et al. 2014). We fixed the spin of the black hole to a = 0.985, as
previously estimated from the fit to the reflection spectrum using NuSTAR
observations (King et al. 2014). We did not find a Q0 orbit solution for this
BHXRB. Hence, we explore the solution space of {M = 10, a = 0.985, e,
rp} for the €0 orbit (see Equation (5.4b)).

5. GRS 1915+105: We take simultaneous HFQPOs at 69.24+0.15 Hz and 41.5+0.4
Hz (Strohmayer 2001b) to study the €0 orbits using the GRPM and calcu-
late the corresponding parameters {e, r,} in §5.3.2.1. We fixed the mass of
the black hole to M = 10.1, estimated using the near-infrared spectroscopic
observations (Steeghs et al. 2013). We assumed the spin of the black hole
to be a = 0.98, calculated by fitting to the disk reflection spectrum using
NuSTAR observations (Miller et al. 2013). We did not find a Q0 orbit solu-
tion for this BHXRB. Hence, we explore the solution space of {M = 10.1,
a=0.98, ¢, r,} for the €0 orbit (see Equation (5.4b)).

We have summarized the BHXRB data in the Table 5.3 along with the frequencies
of detected QPOs, and previously known values of mass and spin of the black hole,

along with their references.

5.3.2 Method used and results

We apply the GRPM to associate the fundamental frequencies of e@), €0, and Q0
orbits with QPOs. Here, we describe a generic procedure that we have used to

estimate errors in the orbital parameters. A flowchart of this method is provided

in Fig. 5.13.
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Joint Probability density
P(w) = TILP W), i=1tol,
where [=3 for M82 X-1 and GRO J1655-40,
and (=2 for XTE J1550-564, 4U 1630-47, and GRS 1915-+105.

Jacobian
Find J; using Eq. (5.6), where 4,j=1 to [.

Eccentric orbits - z;'s={e, rp, a} for [=3, and z;’s={e, 7} for I=2.

Spherical orbits - z;’s={rs, a, Q} for [=3, and z;’s={rs, Q} for [=2.

Exact solutions

Find the exact solutions for x;’s using the frequency formulae,

Egs. (4.11), (4.14) and (4.23-4.25¢). Fix M or {M, a} to the pre-

viously known values for /=3 and [=2 respectively, see Table 5.3.

Probability density and normalization factor

Choose appropriate range for z;’s near exact solution and resolu-
tions Az;’s to find P ([z]) and A using Egs. (5.7) and (5.8a). For

the case with no exact solution, for example GRO J1655-40, we

choose complete range of parameters to calculate P ([z]) and N.

Normalized probability density
Find P ([z]) using Eq. (5.8b), which is
P (z1, T2, x3) for =3 and P (w1, xs) for I=2.

Integrated profiles

Integrate P ([z]) to obtain the profile in each dimension:
Eccentric orbits - {Py (€), P (rp), P1(a)} for 1=3, {Pi (e), P1 (rp)} for (=2.
Spherical orbits - {P (rs), P1 (Q), P1 (a)} for I=3, {P1 (rs), P1(Q)} for I=2.

Three simultaneous QPOs

Multiple trajectory solutions were estimated for M82 X-1 and
GRO J1655-40 with varying spin. We choose the most probable
value of @ and estimate the exact solutions {eg, rpo, Qo}, prob-

ability density profiles {P; (e), P1 (1), P1(Q)}, and the cor-

responding errors using the same procedure described above.

FIGURE 5.13: Flowchart of the method used to estimate the orbital solutions
for QPOs and corresponding errors.
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1. We assume that the QPO frequencies, v, 15 and v3, are Gaussian distributed
with mean values at vyg, Vo9, and v3g (with 149 > 199 > v39), which are equal
to the observed QPO centroid frequencies (see Table 5.3). For BHXRBs
with two simultaneous QPOs, we only have 14 and 1. The joint probability

density distribution of these frequencies will be given by

P(v) = HPi (n), (5.5a)

where [ = 3 and [ = 2 for BHXRBs with three and two simultaneous QPOs,
respectively. Here, P;(v;) represents the Gaussian distribution of the ith

QPO frequency, given by

2
207

P, (v;) = ——=exp [—M] . (5.5b)

2. We find the Jacobian of the transformation from frequency to orbital param-
eter space using the formulae of fundamental frequencies, which are given
by

Oy, Ja, 2 simultaneous QPOs,
=5 = (5.6a)
/ J3, 3 simultaneous QPOs,

N/

where {i, j}=1 to [ and x; represent the orbital parameters, and J is given

by
o v O
Omy - Oy s v o
= | Ova vy Oy n _ | Ox1 Oz
jg ox1 Oxo oxs a d "72 % % : (56b>
OQus  Ovs Ou 9z1 Oz

o1 Oxro  Oxg

For general eccentric trajectories (@ # 0), which are implemented for
BHXRBs with three QPOs, we have {z1, xo, z3}={e, rp, a}, whereas for
equatorial eccentric trajectories (@ = 0), implemented for BHXRBs with

two QPOs, we have {z;, xo}={e, r,}. Similarly, for the spherical orbit case,
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these parameters are {x1, xq, x3}={rs, @, a} or {z1, z2}={rs, @}. The Jaco-
bian is completely expressible in terms of the standard elliptic integrals and
can be easily evaluated from Equation (5.6) and using the frequency formu-
lae, Egs. (4.11), (4.14), and (4.23-4.25¢), where vy = vy, 15 = (v — 1), and
vs = (vy — vp) according to the RPM and GRPM. The analytic expressions
for the elements of the Jacobian are too long to reproduce here, but they are

used to make our computations faster.

3. Next, we write the probability density distribution in the parameter space
given by
P ([z]) = P (v) |7l (5.7)

where [x] represent the set of parameters {z1, z2, x3} for [ = 3 and {z1, 22}
for I =2, and {vy, v, v3} or {v1, 1} are substituted in terms of parameters

using our analytic formulae.

We take @ = {0,1,2,3,4} for the general {e, @} trajectory solutions that
are implemented for the sources M82 X-1 and GRO J1655-40. For each fixed
value of (), we find the corresponding probability density distribution in the

parameter space using Equation (5.7).

4. We calculate the exact solutions for parameters by solving vy = 10, Vpp =
Voo, and vy, = V3 using Eqs. (4.11) for non-equatorial eccentric trajectories,
Egs. (4.14) for equatorial eccentric, and Eqs. (4.23-4.25¢) for the spherical
trajectories. We fix M for [ = 3, and both M and a for [ = 2 to the previous
values; see Table 5.3. We find 1o errors in the parameters by taking an
appropriate parameter volume around the exact solution, and we generate
sets of parameter combinations with resolution Az; in this volume. The
chosen parameter range, exact solutions, and corresponding resolutions are
summarized in Tables 5.4, 5.6, and 5.7. We then calculate the probability

density using Equation (5.7), for all of the generated parameter combinations
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and normalize the probability density by the normalization factor

= 2 Plzl) AV,
N = Vv

l
AV =[] Az V=) AV, (5.8a)
Jj=1 k

where k varies from 1 to the number of total parameter combinations taken
in the parameter volume, and [z]; is the kth combination of the parameters
in the parameter volume. Hence, the normalized probability density is given
by
P(lz]) = ———. 5.8b
(1) = = (5.80)

5. The allowed parameter combinations for the bound orbits are governed by
the condition, Eq. (4.8). For a spherical orbit, we have e = 0. Hence,
we ensure that the parameters (e, 7,, a, Q)) for eccentric and (rs, a, Q) for
spherical trajectories follow the bound orbit condition. If any parameter
combination does not obey the bound orbit condition, then P ([z]) is taken

to be zero at that point in the parameter volume.

6. Next, we integrate the normalized probability density, P ([z]), Equation
(5.8b), in two dimensions to obtain the profile in the remaining third di-
mension of the parameters for BHXRBs with three simultaneous QPOs, and
similarly by integrating in one dimension for the two QPO cases, we obtain
the profile in the other dimension. So we finally obtain the one-dimensional

distributions P; (e), P (1), and P (a).

7. Finally, we fit the normalized probability density profiles in each of the pa-
rameter dimensions to find the corresponding mean values, and quoted errors
are obtained such that they contain a probability of 68.2% about the peak
value of the probability density. The results of these fits are given in Tables
5.4, 5.6, and 5.7.

8. For BHXRBs M82 X-1 and GRO J1655-40, we find various orbital solutions
showing varying {a, @Q} values. As the spin of the black hole should be
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fixed, we choose the most probable value of a, and then we estimate the
remaining parameters {e, r,, Q}, their profiles {P; (e), P1 (r,), P1 (Q)}, and
the corresponding errors using the same procedure given above in steps 1 to

6, where the orbital parameters are now given by {z1, z2, z3}={e, rp, Q}.

9. Although we have made accurate calculations described above, to obtain a
rough and quick estimate of the errors, we may use the following procedure.
Assuming that the probability density is Gaussian distributed independently
in e, r, and a parameters, the normalized joint probability density distribu-

tion is given by

1 1 e—ep\? r T 2 a—ag\?
_ _ - — 0 p— 'p0 Y
Plerma) = (27r)3/2 007,04 exp{ 2 [( Oe ) " ( Or, ) " < Oq ) ] }7

where the distribution is centered at the exact solution (eg, 70, ag), and o,
o.,, and o, are the corresponding lo errors, derived using the method de-
scribed above. The total probability contained in a volume V in (e,r,,a)

space is given by

fffvexp{—% [(6;60)2 + (@)2 + (“;aaoﬂ }de-drp-da

p= ;
(27)3/2 0c0r, 0
(5.9b)
so that the total probability p inside an ellipsoid in (e, 7,, a) space specified
by
€ — €p 2 Ty — Tpo 2 a — Qo 2
( ) + (—p £ ) +< ) = 53, (5.9¢)
Oc o, Oq

is given by

2 [ —s2\ 2 3 s3

2

where ~y (5, 8—23> is the incomplete gamma function.
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Similarly, for two QPO cases, the joint probability density distribution can

be written as

1 1 e—ep\> Ty — T 2
Pler)=5—— exp{—§[( - ) +(—PU ) ” (5.102)

The total probability contained in a surface S in (e, r,) space is given by

1 1 e — e 2 Tp — T'p0 ?
_ 1 Tp = Tp0 de - dr,.
p 2ro.0,, //Sexp{ 2 [( Oc > +( Or,, ) ]} S

(5.10b)

The total probability inside an ellipse, specified by

2 2
[(e 60) I <M) ] =2, (5.10¢)
o o,

is given by

52 _52 —82
p= / exp (—)s ds=1—exp (—2) (5.10d)
. 2 2

For a given p, we can calculate s and s3, and hence evaluate the error

141
12¢
10¢

b

oo N A OO
p LI B L L L

FIGURE 5.14: Figure showing s3 and s3 as a function of probability p given by
Equations (5.9d) and (5.10d).

ellipsoid corresponding to p. s,? and s3? are shown as a functions of p in
Figure 5.14. This can be used to get rough estimates of the error distribution

of the parameters. However, we calculate them exactly in §5.3.2.
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Next, we summarize the results corresponding to e() and e0 models in §5.3.2.1 and

(20 model in §5.3.2.2.

5.3.2.1 Non-equatorial and equatorial eccentric orbits (e) and e0)

We have taken the cases of five BHXRBs, known to have either three or two
simultaneous detections of QPOs in their observations, to study the eccentric and
nonequatorial trajectories as solutions to the QPOs assuming the GRPM. Here we
summarize the results for the cases of three and two simultaneous QPOs separately,

as discussed below:

1. Three simultaneous QPOs: In our analysis, varying the dimensionless pa-
rameter Q = {0,1,2,3,4} oc (L* — L?) gives us various trajectory solutions
having different {e, r,, a, Q} combinations. We first find the exact solutions
for the parameters {e, r,,, a}, given in the Table 5.4, by equating the centroid
frequencies of three simultaneous QPOs (see Table 5.3) to {vg, Vpp, Vnp} for
each value of @ = {0,1,2,3,4} using our analytic formulae (Eqgs. (4.11)).
We estimate errors for the parameters {e, r,, a} using the method discussed
in §5.3.2 (see Figure 5.13) for each value of ). The results of fits to the
integrated profiles {P; (e), P1(rp), Pi1 (a)} are summarized in the Table 5.4.
Since the spin of the black hole is not expected to vary, we estimate the
most probable spin value for these black holes and then estimate the orbital
parameters {e, 7,, @} and their corresponding errors again using the same
method discussed in §5.3.2 (see Figure 5.13). The results for each case are

as follows:

e M82 X-1: In this case, we find that the (non)equatorial trajectories
with small to moderate eccentricities e ~0.18—0.28 with r, =4.6—5.07

and a =0.28—0.31 (see Table 5.4) are possible exact solutions for the



Chapter 5: A geometric origin for QPO frequencies in BHXRB 173

0.31
0.34
0.30
0.32F ]
030 } { 0.29 } }
I S
028L A 0.28F 1
0.26 0.27
0.24 .
0 1 2 3 4 02675 1 2 3 4
Q Q

FIGURE 5.15: The figures show 1o errors in the spin parameters for various
@ values for exact solutions of (a) M82 X-1, and corresponding to the peak of
the probability distributions for (b) GRO J1655-40, as given in the Table 5.4.
The upper and lower dashed curves correspond to the limits of the calculated
errors. Although each @ value corresponds to a different spin of the black hole,
the calculated values, and corresponding errors are within a narrow band which
puts a sharp and reasonable constraint on the spin of the black hole.

observed QPO frequencies in M82 X-1, for () between 0 and 4. Starting
with these exact solutions, the most probable value of the spin is found
first. In Fig 5.15(a), we show the spin variation in the parameter solu-
tions for QPOs as a function of (). Next, to estimate the most probable

value of the spin, we minimize the function
2 (a — ai)2
o= —5—, (5.11a)

which gives
Zi (ai/ai)
> (1e2)’

where ¢ = 1 — 6 corresponds to six probable solutions for a, and the o;

a= (5.11b)

values are the corresponding 1 o errors, where five of these are given
in Table 5.4, and the remaining one corresponds to the spherical orbit
solution found for M82 X-1 given in Table 5.7. By including these six
solutions, we have spanned the complete (e, ()) parameter space, which
is bounded by e0 and (O solutions. This gives us the most probable
spin value of a = 0.2994.

Hence, we fix the spin of the black hole to this most probable estimate



Chapter 5: A geometric origin for QPO frequencies in BHXRB 174

and then calculate the remaining parameters {e, r,, )} and correspond-
ing errors using the method given in §5.3.2 and Figure 5.13. We find
the exact solution for QPOs at {e = 0.2302, r, = 4.834, Q = 2.362}
calculated by equating centroid QPO frequencies to {vy, Vpp, Vnp  While
fixing @ = 0.2994. The probability density distribution profiles {P; (e),
Pi(rp), P1(Q)}, along with their model fit, and the probability con-
tours in the parameter plane {e, Q}, {r,, e}, and {Q, r,} are shown in
Figure 5.16. The results of the model fit to the integrated profiles are
summarized in Table 5.5. The corresponding errors are quoted with re-
spect to the exact solution of the parameters, which slightly differ from
the peak of the integrated profiles {P; (e), P1 (1), P1(Q)}, as expected
(see Figure 5.16).

e GRO J1655-40: For this case, we did not find the exact solution for
the parameters {e, r,,, a} when the centroid frequencies of QPOs, Table
5.3, are equated to {vy, Vpp, Vnp}. However, we generate the probability
density profiles P; (e), P; (1), and Py (a) for each value of () between
0 and 4. The results of fits for these profiles are summarized in Table
5.4. We found that the probability density peaks near very small ec-
centricities e ~ 0.05 — 0.07 for various values of ), whereas r, ranges
between 5.24 and 5.43 and a ranges between 0.282 and 0.291; see Table
5.4. The change in the value of the spin of the black hole as a function
of @ is shown in Figure 5.15(b) for GRO J1655-40. Next, we find the
most probable value of the spin for this BHXRB. Since we did not find
any exact solution for the parameters by equating centroid frequencies
of QPOs to the frequency formulae, we calculated the y? function given

by

2 (V¢> - Vlo)2 (Vpp - V20)2 (Vnp - Vso)2
X = 5 + 3 + 5 , (5.12)
g7 93 93

in the four-dimensional parameter space {e, 7,, a, @} using Egs. (4.11)
for {vs, Vpp, Vnp}, and we numerically found the minimum x? = 2.814

for the parameter combination {e = 0.021, r, = 5.51, a = 0.283, Q =
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FIGURE 5.16: The probability contours in the parameter planes are shown in (a)
{e, Q}, (b) {rp, e}, and (c) {Q, 7p}, where the + sign marks the exact solution
for the parameters for QPOs in M82 X-1 with a = 0.2994. The probability
density profiles are shown in (d) P; (e), (e) Py (rp), and (f) Pi1 (Q), where the
black points represent integrated probability densities and the blue curves are
their model fit. The dashed vertical lines enclose a region with 68.2% probability,
and the solid vertical line marks the peak of the profiles.

0}. This is a primary coarse-grained search to find a viable solution

of a. Next, we assume a = 0.283 corresponding to the minimum y?

to calculate the final solution for the parameters {e, r,, Q}, which are

the key parameters for the geometric study, using the more accurate

fine-grid method described in §5.3.2 and Figure 5.13.

We find that

the probability density peaks near {e = 0.071, r, = 5.25, @ = 0}. The

results of fitting to the {P; (e), P1 (r,), P1 (Q)} profiles are summarized

in the Table 5.5, whereas these profiles with their model fit and the

probability contours in the parameter plane {e, Q}, {r,, e}, and {Q,

r,} are shown in Figure 5.17.

Hence, we conclude for both M82 X-1 and GRO J1655-40 that (non)equatorial
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FIGURE 5.17: The probability contours in the parameter planes are shown in
(a) {e, Q}, (b) {rp, e}, and (c) {Q, rp}, where the + sign marks the peak of the
probability density for GRO J1655-40 with a = 0.283. The probability density
profiles are shown in (d) P; (e), (e) P1(rp), and (f) P (Q) , where the dashed
vertical lines enclose a region with 68.2% probability and the solid vertical line
marks the peak of the profiles.

trajectories (both e@ and e0) with small or moderate eccentricities in the
region very close to the black hole are the solutions for the observed QPOs
assuming our GRPM. A self-emitting blob of matter close to a Kerr black
hole can have enough energy and angular momentum to attain an eccen-
tric and nonequatorial trajectory. These results are also consistent with the
conclusions made in §5.2.1 that the trajectories having small to moderate
eccentricities with () = 0 — 4 are also possible solutions for the observed

range of QPO frequencies in BHXRBs.

The errors in QPO frequencies cause to a distribution in the solution space
{e, rp, Q} as solutions using our GRPM, as shown in Figures 5.16 and 5.17.
We take various combinations of these parameters within the range of 1o

errors, as summarized in Table 5.5, as any such parameter combination is a
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probable solution for the frequencies within the width of QPOs observed in
the power spectrum. In Figure 5.18, we have plotted together the trajectories
for these parameter combinations for both BHXRBs M82 X-1 and GRO
J1655-40. Each trajectory has different parameter values {e, r,, Q} and
is indicated by a different color, where we fixed the spin of the black hole
to a = 0.2994 for M82 X-1 and a = 0.283 for GRO J1655-40. Hence,
these trajectories, having fundamental frequencies very close to each other
and within the width of the QPO, together simulate the strong rms of the
observed QPOs. The trajectories together span a torus in the region 4.7 —
9.08 for M82 X-1 and 5.11 — 6.67 for GRO J1655-40, which should be the
emission region for QPOs, where we expect precession frequencies of both
the eQ) and e0 trajectories. The ISCO radius is ~ 5 for both the cases of
BHXRB. We suggest that the simultaneous HFQPO and LFQPO emission
should be from a region that is close to the inner edge of the accretion disk
(rim), where both e@ and e0 trajectories span a torus; the disk edge could be
a source of blobs that are generating QPOs, as we will argue later in §5.5. In
contrast, a rigid body precession model is invoked by some authors (Ingram
et al. 2009; Ingram and Done 2011, 2012), where Lense—Thirring precession
of a rigid torus is suggested as the origin of the type C QPOs. Here, instead of
the rigid precession of a solid torus, we propose that a collective precession of
various trajectories, spanning a torus region, explains the origin of HFQPOs
and LFQPOs simultaneously. We argue that HFQPOs originate when 7,
comes in very close to the black hole at some point during the outburst (the
soft state). In the hard state, ry, is farther out, and the type C QPO is more
frequent and it is more prone to the vertical oscillations (1,,). This scenario
explains the increase in the frequency of type C QPOs with a decrease in

rin, While the spectrum transits from the hard to soft state.

2. Two simultaneous QPOs: We have considered only equatorial eccentric tra-
jectories, Q=0, for these BHXRBs, as we can estimate only two parameters of

the orbit corresponding to two simultaneous QPOs. First, we find the exact



Chapter 5: A geometric origin for QPO frequencies in BHXRB 178

() (b)

FIGURE 5.18: The figures show various trajectories together having parameter
combinations {e, rp, @} within the estimated range of 1o errors, as tabulated in
the Table 5.5, for (a) M82 X-1 and (b) GRO J1655-40. The spin of the black hole
is fixed to the most probable estimates, which are a = 0.2994 for M82 X-1 and
a = 0.283 for GRO J1655-40. Each color corresponds to a different parameter
combination, where {e = 0.18 — 0.29; r, = 4.7 —5; Q = 1 — 4} for M82 X-1 and
{e =0.035-0.103; r, = 5.11 — 5.42; Q = 0 — 0.6234} for GRO J1655-40.

solutions for the parameters {e, r,}, summarized in Table 5.6, by equating
the centroid frequencies of two simultaneous QPOs (see Table 5.3) to {vy,
Vppt using our analytic formulae for Q=0, Eqs. (4.14). Then we calculate
the errors in the parameters {e, r,} using the method discussed in §5.3.2
(see Figure 5.13). The results are summarized in Table 5.6. These results

are described below:

o XTFE J1550-56/: We find that an equatorial trajectory with eccentricity
e = 0.262 with r, = 4.365 (see Table 5.6) as a solution for the observed
QPO frequencies in XTE J1550-564. The calculated probability den-
sity profiles in e and r, dimensions, P; (e) and P; (r,), were found to
be skew symmetric and were fit by an interpolating function. The cor-
responding errors were obtained by taking the integrated probability
of 68.2% about the peak value of the probability density distributions.
The quoted errors are calculated with respect to the exact solution of

the parameters, which slightly deviates from the peak of the integrated
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profiles {P; (e) and P, (1,)}; see Figure 5.19 and Table 5.6. These pro-
files, corresponding model fit, and the probability contours in the (e,

rp) plane are shown in Figure 5.19.

e 4U 1630-47: We found an exact solution at {e = 0.734, r, = 2.249}
(see Table 5.6) by equating {vy, vy} instead of {vy, vpp} to the cen-
troid QPO frequencies. This might be because the QPO with a lower
frequency of ~ 38Hz (see Table 5.3) is too small to be an HFQPO.
The calculated probability density profiles in the e and 7, dimensions,
the corresponding model fit, and the probability contours in the (e, ;)
plane are shown in Figure 5.20. In this case, too, we see that P; (e) and
Py (r,) profiles are skew, such that the integrated probability is 68.2%
about the peak value of the probability density distributions, and the
errors are quoted with respect to the exact solution of the parameters,
which slightly deviates from the peak of the integrated profiles P; (e)
and P; (r,) (see Figure 5.20 and Table 5.6). We see that a highly ec-

centric orbit is found as the most probable solution.

e GRS 1915+105: We found an exact solution at {e = 0.918, r, = 1.744};
see Table 5.6. We find a highly eccentric equatorial trajectory as the
most probable solution that can give the observed QPO frequencies
in GRS 1915+105. This result is similar to the case of 4U 1630-47,
which leads us to observe that a black hole with a high spin value
prefers a highly eccentric orbit solution to simultaneous QPOs. The
calculated probability density profiles P; (e) and P; (r,) are well fit by
the Gaussian. The corresponding model fit and the probability contours

in the (e, r,) plane are shown in Figure 5.21.

Hence, we conclude that for XTE J1550-564, 4U 1630-47, and GRS 19154105,
the e0 model in the region r, = 1.74 — 4.36 are the probable cause of the

observed QPOs in the power spectrum. We found high eccentricity values

for the orbits as solutions for QPOs in the cases of BHXRB 4U 1630-47
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TABLE 5.4: Summary of results corresponding to (Non)equatorial eccentric solutions (e@ and e0) for BHXRBs M82 X-1 and GRO
J1655-40. The columns describe the range of parameter volume considered for {e, 7,, a} with a chosen resolution to calculate the
normalized probability density at each point inside the parameter volume using Equation (5.8b), the exact solutions for {e, rp,, a}
calculated using Egs. (4.11), and the results of the model fit to Py (e), P (1p), and P (a), for each value of ) between 0 and 4.

BHXRB e range Resolution  Exact Model fit r, range Resolution Exact Model fit a range Resolution  Exact Model fit
Ae solution  to P; (e) Ary solution  to P (r,) Aa solution to P (a)
€ Tpo Qo
M82 X-1 0.23 — 0.32 0.001 0.277  0.277700% 4.4 -4385 0.005 4.616  4.616709%9  0.26 —0.32 0.001 0.290  0.290 £ 0.009
0.21 — 0.31 0.001 0.259 02597002  43-5 0.01 4.698  4.698109%%  0.265 — 0.315 0.001 0.294  0.294 =+ 0.009
0.19 — 0.29 0.001 0.239  0.23970080 445 5.1 0.01 4.795  4.795T09%6  0.27 - 0.32 0.001 0.298  0.298 £ 0.009
0.16 — 0.26 0.001 0.214  0.21470592 455 —5.25 0.01 4913 4.91370%L 0.28 - 0.33 0.001 0.302 0.30240.009
0.12 — 0.24 0.001 0.187  0.18770%:3 4.65 —5.35 0.01 5.067  5.06739%% 0.285 —0.335 0.001 0.308 0.308=+0.009
GRO J1655-40 0—0.22 0.002 - 0.077505%2 4.6 5.7 0.01 - 5247519 0.265 — 0.3 0.001 - 0.28240.003
0—0.22 0.002 - 0.06270039 4.6 5.8 0.015 - 530570150 0.24 — 0.32 0.002 - 0.28440.003
0-0.2 0.002 - 0.0561005  4.7—5.85 0.015 - 5.34510180  0.27 - 0.31 0.001 - 0.28640.003
0-0.2 0.002 - 0.052709%%  4.75 - 5.9 0.015 - 539570150 0.275 — 0.32 0.001 - 0.28840.003
0-0.2 0.002 - 0.0570:93¢ 4.8 —5.95 0.015 - 54375147 0.278 — 0.31 0.001 - 0.29140.003

0.162
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TABLE 5.6: Summary of results corresponding to the equatorial eccentric orbit
solutions for BHXRBs XTE J1550-564, 4U 1630-47, and GRS 1915+105. The
columns describe the parameter range considered for {e, r,}, its resolution, the
exact solutions for {e, r,} calculated using {vg, vpp} for XTE J1550-564 and
GRS 1915+105, and using {vy, vnp} for 4U 1630-47 using Egs. (4.14), and
results of the model fit to Py (e) and Py (7).

BHXRB e range Resolution Exact Model fit 7, range Resolution Exact Model fit
Ae solution  to P, (e) Ar, solution to P, (r,)
€0 T'p0
XTE J1550-564  0.01 — 0.7 0.0005 0.262 0.26279%%  25-6.5 0.005 4.365  4.365791%
4U 1630-47 0.4 —0.99 0.0005 0.734 0.7347996 145 0.005 2249 224910249
GRS 1915105 0.6 — 0.999 0.0005 0.918  0.91840.002 0.3 —4 0.005 1.744  1.744759%
0.0025¢ 04l
0.0020¢
< 0.0015 03
N o — 1%
0.0010¢ 0.2 1 —_ 5%
0.0005¢
0.0000 RN R o1
e o
(a) (b)
0.010
5.5 ] 0.008}
5.0f ] 2 0.006¢
a — 34.1% =
S s ] & 0.004}
45 — 68.2%
4.0t 1 — 95% 0.002}
b o.oog.
0.0 0.1 0.2 0.3 04 05
e Tp

() (d)

FIGURE 5.19: The integrated density profiles of BHXRB XTE J1550-564 are
shown in (a) P; (e) and (d) P1 (rp) , where the dashed vertical lines enclose a
region with 68.2% probability, and the solid vertical line corresponds to the peak
of the profiles. The probability contours of the parameter solution are shown in
the (b) (7}, €) and (c) (e, rp) planes, where the + sign marks the exact solution.
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FIGURE 5.20: The integrated density profiles are shown in (a) P; (e) and (d)
P (rp) for BHXRB 4U 1630-47, where the dashed vertical lines enclose a region
with 68.2% probability, and the solid vertical line corresponds to the peak of the
profiles. The probability contours of the parameter solution are shown in the
(b) (rp, €) and (c) (e, rp) planes, where the + sign marks the exact solution.

and GRS 1915+105, and this indicates that black holes with very high spin

values prefer highly eccentric orbits in the QPO solutions.

We show all of the eccentric trajectory solutions together for both ¢ = 0 and
@) # 0 in Figure 5.22 in the (r,, a) plane along with the radii ISCO (ISSO), MBCO
(MBSO), light radius, and the horizon. We see that the calculated eccentric orbit
solutions are found in region 1 of the (r,, a) plane (as defined in Figure 5.4) and
near ISCO for () = 0 in the cases of BHXRB 4U 1630-47, GRO J1655-40, and
GRS 1915+105. The trajectory solutions are found in region 2 near ISCO for XTE
J1550-564 (@ = 0) and near ISSO for M82 X-1 (@ = 2.362; as defined in Figure
5.4). These results are also consistent with the results discussed in §5.2.1, except

that very high e values are found for trajectories in BHXRB 4U 1630-47 and GRS
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FIGURE 5.21: The integrated density profiles are shown in (a) P; (e) and (d)
Py (rp) for BHXRB GRS 19154105, where the dashed vertical lines enclose a
region with 68.2% probability, and the solid vertical line corresponds to the peak
of the profiles. The probability contours of the parameter solution are shown in
the (b) (7, €) and (c) (e, rp) planes, where the + sign marks the exact solution.
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FIGURE 5.22: Equatorial eccentric orbit solutions for QPOs observed in
BHXRBs GRO J1655-40 (purple), XTE J1550-564 (cyan), 4U 1630-47 (brown),
and GRS 19154105 (orange) for (a) @ = 0; and (b) the nonequatorial eccentric
orbit solution for BHXRB M82 X-1 (magenta) for @ = 2.362.
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1915+4-105. Hence, we conclude that the eccentric trajectory solutions with () = 0
and @) # 0 for the observed QPOs in BHXRBs are found either in the region 1
or region 2 of the (r,, a) plane but close to the ISCO (ISSO) curve; we call this
radius as Ry. As all these orbit solutions are distributed near Ry, it is expected
that this radius is very close to the inner edge radius, ry,, of the circular accretion
disk, which could also be a source of blobs that are generating these QPOs. The
torus region, shown in Figure 5.18, spans a part of regions 1 and 2 near Ry, which
can be represented as (Rofﬁ;), where A; represents a small deviation from Ry
(which need not be the center point of the torus in this scenario). This means

that the orbits near R, are induced by the instabilities in the inner flow to be

(non)equatorial and eccentric.

5.3.2.2 Spherical Orbits

Here we summarize the results of associating the spherical orbits around a Kerr
black hole with QPOs in BHXRBs. We limited this study to the cases of BHXRBs
MS82 X-1 and XTE J1550-564, as we found the exact solutions for the parameters
{rs, a, Q} or {rs, a} for only these two BHXRBs when we solved {v, = 1,
Vpp = V20, Vnp = V30 } for M82 X-1 and {vy = vy, vpp = a0} for XTE J1550-564
using Equations (4.23-4.25¢). We calculated errors for the parameters using the
method discussed in §5.3.2 (also see Figure 5.13); these results are summarized in

the Table 5.7 and are presented below:

e M82 X-1: We found the exact solution for a spherical orbit at {r, = 6.044,
a = 0.321, @ = 6.113} for M82 X-1. The spherical trajectory with these
parameter values is shown in Figure 5.23(a). The calculated probability
density profiles and the model fit are shown in Figure 5.24. The P; (ry)
and P; (Q) profiles were found to be skew symmetric, and the integrated

probability is 68.2% about the peak of the probability density distribution
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FI1GURE 5.23: Spherical trajectories corresponding to the exact solutions calcu-
lated for (a) M82 X-1 at {r; = 6.044, a = 0.321, Q = 6.113} and for (b) XTE
J1550-564 at {rs = 5.538, a = 0.34, Q = 2.697}, as also provided in Table 5.7.
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FIGURE 5.24: Probability density profiles in {rs, a, @} dimensions for M82 X-1:
(a) Py (rs), (b) Pi(a), and (c) P1(Q). The black points represent normalized
probability density profiles generated using the method described in §5.3.2, and
the blue curves are the model fit, and the results are summarized in Table
5.7. The errors for the P; (r5) and P; (Q) profiles are obtained such that the
integrated probability between the vertical dashed curves is 68.2%, whereas the
vertical thick curves correspond to the peak value of the reduced probability
density distributions.

between the error bars, while P; (a) is well fit by a Gaussian. We see that
the spin of the black hole is also found very close to the spin solutions
estimated in §5.3.2.1. We conclude that along with the eQ) trajectories having
moderate eccentricities, as discussed in §5.3.2.1, a spherical trajectory (QO0)
at ry = 6.044 with Q = 6.113 is also a viable solution that can produce
the observed QPO frequencies in M82 X-1. The corresponding spin estimate
a = 0.32140.0132 was utilized in §5.3.2.1 using Equation (5.11b) to calculate
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FIGURE 5.25: The integrated density profiles are shown in (a) P; (rs) and
(d) P1(Q) for the spherical orbit solution of BHXRB XTE J1550-564, where
the dashed vertical lines enclose a region with 68.2% probability, and the solid
vertical line corresponds to the peak of the profiles. The probability contours
of the parameter solution are shown in the (b) (@, rs) and (c) (rs, @) planes,
where the + sign marks the exact solution.

the most probable value of the spin for M82 X-1.

o XTFE J1550-564: A spherical trajectory solution was found at r, = 5.538
and @ = 2.697 for BHXRB XTE J1550-564 that is shown in Figure 5.23(b),
and the calculated probability density profiles, the Gaussian model fit, and
the probability contours in the {ry, @} plane are shown in Figure 5.25. So,
along with an e0 trajectory, as discussed in §5.3.2.1, a Q0 orbit is also a
viable candidate for the observed QPOs in the temporal power spectrum of

XTE J1550-564.

We found that the spherical trajectories are also possible solutions for QPOs in

BHXRBs M82 X-1 (¢ = 0.321, Q = 6.113, r, = 6.044, r; = 5.258) and XTE
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TABLE 5.7: Summary of results corresponding to the spherical orbit solutions for BHXRBs M82 X-1 and XTE J1550-564. The
columns describe the range of parameter volume considered for {rs, a, @} and its resolution to calculate the normalized probability
density using Equation (5.8b), the exact solutions for {rs, a, @} calculated using Equations (4.23-4.25c¢), the value of parameters
corresponding to the peak of the integrated profiles in {rs, a, @}, and results of the model fit to P; (r5), P1 (Q), and P; (a).

BHXRB rs Range Resolution Exact Model Fit (@ Range Resolution Exact Model Fit « Range Resolution Exact Model Fit
Ar, Solution  to P (ry) AQ Solution to P, (Q) Aa Solution  to P (a)
T's0 Qo Qg
M82 X-1 5.75 — 6.35 0.005 6.044 6.04470:07 2-10 0.03 6.113  6.11372421  0.29 — 0.36 0.001 0.321  0.32140.013
XTE J1550-564 3-8 0.005 5538  5.53840.054 0.01 -5 0.01 2.697 269711538 - - - -
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J1550-564 (a = 0.34, @Q = 2.697, r, = 5.538, r; = 4.988). This indicates that
the spherical trajectory solutions are in region 1 of the (r, a) plane, as defined
in Figure 5.4; for both BHXRBs, and they are very close to the ISSO radius, ;.
These results are also consistent with the results discussed in §5.2.2, where the
QPO-generating region is close to the ISSO curve in the (7, a) plane. For the case
of M&82 X-1, the spherical trajectory solution has a different value of spin compared
to the ones estimated in §5.3.2.1, but it is very close to the other estimates given
in Table 5.4. This value of spin, together with other results in Table 5.4, is used
to estimate the most probable value of spin of the black hole for M82 X-1, which
is a = 0.2994. We also see that a low eccentric trajectory prefers a high @) value
and vice versa, as seen from the results shown in Table 5.4. As the @) value of
the orbit is increased, the eccentricity of the trajectory solution decreases for both
BHXRBs M82 X-1 and GRO J1655-40. This trend is also followed here: for the
spherical orbit (e = 0), @ ~ 6 is found as a solution for M82 X-1 and @ ~ 2.7
for XTE J1550-564, whereas a moderately eccentric trajectory solution was found

with @ = 0 for XTE J1550-564; see Table 5.6.

We conclude that various kinds of Kerr orbits, for example, spherical {e = 0,
@ # 0}, equatorial eccentric {e # 0, @ = 0}, and nonequatorial eccentric {e # 0,
Q@ # 0}, are also viable solutions for QPOs in BHXRBs. Hence, such trajectories
with similar fundamental frequencies can together give a strong QPO signal in the

temporal power spectrum.

5.4 The PBK correlation

A tight correlation between the frequencies of two components in the PDS of var-
ious sources, including black hole and neutron star X-ray binaries, was discovered

(Psaltis et al. 1999). Such a correlation among various variability components
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of the PDS in both types of sources suggests a common and important emission
mechanism for these signals. This correlation is either between two QPOs, an
LFQPO and either of the two HFQPOs, or it is between an LFQPO and high-
frequency broadband noise components. We adopt the definition of Belloni et al.
(2002) for these variability components: Lyp for LFQPO, and L, and L, for lower
and upper HFQPOs or broad noise components. A systematic study of 571 RXTE
observations was carried out for BHXRB GRO J1655-40 between 1996 March and
2005 October (Motta et al. 2014a), and they also found such correlation between
the type C QPOs and high-frequency QPOs and broadband components (either
L; or L,; see Tables 1 and 2 and Figure 5 of Motta et al. (2014a)). In this study,
they calculated mass, spin of the black hole, and the radius at which QPOs orig-
inated {M = 5.31, a = 0.29, r = 5.68} (Motta et al. 2014a) using {L, = vy,
L, = vpp, Ly = vpnp}, assuming that circular equatorial orbits are the origin of
three simultaneous QPOs in the RPM (00 model as defined in Figure 5.1). Us-
ing the estimated values of M and a, they fit the PBK correlation of variability
components in GRO J1655-40 by varying r.

Here we apply the e0 model solution calculated in §5.3.2.1 assuming {L, = vy,
L; = vpp, Lip = np}, using the observation ID having three simultaneous QPOs
detected in GRO J1655-40 (shown in Table 5.3), to fit the PBK correlation. We fix
the mass of the black hole to M = 5.4 (Beer and Podsiadlowski 2002) and the spin
of the black hole to the most probable value, a = 0.283, estimated by minimizing
the x? function, given by Equation (5.12). We fix e and @ to the values estimated
by the fine-grid method {e = 0.071, @ = 0} and vary r, to calculate the frequen-
cies. In Figure 5.26, we show the correlations of the frequencies corresponding to
the parameters {e = 0.071, a = 0.283, Q = 0}, which are in good agreement with
the PBK correlation. In Figure 5.27, these frequencies are shown as functions
of r,. We see that the data points for L, components fit very well (see Figure
5.26(a)), whereas the L; components show a good fit in the high-frequency range
[see Figures 5.26(b),5.26(c)]. The Lyr components also show good agreement with
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FIGURE 5.26: The PBK correlation is shown for BHXRB GRO J1655-40 as
previously observed [data points are from Motta et al. (2014a)]. The observed
correlation is in good agreement with the frequencies of the e0 solution estimated,
where {e = 0.071, a = 0.283, Q = 0, M = 5.4}, for GRO J1655-40 in §5.3.2.1,
where (a) vy, (b) vpp in the high-frequency range, (¢) vpp in the low-frequency
range, and (d) vyp are shown. The blue, black, and red data points represent
the L,, L;, and Lyr components of the PDS, respectively. The magenta curves
show the theoretical values of frequencies.
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FIGURE 5.27: The frequencies (a) v4 and vy, (b) vnp are shown as function of
rp, for the e0 solution vector {e = 0.071, a = 0.283, Q =0, M = 5.4}.
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TABLE 5.8: Nonequatorial eccentric Orbit (e@) solutions for L; and Ly com-
ponents detected in RXTE observations of GRO J1655-40 (Motta et al. 2014a),
where the first row corresponds to the observation ID with three simultaneous
QPOs. The mass of the black hole was fixed to M = 5.4 and spin was fixed to
a = 0.283.

Lir L Tp e Q
(H)  (Ho)

17.3 298 5.25 0.071 0
0.106 3.3 29.179 0.077 24.423
0.117 3.9 28.228 0.083 33.903
0.123 4 27.758 0.083 33.392
0.128 4 27.389 0.083 32.642
0.11 3.5 28.818 0.082 33.622
0.115 3.7 28.392 0.083 34.028
0.128 4.2 27.389 0.083 33.010
0.157 4.8 25.576 0.083 30.964
1.333 29 12.464 0.079 10.921
0.46 12 17.826 0.085 22.343

the eccentric orbit solution (see Figure 5.26(d)).

Thirty-four L; and Lpr components which were detected simultaneously in the
same observation ID [see Table 1 of Motta et al. (2014a)|. To calculate r,, we first
solve for Lip = vy, for the solution vector {e = 0.071, Q) =0, a = 0.283, M = 5.4};
this locates the r,, where oscillations are present, to a good approximation. Using
these r, values, we simultaneously solve {vpp, = L;, vy, = L} using the centroid
frequencies of these components and estimate the exact solutions for parameters {e,
Q} with {a = 0.283, M = 5.4}. In 10 out of 34 cases, we found low-eccentricity e)
solutions for these PDS components, where the calculated parameters are shown
in Table 5.8. We find orbits with high @ values at large r, (this is expected as
Q o< L* — L?) as solutions for these PDS components. This exercise confirms the

existence of e in addition to e0 solutions for QPOs.
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5.5 Gas flow near ISSO (ISCO)

2012MNRAS.420..684P 2014ApJ...791...74M In this section, we discuss our torus
picture of eccentric trajectories, and we examine the model of fluid flow in the
general-relativistic thin disk around a Kerr black hole (Penna et al. 2012; Mohan
and Mangalam 2014) with the aim of finding a source of the €0, e@, and Q0
trajectories. In this model, the region around the rotating black hole was divided
into various regimes: (1) the plunge region between the ISCO radius and black
hole horizon dominated by gas pressure and electron scattering based opacity, (2)
the edge region at and very near to the ISCO radius dominated by gas pressure and
electron scattering based opacity, (3) the inner region outside the edge region with
small radii comparable to ISCO dominated by radiation pressure and electron
scattering based opacity, (4) the middle region outside the inner region where
gas pressure again dominates over the radiation pressure and electron scattering
based opacity, (5) the outer region far from the black hole horizon and outside the
middle region dominated by gas pressure and electron scattering based opacity.
The analytic forms for the important quantities like flux of radiant energy, F,
temperature, T, and radial velocity in the locally nonrotating frame, ,, were
given for these different regions (as functions of r, a, viscosity, a, accretion rate,
m = M. / M gdd, and M) where nonzero stresses were incorporated at the inner
edge of the disk in this model (Penna et al. 2012). Also, the expression for quality
factor Qy (r,a, B,) was derived for vy QPO frequencies in the equatorial plane,
which is given by [Mohan and Mangalam (2014), typo fixed in Equation (10)]

—-1/2

_—\/Z , (5.13)

B (AQ — 2ar)?
 3nB,Arl/2

32A

Q¢ (T’, a, 67’)

where A = (r2 +a?)” — a?Asin®0, A = 12 + a2 — 2r, ¥ = r2 + a*cos? 6, and
Q =1/ (r*?+a), and where § = 7/2 is assumed in Equation (5.13). Using this

formula, one can obtain the quality factor of the QPO in various regions close to
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the black hole by substituting the 3, of the corresponding region as defined above.
The expressions for (3, in the edge and inner regions are given by (Equations (12),

(13) of Mohan and Mangalam (2014))

Bredge = —T.1x 107 my /P25 —2/5 BY5¢—12D3¥0%=3/5  (5.14a)

Brimmer = —124.416 o m’r 22 A2B3CTVAD7VASTI®, (5.14b)

where m; = M,/10M, C = 1 — 3r~' + 2ar~—3/? [there is a typo in the expression
of C, Equation (A4c), in Penna et al. (2012)]; and A, B, D, S, and ® are given in
Penna et al. (2012) (Equations A4(a), (b), (d), (o) and (3.6)).

In Figure 5.28(a) and 5.28(b), we have shown the contours for 3, and @), for the
edge region in the (r, a) plane, and the p#*/pd ratio as a function of r in Figure
5.28(¢). One can discern the transition from the inner to edge region by the sudden

increase of the p# /pd ratio, as seen in Figure 5.28(c), which is given by |[Penna

et al. (2012), Equation (3.7g)|

gas
P _ 1983 x 1078m; V4 a 42218 4512 B2 DS54, (5.15)
p

In Table 5.9, we give the range of {r, Q4, 3., p&®/p**} for the edge and inner re-
gions for different combinations of a and 7, fixing {m; = 1, a = 0.1} for BHXRBs,
with a low accretion rate (i =~ 0.1) corresponding to the hard spectral state and a
high accretion rate (rm ~ 0.3) corresponding to the soft spectral state of BHXRBs.
We see a sharp rise in p9%*/p™? values in the edge region in Figure 5.28(c). The
ranges of (), in both the edge and inner regions are very high compared to those
observed in BHXRBs (Q, = 5 — 40). We, therefore, suggest that the QPOs are
coming from a region very close to and inside ISCO; we identify this with the torus

region, consisting of geodesics (Penna et al. 2012), and hence @) is different. This
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FIGURE 5.28: Contours of (a) f, and (b) Qg4 in the (r, a) plane in the edge
region of the general-relativistic thin disk, and (c) p&/p'*d as a function of r
with a = 0.5 (where the dotted vertical curve corresponds to ISCO and the solid
vertical curve corresponds to 7 when p8/prad = 1). We have fixed {a = 0.1,
mi = 1, m = 0.1}.

is also supported by the observation that the edge-flow-sourced geodesics populate
the torus region obtained here for M82 X-1 (r = 4.7 — 9.08) and GRO J1655-40
(r = 5.1 — 6.67); see Figure 5.18. Specifically, the sharp pressure ratio gradient
suggests that the edge region can be a launchpad for the instabilities that then
oscillate with fundamental frequencies, causing geodesic flows in the torus region
inside ISCO (r < risco), where the fluid motion is close to Hamiltonian flow. A
further understanding of this proposal (or conjecture) can be gained by carrying

out a detailed model or simulation of the GRMHD flow in the edge region.
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rad

TABLE 5.9: Ranges of r, pressure ratio, p&°/p™¢, quality factor, Qg4, and radial
velocity, 5y, in the edge and inner regions of fluid flow in the relativistic thin ac-
cretion disk around a Kerr black hole (Penna et al. 2012; Mohan and Mangalam
2014), where we have fixed {m; =1, & = 0.1} for BHXRBs.

(2.84 - 10.2) x 1075
914.46 — 2624.12

~(3.81 —11.37) x 1077

1019.24 — 2473.07

~(1.03 —1.34) x 1074
694.29 — 844.59

Region (a=0.3,m=0.1) (a=0.5,m=0.1) (a =0.3,m =0.3) (a = 0.5, =0.3)
(r, 5 /P9, Br, Qg) (r, /P, Br, Qo) (r, 5 /P9, By, Qo) (r, 5 /P9, Br, Qg)
Edge 4.98 —5.93 4.23 —4.87 4.98 — 5.25 4.23 —4.35
1.002 — 29.84 1.003 — 18.41 1.026 — 1.921 1.003 — 1.186

~(1.36 — 1.49) x 1074
773.62 — 814.27

Inner

5.93 — 85.22
0.0589 — 0.998

4.87 —87.81
0.0373 — 0.999

~(1.2052 — 69.28) x 1076 -(1.1601 — 110.71) x 10~¢

688.09 — 9830.85

501.112 — 10046.3

5.25 —226.2
0.0065 — 0.998

4.35 — 229.45
0.0041 — 0.998

~(1.127 — 626.95) x 1075 -(1.107 — 1001.39) x 10~°

76.21 — 6333.26

55.52 — 6397.35

5.6 Discussion, caveats, and conclusions

The QPOs in BHXRBs have been an important probe for comprehending the
inner accretion flow close to the rotating black hole. Many theoretical models
have been proposed in the past to explain its origin and in particular LFQPOs
and HFQPOs (Kato 2004; Torok et al. 2005; Tagger and Varniére 2006; Germana
et al. 2009; Ingram et al. 2009; Ingram and Done 2011, 2012). These various
models have been able to explain different properties of QPOs. For example, one
of these models attributes the HFQPOs to the Rossby instability under the general
relativistic regime (Tagger and Varniére 2006), whereas another model attributes
type C QPOs to the Lense—Thirring precession of a rigid torus of matter around
a Kerr black hole (Ingram et al. 2009; Ingram and Done 2011, 2012). Although
these models can explain either LFQPOs or HFQPOs, they do not explain the
simultaneity of these QPOs, as previously observed in BHXRB GRO J1655-40
(Motta et al. 2014a). The RPM, which is based on the geometric phenomenon
of the relativistic precession of particle trajectories, explains these simultaneous

QPOs as {vy, (vy — 1), (Vs — vp)} of a self-emitting blob of matter (or instability)
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in a bound orbit near a Kerr black hole. We have extended the RPM for QPOs in
BHXRBs to study and associate the fundamental frequencies of the bound particle
trajectories near a Kerr black hole, which are eQ), €0, and Q0 solutions with the
frequencies of QPOs. We call this as the generalized RPM (GRPM). Recently,
novel and compact analytic forms for the trajectories around a Kerr black hole and
their fundamental frequencies were derived (Rana and Mangalam 2019a,b). We
applied these formulae to the GRPM to extract the QPO frequencies. Graphical
examples of these trajectories around a Kerr black hole are shown in Figures 5.18,

5.23, and 5.29. A summary of these results is given in Table 5.10.

N Accretion
| Disk

Ar

Trajectories h T

FIGURE 5.29: The cartoon shows a geometric model explaining the region of
origin of QPOs assuming the more general nonequatorial eccentric trajectories
in the GRPM, where the torus extent is Rofﬁi (and torus width Ar = A;+Ay).

We add the following caveats and conclusions:

1. Orbital solutions: The fundamental frequencies of the e@, €0, and Q0 tra-
jectories are in the range of QPO signals observed in BHXRBs, so these
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TABLE 5.10: Summary of orbital solutions found for QPOs observed in five
BHXRBs using the GRPM in this article, and the corresponding region of the
(7p, a) plane where QPOs originate.

BHXRB Number Model e Ty a Q MBSO ISCO ISSO Region in
of QPOs class (rps a) plane

M82 X-1 3 eQ 0.230700%  4.834703%% 0.299 2.3624151  3.424 4981 5.096 2
Q0 0 6.0447007  0.32140.013 6.1137753:  3.475  4.903  5.258 1
GRO J1655-40 3 eQ 0.071%9058  5.2570470 0.283 010623 - 5.039 - 1
XTE J1550-564 2 €0 0.26270009  4.3651035% 0.34 0 - 4.835 - 2
Q0 0 5.538+0.054 0.34 26977118 335  4.835 4.988 1
4U 1630-47 2 €0 0.734109%8  2.249%0218 0.985 0 - 1.541 - 1
1
GRS 1915+105 2 €0 0.918+0.002  1.744700% 0.98 0 - 1.614 - 1

are viable solutions for explaining the observed QPOs in BHXRBs M82 X-
1, GRO J1655-40, XTE J1550-564, 4U 1630-47, and GRS 19154105 in the
GRPM paradigm. We see that these trajectory solutions are found in either
region 1 or 2 of the (r, a) plane, as defined in Figure 5.4, and shown in Fig-
ure 5.22. The values of the black hole spin for BHXRBs M82 X-1 and GRO
J1655-40 were fixed to their most probable values calculated in §5.3.2.1, and
to the previously observed values for the other BHXRBs for eccentric or-
bit solutions. For BHXRBs with two QPOs, fixing the spin to previously
known values increases the uncertainty in the estimated orbital parameters,
because the spin values assumed have uncertainties associated with the X-ray
spectroscopic methods that are influenced by systematics, with the general
finding that the solution lies near ISCO. However, our exercise still supports
the GRPM. A spin value was also calculated for M82 X-1 for a Q)0 solution.
A summary of these parameter solutions and corresponding MBSO, ISCO,

and ISSO radii for all BHXRBs is given in Table 5.10.

2. Trajectories in the torus: We found trajectories, having different parameter
combinations within the estimated range of errors in the orbital parameters

and having fundamental frequencies within the width of the observed QPOs,
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as solutions for QPOs in BHXRBs M&82 X-1 and GRO J1655-40. We also
found that the distinct parameter solutions found for these cases follow a
trend that, as the eccentricity of the orbit decreases, the () value increases
for a given QPO frequency pair. This behavior can also be understood from
Figures 5.7—5.9, where the frequencies increase as () increases, but decrease
as e increases for a given r,. This implies that to obtain the degenerate pa-
rameter solutions for the same set of frequencies, a low eccentricity <= high
@ trend is expected. We also found that these trajectories span a torus re-
gion near the Kerr black hole, as shown in Figure 5.18, which together give
rise to the same peaks in the power spectrum. This should also explain the
strong rms seen for the HFQPOs and type C LFQPOs. Another possibil-
ity of a rigidly precessing torus was suggested (Ingram et al. 2009; Ingram
and Done 2011, 2012); our proposal consists of a nonprecessing torus, which

includes all viable solutions of the GRPM: eQ, €0, and Q0 trajectories.

3. Torus region: The emission of simultaneous QPOs is expected from a region
where different trajectories having similar fundamental frequencies span a
torus, as shown in Figure 5.18 and they can together show a strong peak
in the power spectrum. The inner radius of the circular accretion disk is
expected to be close to this torus region in such a scenario. In Figure 5.29,
we depict this geometric model where the emission region of the simultaneous
QPOs is shown as a torus region close to the inner edge of the accretion disk.
This torus region is expected to be outside the MBSO radius, and the ISSO
radius is expected to be in between the torus region for the eccentric orbit
solutions, as observed in the case of M82 X-1. The torus region can be
represented as R()i_ﬁ;, where Ry is an e = 0 orbit (ISCO or ISSO) and A,
represents the region very close to Ry. The width of the torus region in this
model is given by Ar = (A; + Ay). All of the orbit solutions are found to be
distributed near Ry; hence, it is expected that this radius corresponds to the
inner edge radius, ry,, of the circular accretion disk. This torus region exists

in region 1 and(or) 2 near the R, radius. Due to the instabilities in the inner
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flow, we argue that the nearly e0 orbits near the Ry radius transcend to eQ)
orbits. Based on the geometry of the orbits and the emission region, we plan
to build a detailed GRMHD-based model to expand on the GRPM paradigm.
More cases of BHXRBs with three simultaneous QPOs, if detected in the

future, will help us test our models.

4. Highly eccentric solutions: For QPOs in BHXRBs 4U 1630-47 and GRS
19154105, we found highly eccentric e0 solutions. This indicates that black
holes with high spin values prefer highly eccentric trajectories as solutions
to the QPOs. This behavior can also be understood from Figures 5.7—5.9,
where we see that for black holes with very high spins, the QPOs originate
very close to the black hole, and the solution contours move close to the black
hole as e increases. This implies that more eccentric orbits are preferred for
a given frequency pair of QPOs for a black hole with very high spin. We
do not find any spherical orbit solution for QPOs in these two BHXRBs,
which confirms that the orbital solution is purely equatorial, but such highly
eccentric solutions are unlikely. We expect more and better estimates of
the orbital solutions in the future if a more precise estimate of the spin
is available, or if three simultaneous QPOs are discovered in BHXRBs 4U
1630-47 and GRS 1915+105. For the case that we studied in this paper of
4U 1630-47, the lower frequency of the QPO pair probably has a different
origin than the high-frequency feature suggested by Klein-Wolt et al. (2004).
However, even in such a scenario, the frequency range of this QPO still
implies an origin near the torus region in our model. There was also another
pair of QPOs observed in 4U 1630-47 (Klein-Wolt et al. 2004), for which

there was no exact solution found in the orbital parameter space.

5. Nonequatorial solutions: In the case of BHXRBs M82 X-1 and XTE 1550-
564, we found both e@ (e0 for XTE 1550-564) and Q0 solutions, and the spin
determinations are slightly different for the two different types of trajectory
solutions. These solutions were found close to and outside their correspond-

ing ISSO radii. The mass of the black hole in case of M82 X-1 was fixed to the
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intermediate-mass black hole (IMBH) range, M = 428, because the QPOs
observed in the low-frequency range (3—5 Hz) were found to be very stable,
unlike LFQPOs, implying that they are HFQPO counterparts of BHXRBs,
and hence indicating an IMBH (Pasham et al. 2014). Although this mass
estimation stems from the mass-scaling relation of QPOs, which is not very
reliable, a more accurate estimate of M, if found in the IMBH range, will
not significantly change the result. However, if, in the future, a more reliable
and precise estimate places it in the stellar-mass range, then the outcome
from the GRPM will be dramatically different. The QPOs observed in XTE
1550-564 by Miller et al. (2001) were later shown to be the result of the data
averaging by Motta et al. (2014b), where the same QPO moved up in the
frequency, appearing as a distinct QPO. As in the case of 4U 1630-47, the

range of this QPO frequency still implies an origin near the torus region.

6. Spectral states: We suggest that HFQPOs originate when ry, comes very
close (near ISCO/ISSO) to the black hole during the soft spectral state of
the outburst. When ry, is farther out as in the hard state, the resulting type
C QPO frequency is of the order of millihertz. As a type C QPO occurs
more frequently and is prone to the vertical oscillations, the increase in its
frequency is explained as an increase in v,, when r;, decreases, with the

spectral transition from the hard to soft state.

7. Circularity: The RPM was previously applied to understand the QPOs ob-
served in BHXRBs GRO J1655-40 and XTE J1550-564 (Motta et al. 2014a,b)
using the fundamental frequencies of 00 orbits. We have found an e@) solution
for GRO J1655-40 very close to an equatorial orbit having a very small ec-
centricity e ~ 0.071 (see Table 5.10), which is in a very close agreement with
the solution found by Motta et al. (2014a), where their estimated mass of the
black hole, M = 5.307, is also very close to our assumption, M = 5.4 (see
Table 5.3). Our most probable spin estimated for GRO J1655-40, a = 0.283,
is almost the same as found by Motta et al. (2014a), a ~ 0.286, but our so-

lution provides a more precise estimation of e and () values while confirming
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a near 00 orbit solution as assumed by Motta et al. (2014a). For the case
of XTE J1550-564, the mass of the black hole was assumed to be M = 9.1
by Motta et al. (2014b) as also in our model. Our assumption for the spin,
a = 0.34703% (Orosz et al. 2011), is also nearly the same as the value esti-
mated by Motta et al. (2014b); but our model gives the e0 and Q0 solutions
for XTE J1550-564, having moderate e = 0.2627009 and Q = 2.697 15
values, respectively (see Table 5.10). This indicates that the assumption of

circularity is not always valid.

8. Solution degeneracy: To study the impact of the GRPM (with nonzero e and
(), we have explored the behavior of {dy, dpp, dnp}(e, 7, a, Q) as defined
in Equation (5.2) as deviations from the 00 behavior (circularity). We find
that the frequencies are strongly dependent on e but not so much on @ (see
Figures 5.7—5.9). This is elaborated upon in points 3 and 4 in §5.2.1, and
in points 2 and 3 in §5.2.2 for spherical orbits. The GRPM has a built-in
degeneracy in the parameter space {e, 1,, a, @}, called the isofrequency pairs,
for a given combination of QPO frequencies. This degeneracy is a known
behavior of trajectories around a Kerr black hole (Warburton et al. 2013),
where different combinations of { £, L., @} can have the same set {vy, v, vp}
for a fixed a. An evidence of this degeneracy is also seen in Figures 5.7—5.9,
where the contours of {04, dpp, Onp }(€, Tp, @, Q) have multiple solutions; that
is, for a given 0 value, there are different combinations of {e, @} that have
distinct contours on the (r,, a) plane. Unlike RPM, the mass of the black
hole is always assumed from the previous estimates in the GRPM, which is
a valid assumption because the underlying physics or behavior of the Kerr
orbits is independent of M,. The GRPM, along with the statistical method
(Figure 5.13, §5.3.2) that is applied, provides a more precise estimation of
the spin of the black hole.

9. Frequency ratio: The 3:2 and 5:3 ratios of the simultaneous HFQPOs are a
phenomenon observed in a few cases of BHXRBs: 300 and 450 Hz HFQPOs
in GRO J1655-40 (Remillard et al. 1999a; Strohmayer 2001a), 240 and 160
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10.

11.

Hz HFQPOs in H1743-322 (Homan et al. 2005; Remillard et al. 2006). Such
claims, other than the case of GRO J1655-40, are probably not real (Belloni
et al. 2012). Hence, the possibility of such ratios is still causes skepticism.
However, if true, the GRPM suggests that the origin of these ratios is very

close to the torus region and ry,.

The PBK correlation: In §5.4, we show that the e0 solution {e = 0.071, a =
0.283, @ = 0, M = 5.4}, estimated using a fine-grid method in §5.3.2.1, fits
the PBK correlation that was previously observed in BHXRB GRO J1655-
40 (Motta et al. 2014a). This fit is shown in Figure 5.26. We also found
that 10 observation IDs, where L, and Lir (broad frequency components)
were detected simultaneously (Motta et al. 2014a), show low-eccentricity e@)
solutions, where the calculated parameters are shown in Table 5.8. The
calculated () values are consistent with large 7, and small e values. This

exercise suggests that e@) solutions for QPOs are viable.

Probing the disk edge with a GR fluid model: We study a model of fluid flow
in the general-relativistic thin accretion disk (Penna et al. 2012; Mohan and
Mangalam 2014). We find that the disk edge flows into a torus region con-
taining Hamiltonian geodesics that was obtained for M82 X-1 (r = 4.7—9.08)
and GRO J1655-40 (r = 5.11 — 6.67). Specifically, the sharp gradient of the
P& /prad pressure ratio, seen in Figure 5.28(c), suggests that the edge region
is a launch pad for the instabilities that orbit with fundamental frequen-
cies of the geodesics in the edge and geodesic regions, which then follow
the geodesics inside the torus region and also close to the edge region, where
Hamiltonian dynamics is applicable, that is built into the GRPM. The range
of {r, Qg, Br, p**/p'*} for the edge and inner regions for different combi-
nations of a and m, fixing {m; =1, a = 0.1}, is given in Table 5.9, and the
contours of f, and Q4 in the (r, a) plane for the edge region are shown in
Figures 5.28(a) and 5.28(b). The ranges of @), (tuned to Av, the width of
the observed QPO), which is defined by orbits in the torus which was pro-

vided by observed frequency centroids, in both the edge and inner regions
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are very high compared to those observed in BHXRBs (Q, = 5 — 40). We
are suggesting that the QPOs originate in the geodesic region. We also see
that the edge is adjacent to the torus region (consisting of geodesics) found
for M82 X-1 and GRO J1655-40, implying that the QPOs are originating
from geodesics close to the edge region. Hence, the particle and gas dynam-
ics models together justify the scenario sketched in Figure 5.29, of a unified
fluid-particle picture that is the following: the source of the particles in the
torus are dynamical instabilities of plasma blobs ejected from the edge re-
gion. These blobs have zero oo and therefore obey the Hamiltonian dynamics.
The clue that the torus region physically overlaps with the edge and geodesic

regions is a subject of future detailed GRMHD models (and simulations).

Isofrequency combinations: In the cases with three simultaneous QPOs, once
a is fixed (to the most probable value or the previously estimated value), it
is easy to predict the remaining parameters {e, r,, Q} using three QPO fre-
quencies. In the case of M82 X-1 and GRO J1655-40, when a was fixed to
the most probable value (Table 5.5), we obtained a single solution for {e, r,,
@} and their errors {Ae, Ar,, AQ}, where this range of parameters spans
the torus region based on the GRPM. However, there is a finite possibility
(Warburton et al. 2013) that distinct solutions for the {e, r,, @} triad are
obtained for the same triple QPO frequency set, subject to the bound orbit
conditions: 0 < e < 1, Q > 0, and Equation (4.8). This completely depends
on the values of the QPO frequency set that are further subject to the con-
straints of bound orbit conditions. In the cases where only two simultaneous
QPOs exist, it is difficult to predict whether an e = 0 orbit will be preferred
over an e > 0 orbit, or a () = 0 orbit will be preferred over a ) > 0 orbit, or
vice versa. This will be clear when more cases of three simultaneous QPOs
are found and whether they yield distinct solution sets for {e, r,, a, Q},
thereby indicating if the torus region at the disk edge is indeed the geomet-
ric origin of QPOs. From our numerical experiment, we find a distinct exact

solution for {e, r,, @} for the three simultaneous QPOs case, where a was
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13.

14.

fixed to the most probable value. The RPM restricts the search to {e = 0,
@ = 0} orbital solutions, while the GRPM expands it to more general but
astrophysically possible {e # 0, @ # 0} solutions and thereby subsumes the
RPM within its framework. Hence, the GRPM provides more realistic orbit
solutions around a Kerr black hole that are outside the scope of the RPM,

thus giving more impetus to probes of physical models of the origin of QPOs.

Caveats: The results predicted by the GRPM are subject to the veracity
of the observed data that are inputs to our model. For example, in the
case of 4U 1630-47 and GRS 1915+105, very highly eccentric orbit solutions
obtained by the GRPM are unlikely; this implies that very high spin values
in these cases are probably unreliable. Similarly, if M82 X-1 does not host
an IMBH but a stellar-mass black hole or a neutron star, then the results
predicted by the GRPM will change drastically. Also, for 4U 1630-47 and
XTE J1550-564, where the input frequencies of QPOs are not very reliable
(Klein-Wolt et al. 2004; Motta et al. 2014b), as discussed before, the results
obtained by the GRPM might not be physically meaningful. As most of the
measured frequencies do exist in a similar range, then their geometric origin

in the torus region (as predicted by the GRPM) is valid.

Future work: In the near future, we expect suitable observational results
from the currently operative Indian X-ray satellite, AstroSat, and from fu-
ture missions, such as eXTP, which is proposed to have instruments with
much higher sensitivity for fast variations and X-ray timing. If simultaneous
QPO signals are observed from these missions, we expect to test our GRPM

further.
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An image of a galaxy with an active galactic nucleus. Courtesy: arizona.edu

A relativistic orbit model for QPOs
in AGN*

6.1 Introduction

Active galactic nuclei (AGN), at the center of most galaxies, are known to be
powered by black holes of masses M, = 10° — 10°M, Rees (1984); Blandford
and Rees (1992); Antonucci (1993). These systems are believed to be the scaled-
up version of black hole X-ray binaries (BHXRB), possessing the same physical
process of accretion McHardy (2010). The riveting evidence of this conjecture
is the similarity between the X-ray variability in AGN and BHXRB McHardy
et al. (2006); McHardy (2010). However, a complete understanding of the physical

*This work is published in a paper in the special issue on “X-ray Flux and Spectral Variability
of Blazars” in Galaxies journal: Rana and Mangalam (2020a)
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processes of accretion and the jet emission in AGN requires the variability analysis

in various wavelength bands, from optical to v ray.

X-ray Power spectral density (PSD) shape: The PSD of both BHXRB and AGN

are known to show red noise, which decreases steeply at high frequencies (small

«

timescales) following a power law, P(v) oc v, where o ~ 2 typically McHardy
et al. (2004); Papadakis et al. (2010); Mangalam and Wiita (1993). At lower
frequencies, below a characteristic frequency, called the break frequency (1), the
PSD flattens (a ~ 1) McHardy et al. (2004); Papadakis et al. (2010); Mangalam
and Wiita (1993). Such a characteristic PSD shape is well defined by a bending
power-law model McHardy et al. (2004) and found in various types of AGN with
vy, ranging from ~1076-10~* Hz Papadakis et al. (2010); Gonzéilez-Martin and
Vaughan (2012). This break frequency is expected to approximately scale as an
inverse of the black hole mass. However, the bending power-law shape of the PSD
shape in BHXRB is known to be associated only with the soft spectral state Cui
et al. (1997). Hence, the understanding of such a characteristic shape of the PSD

is fundamental for probing the inner regions close to the black hole.

X-ray QPOs: The QPOs detected so far in the X-ray light curves of AGN are
seen to be mostly associated with the Narrow-Line Seyfert 1 (NLSyl) galaxies,
which are identified by the narrow width of their broad HfS emission line with
FWHM< 2000 kms™!, strong Fell lines, and weak forbidden lines Osterbrock
and Pogge (1985); Goodrich (1989). NLSyl galaxies are also known to show
rapid X-ray variability and near Eddington accretion rates Komossa (2008). The
first detection of a significant QPO in an X-ray light curve was reported in RE
J1034+4-396 with timescale ~ 3730 s using the XMM-Newton data Gierlinski et al.
(2008). Another significant QPO at ~ 3.8 hour timescale was reported in an
Ultrasoft Active Galactic Nucleus Candidate 2XMM J123103.2+4-110648 Lin et al.
(2013) and many more. These X-ray QPOs were found in XMM-Newton data
(0.3-10 keV).
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Optical and v ray QPOs: The optical and v ray QPOs are also known to be dis-

covered in a few BL Lacertae objects, also known as BL Lac. These objects are a
class of AGN characterized by their large polarization, high variability, and weak
emission lines Falomo et al. (2014); Padovani et al. (2017). These objects are
interpreted as systems with a relativistic jet pointing directly towards the line of
sight of the observer; hence, the jet emission dominates in these systems, and the
discovered QPOs are thought to be associated with the jets. The v ray QPOs are
primarily discovered using the FERMI-LAT observations (100MeV-300GeV), for
example, a 7 ray QPO of timescale T" ~ 630 days was reported in PKS2155-304
(Sandrinelli et al. 2014), where this timescale was found to be twice the optical
period originally proposed by Zhang et al. (2014). Later, the presence of both

these QPO timescales were confirmed (Sandrinelli et al. 2016a).

In this chapter, we present a model that unifies the origin of multiwavelength
QPOs originating in the disk and the jet and also probes the genesis of the PSD
shape of the X-ray light curve due to a corona. We study the association of X-ray
QPOs discovered in NLSyl type AGN with the relativistic circular and spherical
orbits around a Kerr black hole using the generalized relativistic precession model
(GRPM) [RPM: Stella and Vietri (1999), Stella et al. (1999); GRPM: chapter
5]. We also motivate that the non-equatorial trajectories (for example, spherical
orbits), which are the consequence of axisymmetry of the Kerr spacetime, are also
the viable solutions to the QPO frequencies using the GRPM (chapter 5). We also
apply a relativistic jet model Mangalam (2018); Mohan and Mangalam (2015) to
study the optical and v ray QPO timescales in BL. Lacertae objects. This model
describes the simultaneous QPOs with 1:2 or 3:2 frequency ratio as the harmonics
obtained in the Fourier series of the Doppler factor of the pulse profile from a
blob rotating along with the jet. The Doppler factor includes the relativistic
effects, such as Doppler boost, relativistic aberration, gravitational redshift, and
light bending. We also present a model to describe the typical bending power-
law profile of the PSD observed in AGN. Assuming the bending power-law profile
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of the PSD shape, we find the intrinsic profile of the energy distribution of the
particles orbiting in circular and spherical trajectories in the corona around a Kerr
black hole, which results in a distribution in the fundamental frequency space. The
X-ray flux gets modulated at this fundamental frequency, which is a function of
distance from the black hole, and consequently also a function of E. A unified
picture of these models of multiwavelength QPOs and PSD shape is shown in
Figure 6.1, where ), is the marginally bound spherical orbit (MBSO) radius, r; is

the innermost stable circular orbit (ISCO) radius, and rx is the outer disk radius.

The structure of this chapter is as follows: In §6.2, we discuss the (G)RPM for
the X-ray QPOs [RPM: Stella and Vietri (1999), Stella et al. (1999); GRPM:
chapter 5|]. In §6.2.1, we discuss the association of X-ray QPO frequencies with
the equatorial circular orbits using the GRPM, whereas we study the spherical
orbits as the origin of X-ray QPOs using the GRPM in §6.2.2. In §6.3, we apply
a basic jet model (Mangalam 2018; Mohan and Mangalam 2015) to study the
timescales of optical and v ray QPOs in Blazars. We then study the genesis of
the bending power-law shape of the PSD in AGN and derive the intrinsic energy
distribution of the orbiting particles in §6.4. We summarize our results in §6.5,

and draw conclusions in §6.6.

6.2 Relativistic circular and spherical orbits as so-

lutions to X-ray QPOs

The X-ray emission from NLSyl galaxies is believed to be originated from the
inner region of the accretion disk in the context of the unification model of AGN
(Antonucci 1993). We apply the (G)RPM [RPM: Stella and Vietri (1999), Stella
et al. (1999); GRPM: chapter 5| to study the X-ray QPOs discovered in a few cases
of NLSy1 type of AGN and one Type-2 AGN candidate, see Table 6.1. Using this
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FIGURE 6.1: The figure shows a unified picture of the models for X-ray, optical,
and v ray QPOs and the origin of X-ray power spectral density (PSD) shape in
AGN. The X-ray QPOs observed in NLSy1 galaxies are associated with the fun-
damental frequencies of the equatorial orbits in the accretion disk sandwiched
by a corona region, which we call the outer corona (OC) region, r; < r < rx;
the inner corona (IC) region, ryy < r < 77, is associated with the fundamental
frequencies of the spherical orbits around a Kerr black hole. The optical and
~v ray QPOs in Blazars are shown as the harmonics of the timescale of a blob
of matter moving along the jet. The shape of the PSD is studied using the
fundamental frequency of matter which is governed by the radial effective po-
tential, Vos¢(E, L, a,Q), providing the gravitational background responsible for
the geodesic motion, in IC and OC regions to derive the energy distribution of
the orbiting matter, N(E), which is directly related to the observed intensity,
I(v), where v is the temporal frequency.
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model, we estimate the parameters: the spin of the black hole, a, and radius of an
equatorial circular orbit, r, in the Kerr spacetime, where the QPO is originated.
We also implement the GRPM to associate the frequencies of relativistic spherical
orbits (non-equatorial) with the QPO frequencies to calculate the corresponding

parameters (75, a, Q).

There are a few cases of BHXRB where a third low-frequency QPO (LFQPO) is
also detected simultaneously to HFQPOs (Motta et al. 2014a,b), in such cases,
this LFQPO is associated with the nodal precession frequency, v,, = (vy — vjp),
in the GRPM. There is no such known case in AGN where three QPOs are de-
tected simultaneously; however, the X-ray QPO detected in Type 2 AGN 2XMM
J123103.24+110648 (see Table 6.1) was suggested as an LFQPO because of its large
rms value (25-50%) (Lin et al. 2013), which is the typical characteristic of LFQPOs
observed in BHXRB (Remillard et al. 2006).

Therefore, for AGN having a single QPO detection, we associate the QPO fre-
quency with vy, except for 2XMM J123103.2+110648 where we also analyze the
Unp frequency. For the cases of AGN with two simultaneous QPO detections, we
use v, and v, frequencies in the GRPM. In Table 6.1, we have summarized the

cases of AGN with either one or two simultaneous QPO detections in X-rays.
A generic procedure which we have used to estimate errors in the orbital parame-

ters for NLSy1l AGN with two simultaneous X-ray QPOs, 1H 0707-495, see Table
6.1, is described in §5.3.2, chapter 5.

6.2.1 Circular orbits

In this section, we use the GRPM (@ = 0) for QPOs to estimate the (r, a)

parameters of the circular orbits using their fundamental frequencies given by Eq.
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TABLE 6.1: A list of statistically significant QPOs detected in the X-ray band
(0.3-10KeV) by the XMM-Newton in AGN along with their black hole masses.
References: 'Zhou et al. (2010); 2Gierlifiski et al. (2008); 3Ho et al. (2012);
4Lin et al. (2013); Grupe et al. (2004); 6Alston et al. (2015); "Pan et al. (2016);
8Zhang et al. (2018); “Wang and Lu (2001); 1°Zhang et al. (2017); ' Boller et al.
(2001); 2Hu et al. (2016); 3Gupta et al. (2018).

Source Class of AGN M QPO period QPO frequency
(x106) ks (x1074)Hz
RE J1034+396 NLSy1 4! 3.73+£0.13 2.681 £ 0.093>
2XMM J123103.24+-110648  Type-2 AGN 0.13 13.71 0.729*
MS 2254.9-3712 NLSy1 45 6.667 1.55
1H 0707-495 NLSy1 5.27 3.8£0.17 2.632+£0.118™8
8.265 £ 1.366 1.2140.28
Mrk 766 NLSy1 4.3° 6.452 + 0.458 1.55 £ 0.111°
4.2 2.3811
MCG-06-30-15 NLSy1 3.2612 3.6 £0.229 2.778 £0.17713

(5.1) |Bardeen et al. (1972), Wilkins (1972), Motta et al. (2014a)|. We discuss our

results below:

1. We have computed the contours of v, (r,a), using Eq. (5.1a), for the QPO
frequencies (given in Table 6.1) of RE J1034+396 (blue), MS 2254.9-3712
(red), and MCG-06-30-15 (magenta), shown in the (7, a) plane in Fig. 6.2(a).
The masses of these black holes were assumed from the previous estimations
(see Table 6.1). The model suggests that the QPO emission originates from
a very narrow region of the accretion disk, where r ~ (9.4 —9.9) for RE
J10344-396, r ~ (10.4 — 11.4) for MS 2254.9-3712, and r ~ 14.2 for MCG-
06-30-15 even though a ranges from 0 to 1. This implies that the QPO
emission region is very close to the black hole, and this emission region

remains very narrow and nearly independent of the spin of the black hole.

2. For the case of Mrk 766, two QPO frequencies were detected (see Table
6.1), but at different epochs. We have shown vy (r,a) contours for both

these frequencies in Fig. 6.2(a), where v; = 2.38 x 107*Hz (orange) and
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FIGURE 6.2: The figure shows the circular orbit frequency contours of (a) vy,
Eq. (5.1a), for the QPO frequencies of RE J1034+396, MS 2254.9-3712, Mrk
766, and MCG-06-30-15, given in Table 6.1; (b) vy and vy, contours, Eq. (5.1b),
for two QPO frequencies of Mrk 766; and (c) vy, contour, Eq. (5.1c), for the
QPO frequency of 2XMM J123103.2+110648.

vy = 1.55 x 107"Hz (green). The mass of the black hole was fixed to M, =
4.3 x 105M, (Wang and Lu 2001). The QPO origin range is r ~ 10 for v,
and 7 ~ (12.6 — 14) for o, which is again found to be in a narrow range
and very close to the black hole. Although these QPOs were not detected
simultaneously, we tried to estimate a simultaneous solution for (r,a) by
equating vy = vy and v,, = 1, as per GRPM. We show them as curves in
the (r,a) plane in Fig. 6.2(b) and we see that these contours do not cross

each other, implying that there is no simultaneous solution for (r,a).
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3. For the Type-2 AGN 2XMM J123103.2+110648, the detected QPO (see
Table 6.1) was suggested as an LFQPO type because of its large rms value
(Lin et al. 2013). If this QPO frequency is equated to the high-frequency
component, v4(r,a), of the GRPM, we found that » ~ 200 which is far
from the black hole to emit in X-rays. Hence, the GRPM predicts that this
should be an LFQPO. We show the contours of the LFQPO component of
the GRPM, v, (r,a), in the (r,a) plane for the QPO frequency of 2XMM
J123103.2+110648 in Fig. 6.2(c), where we fixed M, = 10°M, (Ho et al.
2012). We see that the emission region for this LFQPO is r ~ (6 — 20), for
the whole range of a. Hence, the detected QPO of 2XMM J123103.24110648
is suggested to be a LFQPO, in the context of the model, that originated

very close to the black hole.

4. For the case having two simultaneous X-ray QPOs, 1H 0707-495 (see Table
6.1), we first solve the equations {vy (r,a) = vy, Vp, (1,a) = 9} |using
Egs. (5.1a) and (5.1b)], assuming M, = 5.2 x 105M, (Pan et al. 2016), as
per GRPM to estimate the exact solution for (r, a), which is found to be
(ro = 8.214, ag = 0.0662). We then apply the method, described in §5.3.2, to
estimate the errors in the parameters (r, a) implied due to the errors of the
QPO frequencies. The range of (r, a) and corresponding resolutions used
for our simulations are summarized in Table 6.2. Finally, we generate the
probability density profiles in each parameter dimension {P; (1), Pi(a)},
shown in Fig. 6.3, where we have also shown the probability contours in
the parameter space. The results of the model fits to the probability density
profiles are summarized in Table 6.2. The errors in the parameters are quoted
with respect to the exact solution (rg, ag), whereas the simulated {P; (1),
Py (a)} profiles peak at (r = 8.092, a = 0.038), which slightly differs from the
exact solution. Hence, our analysis assuming the circular orbit frequencies
as the origin of QPOs, using the GRPM, in NLSy1l 1H 0707-495, suggests
that it harbors a slowly rotating black hole (a ~ 0.0662) at the center, and
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TABLE 6.2: The table summarizes results of {r, a} parameter solution, and
corresponding errors for X-ray QPOs in NLSyl 1H 0707-495. The columns
provide the range of parameter volume taken for {r, a}, the chosen resolution to
calculate the normalized probability density at each point inside the parameter
volume, the exact solutions, and the results of the model fit to the integrated
profiles. The mass of the black hole is fixed to M, = 5.2 X 106M@ (Pan et al.
2016).

Source r range Resolution Exact solution Model fit a range Resolution Exact solution Model fit
Ar o Aa ao
1H 0707-495 7—-9.5 0.01 8.214 821473218 0 —0.9 0.001 0.0662 0.066275:259

that the X-ray QPOs originate in the inner region of the accretion disk and
very close to the black hole (r ~ 8.214).

6.2.2 Spherical orbits

In this section, we apply the GRPM for simultaneous QPOs of 1H 0707-495 to
estimate the (rg, a, Q) parameters of the spherical orbits using their fundamental

frequencies, given by Eqs. (4.24b, 4.25¢). We discuss our results below:

1. We explore the parameter space (rs, a, Q) for the spherical orbits. Since
there are two input QPO frequencies, we first vary the ) value to find various
solutions of {ry, a} by solving equations {v, = v, v, = 1»} as per GRPM.
@ = 13 is at the limit of astrophysically allowed bound orbits, Eq. (4.8);
@ < 13 in the case of 1H 0707-495. The () = 13 orbit is an unstable orbit
very close to the separation of bound and unbound (called a separatrix orbit),
and such an unstable orbit is not relevant to our study; hence, we fix our
parameter exploration between () = 1 and 12. In Figure 6.4, we have shown

these solutions in the (@, a) and (Q, rs) planes.
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FIGURE 6.3: The integrated probability density profiles for 1H 0707-495 are
shown in (a) P; (r) and (d) P1(a), where the dashed vertical lines enclose a
region with 68.2% probability, and the solid vertical line corresponds to the
peak of the profiles. The inner probability contours of the parameter solution
are shown: (b) in the (a, r) plane, and (c) the outer contours in the (r, a) plane,
where the + sign marks the exact solution.

2. Next, we fix @ = {1,4,8,12} and find the errors in the {r,, a} parameters
using the method described in §5.3.2. The range of {rs, a}, resolution taken
in the simulations, along with the exact solutions and their errors obtained

by fitting P (rs) and P (a) are summarized in Table 6.3.

3. The ranges of {a, r,, @}, shown in Table 6.3 and Fig. 6.4, span the complete
parameter volume for QPO frequencies of 1H 0707-495. As the spin of the
black hole does not change in the timescale of a few months or years, we

need to find the most probable value of spin. We first find the variance of
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FIGURE 6.4: The figure shows the solutions of spherical orbit parameters {7y,
ap, Qo} for QPO frequencies of 1H 0707-495 in (a) (@, a), and in (b) (Q, rs)

plane.

Py (a) with respect to the exact solution of a for each @, given in Table 6.3,

which is given by
0.9
Oui’ = / (a — ag)* Py (a) da, (6.1a)
0

where P, (a) is the probability density distribution in a parameter space for
each value of ). We have summarized the values of o, for each ) in Table
6.3. We then minimize the likelihood function

L=y w (6.1D)

. Oai
7

to obtain the most probable value of the spin given by

o — > (a01/0'ai2)_
T (o)

We find the peak value to be a, = 0.139 for 1H 0707-495, and corresponding
solution of {ry, @} for the QPO frequencies is {ry, = 8.246, @), = 9.814}.

(6.1c)

4. Next, we obtain the y? distribution function of a given by

V2 () = exp[~L (a)]. (6.2)
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FIGURE 6.5: The figure shows (a) x2/x2 function for a, where the vertical solid
black curve depicts a, and the vertical dashed black curve encloses the 95%
probability region, (b) the range of @ and (c) rs corresponding to the 20 region
of a, where the vertical dashed black curves mark {a, ,rsp, @Qp}-

A plot of Xi/X% is shown in Fig. 6.5(a), where X;QJ = x2 (a,). We obtain the
20 errors with respect to a, by normalizing the x2 (a) function and obtain
0.139%88%,, where the region of 95% probability is indicated by the vertical
dashed line in Fig. 6.5(a). We also show the range of ry and @ in Figs.
6.5(b) and 6.5(c) within the 20 region of a, as seen in Fig. 6.5(a), where the
parameter ranges are 7 = (8.214 — 8.323) and @ = (0.0001 — 12.264).

5. Hence, we conclude that the spherical orbits, close to the black hole in the
region, ry = (8.214 — 8.323) with @ values between (0.0001 — 12.264), can
explain the QPO frequencies observed in 1H 0707-495, while the most prob-

able spin value to be a, = 0.139%§%,, with 20 confidence.
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TABLE 6.3: The table summarizes results of spherical orbit parameter solution,
{rs, a}, and corresponding errors for X-ray QPOs in NLSyl 1H 0707-495. The
columns provide the range of parameter volume taken for {rs, a} by fixing
{Q = 1,4,8,12}, the chosen resolution to calculate the normalized probability
density at each point inside the parameter volume, the exact solutions, the
results of the model fit to the integrated profiles, and variance o,. The mass of
the black hole is fixed to M, = 5.2 x 10°M, (Pan et al. 2016).

@ rs range Resolution Exact solution Model fit o range Resolution Exact solution Model fit o,
Ar, rso Aa ap

1 65-95 0.01 8.215 8.215%048 0 -0.9 0.001 0.069 0.069% 035  0.290

4 65-95 0.01 8.219 8.219%0127 0 —0.9 0.001 0.080 0.080%05s0 0.317

8 6.5-—10 0.01 8.233 8.233%05°7  0—0.9 0.001 0.109 0.109%9305  0.348

12 65-10 0.01 8.301 8.301°5%  0-0.9 0.001 0.269 0.26970357  0.277

6.3 Relativistic jet model for the optical and v ray
QPOs

In a simple kinematic approach inspired by the lighthouse model (Camenzind
and Krockenberger 1992; Mohan and Mangalam 2015; Mangalam 2018), the basic

periodicity is set by

Tp— 3093 (r;i/z + a) (1+ 2)mg s,

rg

100

12

3/2
35.8 ( ) (1+ 2) ms days, (6.3)

where mg = M,/ (10°M) and mg = M,/ (103M) and 7 is the radius of the
footpoint of the magnetic field anchored in the equatorial plane. An important
radius is the light cylinder radius, which given in geometrical units is r;, = 7“13,}/ 24
a. The plasma is expected to relativistically follow the field lines upto the light
cylinder rigidly beyond which the field lines would be bend. A reasonable estimate
of the cylindrical radius of the plasma motion is expected to be typically ro = xr.
where x = (0.1 — 10). Taking an angular momentum conservation beyond the
Alfven radius, r4 = w7, where 4 < 1, will lead to 7202 = 2472Q2% setting an

observed periodicity of Ty = (x/xa) Tr. The value of (x/x4) depends on details
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TABLE 6.4: A list of statistically significant QPOs detected in the + ray and
optical energy bands in BL, Lacertae type of AGN, along with their redshifts and
black hole masses. The theoretical timescales are calculated, using Eq. (6.3),
such that the lower and upper limit correspond to rr = 30 and rp = 80 respec-
tively.

References: !Ackermann et al. (2015b); 2Chen (2018); 3Sandrinelli et al.
(2014); *Sandrinelli et al. (2016a); ®Sandrinelli et al. (2018); ®Tavani et al.
(2018); 6 Ackermann et al. (2015a); “Sandrinelli et al. (2016b); ®(Sandrinelli et al.
2017)

Source z logM  Energy band QPO period Tr
Ty (days) (days)
PKS 2155-304  0.116! 8.7%  100MeV-300GeV  620+413%5 33 — 143
R (optical) 315425345
PG 1553+113  0.362 ~ 8 100MeV-300GeV 78046356 8 —35
R (optical) 8105256
PKS 0537-441 0.892'  8.562 100MeV-300GeV 2804397 40 — 176
R (optical) 1484177
BL Lac 0.0686' 8.212  100MeV-300GeV 68043558 10 — 44
R (optical) 6704058

of the relativistic MHD models and x4 is determined by the relativistic Bernoulli
equation, but a range of (x/z4) = 1 — 20 is reasonable (Mohan and Mangalam

2015). This is illustrated by estimating Tr(rr) for the range of rp = (30 — 80)
Ty

(see Table 6.4); we see that the observed m

is in the range of (1 — 20).
This agreement motivates the study of the plasma motion in the background of rel-
ativistic MHD models, and its comparison with fits to the light curves in the future.
Another clue of the jet physics will come from polarization models, as evidenced
by the promising but simplistic cylindrical relativistic polarization signatures of
the EVPA, DOP, and Doppler boosted flux profiles, as predicted by Mangalam
(2018); this will be an additional and useful tool to extract jet properties by doing
detailed fits to polarization observations. There is an oscillatory behavior seen in
both ~-ray and optical light curves (Sandrinelli et al. 2014, 2016a,b; Ackermann
et al. 2015a; Sandrinelli et al. 2018, 2017; Bhatta 2019; Gupta et al. 2019) that
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supports the above trend. There is also evidence of the radio structure that is
supported by the basic model of Mohan and Mangalam (2015) as observed by An
et al. (2020); Mohan et al. (2016).

6.4 Relativistic orbit model (ROM) and PSD shape

The X-ray timing analysis of NLSy1 galaxies has been proven to be an essential tool
for probing the emission region and the underlying mechanism of the variability
process of the X-ray flux in these sources. The shape of the power spectral density

is found to have a shape which is well fit by a bending power-law model given by

(McHardy et al. 2004)
(an—ap)] 71
v
1 — 6.4
+ (yb) ] : (6.4)

where Py is the normalization constant, and «;, oy, are the PSD slopes below and

above the break frequency, v,. The power density spectrum shows that the low-
frequency power spectrum is significantly flatter (oy ~ 1) than the high-frequency
power spectrum (aj > 2). The break frequencies were found to be near v, ~
6.7 x 107%Hz for PKS 0558-504 (Papadakis et al. 2010) and v, ~ 8 x 10~*Hz for
NGC 4051 (McHardy et al. 2004).

Here, we present a plausible relativistic orbit model to generate such a power
density spectrum. As argued before, the non-equatorial orbits, such as spherical
orbits, are the natural consequence of the axisymmetry of the Kerr space-time
(Carter 1968; Rana and Mangalam 2019a). We assume that inside a spherical
corona region of relativistic electrons (the inner corona, IC, rp; < r < r;), existing
inside the radius of innermost stable circular orbit (ISCO) (see Figure 6.1), the

particles are in non-equatorial orbits. The thin accretion disk spans the region
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outside ISCO, where the fluid motion is confined to the equatorial plane. We also
assume that an outer corona region (OC, r; < r < ryx) of relativistic particles
envelopes this accretion disk, lying almost in the equatorial plane (see Figure 6.1).
The energy per unit rest mass of these relativistic particles, E, orbiting in the

equatorial circular trajectories, is given by (Bardeen et al. 1972)

2
—2
E(r,a) = — Haﬁl. (6.5)
2 /2
r(r2 —3r 4 2a/r)

We see that E increases with r outside ISCO, and it decreases with r inside ISCO,
where it has minima at the ISCO radius; see Fig. 6.6(a). The stable circular orbits
exist outside the ISCO radius, whereas the unstable circular orbits are found inside
the ISCO radius. The mechanical energy per unit rest mass of the relativistic

plasma, E, orbiting in the spherical trajectories, is given by [Eq. (4.15a)]

208Q + (ry — 3) (re — 20214 — a2y [12 (3rs — 5) 4+ Q (rs (re —4) +5)] |
= 2ars (rs — 2) + a*]\/a?Q* = 13Q (rs — 3) + 13
]1/2 ’
(6.6)

E(r.a.Q) - 2 —
T2 [7“5 (rs —3)" —4a

where E increases with ry outside the innermost stable spherical orbit (ISSO),
and it decreases with r, inside ISSO, where it has minima at the ISSO radius; see
Figure 6.6(b). The stable spherical orbits, for a fixed @, exist outside the ISSO

radius, whereas the unstable spherical orbits are found inside the ISSO radius.

A comparison of the ISCO and ISSO radii is shown in the (r, a) plane in Figure
6.7, where we see that these radii converge to r = 6 for the Schwarzschild black
hole (a = 0), as the spherical orbits or ISSOs are possible only outside a Kerr black
hole (a # 0) because of the axisymmetry of the Kerr space-time. Additionally, as
the value of @) increases, the ISSO radii move further away from the black hole as
compared to the ISCO radius. This implies that one will always find the unstable

circular and the unstable spherical orbits inside the ISCO radius.
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FIGURE 6.6: The figure shows F (r) as a function of r for (a) the equatorial
circular orbits (@ = 0) and for (b) the spherical orbits with @ = 8, where
a = 0.5. The vertical black curves correspond to the innermost stable circular
orbit (ISCO) and to the innermost stable spherical orbit (ISSO) for @ = 8.

1.0
0.8
0.6
w — 1SCO, Q=0
0.4 — 1SS0, Q=4
— 1550, Q=8
0.2
0.0
1 2 3 4 5 6 7
r

FIGURE 6.7: The figure shows a comparison of the ISCO and ISSO radii in the
(r, a) plane. The ISSO radius moves outwards as @ increases.

6.4.1 The ROM

The underlying assumptions of our model are:

1. We associate the temporal frequency, v, in the observed power spectral den-
sity with the fundamental azimuthal frequency of the particles orbiting in
the circular orbits in the accretion disk outside ISCO, r;, and both circular
and spherical trajectories between r; and marginally bound spherical orbit

(MBSO) radius, ry;. These frequencies are functions of the orbital radius,
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ror rs, [Egs. (5.1a) and (4.24b)|, and hence they are also fundamentally
related to the mechanical energy of the orbit through Eqs. (6.5, 6.6).

2. We assume a prior distribution of the energy of particles (or electrons) given

by a power-law

EN\™
N(E)= A (E_I) , 1C: radial range ryy <7 <71y, (6.7a)

= A (EEI) - ,  OC: radial range r; <r <ry, (6.7b)
where N (E) represents the number of particles having energy F, oy and ay
are the power-law indices inside and outside r; respectively, E} is the particle
energy at 77, and A is the normalization constant. The energy distribution,
N (FE) (Eq. (6.7)), is constructed so that it is continous at r;. Assuming
that the total number of particles are Ny (however, the PSD solution is

independent of this), we have the normalization condition given by

/ N (E)dE = Ny, (6.8a)

1 E —aq Ex E —o2
A/ (—) dE + A/ <—) dE = N,, 6.8b
.\ B . \E 0 (6.8b)

where the first and the second terms contribute for the regions inside and
outside r; respectively, and Ex corresponds to the energy of the particles at
the outer radius of the equatorial circular accretion disk, ry. Subsequently,

we obtain

o wmer - (B @T @ - @)]
A(a, oy, ) = Ny (1— ) + (=)

(6.8¢)
We redefine A (a) such that

Al(a, a1, a0) = NoB (a, a1, az) , (6.8d)
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where

B (a7a17a2) - +

3. We assume that the break frequency of the PSD corresponds to the temporal
frequency at the ISCO radius.

4. We also assume that the particle distribution in the temporal frequency
space, F' (), directly translates to the observed intensity for a given temporal

frequency, so that the power density is given by P (v) o< F' (17)2.

Next, we derive the distribution of the temporal frequency, F'(7), as follows:

dN (E) _dF (v) dv
dE dv dE’

(6.9a)

dF' (v dN (E)dFE (v
- dé - d](E ) d; ! (6.9b)
We obtain (dN (F) /dE) from Eq. (6.7), and numerically obtain £ (7) to derive
(dE (v) /dv), using Eqs. (5.1a, 6.5) for circular and Eqs. (4.24b, 6.6) for spherical
orbits. In Fig. 6.8, we have shown E(7,), where it is clear that the behaviour of
E(v,) changes inside and outside r;. Outside 77, Fig. 6.8(a), the radius of the
circular orbits goes from r; to rx &~ 50 (1 keV~ GTA)/([—;CZ), whereas inside rj, Fig.

6.8(b), the radius of the circular orbits varies between r; and marginally bound

circular orbit (MBCQO), rys, which corresponds to E = 1.

Next, we obtain the temporal frequency distribution given by

v

Fl (a17a2757a7 Q) = _alB (CL,O[l,OZQ) EI <a)al/

vr(a)

q)l (al, 17,, a, Q) dﬂ, + N[ ((1/1, Qo, a, Q) s
inside ISCO,
(6.10a)
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FIGURE 6.8: The figure shows E as a function of v, for the circular orbits (a)
outside 77, and (b) inside 7; for @ = 0.25 and M, = 10"My. The minima of E
is at r; in both diagrams.

Fy (a1, 00,7,a,Q) = —aaB (a, a1, ) Er (a)™ /

l_lx(a

(I)Q <a27 D/v CL) dD, + NX (ala Qo, a, Q) ’
)
outside ISCO,
(6.10b)

where 7 (a) is frequency at r; and vx (a) is frequency at rx [where the energy

is Fx defined in Eq. (6.8¢c)|. Ny (a1, as,a,Q) and Nx (ay, as,a, Q) correspond to
the number of particles having frequency at r; and rx respectively, where we have
scaled the functions Fi, Fy, Ny, and Nx by Ny. The expressions for the functions
d, (ozl, v, a, Q) and ®, (ozg, v, a) are given by

/ 1 dE 7_/7 9
o, (ozl,D a, Q) - R (o v.a Q), (6.11a)
E(alal/ y @y Q) dv
, 1 dE (ozg,l?',a)
® (a 7 ,a> - 0 6.11b
2\ E (a7, a)" dv ( )



Chapter 6: A relativistic orbit model for QPOs in AGN 227

We scale the distribution functions, Eq. (6.10), by N; for simplicity, which yields

14 (fl, Qaa, az)

7 = - C 7 1 inside ISCO
fl (a17a27]/7a7Q) NI (Oél,OZQ,CZ,Q) 11k (CY171/,(I,Q)+ ) mside )
(6.12a)
folag,a0,7,0,Q) =  — W (a1, 0) Coxy (a2, 7,a) + nx (ag,a2,a,Q),  outside ISCO
2 1, &2, V, W, NI (ozl,ozg,a, Q) 2Xk 2,V X 1, &2, W, ) 9
(6.12b)
where i
vy,
Cin = / ®, (a) d7, (6.12¢)
vj
V(a,a1,a2) = aq B (a, a1, a) ETY, W (a, a1, a0) = asB (a, oy, a0) E72,
(6.12d)
and

E (a17a27 I;,(Z,Q)
NI (Oél,OZQ,G,,Q) 7

NX (051,042, CL?Q)

N (Oél, Qg, @, Q) '
(6.12¢)

f’i (&1,&2,5,@7 Q) =

nx (ala Qg, a, Q) =

We employ the condition that fi (a1, e, 7,a,Q) = fa(aq,as,7,a,Q) at the fre-

quency corresponding to {r;, 7y (a)}, which gives

W (aa oy, (142)

1=—
NI (alaa27a7Q

)szz (az,a) + nx (a1, 02,0,Q), (6.13a)
or
Ny (ag,a9,a,Q) = =W (a, a1, az) Cox (ag,a) + Nx (g, s, a,Q) . (6.13b)

Next, we apply the normalization condition to the temporal frequency distribution
given by
Fl (ala Qg, DM? a, Q) + F2 (Oély a2, 1717 a, Q) = 17 (6143)

-V (a, aq, Oéz) Cirm (ah a, Q)—W (a, ag, 042) Coxr (az, a)+N1 (Ol1, Qg, G, Q)+NX (0417 Qo, a, Q) =1
(6.14b)



Chapter 6: A relativistic orbit model for QPOs in AGN 228

where 7y (a, @) is the frequency at rp;. We solve Egs. (6.14b) and (6.13b) to-
gether to obtain Ny (aq, as,a, Q) and Nx (a1, as,a, Q). Hence, the substitution of
Ny (aq,az,a,Q) from Eq. (6.13b) into Eq. (6.14b) yields

1
Nx (a1, 02,0,Q) = ) (14 V (a, a1, a2) Cirn (1,0, Q) + 2W (a, o, a2) Coxr (@2, a)] -
(6.14c¢)
By substituting Eq. (6.14c) back in Eq. (6.13b), we find

Ni(n,02,0,Q) = 314V (@ar ) G (o, 0,Q)) . (615)

Hence, we obtain Ny (ay, s, a,Q) and Nj(aq,as,a,Q) using Egs. (6.15) and
(6.14c). Note that vy < vy < vy, where vx < v (r) < vy outside ISCO (r; <r <

rx) and vy < v (r) < vy inside ISCO (ry <1 < 7y).

Now, we describe the procedure to obtain the model parameters oy and «s using

observations:

1. If 5, is the average slope of the observed PSD after the break frequency,

v > 1y, given by

:51 = 2

%Pg)] = b, (6.16a)

Alog[F; (7)]
Alog] v

Alog|v]

where A represents the difference of values at the end points defined by
MBSO and ISCO in our model: the end point of the PSD for # > 7, (where
vy, = vy (a)) is at the MBSO radius (7 (a)), so that

fl (a17a2777M (a)>an):| _ |:VM (a):|
2log {fl (oo (@).0.0) |~ 51 log e | (6.16b)
fl (041,(1/2,DM (a)>aa Q) = U (a761)7 (6'160)
Ciiv (a1,a0,Q) V (a, a1, az) _
= |:1 — N] (al? a2, 4, Q) :| = U1 (CL, Bl) y (616d)
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where

i (a, Br) = (EM <a))61/2 , (6.16¢)

vr (a)

where Ny (aq, s, a, Q) can be substituted using Eq. (6.15), which yields

1— Uy (CZ, Bl)

1 + (aaﬁl) - V(a,a17a2) ClIM (Oélvav Q) . (616f)

Hence, for a given combination of {a, @}, we obtain a relation, given by Eq.

(6.16f), where {a;, ay} are unknowns.

2. Similarly, if 5 is the average slope of the observed PSD before the break

frequency, v < 1, we have

Alog[F; ()]

2
Alog[7]

= [ (6.17a)

The lower extreme of the PSD at r = rx, for v < 3, is given by vx (a), so

that
Ja (@1,04277/1(@)»@,62)} _ [yl(a)]
2log folar, 00, 0x (a) ,0,Q) | Palos vx (a)]’ (6.170)
nx (a1, az,a,Q) = us (a, Bs), (6.17¢)
where

us (a, By) = (” 1(a) )_M | (6.17d)

Ux (CL)
The substitution of Ny (a1, as,a, Q) and Ny (aq, ag,a, Q) using Eqgs. (6.15)
and (6.14c) gives

PP W (0 1,00) Cax (02,0). (6.17¢)

which is another relation to solve for {as, as}. Hence, Egs. (6.12), (6.16f),

and (6.17¢) together give us values for {aj, as} for a fixed combination of

{a, Q}.

3. We compute the slopes {ay, as} by the above mentioned criteria for different

combinations of (a, @), which are shown in Table 6.5. We find that a; ranges
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FIGURE 6.9: The figure shows contours of (a) aj, and (b) ag in the (@, a)
plane.

between ~[2.3 — 4] and a3 is in the range ~|[3.7 — 8.9], indicating that a
power-law model for the intrinsic mechanical energy of the orbiting matter
describes the shape of the observed PSD reasonably well. Additionally, if
we reverse the analysis to estimate {1, f2} by fixing {a; = 2.5, ap = 3.5}
for (a = 0.5, Q = 2), we find {f; = —1.97, B, = —0.77} which are in good
agreement with observations. We also show contours of «; and as in the
(@, a) plane in Fig. 6.9, where the values of a; and ay increase with a. We
also see that contours are independent of () for small a, which is expected

because the non-equatorial orbits do not exist in Schwarzschild spacetime.

. The examples of PSD profile obtained in the scaled frequency space, v, are
shown in Fig. 6.10. We see that the PSD profiles for given parameter
combinations in Table 6.5 show good fits to the expected bending power-law
model, Eq. (6.4). The PSD represents a general power spectrum obtained
independent of the mass of the black hole; hence, it applies to the stellar-
mass black holes also. This validates the ROM as a plausible model for PSD

observed in black holes.

7.40
7.03
6.66
6.29
5.92
5.55
5.18
4.81
4.44
4.07



Chapter 6: A relativistic orbit model for QPOs in AGN 231

TABLE 6.5: The table summarizes the computed values of (aq, a2) and the
parameter fits to the bending power-law, Eq. (6.4), for various combinations of
(a, Q), where we fixed rx = 10 and {81 = —2, f2 = —1}, and the frequencies
were scaled by (¢2/GMs,).

#  (a, Q) 831 Q2 Qq Qap, P

1 (0.1,0) 2.286 3.753 0.282 2.74 0.866
2 (0.5,4) 2615 4.864 0.413 3.453 0.818
3 (0.9,0) 2462 8.873 0.483 5.561 1.112
4 (0.9,4) 3.944 7.407 0.497 5.328 0.925

0.0/
~ -0.2
S
o
S -0.4]
S
~0.6/
; ~0.8] |
-23 -22 -21 -20 -19 -18 -17 23 -22 -21 -20 -1.9 -1.8 -17 -1.6
log(v) log(v)

(a) (b)

FIGURE 6.10: The figure shows examples of PSD, P(7) oc F()2, profile ob-
tained using the ROM for the parameter combinations (a) #1, and (b) #2 given
in Table 6.5. The red curve shows the bending power-law model fit, given by
Eq. (6.4), where the fitting parameters are shown in Table 6.5. The vertical
black dashed curve corresponds to the ISCO (break) frequency.

6.5 Summary

The results are summarized below:

e In §6.1, we summarized the observations for X-ray QPOs, which are tradi-

tionally associated with the accretion disk and corona, v-ray QPOs normally
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attributed to a jet, and the X-ray PSD usually connected with the inner and

outer corona (see Fig. 6.1).

e In §6.2, we motivated the creation of (G)RPM models for X-ray QPOs and
extracted the spins and radii for the sources, listed in Table 6.1, based on
the model given in Stella and Vietri (1999); Stella et al. (1999); Rana and
Mangalam (2020b). The GRPM model confirms that the detected QPO
in Type-2 AGN 2XMM J123103.24110648 is an LFQPO, as it was also
suggested by Lin et al. (2013). In a statistical analysis, we were able to
determine these parameters and their errors for 1H 0707-495, the case of
two simultaneous QPOs, based on the observed QPO frequencies and their
errors. The results are presented in Table 6.2 for circular orbits and in Table
6.3 for spherical orbits. We found non-planar orbits, with @ ~ (1 — 12),
which are very close to a Kerr black hole, that (rs ~ (8.2 — 8.3); a ~ 0.14)
are the possible solutions for QPO frequencies of 1H 0707-495.

e Next, in §6.3, we applied the relativistic kinematic jet model to check its
validity by comparing the basic frequency with the observed QPO periods in
BL Lac objects, given in Table 6.4. The ratio Ty /T is typically in the range
1 — 20, which is reasonable, given the range of footpoint radii of the field
lines and typical location of the Alfvén point up to which the field line is
rigid (Mohan and Mangalam 2015). It motivates detailed relativistic MHD
models along with polarization profile predictions (as given in Mangalam

(2018)) to compare with observations.

e In §6.4, we built a relativistic orbit model consisting of circular and spherical
orbits that have a power-law distribution, and its mechanical energy is split
into two parts (above and below the energy at ISCO). This formulation
leads to unique results relating to the PSD slopes (before (v < 1,) and after
(7 > 1) the break) with those of the energy spectrum for the given spin
and mass of the black hole (Figs. 6.9 and 6.10). We plan to test this model

against observations to extract {a, M,}.
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6.6 Discussion, caveats, and conclusions

We add the following points of discussion of our results and conclusion:

1. The periastron and nodal precession of the particle orbits is an intrinsic
phenomenon in Kerr geometry, which is a consequence of strong gravity and
axisymmetry of the spacetime. We propose in the GRPM (chapter 5) that
the precession frequencies of matter blobs orbiting in these trajectories, very
close to the Kerr black hole, modulate the X-ray flux, from the thin accretion
disk where the flow is hot. The origin of these non-equatorial orbits of blobs
in a slim torus region having a single radius is motivated in chapter 5, where
a model of fluid flow in the general relativistic thin accretion disk (Penna
et al. 2012) is studied. In this study, we suggest that the edge region, defined
in Penna et al. (2012), is a launchpad for plasma instabilities, where blobs
orbit with fundamental frequencies of the geodesics near the edge and in
the geodesic region (defined in Penna et al. (2012)), in which Hamiltonian
dynamics is applicable. We also show in the GRPM that these geodesics
span a torus region, which overlaps with the edge and geodesic region of

Penna et al. (2012).

2. The QPOs in NLSyls are usually observed when L/Lgg4, is very high; for
example, L/Lgqq ~ 10 in the case of RE J1034+4-396 (Gierlinski et al. 2008)
implies a high accretion rate, but the association of L/Lg4s with the QPO
frequencies is not clear. Moreover, even if one assumes that the accretion pro-
cess in AGN and BHXRB is the same and that both show similar character-
istic @ shape in the hardness-intensity diagram (Remillard et al. 2006), over
a timescale, T', this would be 10°—10° times more than BHXRB timescales,

as T x M,.

3. Our relativistic orbit model (ROM) is built on the formulation of the in-

trinsic mechanical energy distribution of the plasma in motion, where three
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frequencies vy < v; < vy correspond to the low-frequency end, break fre-
quency, and the high-frequency end of the PSD. However, there is a noise
component to be added at higher frequencies of the PSD to obtain a more
realistic PSD shape to the intrinsic energy distribution related to the fre-
quencies of the unstable orbits inside MBSO. A more generalized approach
will be to incorporate frequencies of the more general eccentric and non-
planar orbits (e # 0, @ # 0) contributing to the PSD shape. This is planned

as future work.

4. The fundamental frequencies of the spherical geodesics in the Kerr geometry
seem to explain the PSD in the Inner Corona (IC) region, where P (v; < v < vy);
whereas the frequencies of the Outer Corona (OC) region are associated with
the circular orbits, where P (vx < v < vy). The results of this toy statistical
model, ROM, seem promising. A detailed physical model is required to pre-
dict the power law indices in the energy spectrum. Furthermore, including
a more ellaborate transfer function taking into account the GR effects like

light bending and Doppler boosting, is in order for further study.

5. The paradigm of the ROM can be tested against observations by extracting
{M,, a} from observed {vx, v, vy, f1, B2}, and by exploring the parameter
space {ay, as} which is the basis of the PSD for the ROM model. In the
future, we plan to apply and test this model against several observed PSD

of various AGN sources.

6. The total power of a PSD having a power-law profile is given by

Ve T 1
7>To</ (3> dv ocuc/ X7dX o v, (6.18)
0 Ve 0

where X = v/v., 7 is the power-law index, and v, is the upper frequency
cut-off of the PSD. On the other hand, from the Wiener—Khinchin theorem,
Pr = F?, o« (0% —0%), where F,, gives a measure of the time signal

var

variance above the noise and ¢% is the variance in the noise measurable
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from observations. This gives the relation between the measured quantity

and v, as, F,q, o< 2%, where the cutoff v, provides a measure of the spin and

mass of the black hole if the disk cuts off at the ISCO or MBSO radius; this
implies 195 oc M2®. Using a more complicated PSD distribution expected
from the ROM and using F,,., we can give better estimates for v, and hence

extract {M,, a}, using F,,-, and study statistical trends from a sample of

sources with known {M,, a}.



Chapter 7

“Life 1s like riding a bicycle. To keep
your balance you must keep moving”
In a letter to his son, Eduard, 1930

Summary, caveats, and conclusions

This thesis is devoted to the study of compact and analytic trajectory solutions
and its fundamental frequencies for the most general and non-equatorial bound
orbits around a Kerr black hole. These trajectory solutions are reduced to simpler
formulae for the special cases, for example, equatorial eccentric, spherical, and non-
equatorial separatrix trajectories. The bound orbit regions and curves along with
corresponding mathematical expressions for binding conditions for these orbits are
explored in the energy, angular momentum space (F, L) and eccentricity, inverse-
latus rectum space (e, p). We find that the {e, u, a, Q} parameter space is more
useful to write the trajectory solutions, which helps to remove the singularities
at the turning points of the bound orbit. We also presented a general relativistic
precession model (GRPM) for X-ray QPO frequencies observed in BHXRB using
our analytic formulae for the fundamental frequencies which involve the integrals
of motion. We applied the GRPM to a few cases of BHXRB and AGN having
X-ray QPOs and presented a relativistic orbit model for the characteristic power

spectral density (PSD) shape observed in AGN. We showed that the QPOs are



Chapter 7: Summary, caveats, and conclusions

237

originated from a torus region containing non-equatorial and eccentric trajectories.

We motivated a jet model to study the v ray QPO frequencies observed in Blazars.

In this chapter, we summarize the Thesis, discuss the novel aspects, and their

impact. We will then discuss the implications for future theoretical models.

7.1 Highlights

We summarize the highlights of each chapter in the sequence below:

e Chapter 1. We discuss the basic physics and properties of the Kerr space-

time. We present the motivation for the study of integrals of motion, various
kinds of orbits, and important radii. We also provide a summary of different
types of black holes in astrophysics from BHXRB to AGN and their observa-
tional properties. We finally discuss various goals of this Thesis and provide

a resource summary.

Chapter 2: We derive the equations of motion for time-like trajectories in
the Kerr spacetime using the Hamilton-Jacobi equation. We obtain the
conserved quantities, E/ and L, as a consequence of symmetries of the Kerr
geometry. We also derive the Carter’s constant by separating 6 and r part of
the Hamilton-Jacobi equation. Finally, we discuss the method of the action-
angle variable to obtain the fundamental frequencies for bound trajectories.

We provide a resource summary.

Chapter 3: We derive the translation relations between (E, L) and (e, )
parameter space of the Kerr geometry, Eq. (3.17). We explore different types
of bound orbits based on the properties of four roots of the radial effective
potential, Eq. (3.24). We divide these orbits as regions and bounding curves

in the dynamical (E, L) and conic (e, ) parameter spaces, see Figs. 3.1-3.7.
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The conditions for the equatorial orbits are obtained using the Cardano’s
method to derive three roots of the effective potential, Eqgs. (3.45) and
(3.46a-3.46¢); Figs. 3.8-3.12. We write the mathematical expressions of
these regions and curves in both parameter spaces, see Table 3.1. We finally
present a prescription to choose the astrophysically relevant bound orbits in
the dynamical and conic parameter spaces, Eqgs. (3.59a-3.60d) and (3.61a-
3.62d).

e Chapter 4. We present a novel, analytic, and compact form for the equations
of motion of the most general, eccentric and non-equatorial, orbits in the Kerr
geometry using the conic parameter space (e, u, a, @), Egs. (4.3-4.5) and
Table 4.1. These solutions are presented in terms of the standard Elliptic
integrals. Our analytic expressions provide faster computation to obtain
the trajectory solution for the bound orbits. We derive the bound orbit
condition in the conic parameter space by implementing the condition of the
reality of the Elliptic integrals, Eq. (4.8). We also derive the analytic form
of the fundamental frequencies for these bound orbits, Eq. (4.11) and Table
4.2. We reduce our formulae to the special cases of equatorial eccentric and
spherical trajectories and obtain simpler analytic forms, Eqs. (4.13-4.14),
(4.15, 4.21, 4.23-4.25¢) and Tables 4.3, 4.4. We write novel expressions for
special radii, like MBSO, ISSO, and the light radius in terms of {ry, a,
Q}, Egs. (4.28-4.30), see Fig. 4.2. We also study an important class of
orbits, called non-equatorial separatrix; see Fig. 4.1. We derive the analytic
expressions for e and p as functions of (rg, a, @), where r, is the radius
of the unstable spherical orbit sharing £ and L with the separatrix orbit.
These formulae for (e, ) provides the locus of the separatrix trajectories in
the conic parameter space, Eqs. (4.26, 4.35). We also reduce our trajectory
solutions for the non-equatorial separatrix case and obtain a solution in terms
of the logarithmic and trigonometric functions, Eq. (4.40) and Table 4.5. We
show the consistency of our results with the previously known formulae in

§4.7 and discuss various astrophysical applications of our novel results. We
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finally sketch different kinds of trajectories using our analytic solution and
discuss their distribution in the (e, 1) space, see Figs. 4.3-4.11. A formulary

of the novel results presented in this work is shown in Table 7.1.

e Chapter 5. In this chapter, we develop a general relativistic precession model
(GRPM), see Figs. 5.1-5.3, to understand the origin of the frequencies
of the quasi-periodic oscillations (QPOs) observed in BHXRB. The QPO
frequencies are modeled as the azimuthal and precession frequencies {v,
(v — 1), (Vy — vp) }, that were previously studied for the equatorial circular
orbits, which is now generalized in the framework of GRPM by including
the frequencies of non-equatorial eccentric, equatorial eccentric, and spheri-
cal trajectories, Figs. 5.7-5.12. We implement the GRPM using our analytic
frequency formulae (presented in chapter 4) to study observed QPOs of 5
BHXRB, see Table 5.3, having either three or two simultaneous QPOs, and
estimate the orbital parameters {e, 7,, a, @}. We found non-equatorial ec-
centric orbit solution for QPO frequencies at {e = 0.23075:057, r, = 4.8347028
a=0.299, Q = 2.3627}339} and spherical orbit solution at {r, =6.04470 0%
a =0.32140.013, Q =6.113"7333} for BHXRB M82 X-1, implying degen-
erate solutions for this case; see Tables (5.4, 5.5, 5.7) and Figs. 5.16 and
5.24. We naturally found a near equatorial and low-eccentric solution for
QPO frequencies of GRO J1655-40 at {e = 0.0711003 r, = 5.2575170,
a = 0.283, Q = 070623} see Tables (5.4, 5.5) and Fig. 5.17. We find that
these orbital trajectory solutions span a torus region near the inner edge of
the accretion disk, close to ISSO (ISCO); see Fig. 5.22. This torus region
contains precessing orbits giving quasi-periodic peaks in the Fourier power
spectrum; see Figs. 5.18 and 5.29. For the cases of BHXRB 4U 1630-47
and GRS 1915+105, we found equatorial and highly eccentric solutions at
{e=0.73479096 ' = 2.24970249 and {e = 0.918 4 0.002, 7, = 1.7441392
respectively; see Table 5.6 and Figs. 5.20 and 5.21, where spins were fixed
to estimates of the previous analysis; see Table 5.3. This indicates high ec-

centric trajectory solutions for QPOs of black holes having high spin values,
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TABLE 7.1: A list of novel formulae and advancement in the theoretical results

made in this Thesis.

Results presented in the previous studies Our new results presented in this thesis

1. | Bardeen et al. (1972): Analytic expressions of E and L Analytic expressions for £ and L and equations for
for equatorial circular orbits, Egs. (2.12) & (2.13). important radii, ISSO, MBSO, and light radius for

general spherical orbits with @ # 0,
Egs. (4.15), (4.28-4.30) and Table 4.4.

2. | Schmidt (2002): Expressions for fundamental frequencies, The t, ¢, r — 0 integrals are solved analytically and
(v, vr, 1), of general trajectories given in terms of explicit expressions for fundamental frequencies are
quadratures using action-angle variables, Eqs. (59)-(61). presented for @) # 0 using long-time average method,

Eq. (4.11), Table 4.2.

3. | Fujita and Hikida (2009): Analytic trajectory solutions are Analytic trajectory solutions are presented as a function
presented as a function of the variable Mino time, A, of comparatively simple variable x, which is directly
Eq. (22-45); for Q # 0, where input variables are related to the distance from the black hole,

E, L, Q and a. r, and using (e, p, a, Q) space, Egs. (4.3-4.5), Table 4.1.
Specialized trajectory solutions and fundamental
formulae for equatorial eccentric and spherical orbits
are also obtained, Eqgs. (4.13-4.14),

(4.21, 4.23-4.25¢), and Tables (4.3, 4.4)

4. | Levin and Perez-Giz (2009): Expressions for the eccentricity, | Expressions for e, and s and trajectory solutions
es, and inverse latus-rectum, pus, of equatorial separatrix are presented for general separatrix
orbits and the trajectory solutions (Q = 0) are orbits with @ # 0, Eqgs. (4.26, 4.35, (4.40)),
presented, Eqgs. (20), (21), & (26). Table 4.5.

Bound orbit conditions in (e, p, a, Q) space
are derived, Eq. (4.8).

5. | Hackmann et al. (2010): Different regions of bound orbits are | Expressions of conditions of these regions are
identified in the (F, L) plane using roots of the effective identified in (E, L, a, Q) as well as in (e, p, a, Q)
potential, Fig. 5. space, Table 3.1, and turning points of the

general trajectory are obtained for @) # 0,
Eq. (3.24), and for Q = 0, Egs. (3.46a-3.46¢).

6. | Bini2017: Translation formulae from (e, p, a) to (E, L, a) Translation formulae from (e, p, a, Q) to
space for eccentric equatorial orbits are presented, (E, L, a, Q) space for general eccentric
Egs. (15) & (18)-(20). orbits with @ # 0 are presented, Eq. (3.17).
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which is intrinsic to the framework of GRPM [see Figs. 5.7-5.12|. However,
such a highly eccentric solution is unlikely in the accretion disk around a
black hole, which implies that these BHXRB might not contain very high
spin black holes and better estimates of their spins are required. In the
case of BHXRB XTE J1550-564, we found degenerate solutions, equatorial
eccentric solution at {e = 0.26270 009, 7, = 4.3657 0559} (Table 5.6 and Fig.
5.19) and spherical orbit solution at {r, = 5.538 & 0.054, Q = 2.697 1733

(Table 5.7 and Fig. 5.25). We show that the equatorial eccentric solution
follows the PBK correlation observed in the case of BHXRB GRO J1655-40,
see Figs. 5.26 and 5.27, We also find non-equatorial eccentric orbit solu-
tions for the broad frequency components detected in RXTE observations of
GRO J1655-40, see Table 5.8. We, finally, present the connection between
our precessing particle orbit model with the GR fluid model. We find that
the inner edge region and the geodesic region of the GR fluid model over-
laps with the torus region found in our model; see Fig. 5.28 and Table 5.9.
This indicates that the instabilities in the inner region of the accretion disk
launch the plasma in the geodesic region where it follows geodesics spanning
the torus region presented in our model; see Fig. 5.29. A summary of all

results with tables and figures is given in Table 7.2.

e Chapter 6: In this chapter, we apply the GRPM to the cases of AGN with
detected X-ray QPOs, see Table 6.1. We show that the QPOs are originated
in the inner regions of the accretion disk, Fig. 6.2. We also present an
equatorial and circular orbit solution at {r = 8.2147031% a = 0.06627050%
(see Fig. 6.3 and Table 6.2), and degenerate non-equatorial orbital solutions
between @ = 1 — 12 (see Fig. 6.4 and Table 6.3) for the QPOs observed
in the case of 1H 0707-495. For the spherical orbit solution, we found the
most probable spin at a = 0.139 for 1H 0707-495, see Fig. 6.5. We motivate
a detailed relativistic kinematic jet model by comparing the fundamental
frequency with the observed QPO frequencies in optical and + ray bands,
see Table 6.4, where their ratio is found in the expected range of 1 —20. The
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plasma is expected to relativistically follow the magnetic field lines in a rigid
motion up to the light cylinder radius. The angular momentum conservation
then sets a ratio between the observed and fundamental timescales which is
expected in the range ~ 1 — 20. This motivates a detailed relativistic model
for the motion of plasma along the jets. We, then, present a relativistic
orbit model (ROM) for the observed PSD following a bending power-law,
Eq. (6.4), in AGN. We associate the ISCO frequency with the observed
break frequency, 14, in our model. We assume a power-law profile for the
energy distribution of matter accreting near the black hole. We show that the
distribution of fundamental frequencies of the spherical orbits in the inner
spherical corona region provides the steep slope for the higher frequency
region of the PSD (above 1). The lower frequency region of the PSD is
explained by the distribution of equatorial circular orbit frequencies in the
inner region of the accretion disk. We show that the bending power-law
profile fits the PSD theoretically generated in our model with a; ~ 1 and
ay ~ 2 that compares well with observations; see Figs. 6.9, 6.10 and Table
6.5. A unified picture of our orbit model for the QPOs and PSD shape
observed in AGN is shown in Fig. 6.1. A summary of all results with tables

and figures is given in Table 7.2.

7.2 Novel aspects and their impact

1. The identification of important radii like ISSO, MBSO, the light radius helps
to classify the various regions in the (r, a) plane corresponding to different
types of bound orbits. We present, here in Table 7.3, a summary of all types
of bound orbits and their corresponding regions, that we have identified, in
the (r, a) plane. This identification helps to study the geometric origin of

various observed signals from black hole systems, for example, QPOs.
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TABLE 7.2: A summary of the results, tables, and figures related to the GRPM
parameter extraction for BHXRB and AGN, GR gas-flow model, PBK analysis,
ROM model for PSD, and MHD jet model.

Physical context

Figures and Tables

GRPM, BHXRB M82 X-1
GRPM, BHXRB GRO J1655-40
GRPM, BHXRB 4U 1630-47
GRPM, BHXRB GRS 1915+105
GRPM, BHXRB XTE J1550-564
GRPM, AGN 1H 0707-495
GRPM, RE J1034+396, MS 2254.9-3712,
Mrk 766, and MCG-06-30-15
PBK correlation

GR gas-flow model

ROM for PSD

MHD jet model

Tables (5.4, 5.5, 5.7) and Figs. (5.16, 5.24)
Tables (5.4, 5.5) and Fig. 5.17

Table 5.6 and Fig. 5.20

Table 5.6 and Fig. 5.21

Tables (5.6, 5.7) and Figs. (5.19, 5.25)
Tables (6.2, 6.3) and Figs. (6.3, 6.4, 6.5)
Fig. 6.2

Table 5.8 and Figs. (5.26, 5.27)
Table 5.9 and Fig. 5.28

Table 6.5 and Figs. (6.9, 6.10, 6.1)
Table 6.4 and Fig. 6.1

2. We constructed mathematical conditions for various bound orbits represent-

ing regions and curves in the (E, L) and (e, p) space. We presented a
prescription to choose the parameter combinations (E, L, a, Q) and (e, pu,
a, Q) for astrophysically relevant bound trajectories. This helps us to iden-
tify the limitation of choosing the parameter combinations, which are inputs
to the integrals of motion, and consequently to the fundamental frequency

formulae used for various astrophysical applications.

. We presented the most compact analytic forms (to date) of the most gen-
eral, eccentric and non-equatorial, trajectories, and fundamental frequencies.
These formulae are derived using the conic parameter space and provide
much faster convergence to obtain the trajectory solutions than the previ-
ously available analytic forms (derived using the Mino time and in terms of

1), for example, ~ 20 times faster in the equatorial case. The construction
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TABLE 7.3: A list of various types of trajectories around a Kerr black hole with
their description, and the region in the (r, a) plane where they are found, as

shown in Fig. 5.4.

2The regions for e0 and 00 orbits are shown in Fig. 5.4(a), whereas eQ or Q0
orbits are shown in Fig. 5.4(b).
f(Rana and Mangalam 2019a,b); ¥(Levin and Perez-Giz 2009; Perez-Giz and
Levin 2009); " (Glampedakis and Kennefick 2002).

Type of orbit or radius

Description

Region or curve®

Eccentric, eQ or €0

Separatrixhf, eQ or €0

Zoom-whirl™", eQ or e0

Stable spherical (circular)t, Q0 (00)

Unstable spherical (circular)’, Q0 (00)

ISSO (ISCO)t, QO (00)

MBSO (MBCO), Q0 (00)

Light radius®, Q0 or 00

e They are the stable eccentric bound orbits.

e They are the intermediate case between bound and
plunge orbits, while their periastron points correspond
to an unstable spherical (or circular) orbit, where a
particle reaches asymptotically.

e The eccentricity of a separatrix orbit increases as its
periastron moves closer to the black hole for a given a.
e The r, of a separatrix orbit with a given eccentricity
defines the innermost radial limit for the eccentric bound
orbits having the same eccentricity.

e They represent an extreme form of the periastron
precession in the strong field regime.

e A particle spends enough time near the periastron
to make finite spherical (or circular) revolutions before
zooming out to the apastron point.

e They are found near and outside the separatrices.

e They have a constant radius with the precession of
orbital plane partially spanning the surface of a sphere
around the black hole.

e They are found outside ISSO (ISCO).

e They have a constant radius like stable spherical
(circular) orbits.

e They are found outside MBSO (MBCO).

e Innermost stable spherical (circular) orbit.

e Defined by Eq. (4.28).

e Marginally bound spherical (circular) orbit.

e Defined by Eq. (4.29).

e Only a photon orbit can exist at this radius.

o Defined by Eq. (4.30).

e It is the innermost boundary for the unstable spherical

(circular) particle orbits.

1 and 2
2

1 and 2

2 and 3

Black curve

Blue curve

Green curve
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of the trajectory solutions, the bound orbit conditions, and fundamental fre-
quencies is done using the translation relations between (E, L) and (e, u)
parameters, which are important to express the formulae completely in the
conic parameter space. These analytic solutions have direct applications to
various astrophysical scenarios, for example, the gravitational waves from
extreme-mass ratio inspirals (EMRIs), relativistic precession, and QPOs
(which we studied in our work), phase space study of orbits, gyroscope pre-

cession, etc.

4. We also obtained specialized formulae for the spherical and equatorial eccen-
tric orbits, for example, their trajectory solutions, fundamental frequencies,
and (E, L) as functions of (15, a, @) for the spherical case. These formu-
lae are tailor-made to many typical astrophysical applications like accretion
disks and the corona, EMRIs, and Pulsars, etc while providing much faster

computation.

5. We derived the locus of the non-equatorial separatrix trajectories in the (e,
() space by obtaining a compact analytic form as functions of (7, a, Q) and
also obtained the analytic form for their trajectory solutions. This has direct
application to the study of EMRIs where a compact object passes through
a separatrix while transiting from bound to plunge orbits. The study of the
waveforms from EMRIs while such transition, in the non-equatorial scenario,

involves the identification of locus of separatrix in the parameter space.

6. We developed a GRPM for QPO frequencies and applied it to 5 cases of
BHXRB to estimate the parameters of eccentric and non-equatorial trajec-
tories. We identified that these trajectories span a torus region near ISSO
(ISCO) where these QPOs are originated. Our model also explains the PBK
correlation observed in QPOs in the case of GRO J1655-40. We also make
a connection between our particle model with the GR fluid model where
we identify that our torus region overlaps with the geodesic region near

the ISCO radius where such orbits are expected. This framework of the



Chapter 7: Summary, caveats, and conclusions 246

particle-GR fluid model is the motivation for future GRMHD model includ-

ing non-equatorial orbital dynamics.

7. We applied the GRPM to X-ray QPOs observed in a few cases of AGN,
where further predictions can be made if there are more cases of AGN with
two or three simultaneous QPOs. We also motivated a relativistic MHD
model for jet (Mohan and Mangalam 2015) based on QPOs observed in ~y
ray and optical bands, which will also help to study the QPO timescales and
cylindrical relativistic polarization signatures (Mangalam 2018). We devel-
oped a ROM for the PSD shape observed in AGN, which is demonstrated
to fit the observed bending power-law, and it can be further generalized by
involving non-equatorial and eccentric orbit frequencies. The fitting of the
ROM with the AGN data will provide the estimates for mass and spin of the
black holes.

7.3 Caveats

We list some of the caveats below:

1. In the GRPM for QPOs, we assumed a self-emitting blob of matter or plasma
following the geodesics as the origin of the X-ray flux close to the Kerr black
hole. A more detailed emission criterion of the X-ray flux is required for
future modeling while including various GR effects like Doppler boosting,
light bending, as implemented in Mohan and Mangalam (2015). A transfer
function including these GR effects will provide the relation between the

emitted and observed flux.

2. In the ROM for PSD, we assumed a power-law profile for the intrinsic dy-

namical energy distribution of particles in the accretion disk and the corona
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region. We also assumed circular orbit in the accretion disk and spherical
orbits in the spherical corona region, whereas the break frequency is assumed
at the ISCO radius. However, it provides a good bending power-law profile.
A future generalized model will include the eccentric and non-equatorial or-

bits also.

7.4 Future directions

A flowchart representing various applications and the future direction of our work

is shown in Fig. 7.1 and elaborated below:

1. We plan to study the resonance conditions for the general and non-equatorial

periodic orbits in the Kerr spacetime, for example

T, =1, ((M) + 1) =Ty (QQ + 1) , (71)

where T,., T, and Ty are the radial, azimuthal, and vertical oscillation time
periods of the periodic orbits. gy and g4 are the rational numbers relating
these time periods. We also plan to study the diagrammatic arrangement of

the energy levels of these orbits.

2. We plan to derive the most compact and faster method to obtain the locus
of the separatrix orbits by obtaining a single polynomial equation in terms
of the parameters (e, u, a, Q). This analytic form will also help us to find
the upper limit for ) = Q4 for bound orbits in the Kerr geometry as a

function of (e, p, a).

3. We plan to develop a model for the light echoes in the Kerr geometry. This

will involve a more general transfer function by including GR effects like
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FIGURE 7.1: A flowchart of the theoretical development of work, the impact,

and its future directions.
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light bending, Doppler boosting, and gravitational redshift as developed by
Mohan and Mangalam (2015). This transfer function will then relate the
emitted and observed X-ray flux in the black hole systems and will have

applications to various observations of AGN and BHXRB.

4. We plan to study a more general particle-fluid model involving GRMHD
simulations of the non-equatorial trajectories around a Kerr black hole. This
will provide a further test of our GRPM relating QPO frequencies with
the non-equatorial geodesics in the edge and geodesic region. We also plan
to further compare the GRPM and particle-fluid model predictions with
the observational results from the currently operative Indian X-ray satellite,
AstroSat, and from future missions, such as eXTP, which is proposed to have

much higher sensitive instruments for X-ray timing.

5. We plan to generalize our ROM for PSD in AGN by including non-equatorial
eccentric orbit frequencies in the inner corona region and the equatorial

eccentric orbit frequencies in the outer corona and accretion disk regions.



THE END!






Appendix A

A.1 Solution of integrals [1-/g

In this appendix, we show the solutions of the integrals given in §4.2.1. First, we
derive the radial integrals I; — Ig, given by the Eqgs. (4.3a-4.3h). We make the
substitution 1/r" = p (1 + ecos x), which reduces the integrals to

L—2(L—aF)py q
1 —2uy + a2u2y?| \/Acos2 x + Bcosx + C X

I = —2u(1—e2)/:[

(A.la)
= T
’ W e - 2y @y Aoty § Beosy 10
(A.1b)

where y = (14 ecosx). Further, we implement the partial fraction method to

reduce the integrals to

2(1 —e? X A B 1
I = —(—2)/{ — +— dx;,
pa ~ WW—y+ y—y-|/Acos?x + Bcosx +C

(A.2a)
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Ay =  Ed%?, By=2Edi®, Cy=—"t  (“La+2Er.),(A3c
2 H 2 % 2 r_m( ) ( )
D, = “—"3(—2Lr V1—a%—2Ear +La2) (A.3d)
r_v1—a2 - - ' '

Next, we make the substitution, cosy = 2 cos? g —1 and ¢ =

duces the integrals to

b =

— z, which re-
2

(Ada)

o[ 0 .
' *Jo (1 +pdsin®ep) /1 — m2sin? /1 — n2sin’ ¢
P dy
04 .. 92 .9 . 9 )
o (1+ p}sin®v) V1 —m2sin? /1 — n2sin®¢
= —[C3l3+ Cyly],
P da
I, = C/ +
’ " Jo (1 —i—p?sinzw)Q\/l—m?sinzw\/l—n2sin21/1

dp

(4
o v
0 (1—i—plsm w)

+
V1 —m2sin? /1 —n2sin? )

dy

¥
07/ 2 qin2
0 (1+p2sm ¢)

+
V1 —m2sin? /1 — n2sin? 1)



/¢ dw

CS )

o (1+p}sin®v) V1 —m2sin® /1 — n2sin’ 1

- 05[5 + C6I6 + 0713 + 08[4- (A4b)

where the constants, C3-Cg, n?, m?, pi?, po?, and p3? are defined by Eq. (4.4) in
§4.2.1. First, we solve the integrals Ig, I3 or I, which are of the form given by

/ T
LIE )
o (1+p*sin®v) V1 —m2sin?\/1 — n2sin® ¢

I, = / dy e /“’ sin’ - dy)
‘ 0 /1 —m2sin®+/1 — n2sin 1 0 (1+p2sin21/))\/1—m28in2¢\/1—n281n2w’

I _/ de Jrp2 /w (1—m?sin®y — 1) -dy
‘ 0 1—m2sin®¢/1 —n2sin’y M Jo (1+p28in2w)\/1—m281n21/1\/1—n28in2¢7

I / m? - dy N / ¥ 1 —m?2sin
C —|—m2 V1 —m2sin?4/1 — n2sin?¢ 0 (1—|—p2sin2w)\/1—n281n2w
(A.5)
Now, the substitution given by

sina = “sing (A.6)

\/1—m251n w

reduces the integrals in Eq. (A.5) to

1 n2 — m2 P2 —m? n2—m?
I, = ¥ 11 :
V1 —m?2(p? + m2) {m (a’l—m2>+p ( 1—m? ’a’l—m2>}
(A7)
Hence, integrals given by Eqs. (4.3c, 4.3d, 4.3f) reduce to the forms given above.

Next, we solve for I5, which is of the form

[bE \/w dw
0 (1+p2sin2w)2\/1—m251n2w\/1—n25in2w’
B ¥ 1 + p?sin? e — p?sin® ¢
B /0 (1+pzsin21/1) V1 —m2sin? /1 — n2sin?¢ 7
_ I+p_22/¢ \./1—72n251nl/) ' d¢—p—221b,
m* Jo (1+p281n2¢) V1 —n2sin® m



&
|

1 P 1 — m?2sin?
T )™ +p? / rsin 0 dy
(m? + p?) o (1+p2sin?9) /1 —nZsin®¢

B 2/1” sin /1 — m2sin? ay
4 :

p? sin? w)Z 1 —n2sin?¢

(A.8)

where the substitution given by Eq. (A.6) reduces the second integral in the above

equation to

1 P’ —p? —m? n? — m?
I = ———— |m?l, IT —p'I.|, (A9
’ (m? 4+ p?) {m * 1—m? ( 1—m? "Y1 —m2 b (A.9)
where
v sin? /1 — m2sin? ¢ dib — 1 [ (1—n23in21/1—1) 1—m2sin21bd
¢ = 2 o2 2 2 in2 -2 9 i 2 2 5.2 1/1,
0 (1—|—p sin w) 1 —n?sin“ ¢ n= Jo (1—|—p sin w) 1 —n?sin“y

I, (1+ﬁ) . [_/w VI s g/ 1= sty
0

n’ (1+ p2sin? )

/w NI
o (

1 + p? sin? w) 1 —n?sin

dy | ; A.10
= w] (A.10)

the substitution given by Eq. (A.6) reduces the above expression to

I =

1 o' 1 — k,Q 1.2 (M2 2
: : : _/ vV sma2da+n(<p—+7;7“>’a7k2) ’
(n2+p*)vV1i—-m 0 [1+p1—2:;”22 sin2a} L—m
(A.11)
and multiplying and dividing the first integral in above equation by v/1 — k2sin? a

gives

! 1 —(P2+m2) 2)
_ da+H(—aaak
(n? +p?) V1 —m? /0 [1+p2+m2 sin%vfm




sin® o

—i—kQ/ 5 da
0 [1 + pff—g‘;sinQa} V1—k2sin?a

: (A.12)

which can be further reduced to

I,

where

1 — P+ m?) n?—m?
= II — 1 Al
\/1—m2(m2+p2){ < 1—mz Y T1—m? af (A13)

@ 1
L= / i da. (A.14)
0 [1 + % sin? oz] V1= k2sin?a

By defining integrals having a general form given by

dy

Tn: )
/ (h+ gsin® y)n V1 —w?sin®y

(A.15)

we use the following identity (Gradshteyn and Ryzhik 2007):

Tn73 = -

_|_

g*sinycosyy/1 —w?sin’y  (2n — 3)[¢? + 2hg (1 + w?) + 3h%*w?| T,,_,

2(n = 2)[g (Lt w?) + 3w Ty | 2(0=1)h(g+h) (g +hw?) T,

(h + gsin® y)n_l (2n — 5) w? N (2n —5) w?

(2n — 5) w? (2n — 5) w? (4.16)

The integral I; has a form similar to 75 with (h =1,9g= Ry = k:), which

yields

[d:TZZ

where

T, =

1-m2

+ [¢° + 29 (1+ ) + 3K*] Ty

1 {gzsinacosa\/l — k2sin® a

2(1+g) (g +k?) (1+ gsin®«)

—K°T 1}, (A.17)
/0‘ (1+gsin2a)da_ “ da g/a (1-k?sin*a—1) do
o V1-—k2sin’a 0 V1-—k2sin?a K Jo V1 —Ek2sin®«

= (14 %) F (0 k?) = 5 (a,k%) (A.18)



and

Ty =1 (—g,a, k%), (A.19)

were substituted. See Table 4.1 for the summary of the final expressions of I} — I

derived using the method given in this section.

A.2 Reduction to the equatorial plane () = 0)

In this appendix, we reduce the integrals of motion to the case of equatorial plane.
We start with the final expressions of I3, Iy, I5, and Is (in §4.2.1) and take the
limit @ — 0. As shown in §4.4, that for @ — 0, we have n? — 0 which gives

2
—m

k* = .

1 —m?

under the limit ¢ — 0. We use the following identity (cf. Byrd and Friedman

(1971), Eq. 160.02) to write

Now, we first reduce the expressions of I3 and I, Eqs. (4.3c, 4.3d)

Ky [K3F (B, k) + Ky 0311 (a3, 1, 13)|
II (Oéi 12 _k’f) = 2 ) (AQO&)
(aths +13)

where

1+ k?si
sin = Y=L Lo0 P (A.20D)
V14 k2 sin® @

a2 = a2k, + k2, ky = —A and k), = %2 which reduces I3 and I, to the forms

I — 1 [ 2 L2 217 _(pg"’mQ) L2 ] — I 2 2
3 = m(mQ +p%) m (Oé, ) +p2 Wuaa - (_p27w7m ) )
) ] A21
1 [, 2 2 _(p?a"‘mQ) 2) ] ( 2 " 2
h= ey [P @R il (== ek ) | =T (p ).
(A.21D)

The above expressions can be directly obtained if n? = 0 is substituted in the

definition of I3 and I, at the intermediate step, Eq. (A.4a). However, we aim



to directly validate the final forms of (I3 — I7). Hence, we apply the reduced
expressions of I3 and I to (¢ — ¢g) for the equatorial plane to obtain Eq. (4.13a).

Next, we reduce the coordinate time integral. The expression for I also reduces

in similar way to I3 and I, by applying the identity, Eq. (A.20a), to

1 — (p? +m?)
I = 2F ,kQ + 2]:[ (1—, ,k2 :H - 27 Y 2 ?
CVT—mE (m? +p?) mF (oK) + 7 @ ( (pAl ;Z)m )

which again can be directly obtained by substituting n? = 0 in the definition

of Is in Eq. (A.4b). Next, we reduce the expression of [5, Eq. (4.3e). We
V1 —m?2siny cos 1 ) —m?

substitute for sina = cosq = = —— and

) 7k -
V1 —m2sin®¢ V1 —m?2sin® ¢ 1 —m?

2 2
§? = —pll + m2 into the expression of I7, Eq. (4.3g), and use the following identi-
—-m

ties (cf. Byrd and Friedman (1971), Eq. 160.02)

ko (B1,K3) (A.23a)

1 k2 sin 3 cos
- K(ﬁl,kg)— 2 51 61

ks V1—Ksin? B |

and Eq. (A.20a) to transform F (a, k%), K («a, k?), and II (s?, a, k?) to

(A.23b)

F(ak?) = V1-—m?F (¢¥,m?), (A.24a)

m?sin 1) cos 1

1
Klak) = =g |K0m) - VI—mzsnty |’ (4240
IT (32, aQ, k2) = 1p+m2 [(p% + m2) II (—p?, Y, m2) — m*F (1/1, mz)(]A.24c)
1

The substitution of the above equations reduces I7 to

I; =

(p? +m?)* V1 — mZsin cos ) (1 —m2)*? F (1, m?)
202 (1 + p2) /1 — m2sin? ¢ (1 + p?sin’ ¢)) 2(1+p7)



(p — 2pIm? + 2p; — m?) V1 — m?

+
2pt (14 pi)

(P4 m*) T (=pi o m?) = m*F (), m?) ]

2 2\ /T =2 2
+(p1+7271)\/ 2 m K (6, m?) — m? sin 1 cos ‘ (A.25)
2pt (1 +py) V1 —m2sin®¢
Now, the substitution of I; from the above equation and sin«, cosc, k2, s? into
Eq. (4.3e) reduces I5 to
L pi sir;wcos w\/Ql —m2 sin%zﬁ [pt + 2p? (12+ mj) + sz]ﬂ (=p2, o, m?)
2(1+p7) (m? +pi) (1 + pisin ¢) 2(1+p7) (m? +pi)
1 p?
e F(p,m?) + ! K (1, m?) . A.26
s T s e ) (A20)

The above expression of I5 can also be directly obtained by substituting n? = 0 in
its definition given in Eq. (A.4b) and applying the identity given by Eq. (A.16).
Hence, the substitution of I3, Iy, I5 and Is from Eqgs. (A.21a), (A.21b), (A.26) and
(A.22) in Eq. (4.6b) gives the expression for coordinate time, ¢, which simplifies
to Eq. (4.13b).

Now, we derive the small oscillation frequency in the 6 direction about the equato-
rial plane for the equatorial and eccentric orbits. Using Eqs. (4.11a) and (4.11b),
we can write

Uy _ amz.;,.]g (6 M, a, Q) (A 27&)

o 2F (5.

where the substitution of Ig (e, i, a, @) from Eq. (4.3h) into the above equation

yields

v p(l—e)a@z;ﬁ’(%k) .
Z_\/C—A+\/B2—74ACF<3 —%) (A270)
d (4.4

By the substitution of A, B, and C using Eqs. (6.8¢) an

h), and using Q@ =0

for the equatorial orbits, we find

\/C—A+VBQ—4AC:/L1/2 (1—¢%) [1—pa? (3—62—26)}1/2. (A.28a)



Also, from Eq. (4.5d), we see that

L2+ a*(1-FE?)  Va?+a®+2aEx

z.=0, =z = , A.28b
" ay/(1 — E2) ay/(1 — E2) (4.28b)
for () = 0, which implies that
(T 2?2 oo (A.25¢)
2':2) " 2 e0e

Hence, Egs. (A.27b)-(A.28¢) together reduce vy /v, for equatorial orbits to

by 2T+ 2B F (3, k:2>
- 2. (A.29)
Vr w1 — 222 (3 — 2 — 2¢)]"/

We see from Eqs. (4.4i) and (4.4k) that k? = (n? — m?) / (1 — m?) can be written
in terms of A, B, and C as

JR2 _
= 2V B - 240 (A.30a)

(-A+C+VB*-2AC)’

where the substitution of A, B, and C' using Egs. (6.8¢) and (4.4h) for Q = 0

gives
dex?p?
K =m? = . A.30b
" [1— p2x? (3 —e? — 2¢)] (4.30b)

Hence, we can write vy for the equatorial orbits as

2v, (e, p, a) pt?\/ (22 + a® + 2aEz) - F <g, m2>

71— p2a? (3 — e — 2¢)]"?

Vg (6, H, CL) =

where v, (e, i1, a) is given by Eq. (4.14b) and m? is given by Eq. (A.30Db).

See Table 4.3 for the final expressions of (¢,t) and (vy, v;, 1) for the equatorial

and eccentric trajectories derived using the method given in this section.



A.3 Innermost stable and marginally bound spher-

ical radii

We discussed in §4.6.1 that ISSO and MBSO radii represent the end points of the
separatrix curve defined by Eq. (4.26). Hence, we use this to write equations for

ISSO and MBSO.

1. For the case of ISSO, we substitute e = 0 and p = 1/r, into Eq. (4.26),
which gives

3 — 3r, (Q + x2) +4a*Q = 0, (A.32)

which further expands, by the substitution of 22 for spherical orbits, to

rS —9r5 — 3a%r? 4 18r + 4a*Qr? — Ta*r? — 18a*Qr? + 244*Qr, — 10a*Q

+6a (a® — 2ry +712) \/a2Q* — Q (rs — 3) 13 + 1% = 0. (A.33)

The above equation has a complicated explicit expression of order twelve in
rs, which factorizes to
(rg —12r% — 6a?r? + 3677 + 8a*Qr’ — 28a*rS — 24a*Qr> + 9a'*rS — 24a*Qr? )

+48a%Qr? + 16a*Qr3 — 8a*Qr? — 48a*Q*r? + 48a*Q%r, — 16a°Q)?
. (Tf — 672+ 9r, — 4a2) =0,

(A.34)

where the second factor corresponds to the light radius (Bardeen et al. 1972)
and the equation for ISSO is given by

) —12r% — 6a’r” + 3617 + 8a*QrS — 28a*r® — 24a*Qr? + 9a’r? — 24a*Qri +

48a*Qrt + 164" Q*r? — 8a*Qr? — 484" Q*r? + 484 *Q*r, — 16a°Q* = 0. (A.35)



For the equatorial plane, () = 0 gives the following equation for the ISCO
radius (Z2)

Z8-92° —3a*Z* + 182" — 10> Z* + 6a (o> — 2Z + Z*) Z°* = 0; (A.36)
this equation can be factorized as
252 (7317 = 32'? — 2a) (2% — 62 + 8aZ'* — 3a®) = 0, (A.37)

where the first bracket gives the solution for light radius and the second
bracket,
Z* — 67 +8aZ"* — 3a% = 0, (A.38)

gives the solution for ISCO (Bardeen et al. 1972) given by

Z= B+nF(3-2)6+2+2)"),  (A30)
Zi= 1+4(1-a)" [(1 ra) - a)1/3] . (A.39D)
Zy=  (3a®+22)"* (A.39¢)

where the upper sign represents the prograde and the lower sign represents

the retrograde case.

. The condition for MBSO is derived by substituting e = 1 and u = 1/(2Y")
in Eq. (4.26), which yields

VPV (Q+2°) +a’Q =0, (A.40)

where 7, of the orbit reaches infinity and r, in the above equation corresponds

to the unstable radius. By substituting #? for spherical orbits, the above



equation reduces to

YO — 7Y% 4 12Y* — a?Y? 4+ a?QY? — 5a*Y? — 4a*QY? + 54%QY — 2a*Q

+2a (a® = 2Y +Y?) /a2Q2 — Q (Y —3) Y3 + Y5 = 0. (A.41)

The above expression expands to an equation of eleventh order in r,, which

factorizes to

+8a2QY 3 + a*Q?Y? — 2a*QY? — 2a*Q?*Y + a*Q?
- (X? - 6X%+9X —4a®) =0,

(Y8 —8Y7 —2a%Y°® +16Y% + 2a2QY?° — 8a%Y? — 6a2QY* + a*Y* — 2a*QY? )

(A.42)

where the second factor corresponds to the light radius (X) (Bardeen et al.

1972) and the equation for MBSO is given by

Y8 —8YT —2a?Y® +16Y° + 24°QY?° — 8a*Y° — 6a*QY* + a'Y* — 24*QY3 +

8a2QY 3 + a'Q*Y? — 24*'QY? — 24*Q*Y + a*Q* = 0. (A.43)
In the equatorial plane, () = 0, this reduces to
YO —7Y? 4+ 12Y* — @®Y* —5a’YP + 2a (a® — 2V + Y?) Y2 =0, (A.44)
which gets further factorized to
V2 (Y 42YV2 —a) (Y —2Y"2 +a) (X¥? —3X"? —24) =0, (A.45)

where the last bracket in above equation gives the solution for light ra-

dius and the first two brackets give retrograde and prograde solutions for



marginally bound orbit in the equatorial plane (Bardeen et al. 1972). Ac-
cording to the sign convention used in this paper (—1 < a < 1), both retro-

grade and prograde cases are covered by the formula given by

Y=2—a+2V1—a. (A.46)

A.4 Solution of (e, ys) in the equatorial separatrix

case

The expressions for eccentricity and inverse-latus rectum for the non-equatorial

separatrix orbits, given by Eqs. (4.35a) and (4.35b) can be written in the form

ey = —1, (A.A7a)

[—a/ - \/(a’ + 2u,)? — 4—d/] : (A.47D)

where the expressions for ' and d are given by Eq. (4.31b). We solve for the
factor in the denominator of e; by substituting ¢ and d and taking the limit

Q — 0, we find

[_a_l_l\/(a,+2u)2_4_d/]: |:$2 i_$_2(1+g_usa2Q_a2Q

2 2 u? a’Q N a’>  a’Q x? x? 2u2at
E*a*Q 2
+ 2 +0[Q ])} : (A.48a)
1 E?
= s - . A.48b
Ut 20202 2222 ( )
Substitution of Eq. (A.48b) in (A.47a, A.47b) gives
2uir? — 1+ E? 1 1— E?
.= s . s = — |2ug + ——r A.49
‘ 2u3x? +1— E? a 4[u+ xng} ( )



Now, by substituting 22> = (L — aE)? and E? from Eq. (4.16) into the above

equations, we find

ri/2 g2 4 Gar? — 3a2r¥? 18732 — 12ars — Ta2ri’? 1 643

T’Z/Q - 57“?/2 — 2ar? + a27’§/2 + 67“2/2 +4dary — 3a27“;/2 — 2a3

(7“2/2 —3r/? - 2a> (r? — 61 + 8ary/® — 3a2>

(r?” —3rt? Za) (r2 +a? —2r,)

€s =

I

)

_ _r§—6rs—|—8ar;/2—3a2’ (A.50)

2 1 2
rs 4 a* — 2rg

and

r? — 57‘3 — 2ar§/2 + a2r§ + 67“§ + 4a7“§/2 — 3a27“5 — 2a37“;/2
Hs = )
4rg (rf;’ —3r2 4+ a?r2 + a’ry — 2ar§/2 + 4a7"§’/2 — 2a3r;/2>

(r? 4+ a® — 2r,) <7’§ — 3ry — 2ar;/2>

4rg (rs + a? — 2argl/?) (7‘3 — 3ry — 2@7";/2) ’

2, 2
ri 4+ a® — 2rg

= 5 (A.51)
4r (7’;/2 — a)

which are the expressions in Eq. (4.36) given in §4.6.1.

A.5 Reducing the radial integrals for the case of

non-equatorial separatrix trajectories

Here, we reduce the radial integrals in our general trajectory solutions presented in
§4.2.1, for the case of separatrix orbits with ) # 0. As shown in §4.6.2 that k% =1
for the separatrix orbits, we use the identities given by Eq. (4.39) (Gradshteyn
and Ryzhik 2007) to reduce the corresponding Elliptic integrals.



The substitution of these reduced form of the Elliptic integrals further reduces the
integrals of the form S3 and Sy, Eqs. (4.3c, 4.3d), to the general form

g 1 \/1—m2+\/ (p? +m2)sinoz+1n(tanoz+seca)
1+ |- (2 —|—m2 V1—m?— /= (p*+m?) sina V1—m? ’

(A.52)
where p? equals p,? and ps? for S3 and Sy respectively. Hence, from Eq. (4.3a) the

expression of I; reduces in terms of S3 and S, for the separatrix trajectories to

o Vi(l+e)(3—e) [ [La? — 2xr,] Ss N [—La® + 2zr_] Sy }
Vel 22 (1 + ) QA (1—a?) L(aPu—aPpe —ry) T (aPp—aPpe —r_) |
(A.53)

Further, Eqgs. (4.39) reduce the integrals S5 — Sg, Eqs. (4.3e-4.3h), to

1 m2 (m2 o p2m2 + 2p2)
Sy = 1 Y ln (tan a + sec o) + piS
] e ] )+ e
2 2,12 1— 2
pim” ( 5 m) | s |tan"'[| s | sina]], (A.54a)
(1+p7)
In (¢ V1—m?
g = ol a““seco;) + PV s tan ! s |sina], (A.54b)
VI—m2(1+p}) (m?+pi) (1 +p7)
1 stsin a cos® a ,
Sy = (=) | (1= s?sin?a) +2 In (tana + seca) — s®sina
+(3=5%) |s|tan"" (] s | sine)], (A.54c)
21 (1 — €2
Sg = pd=c) In (tan a + sec @) . (A.54d)

VO — A++B2—4AC

Finally, the expression of I, Eq. (4.3b), reduces for the separatrix orbits in terms

of 53 — S@‘ to

S3

L 2,/(1+e)(3—e) { E a*u(—La+ 2Fr_)
S p(

S5+
Ve[l +2a2 (=1 +¢) Qu3] | (1 —e) ro/(1—a?) (a?p — a’pe —y)

+

—2Lr_\/1—a? — 2Far_ + La?
2k g au( r a ar_ + a)54}. (A.55)

(1—e)"" " r_y/ (1 —a?) (a®u — a’ue —r_)

See Table 4.5 for the summary of radial integrals for the separatrix trajectories.



A.6 Derivations for the consistency check with the

previous results

1. Equatorial separatriz orbits: Here, we show the reduction of the separatrix

trajectory formulae to the equatorial case. We substitute () = 0 in the

expression of the azimuthal angle given by Eq. (4.40a), which yields

1\/u(1+e)(3—e) La?=2ery) , [Le+2er] ]

P05 e(l—a?) (a2 —a’pe —ry) " (a2 — aPpe —r_)
(A.56)

We saw that n? = 0 for the equatorial orbits and m? reduces to 1 for sep-
aratrix orbits, which gives a = 0 by definition, given by Eq. (A.6). Hence,
we solve the integrals in the form of v variable. First, we solve integrals I3

and I, for separatrix orbits using

dv dv (A.57)

P P
I3 = 1
’ /0 (1 + p}sin®e) cosy)’ ! /0 (1 + p}sin®e) cos 7

Using the substitution p, sinvy = z for I3 and p3siny = z for I, and applying

the method of partial fractions, we find

1 . .

I3 = m [p2 arctan (py sin @) + arctanh (sinv))], (A.58a)
1 . .

I, = ) [ps arctan (ps siny) + arctanh (sinv)].  (A.58b)

Hence, when the above equations for I3 and I, are substituted into the

expressions for azimuthal angle, Eq. (A.56), yields

_ n(l4e)(3—e) [ (La* — 2zry) p; - arctan (ps sinv)
9= ¢0= e(l—a?) { 2 (a’p + a’pe —ry) *



(—La® + 2xr_) p3 - arctan (p3 sin ) N V1 —a?[L —2zp (1 + e)] arctanh (sin )
2 (a?p + aPpe —r_) (1202 (1+¢€)® =20 (1 +¢) + 1] '
(A.59)

Now, plugging in () = 0, reduces the expression for coordinate time of the

separatrix orbits, Eq. (4.40b), to

I +
ep

A+ e)(B—¢) E I a’p(—La+2Er.) 25 Is
t=to \/ {u(l—e)2 s (1 —a?) (e’ — a’pe — 1) (1-¢)

ap (—2Lr_v/1—a® — 2Ear_ + La?) 14} ‘ (A.60)

r_v/ (1 —a?) (a®?u— a’ue —r_)

And similarly, the integrals I5 and I reduce to

Y da
0 (1+p1 sin 2/1) cos 1
pisin¢ (14 pi)

1
- - [& (3 + pf) arctan (p; sin¢)) + arctanh (sin ) +

(1+p2)* | 2 2(1+ p2sin®y) |’
(A.61la)
Is = /w dv = [p1 arctan (p; sinv) + arctanh (sin )]
o o (1+ p}sin®e) cos (1 +pd) 1 h '
(A.61Db)
Hence, the substitution of I3, Iy, I5, Is into Eq. (A.60) yields the expression
for coordinate time for equatorial separatrix orbits to be
e (14+e)(3—e) | |E[1+2u(1+e) 2u[—Lap (1 +e) + 2E)]
0 e 1(l+e)? [1—{—#2@2(1—{—6)2—2#(1—}-6)}
—La? +2Far_) ps - arct i
arctanh (sin ) + e {( s QCLT )p; arctan (p; sin ) +
r_v1— a2 (a?p + a’pe — )
(—2Lr, V1—a?—-2Far_ + LCLQ) p3 - arctan (ps sin v) FEesiny
(a?p + a’pe —r_) p(1—e?) (1—e+2esin®7))
+E[3—e—i—4,u(1—62)]p1-arctan(plsinw) . (A.62)
2u (1l —e?)(1+e)



We have numerically matched these expressions of the azimuthal angle and
coordinate time for equatorial separatrix orbits, Eqs. (A.59) and (A.62),
with those derived in Levin and Perez-Giz (2009).

. Spherical orbits: Now, we verify our frequency formulae with the spherical

orbit case. From Eqs. (4.11c) and (4.11b), we have

2{[ Il(%?@/%l?@) _ I
Ve
(A.63)
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In Wilkins (1972), the azimuthal to polar motion frequency ratio, v, /vy, for

maximally rotating black hole, a = 1, was found to be

22 _ x 2%
v 2{L-H(z3,3,2> 4 (PAT —E)F(g,z)}
Vg ™1 —E%z, ’

(A.64)

where P = [E (r24+1)— L] (r — 1)* — E for a = 1.

For the case of spherical orbits, the limit e — 0 reduces the ratio (I;/1lg) to

the ratio of their integrands, which yields

this reduces v,/vp from, Eq. (A.63) to Eq. (A.64), and establishes the

consistency of our frequency formulae with the spherical orbits case.

. Fquatorial circular orbits: We show this reduction from both the equatorial

eccentric and the spherical orbits below:

(a) Reduction from equatorial eccentric orbits: We see that for circular or-

bits (e = 0), the expressions of m?, p12, p,?, and p3%, Eqs. (4.12¢) and
(4.4k), reduce to
m® = p,® = py® = ps® = 0. (A.66)



We first make the subtitution m? = 0 in Eqs. (4.14a, 4.14b, 4.14c)

which gives

arIl (=p3,%,0) + byI1 (—p3, 5, 0)

(A.67a)
1

(A.67Db)
vy — vt 2\ /(22 + a2 + 2aFx) (A.67¢)
1 —3p?z?
Next, the substitution of p;? = po? = p3? = 0 in Eq. (A.67) yields
ap + bl
= , A.68a
Y 27 (as + by + 3 + do) (A.682)
1
= : A.68b
y 7 (ag + by + ca + dy) ( )
v/ (2% + a2 + 2aEx) (A.65¢)
Vo = : .68¢c
’ V1= 3pu2ax?
By substituting e = 0 in Eq. (4.13), we find that
2pM? (L = 2ap)
a; + by = , A.69a
L V1= 3p2a? (1= 2p + a?p?) ( )
2(E+ Ea?p? — 2axp?
as + bg + co + d2 = ( o a il ) (A69b)
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Now, by substituting Eq. (A.69) in Eq. (A.68), we get

2
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The expressions of E, L, and x for equatorial circular orbits are given

by (Bardeen et al. 1972)

Tf —2r. + a/r.
E = (2 Vo) 73 (A.71a)
Te (rc —3r. + 2a\/7°_c)
Te r?—l—az—Qa T
L = \/_2( \/_122, (A.71Db)
T (rc — 3r. + 2a\/7“_c)

(" - a)
relre’” —a

, (A.71c)
(7“2 —3r, + 2a\/7"_c) 12

where r,. is the radius of the circular orbit. These expressions can be
also be obtained by substituting {e =0, Q@ =0, u = 1/r.} in the more
general expressions given by Eq. (3.14) (Rana and Mangalam 2019a,b).
Finally, by substituting F, L, x, and g = 1/r. from Eq. (A.71) into
Eq. (A.70), we recover the frequency formulae for equatorial circular

orbits

1
Vg = 7 , (A.72a)
2T (Tc/ + a)
6 3a2 8a\?
Vp = l/¢ <1 — ’I”_C - ? + W) 5 <A72b)
3a? 4a 1/2
Vg = Vg (1 + ? - E) 5 (A?QC)

as given by Eq. (5.1).

(b) Reduction from spherical orbits: We find that for circular orbits (Q =

0), the expressions of z1, Eq. (4.5d), reduce to

Vv a2 (1 - E?)
B a/1—E2

z_ =0, zy (A.73)



The substitution of Eq. (A.73) in the frequency formulae of spherical
orbits, Eqs. (4.23, 4.24b, 4.25¢), yields

(—2Lr.+ Lr? + 2r.aF)
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(A.74a)

Using the expressions of F, L, and x from Eq. (A.71), we find that
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Finally, substituting these factors, given by Eq. (A.75), in Eq. (A.74),

VI24a(1— E?) = (A.75d)

we recover the expressions for equatorial circular orbits, that are given

by

1
vy = , (A.76a)
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Appendix B

B.1 Source history

We summarize the history of each BHXRB below:

1. M82 X-1: It is the brightest X-ray source in the M82 galaxy. This source
is thought to harbor an intermediate-mass black hole because of its very

! and

high X-ray luminosity, average 2-10 keV luminosity ~ 5 x 10%° erg s~
variability characteristics (Patruno et al. 2006; Casella et al. 2008; Pasham
and Strohmayer 2013a) although other models claim that it might contain a
black hole of mass ~ 20M, (Okajima et al. 2006). However, the discovery
of twin-peak and stable QPOs at 3.32+0.06 Hz and 5.074+0.06 Hz in M&2
X-1, which are nearly in 3:2 ratio, gave a shred of affirmative evidence that
these QPOs are analogs of HFQPOs in stellar BHXRB (Pasham et al. 2014).
Following and extrapolating the inverse-mass scaling that holds for HFQPOs
in stellar mass BHXRB (McClintock and Remillard 2006), it was found that
the mass of the black hole in M82 X-1 could be 4284+105M,, (Pasham et al.

2014), making it an intermediate-mass black hole system.



2. GROJ 1655-40: It is one among the few BHXRB in the Milky Way galaxy

whose BH mass is known with good precession through the dynamical stud-
ies of the infrared and optical observations during the quiescent state (Beer
and Podsiadlowski 2002). GROJ 1655-40 is also one of the BHXRB known to
produce relativistic radio jets having a double-lobed radio structure (Mirabel
and Rodriguez 1994). The first detection of two simultanecous HFQPOs
near ~ 450 and 300 Hz in GROJ 1655-40 was reported by (Strohmayer
2001a). The detection of 300Hz QPO was reported in BHXRB GROJ 1655-
40 (Remillard et al. 1999a), and later the detection of simultaneous 450Hz
QPO along with 300Hz in the same observations was confirmed (Strohmayer
2001a). A systematic study of the LF- and HFQPOs in 571 RXTE ob-
servations taken between the year 1996 to 2005 was carried out (Motta
et al. 2014a), and they detected three simultaneous QPOs (two HF and one
LFQPO) at 441+2 Hz, 298+4 Hz, and 17.3+£0.1 Hz in one of these observa-
tions. Using these QPO frequencies, the mass, the spin of the black hole, and
the radius of the equatorial circular orbit where these QPOs originated were

estimated using Egs. (5.1a-5.1c) assuming the RPM (Motta et al. 2014a).

3. XTEJ 1550-564: This BHXRB was first detected by ASM/RXTE on Septem-
ber 7, 1998. Since then, it has undergone four X-ray outbursts between the
years 1998 to 2002 as observed by RXTE, among which the Sept 1998- May
1999 outburst was the most luminous one. XTEJ 1550-564 is also among the
few BHXRB, which has shown HFQPOs; for example, QPOs with frequen-
cies in the range 185-237 Hz were detected during the 1998-1999 outburst
(Remillard et al. 1999b; Homan et al. 2001). After a quiescent period of a
few months, XTEJ 1550-564 again underwent a short X-ray outburst in the
period April-May 2000 following a fast rise and an exponential decay of the
X-ray luminosity. The simultaneous occurrence of two HFQPOs at 26843
Hz and 18843 Hz frequencies during the 2000 outburst was reported (Miller
et al. 2001), indicating a resonance phenomenon. However, no LFQPOs were

detected simultaneously with these two HFQPOs. A systematic study of all



archival RXTE observations of XTEJ 1550-564 was carried out by Motta
et al. (2014b), where they reported the detection of an HFQPO at ~183 Hz
along with a simultaneous type-C LFQPO at ~13 Hz and type-B LFQPO at
~5 Hz, but no second peak of HFQPO was detected during this observation.

. 4U 1630-47: This soft X-ray transient was discovered by Uhuru satellite
(Jones et al. 1976), which is known to have an inclination of ~ 60-75° (Ku-
ulkers et al. 1998). This source is one among the few BHXRB to show
HFQPOs during its 1998 outburst in the frequency range ~100-300 Hz, and
also twin simultaneous HFQPOs with frequency ratio 1:4 (Klein-Wolt et al.
2004). It shows a regular X-ray outburst cycle after every ~ 600-690 days
(Jones et al. 1976; Priedhorsky 1986). The QPO frequencies in this system
during the 1998 X-ray outburst were observed to increase during the rising
phase, followed by a phase where the frequencies were found stable near
~180 Hz, and then a decrease in QPO frequencies was observed during the

decay of the outburst.

. GRS 1915+105: This BHXRB is known to be a very bright system during

the whole RXTF period, showing its peculiar behavior, and have also shown
superluminal radio outflows (Mirabel and Rodriguez 1994). This is also the
first BHXRB to show an HFQPO at a characteristic constant frequency of
~67 Hz (Morgan et al. 1997) in the RXTE observations taken during April-
May 1996. Later, simultaneous ~67 Hz and ~40 Hz QPOs were discovered in
the RXTE observations taken during July and November 1997 (Strohmayer
2001b). A systematic study of all RXTE observations of GRS 1915+105
discovered 51 observations which showed detection of HFQPOs, out of which
48 observations showed the centroid frequency of QPOs in the range 63-71
Hz (Belloni and Altamirano 2013a). Another pair of simultaneous HFQPOs
were also discovered at ~34 Hz and ~68 Hz (Belloni and Altamirano 2013b).
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