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Abstract. We consider a rotating blackhole in an external dipole magnetic

field. By defining the relative angular velocity paramster Q@ = Q — w
where Q is the angular velocity of the particle and w == — gi¢/g44, We analyse
the various contributions due to electromagnetic fields and rotation to the
effective potential V. It turns out that the magnetic field contribution is

in general related to Q. An interesting case of prescribing the orbit for a
locally nonrotating observer (LNRO) by a particle of appropriate charge and

angular momentum parameters is considered. For such an orbit Q=0,
stationarity is built in and is ensured by the Lorentz force in contrast to the
usual LNRO orbit where it has to be maintained by externally providing
proper outward radial acceleration. ¥

Key words : Blackhole energetics—electromagnetic fields on blackholes—
Penrose process—active galactic nuclei—star clusters

1. Introduction

The active galactic centres are believed 1o be possible locales for blackholes. The
astronomical observations indicate violent releases of energy in various parts of the
universe including the galactic nuclei. Therefore, it is reasonable to ask whether
the mass-energy stored in a blackhole might not in certain circumstances be released
to the outside world. The idea of extracting energy from a rotating blackhole was
first put forward by Penrose (1969) by utilising the curious feature of the Kerr
geometry that negative energy orbits exist in the ergosphere. The ergosphere
is the region lying between thc event horizon (where the timelike vector
— 4+ w 5 ¢ becomes null) and the static surface (where‘the Killing vector 6% be-

comes null). The process envisages that a particle falls onto a rotating blackhole
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and splits into two fragments one of which attains the negative energy orbit and
gets captured by the blackhole while the other comes out with energy larger than
the incident particle. It results in decreasing the hole’s energy. It is shown by
Christodoulou (1970) through the concept of irreducible mass that it is the rotational
energy which alone can be extracted out. However, the area of a blackhole will
increase in accordance with the Hawking-Penrose area nondecrease theorem (Misner
et al. 1973).

The ergosphere is bounded by the surfaces given by gi = 0 and guw + g

= 0. Itis known that the timelike Killing vector § = ait is spacelike in the ergo-

sphere. The total energy of a particle relative to infinity E = — p. € (signature + 2),
where p is the four momentum of a particle, can become negative in this region
because £ is spacelike. So there exists negative energy orbits in the ergosphere.
This is a necessary condition for energy extraction by the Penrose process.

Here, we consider a Kerr blackhole immersed in external electromagnetic field
due to a current loop placed symmetrically around the hole in the equatorial
plane. Such fields have been considered by Chitre & Vishveshwara (1975) and
by Petterson (1975). The field is taken as perturbative, i.e. it does not appreciably
alter the background geometry whereas it would significantly influence the motion
of charged particles. A comprehensive analysis of negative energy states for a
Kerr blackhole in uniform and dipole magnetic fields has been done in a series of
papers by Prasanna & Dadhich (1983), and Dhurandhar & Dadhich (1984a,b)
(henceforth referred to as papers I and II). This investigation is in continuation
of these two papers. It turns out that the presence of an appropriate magnetic
field favours the energy extraction process by (i) extending the region of negative
energy orbits (the generalized ergosphere, Denardo & Ruffini 1973) beyond the
ergosphere r = 2m, in the equatorial plane; (ii) allowing for greater negative
values for E; and (iii) removing the objection of relativistic splitting (Wagh et al.
1985). The first implies that the negative energy orbits are available at convenient
radii from the blackhole, i.e. the incident particle does not have to have a grazing
orbit, the second lets the captured orbit fragment to have large negative energy
resulting 1nto a greater energy gain thereby enhancing the efficiency of the Penrose
process. This feature is being considered elsewhere (Parthasarathy, Dhurandhar &
Dadhich 1985, in preparation; Bhat et al. 1985).

It was shown by Bardeen efal. (1972) and by Wald (1974) that the process
could not be astrophysically viable as it required relative velocity between the
fragments to be greater than c/2. There is no known physical process which can
accelerate the fragments almost instantaneously to such large relative velocities.
The presence of electromagnetic field around the blackhole overcomes this objection
(Wagh et al. 1985). Thus the blackhole in a magnetic field is a very conducive
setting for this process.

In this work, we attempt to correlate the behaviour of effective potential with
the behaviour of @ = Q — w, where Q =dg/dr is the angular velocity of the
charged test particle and w = — gg/g¢s is the nonzero angular velocity of zero-
angular momentum particle as observed by the observer at infinity. This is the
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angular velocity of a locally nonrotating ‘observer (LNRO). For'motion in the
Kerr geometry, co/counter rotating orbit is determined by L =0, the angular
momentum parameter of the particle. Recently Dadhich (1985) has argued that
co/counter rotation is instead determined by Q — w & 0 when electromagnetic
interactions are involved. It reduces to the former criterion when electro=
magnetic interactions are absent. In the latter case, one is forced to use the
new criterion as there exist cases where Q@ <  for L > 0 and yet admitting
negative energy states (paper I). The only relevant question for co/counter rotat-
ing orbit is that whether the particle goes ahead or lags behind an LNRO at a
given r.

In sections 2 and 3 we take up from the paper I expressions for the 4-potential
of the electromagnetic field and the effective potential for radial motion in the
equatorial plane. The relative angular velocity parameter Q = Q — w is defined.
In section 4 a detailed analysis of various factors, indicating various interactions,
causing negative energy .states (NES) is carried out with reference to the role
played by Q. Section 5 considers an interesting case of an orbit for an LNRO
without having to worry about balancing radial acceleration which is taken care of
by the Lorentz force.

2. Supérposed electromagnetic fields
The Kerr line- element in the Boyer-Lmdqulst coordlnates 1S gwen by

ds® = gudi® 4 g1 dtdp + gredr® + gos di + 244 d¢’ (D)
where -
_ ( | — 2 mr )
gtt = 2 ’
8= — M sin® 8, o o
— B4 ind |
§#¢ = - sin 0,
-z
gl'l‘ - A ’
o =2,
and B = (r* + a?? — Aa®sin® e,
T —r24a¥costd, . - . L. .

A ='r= — 2mr + at. \ R }' R . o --(2)

Here m is the mass and g the angular momentum per unit mass of the blackhole.
We have employed the geometrized units G = ¢¢= 1.
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An axisymmetric, static and perturbative electromagnetic field is superposed on
the background Kerr geometry. The electromagnetic field then satisfies the
covariant Maxwell’s equations. The general solutions for electromagnetic field
due to a current loop placed symmetrically in the equatorial plane around a Kerr
blackhole was obtained by Chitre & Vishveshwara (1975) and by Petterson (1975).
Dhurandhar & Dadhich (1984a,b) have done a detailed analysis of energy extraction
processes from a Kerr blackhole in a dipole magnetic field by using Petterson’s
solutions. In paper I, they have discussed the questions involving second law of
blackhole physics and conservation of energy in relation to existence of negative
energy states for charged particles, whereas in paper II they have worked out a
general formalism for the selection of suitable parameters of the participating par-
ticles in the energy extraction process. In our analysis here we shall directly use
the results obtained in these two papers.

For the I = 1 mode in the general solution for the 4-potential obtained by

Petterson, set B == Q = 0 and B: = — (3u/2) (m* — a®~-*. This will asymptoti-

cally correspond to a magnetic field due to a dipole of strength u oriented parallel to
the axis of rotation of the blackhole. For the field to be regular both at infinity
and at the horizon it is necessary to match Petterson’s solutions for inside and for
outside of the current loop placed at r=5>r, =m+ ym* — @ The
field in the region r < b (r > b) is termed as interior (exterior). Since we
shall consider motion of charged particles in the equatoral plane only, we set
0 = n/2 in the expression for the 4-potential 4y = (44, 0, 0, 4y) :

(i) Interior field (r. < r < b)

ala
At = ——( 1 — ’1)’
Y r
!
2
Ag = —2%(r2+a2— 2’:’“)—!-“, -+-(3)
where
1 _ —3p b —r- 3
1 T 4y In (b — r+) T 2vb — m) ’
__3m
a$ =36 —m) ...(4)
(ii) Exterior field (r > b)
_ —3ap m r—r_ Xy
Ay = ——4?3—{( 1 — 7) In (r_r+) - r}, '(5)
— 3 2
Ag = 8—34—‘{27(r+m+2,i) —(rH gt — 2" )
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where
Y = (m* — a3,
ro =m-vx.
For convenience, we now define the dimensionless quantities

p=rim, « = a/m, b =b/m, L = LimM,,

'} = y/m, a;, = (e/M,) a iy = ag/m, ()

"‘"Y_"‘"J

E = E/M, Ag= edsimM, A — edy|M,, A = eu/Mym?, |

where the parameters M, L, E, and e denote the rest mass, the angular momentum,
the energy, and the charge of a test particle respectively. Henceforth, we shall
drop overhead bars from the quantities.

In dimensionless units 4; and A4 read as follows :

(i) Interior field (p. < p < b)
Ay = @afv) (1 — ™), ()
Ag = —(/2v) (¢* + o — (22%/p)) - o
(ii) Exterior field (p > b)

w028 -2

3A , 2a®
om {10 ) - (00 2)

X ln(—p — p_)},
P — P+

where
. 3A b— p_ A
“= — (555 ) + T
. 3A
L TR )
and
= (1 —a?) pp =14y. .9

The plots for interior and exterior fields for A = 1 and « = 0.9 are given in
figure 1. Ttis to be noted that Ay < 0 and A¢ > 0 throughout the range of

P 2 Par

3. Effective potential and Q

3.1. The effective potential

The axial symmetry and the stationary character of the gravitational and the
electromagnetic fields readily yield the following two constants of motion :
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Figure 1. A; and 4¢ are plo,t‘ted in the range p 2 p4.
Uy=—(E+A)=—E, : " ...(10)
Us=L— A5 = L : ..(1D

where U represents the four-velocity of the particle. The parameters energy,
angular momentum and charge of the particle appear here in dimensionless form as
given in equation (6). g | : .

The motion of a partcile in the equatorial plane is characterized by 6 = =/2 and
6 = 0 imttially. The equation of motion for this particular values of ¢ ensures
6 = 0 all through so that the particle continues to move in the equatorial plane.
In this case, the motion is completely determined by A, L and E. By substituting
equations (10) and (11) in the metric (1) we obtain the quadratic energy equation as

g‘T‘E' + —Zf“ EL + %Z, + g7pt +g"pi 4 1=0, (12)
which yields | |
_ 2 1/2
E= — A + oL + (_q,)uz(a + D) ,, .(13)

where

$ = g + gy < 0 forp > p,y,
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D = grrp; + gp} + 1,

L =L — 4. ' , ...(14)
The effective potential for radjal motion in the equatorial plane, is obtained by

putting pr = 0 = p, in equation (12) :

V = — Ay + K/R, - B ...(15)
where

K = 2u(L — Ag) + AY3{pX(L — A4)* 4 pR}7,

R———p’—l—a“p-l—h’,‘ |

A =p*— 20 + a . ...(16)

Alternatively by writing D = 1 n eq_uatidn (13) we obtain
_ Iz, 1z -
V=—A4+ oL +.[ (=9 (— + l):l . --(17)
844 ~ ‘ :

It 1s clear from the above expression that ¥ can assume negative values for suitable
choice of the particle parameters, i.e. a particle (future timelike 4-momentum) can
have negative energy relative to infinity though the energy relative to a local observer
will always be non-negative. ' '

3 2. Relative angular velocity Q

Since Qs the angular velocity of ‘the particle while w is that of an LNRO, Q represents
angular velocity of the particle relative to an LNRO. It turns out that Q is
a dynamically significant parameter. As shown in the ‘papers I and II, a particle may
have L > 0 and yet Q can be negative. It will have a counter-rotating orbit for
energetics (¥ < 0) and dynamical considerations, In particular, we shall demonst-
rate that a particle may have Q = 0, i.e. it is rotating with the same angular velocity
as ‘that of an LNRO, yet the former in contrast to the latter has nonzero angular

momentum.
From the relations (10) and (11), we obtain

_ g + kg
g¢s + kgig

. 1 4 kgit/gié )
=@ (—l:kT ’

where

k= LJE.
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It can be solved to give Q :

G = 52— (Ygw)
— (E/gw) t_v_z

E — oL
_ L

r T2

(9 ( ges TP

where equation (13) has been used. _
It is clear that the sign of Q depends on the sign of L as the remaining terms are
positive definite. From the above equation we can also write

..(18)

5 (V/g1),
)]

E=— o+ of + (tlgw) 2 +(19)

It is to be noted that the last term on the right-hand side is positive definite.
Consequently, E can become negative only if the first two terms together are
sufficiently negative to dominate over the last term. This can be achieved by a
judicious choice of L and A. In the next section we analyse the occurrence of

negative energy states in relation to Q (or Z).

4. Negative energy states (NES)
Setting Ay = A4y and 4; = A4, equation (17) becomes.

= — M + o (L — Ady) + [(_ ¢) (@;AZ‘)Z_{_ 1) )]%,

844
— A® + wL + [(—¢) ((——L ;":‘A‘)z +1 )]% ...(20)
where
®=— Al = — (4 + wdy), .21
7 =(,0,0, o).

Here @ is the measure of electrostatic potential as measuted by an LNRO. The
first term A® represents the electromagnetic contribution while the second term wL
gives the rotational contribution to the effective potential. In figure 2, ® is plotied
against p, which shows that

O 0forpK3and ® > 0 forp > 3.

Let us consider the following cases :

@ A>0

(i) L > 0 which will imply in view of equations (17) and (20) that ¥ can only be
negative if L < 0and p < 3. For ¥ < 0, ® has to be negative. In this case NES
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Figure 2. ¢ is plotted against o > p,.

will be caused by the electromagnetic field (see figure 4). In the paper I this case
has been discussed in great detail as it elusively threatened the area nondecrease
theorem in the first instance.

) L<0=> L < 0. Then electromagnetic field and rotation collude together
to make V negative (figure 5). However, ® will become positive for p > 3. Then
NES can only be caused by wL which one would not expect to occur for p > 2
(see appendix 4.)

an A2<0
@iii) L > 0, clearly NES cannot occur for p < 3. It would be later shown that
they do not occur for any p > p; (appendix B).

(iv) L < 0 which admits both L = 0. For NES occurring in the region p > 3,
both electromagnetic field and rotation join hands while for those occurring inp < 3,
rotation alone contributes (figures 6, 7).
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Figure 4. The solid curve shows the ¥ plot while dashc& curve sﬁows the Q plot.
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Figure 6. The solid curve shows the ¥ plot while dashed curve *
shows the Q plot.
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Figure 7. The solid curve shows the ¥ plot while dashed curve shows the Q plot.

q

Except in case (iv) whenever electromagnetic field contributes negatively to ¥ we
note L < 0 which also means Q@ < 0. The case (iv) gives the double band NES
structure (as shown in paper I), i.e. ¥ < 0 very close to the horizon and also again
for moderately large p.

The above analysis could be taken relative to an LNRO. We shall now consider
these various cases relative to an asymptotic observer.

In the expression for ¥ in equation (17), —)«A;, -—AA, and oL represent the
contributions from electric field, magnetic field, and rotation respectively. Again we
consider their relative contributions as follows :

dmy a>0

\
(i) L > Owill give ¥ < 0 only if L < 0 and the term —Ady dominates over the
other two terms. In this case NES will be caused by the magnetic field (figure 4).

(i) L < 0 which implies L < 0, then both magnetic field and rotation are
responsible for the occurrence of NES (figure 5). In appendix A we show that
V < 0 only for p < 2.

av) 1<0 .
@iii) L > 0 implies Z > 0, and NES if they occur will be due to the electric field.

However, it turns out that NES do not occur for this case for all P> e+
(appendix B).
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(iv) L < Othen Z =0 and the NES will be caused by both electric field and
rotation (figures 6,7).

It is worth noting that whenever magnetic field alone or alongwith the other term
causes NES, T < 0 or Q < 0 though vice versa is not true as in the case {iv) above.
That is, magnetic field contributes negatively to partlcle s energy only when it is
rotating slower than the LNRO defined at that p.

It is of interest to separately consider the special case of Q being zero -at some
p > ps. For uncharged particles in the Kerr field Q never becomes zero for
p > p4 In contrast, for charged particles when electromagnetic fields are prestnt
Q o< L = L — A4 which can have zeros for p > p.. (se¢ figures 6-8). That is, o)
may be zero at some p indicating that the particle has the same angular velocity as

that of an LNRO at that p. When L = 0 (for some p,) it implies

R (22
A#(Po)
Then equation (17) will read as
g |+ Ayte) — A+ (- i )
| Ag(eo) | t #e g '\[( ¢)(g¢¢ +1
(23

It should be borne in mind that L = 0 only at p = g, and it prescribes the
relation (22) between L and A. The behaviour of ¥ in equation (23) is crucially

determined by L because Ag(p,) > Ag(p) for p > p, > b (figure 1). It is clear that 14
can turn negative only when L < 0.
At p = p,, equation (23) gives
L|A4
V(Po) — '~ t(P(]) l
| As(po) |

It then follows that V(s;) < 0 implies

'Aﬁ‘(Po)“[ q’(Po), !
=7 A(po) ’

+ V=3 (29)

...(25)

or
r < V¥
[ Ai(eo) |

Thus if L = 0 at some p > p,and ¥ < O there, then L and A are both necessarily
negative. This case is included in the case (iv) above. In other words a particle
with @ = 0, i.e. having the same angular velocity as that of an LNRO, can have
negative energy. This prompts us to consider in the next section an interesting
situation of a particle with suitable L and A values such that it has a circular orbit
with Q = 0. ‘

...(26)
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5. Circular orbits with Q@ = 0: Presétiption for an LNRO

An LNRO has a stationary orbit at a fixed p having the inherent angular velocity
w = —gi$/gs¢. The orbit is nongeodesic, for the radial pull due to the blackhole
has to be counter-balanced so as to keep p fixed. For charged particles in
electromagnetic - fields, the Lorentz force ' can provide the balancing radial
force for appropriate values of L and A. However one would further

require that L = 0,ie. Q = 0 and the orbit is circular at that p. Then the
particle will have the same orbit as that of an LNRO at the given p. What it
suggests is that an observer carrying appropridate charge and angular momentum
(relative to infinity) will behave like an LNRO and we do not have to bother about
keeping it stationary. He will be equivalent to a zero-angular-momentum observer
with no charge (at given p)and appropriate radial balancing force. Further it is
interesting to note that our construction also allows for the LNRO to have negative
energy relative to infinity. This is because the minimum value of ¥ can be
negative (see figure 8). _

What we then require is V' = 0 and L = 0 simultaneously at the same p. By
differentiating equation (17) and using L = 0, we get (at some p == p,),
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Figure 8. The solid curve shows the ¥ plot and the dashed curve shows
the Q plot
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V'(py) = [ (14, —wdd)) + Z(J q‘i] — 0. .. (28)
P=Po

In the LNRO’s frame, the first term gives acceleration due to ‘the Lorentz force
while the second term represents the gravitational acceleratlon The above
equation brings about the balancmg of the two.

In figure 8 for L = —10, A = —5 the LNRO orbit occurs at p = 2. It has energy
negative relative to infinity. There do however exist positive energy orbits. The
former case is only feasible for both L, A < 0 when ¥ is minimum in the negative
range while the latter may be possible in almost all situations.

6. Conclusions

On the basis of results of paper I, we have further studied negative energy states
(NES) in relation to various factors causing them. It turns out that for A < 0 and
L > 0 there occurs no NES in the entire range of p > p;. ~That means that electric
field contribution in this case cannot dominate over the other terms. The nature of
contribution from magnetic field is largely determined by the behaviour of Q except
in cases (iv) above. Though rotation by itself may not be able to cause NES,
particularly in the region p > 2 (NES in the pure Kerr case occur only for p < 2),
but it can join hands with the electromagnetic interaction for suitable values of
L and A.

The parameter Q = Q —  measures the angular velocity of a particle relative to
an LNRO at a given p. It tells us whether a particle is lagging behind or going
ahead of the LNRO. Physically relevant observer in the Kerr geometry is the
LNRO and co/counter rotation relative to him is determined by Q = 0 and not by
L 2 0 (Dadhich 1985). However, the two criteria agree in the absence of
electromagnetic interaction. We have attempted to associate Q with the electro-
magnetic field contribution in the effective potential.

One of the interesting offshoots of this investigation is that an LNRO orbit can
be prescribed at a given p with proper L and A parameters because the Lorentz
force could provide the balancing outward radial acceleration. The prescribed orbit
at the given p will be absolutely equivalent to the zero angular momentum observer
being held at a fixed p. One has to provide for ‘holding up’ from outside while in our
consideration it is taken care of by the Lorentz force. It is interesting that an

LNRO can as well have a negative energy orbit.
The energy extraction process favours high value of A as the efficiency is directly

proportional to A (Parthasarthy, Dhurandhar & Dadhich 1985, in preparation).
To get the feel of the numbers involved we compute A for the seiting of galactic
centre. We have A = ep/Mym*c3, m = MG/c? in cgs units. By expressing the dipole
moment w (Chitre & Vishveshwara 1975) in terms of the magnetic field strength B

(measured in gauss), we write

A ~ (eb¥/MymZc?) B,
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where b is the radius of the current loop. Now for a typical case, M ~ 10® Mg,
b = 2m and e and M, referring to electronic charge and mass; we therefore get

A ~ 104B.

Thus even a very weak magnetic field B ~ 10-® (intergalactic) gauss, allows large
value of A ~ 10° At the galactic centre, B ~ 10 gauss which would keep
A~ 1 for a star-like body having one electron charge in excess over 107 baryons.
Thus our analysis is applicable in almost all cases involving micro- as well as macro-
objects.

Our analysis is also relevant when one attempts to build up a realistic model of
extracting blackhole’s energy through electromagnetic interactions (Rees et al. 1982).
The consideration of efficiency of energy extraction process’ (Bhat et al. 1985;
Parthasarthy, Dhurendhar & Dadhich 1985, in preparation) will be of prime
significance for the mechanism to be astrophysically viable. Then the nature of
electromagnetic field and corresponding negative energy states for various cases
considered above will determine which set of parameters are favoured and what is
the nature of the extracted emergy. Ome believes that blackhole together with
electromagnetic field will behave as a synthetic whole. The work is in progress to
consider astrophysically viable mechanism of electromagnetic extraction of energy
from a rotating blackhole.

Acknowledgements

S. P. thanks the University Grants Commission for a teacher fellowship
and S. D. the Department of Mathematics, Poona University, for a visiting
fellowship. This work constitutes S.P.’s M.Phil. thesis submitted to the Poona
University. :

References

Bhat, M., Dhurandhar, S. V. & Dadhich, N. (1985) J. Ap. Astr. 6, 85

Bardeen, J. M., Press, W. & Teukolsky, S. (1972) Ap.J. 178, 347.

Chitre, D. M. & Vishveshwara, C. V. (1975) Phys. Rev. D12, 1538.

Christodoulou, D. (1970) Phys. Rev. Lett. 25, 1596.

Dadhich, N. (1985) in Random Walk Through Relativity and Cosmology: Professor P. C.
Vaidya and A. K. Raychaudhari Festschrift (eds: J. V. Narlikar er al)). Eastern Wiley
(in the press).

Denardo, G. & Ruffini, R. (1973) Phys. Lett. 25B, 458.

Dhurandhar, S. V. & Dadhich, N. (1984a, b) Phys. Rev. D29, 2712; D30, 1625.

Misner, C. W., Thorne, K. S. & Wheelar, J. A. (1973) Gravitation, Freeman.

Penrose, R. (1969) Riv. Nuov. Cim. 1 (Special No.), 252.

Petterson, J. A. (1975) Phys. Rev. D12, 2218.

Prasanna, A. R. & Dadhich, N. (1982) Nuovo Cimento 12B 42.

Rees, M. J., Begelman, M. C.,, Blandford, R. O. & Phinaey, E. S. (1982) Nature 295, 17.

Wagh, S., Dhurandhar, S. & Dadhich, N. (1985) A4p.J. 290, 12.

Wald, R. M. (1974) Ap. J. 191, 231

~ © Astronomical Society of India * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1985BASI...13..131P&amp;db_key=AST

DBASI - T.C13 ISP

rt

Kerr blackhole 147

Appendix A

ForA> 0, L <0,L < 0Oand p > 2, V cannot attain negative values. Since

we have

V=_Azt+wz+\/(—¢)(§+1),

where L alone contributes negatively. But

_ol £ =\/z'z g _ (E )
\/( ¢)(g“+1) CE T T8\ !

>|w[Tl

for p > 2 because gy < 0 in this range. Hence V' remains positive for p > 2.

Appendix B

For A < 0, L > 0 let us consider ¥ for the limiting case of L = 0 at p=2

which will simply read as

Vip = 2) = — N2wds — | 4t]). | (8D
Fora — 1
A~e b
26(p — D?°
II# ='% (e :‘; 1_—'1)239—1) ) J (B2)
2

T+ 1+ 20

with these values (ZwZé — | A, |) > 0. However, it will also be valid for p > 2
and L > 0. Since A < 0, (B1) shows that ¥ > 0 for p > 2.

For the region p < 2, let us evaluate ¥ at the horizon where ¢ = 0. By using
relations (7) and (8), we obtain for L = 0 after some algebraic manipulations,
V(es) = — a# > 0 in view of A < 0. Thus it is established that there occurs no
NES for this case in the entire range of p > p,.
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