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EFFECTS OF PARTIAL FREQUENCY REDISTRIBUTION 
WITH DIPOLE SCATTERING ON THE FORMATION OF 

SPECTRAL LINES IN EXPANDING MEDIA 

A. PERAIAII 

ABSTRACT 

line formation In Ix.plndlng IpherlCII almo.phllrll ullng ptrllal'requlnay rKllltrlbutlon with dlpol. IOltt.rlng 
hII. beln Itudled by Ullng' 110n I TE two lavel Btom modlll L1MII wUh UfO na,ur.11I11I width Ire trllDled by Ullng 

the InGle dlpendant and anvlllindopandeni redllmbut.on funollon R, ( .... Unno 1962, rlllkl196S, HLlmmar 18B2, end 

Mlh,I •• 1978) unea rormad by pari 1111 dnd comploto red,atrlbutlon with IlOlropki IOIlI.rlno allO MYII belli aatGul.tad 
lor thl Aka 01 comparison With thon lormld by dlpola IClIlI'rlng Thll rl,'ol of ouler to Innllr rldll of IMatmOlphin 
haw been tlken to be 1. 10 and 10010 that tho ellaals 01 apherlo'ly Ira Cllnrly Hpllrnld from tholt a. pllno pBrllI., 
IpproKllIIIUon Valocn'lII upto 2 thurmll unltl 8'0 DOn,lei,rod In thl rOlt trumt ar the Il.t Two all .... hlWl bHn 
conlldlred (1). 10' Ind ~ 0 and (2) • ~ 10 I whore ,I. Ihl p,oblbllllY PO' """"' Ihol Iho phol .. II 
dlJl,rovad by oolllllanil da OXOllllllan and fill tha rlllO Kc/KL 01 opaoltv due to oonlindOul illbaomtlon pI' Llnlllnllfni 
of trlqUlnay to thlt In tho Ilnll The tatll aptKllI depth TL III the line a.nt,.11 takln 10 bJ I!!Ipp,olllml~ly 101 

StVlrllllmportant dlUlrenoN have boen abl&l'VOd IImong the Iinal aaloulltod UIIlna thlnvl ndl.trlbut~n lunotloRi. 
HOWWVIr. tar III plrameters •• PI B/A and v, the dlNarenoel belWian thl Llnlll formtd by aha Ingia Indlj)lndenl and 
In~1 dlpendant At with dlpDla MoIUormCiara aulHltlllntllllly amllila thl,lt III nol poalble 10 rulol¥O thlm graphlDlIIy. 

Whon 1M VIIlooltV al tho DutarmOl1 liIIv.r II :Z, tha P Cyanl typo prohlal lUll obt.111lIk1 (III) with rad amiliton Inti 
blu.lbIorpuon lhl" aflealll mora pronaum.lld In Ihi Qxtllndod Ipheutlll medlulTI thin In thl plene IJIIrallel.alIUa,.on 
HowllVlr. In all.ltu.tlonl. lhellnu formed by dlpollllOlllBtlng lhow 10 .. ami_Ion Ind .beorptlollo 

klY' Word, r.dlltlve ,r.nsfer- partlallraqulnay rodhltdbuuon lunotlon-dtpale ICIillorlng 

1. Introduotlon 

Effeota of photon frequency redistribution on the formation of Ipeotral linea In atellar atmoapnarel Ire of 
consldereble Importance (Hummer 1962. 1969, Shine at 81 1975, VlrdavBa 1976. MlhelBa 1978, Peralah 1978 
etc) The frequenov redlatnbullon of photons Bftel eeveral ecalterlngs and ebaorpllonl In tha line, Will ohang. 
the photon escape probability through the outel surface of the staller atmoaphere When the matler In tha 
atmosphere IS expanding radially, the line eml1tad by thll gls shlftl contlnuou&ly Thl& meanl that the wing 
photona which would heve eacaped the atmosphere had the medium beDn stetlonary, Will be ablorbed Ind ra
Imltted With redlltrlbullon In both engle and frequency at a different rmllal point In the medium. The ralult of 
thll la that In I moving medium (rddlally outwardl) the eource funotlon II changed and the radlltllbutlon of photonl 
m both angle end frequency becomes extremely complicated to underetand. The sltuetlon becomel more complex 
when Ipherlolt'( la mtroduced Redlatrlbutlon In frequency 18 tnflusnoed by tlta valoclty gradlentl In the gal 
whIle the redistribution In anqle coupled with tha ephertolW Will affaot both photon Iraquenov redlatrlbutlon and 
the motton of the gas Itaelf through the ,edlallon pra.lure In the line So. II Ie Important to treat the problem 
of trenafer of line I adlstlon by taking Into account angle dependent frequency redistribution In an expanding 
spherlcsl Btmoaphsre 

We wleh to investigate In thiS paper, the effects of Ingle dependent parllal recltetrlbutton function. on the 
lonnatlon oflpectrailines In In expanding spherical madlum ConSiderable amount of work hal bean dona by 
uSing IsotropIc soatterlng but the effects of dipole loatlarlng on the apectral line formation are yet 10 be 
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InVestigated We shall, thereiore, consldsr the effects 01 Bllgle avereged and angle dependent partial frequency 
redllitl'lbutlOn on hne formation With dipole scattering For the leke 01 SimpliCity, we conSider the redlstnbullon 
function R, (Sse Hummer 1962) Bnd solve the line transfer In the rest freme of the Itar (Wehrse and Pel'liish 
1979 and Parelsh endWehrse 1978, Peralah 1978) In this event, we havs the frequency of ths line photon 
ahlfted by 

)( - x' ± VJ1 

whare x' - (v- vo)f/lv., /lv. being the Doppler Width and v II ths velOCity of the gIl In thermal unlia Ind /I 
la the ooslne of tha angla between the rey and the redlul vector The ± signs represent the opPositely directed 
baam. 01 the photons of frequency x' We shsll aelume thet tha gas IS expsndlng radially outwsrds With a 
maximum of 2 thermal Units 01 velOCity. 

We shall deacrrbe brleily the redlltrlbutlon function In section 2 and In aeotlons 3·7 details of ths method 
ahall be given. Tha results are mscuaaed In SSctlon B and the oodlng for computation of the Imes Islilled In 
AppendiX. 

2 Redistribution Funotlon 

If we consider the ebsorptlon 01 a photon of frequsncy v With direction n within 
then the probability of the sublequent eml8810n of thll photon with frequency v' and 
elemant dv' and do' II given by 

R(v n, v', n') dv' do' dv do 

subJacted 10 the normalization that 

f f f f R(I', n, v', n') dl", do' dv dfJ-1 

the elements dv end do 
direction n' within the 

(1) 

(2) 

If </> (v') dv' IS the probability that a photon Wllh frequancy In the Interval (I", I" I dv ') Ie absorbed end Ie each 
ebsorbed photon must bit amllled, we musl have, 

4" f J R(v', n', I', n) dv do- </>(v', n') (3) 

which again IS BubJected to the normelizatlon condillon, 

J f </l(v', n') dv' do'~ 1 (4) 

The angle depandent redlltrlbutlon function for the linee With zero naturel line Width In the oase 01 Isotroplo 
aoatterrng la given bV (lea Hummlr 1982, Mlhelal 1970, Un no 1962, Field 1969). 

R, (x, n, x', n') - 1 8 ~ lin)' exp [_X'2 - (x-x'ooayP cOlec2 y1 
and for tha dipole lCatterrng, 

3 (1 +001 2)') 
R, •• (x, n. x', n') - 84""lln)' sxp [_X'2_ (x-xooayj2°Ole0 2Y1 

Corrlllpondingly, the angle avereged redistribution functlonl are 

co 

1 I I R,,, (x, x') - Vir ._1 dt 

Ixl 

(6) 

(e) 

en 
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for IsotropIC scattering and for dipole Icatterlng 

'" 
R'_A' (x, x')- ~ I~,;: f /'dt [3 12(x' f X")14x'x"] - e-~r Ixl (21~12 I 1) } (a) 

IXI 

liere liil and I~I sre the maximum end minimum vsluaa of Ix land I x' I 

In a aletlc medium, tha fUnCtl013 deacrlbed In equetlons (7-10) follow certain oymmetry relatlona (aee 
liummer 1962) 

R (-x, n, -x', n')-R (x, n, x', n') 

R (-x, -n, x', n')-R (-x, n, x', -n') -R (x, n, x', n') 

and R (x, n, x', n')-R (x', n', x, n') 

(II) 

(10) 

(11) 

However, the Iset relation does not hold In the csse of non-coherence In the alom's frame Intheoaleohngll 
averaged funcuon', we have 

R (-x, -x')- R (x, x') 

and R (x, x')-R (x', x) 

(12) 

(U) 

Aa the photon redistribution IS symmetrlo In the line In e ,tatlo medium, It 18 enough If we OIIlaullte the funotlans 
for one sal offrequenclee and anglea However, In B moving medium, the photon rlldlatrlbutlon la Blymmetrlo and 
conaequlntly, we heve to caloulate all the four esymmstrlc redistribution funotlone In the medium to repreaent the 
gaa velocity at the given POint es the prosanoe of velooily gradlenta of the gel and the angulI! redJltrlbutlon, 
partloularly In s sphenoally symmetrlo medls, will change the photon redlltllbutlon In the line, The redlltrlbutlon 
functions have been calculeted follOWing the prooedures desorlbed In Milby fit If (1976), However, to 
calaulate angle averaged R, functlona e IImpls numerclallntegratlon Ie used ae thiS Is not time consuming 

3 Intaraatlon Prlnalpla 

In the follOWing sections, we shall dalonbe the aolutlon of radiative transfer In detail Firat, we lhallintroduoe 
the Interaction PrinCiple which explslns the relationship between th' Input and output "eIIltlon fields from a 
glvan medium Irrespective of Its physloal properties. We shall follow oloselv tha two paper' of Grant and Hunl 
(1969a, b) 

Conllder a medium etrallhed With 1-parameter family churfac" With radial boundafle. rio fa, r.,r.+1 
At any level we define two oPPolilely dlreoted specifiC In!anlltles or limply Inlan.ltlal Ut(r.), U-(r.), Letll ba 
the cosine of the angle made by a rav with the radiUS vactor In the dlraOl\on In which r decrellel or n Inora8118 
and the optl081 depth mcreBsee 

u; 

.+1 • 

--\ OUTPUT IN1ON81TIE8 r---+-u; 
~ 

TRAM&MITT!D AND 
---t"'REFL&CHD INCIDENT t---u: 

INTEN81TI18 

,,(. +1,')--1 CONTRIBUTtON fRO", 
IHTIRNAL SOUR CEI 

1---"'(1. "'1) 

Pig. 1. I "te''''lon Prlnalpl. 
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we shall Wllte, 
U' (r.) - {U (r., p) 

U- (r.) - {U (r •• - p) 

where U's represent the IntenSities of Ihe rsdJstlon ,p&Clll9d by Ihe dlreCIIOnp We se/eCl a 1,",Ie .el of vslu9I 
01 p, {p, 1"1 .. m. 0..,. PI < p. < J'" '" I} and write U' (r.) and U- (r.) aa vectora on m-dlmanslonal Euc/eadran 
space 

U' (r.) -

U (I .. III ) 

U (r •• II' ) 

U (r •• pm_') 

U (r •• p~ ) 

U· (r.) -

U (r •• - III ) 

U lr •• - Il. ) 

U (r •• - Pm_I) 

U (r •• - pm ) 

(14) 

ConsIder now. a aurface bounded bv r. and r.+, as shown In figure 1 Let u' (r.) and U· (r. ~I) be the 
InOldent Intansltlea and U· (r •• I) and u· (r.) be the .mergent Inteneltles which are Imearly dependent on thl 
formar and on tha sources pressnt In the layar Therefore. we ahall write. (hersaftsr. ws ehall oml! rand rSlIIln 
II. subscrIpts only) 

or 

U'o-t-I ~ I (nll.n)U'.1 r (n.nI1)U-.+H E'(n+1.n) 

U-. - r (n ~1. n) U'. +t (n. n~1) U-"II +E-(n.n+l) 

[ - [J U' • tI U'n 
• J-s(n.n+l) • +E(n.n l l) 

U. U .H 

(16) 

(16) 

The PSII t Cn ~ 1. n) end t (n. n ~ 1) are the IIn.ar oparatora of drfluae traneml8110n and r (n. nll).r (n ~ 1, n) 
ara of diffuse rsflac110n These operatora can be physlaally Intalpreted 8S followe For axample In a '" r. <IIi rrtfl 
'" b. we deflna reno n + 1) ss an Integral operator 

1 

r (n. n+1) U·,'rI - rr (n. JI. n+l. -p.) U.+I (- p.) dp·. 0 < P .1 

a 

or If we descretlze tha angls varrable, 
1 

[r (n. n+l) U-.tll, - 1: r (n. PI. n+l. -p.) U. H (-Il.).1 .1. J 
... 1 

(17) 

(18) 

EquatIons (15) and (16) ara called the Prrnolp/e or Interaction. (Pre18endorfer 1966). Redheffer (1962) 
developed a theory based on th,S prmclple but WIthout the eouroe terml Grant and Hunt (19119a. b) Introduced 
the Bouroe terma which Bra of conslIMrabla Importanol In the aetrophYSIoal conteJrt 

The Prrnclpla of InteractIon derIVed hera I. moat genaral and the rand t operators Include the geomltry 
and the phYSical properties of the medIum One oan apply them to any partitioning of a medtum by a SUitable 
I-parameter femlly of lurfac8s BS haa bean demonstratsd by Grant and Hunt (1 B89a. b) for plane parell" I.yers 
and by Par.,eh and Grant (1973) for sphsrlcal shall. Now th., w. hIVe obtained th. r •• ponse functIon. for 
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Illyer of Ipeclfled boundarlue with given mpula, wa shell procead to oalouleta tho reaponae funcllDnl for two 
01 mora cone8Cullva layers, a process termed ae "Star Product" (eee Ra!Ileffar 1962, Grant and Hunt 1969a, 
Prellendolfer 1 e6S). 

4 Star Produot 

Let there be two leyerl with boundaries r., r •• 1 and rD ,. where ... r ... r •• 1 .. r ..... b Than from equallon 
(16) 

r 
U"II ]_s (n, nil) [u:. ] f ::E (n, n+l) 
U-. U.~I 

and (19) 

[ 
U'n~' j [ U'O+I ; _ -S (n II, n ~2) _ +::E (nH, n+2) 
Un" U.I' 

Aa r., rn.I, r.,1 ora arbitrary, we OlIn ageln wrlla uelng the pnnolple of interaction, 

[ 
u .. ~.] [U'n ] _ - S (n, 1'1 I 2) _ + ::E (n, n+2) 
Un U n~1 

(20) 

Equations (20) can bs obtained by alimmelmg U' n ~I and U-."1 from (19), 

The I elelion batween S (1'1, n ~ 1), S (n ~1, n ~2) and S (n, n U) 18 callad 'Ster Product' of the two S-matllO •• , 

S (1'1, n I 2) - S (n, nil) • S (ni 1, n f 2) 

Wa recall from equallon (16) that, 

s '". "+1, - [ 
t (n ~1, nl r (n, n!-1) ] 

r (n H, nl t (n, ni 1) 

10 that S (n, n ~2) II given by 

where, 
r 

t (n" 2, n) r (n, n I 2) ] 
S (n, n I 2) -

r (1'112, n) I (1'1, ni 2) 

t (n+2, 1'1) - t (1'1+2, n+l) [I-r (n, n+1) r (n .. 2, n+1)r' I (n+l, n) 

t (n, n+2) - t (n, n+l) [I-r (n ~2, n ~1) r (n, n+1)]"1 t (n+l, n+2) 

(21 ) 

(22) 

(23) 

r (nU, n) ~ r (nil, n) it (n, n ~1) r (ni2, nil) [I-r (n, n1-1) r (n+2, n+1]"' I (n+1, n) 
(24) 

r (n, n+2) - r (n I 1, 1'1 12) + t (n !-2, n 1-1) r (n, ni 1) [1- r (n I 2, nil) r (n, n+l]"1 t (ni 1, n +2) 

where I II tha Identity operator The liar product eX111a whenevar either of thl mversea In aqua lion 
(24) aXllIl, The phyalr:al meaning of these oparaloll ale alearly 8J1plalned In Grant and Hunt (1S6ee). 
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It 18 cloll' that tl'lo star multiplication II non-commutative (/ 8) 

S (I) • S (j) ... S (j) 'S (I) (26) 

for I,h and I" layera Furthermore, alnce the Ilnalleoult cannot depand on tha ordar In which oupsrp08rtron 
Iskes placa, ata. multiplication 18 assocI alive or, 

S [I • (J • kJ] - S [(I • J) • k] • 5 [I • J • k] (211) 

Finally, lei UI consider the aDUree term 1: Tha reault of adding two layera may be wrrttan In larm8 01 two 
linear opelators L (n, nil, n+2) and L' (n, n f 1, n12) and 

1: (n, n+2) - L (n, n11, 0+2) 1: (n, n+l) + L' (n, n~ 1, n12) 1: (n 11, n ~2) (27) 

where, 

L)",", ,+2) - [ 
t (n+2, n 11)[I-r (n, nil) I (n 12, n l1)r l 

o ] 
t (n, nTl) r (nI-2, nll)[l-r (n, n~l) r (n 12, nllJrI I 

and 

L' (n. n+1, n+2) -
[ 

T t (nI2, n+l) r (n, nil) [[-I (n12. n-ll) r (n. n l lp 1 
o t (n. n+l)[[-' (n+2. n+l) r (n. n~ l)rl 

(28) 

It 18 quite ObviOUS thatlhora II close simlla.ltybatwaan Ihe relations of sts. product and the abova rollllllIll 

Uauilliv. In practical problema. one dIVides the medium Into N lavois or ahalla Bnd calculalss 5 fOl' eacll 
Ihall and adds tham up by Iha 81a. product Clearly. 

S (1, N) - SCI. 2)·5 (2.3). 'S (n. n+l)'S Cn ~1. nI2)' t 5 (N-l. N) (29) 

A co. responding equstlon can be written for the source lerme. Adding laye. by leye. at e time Dna Can 
calculate tha complete eXlernel response. 

6 Calculetlon of the Internal Dlffule Radiation Field 

Onl should be able to calculate. the flUXes el any point Inalda the medium bounded by radii rl and r. where 
N repla.ents Ihe numbar of parrilions of Ihe medium The dal811e of liS derivation IS glvon 10 Grant and Hunl 
(1968) and we shall quole only the .88ulta 

• • 

a b -ui 
r===t===t;.+=t=1=l::::1 

ConBlder 8n almo.phers wllh radiUS B around a .tsr of radlua A (asa Pe.alah and GranI1973). Lal UI dlyldil 
the almolphere miD N sheila 0. N + I IlIrfacal, Caloulale Ihe rand t operators (aee aecllon 3) fa. each aheIl 
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We wlah to calculate the fluxes at tha boundary of each shell InBlde the medium. Compute. sequentially, for 
n - 1.2. N. tho matrical r (1. nJ end 1I0ctOl0 Y+ n I-~. Y-n I ~ from 

r (I. nJ - r (n. n+1J + t (n ~1. nJ r (1. nJ [I-r (n-ll. n) 1(1, nJP t (n, n+l) 

A 
Y'nH - t (n I 1, nJ Y'n-i t ~+ (n I 1, n) -I Rn+! ~- (n, n+l) 

II 
Y nil - r (n 1-1, nJ Y+n-l I- Tn ~l 2:- (n, n 1-1) 

With the initial conditione r (1, 1 J - 0, Y'l - U' (b) and 

whele 
/I 
t (n I 1, n) - t (n + 1, nJ [I - r (1.n) r (n + 1, n) P 

II 
I (n 1 1, nJ - r Cn I 1, n) [[ - r (l,n) r (n + 1,0) 1 -I 

II 
Rn H - t (n I 1, nj r (1. nj 

TnH - [1-1 (n t 1. 0) I (1, on-' 
and 

II 
t (n, n-l 1) ~ TnH t (n, n 1-1) 

II 

(30) 

(31) 

(32) 

(33) 

On thiS forward aweap, we naad to atora ths quanlltlsBI (1. n), t (n. n 1-1) whlah repraaant the dlHula refl.a
tlon and tranSmlBalon for each ahell and VOn I I, tha dllluBe source voctora 

Now, we shall caloulate the Intensillas at each etep by computing sequentially for n - H, N-l. H-l, ,2,1 

U+n 11 - r (1, n 1-1) U-n 11 + V+nH (34) 

II 
U n ri t(n,nll)U-n I-HV-nH (35) 

wllh the tnltlal condition U-'II- U-(ej 

If we hava a reflecting aurfaco at r~A With the oparator r. then, 

Ind for n - N. 
U-.II~ r.U'oli 

U'.II [I-r (1, H 11) r.r l V'.ll 

from which U-.tt IS oalculated from (36) end II glvan by 

U 'II~I.[J-r (1, H11) r.rl V"ll 

we can oaloulate tha nat nUK toward tha lurface of tha atmoaphere at each boundarY In by the r.lltlon 

I 1 

and the mlln Intenalty 

Foot - 2 ... JUP dp - 2'11' ~ (U-n - U+n) PI CI 
1-1 

-1 

+1 

J - ~J U dp - * i (U-n + U+n j Cl 
1-1 

-1 

(38) 

(37) 

(38) 

(38) 

(40) 
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We hays IBid down the fl'llmework to calculate the dlffuBe radiation flBld fOI a medium of general phyuCiI 
lind geometlles' properties As we have eesn In the prevlouB ,ectlon~, the ceirulatlon of diffuse field requires 
the correct eilimation of reflacllon end tranemllalon matrlcBB for Bach shall or partition of tha medium It I. 
Ihrough than matll"". th.t the whole phYSICS 01 the medium entere, we sh.1I now try to c.lculota rand t matneOl 
for dlfferenllally expanding epharlcsl medium In which tha photon l&dlstrlbullon occurs 10 aline with ZBm, 

natural Width, 

• • 

• • 

• • 

• • 0 
~ 

'" 0 

..J I 1 

" 

II 

o. 
I , • • • , • • 10 

N 

Fla 3 The optical depth I. plolted 1!19d1n'l tho wll number N N - 1 and N - 10 rap"lt8nl the top lind bottom of Ihl IlmDIPkl. 
III'p.oU't8ly 

8. Calculation of Transmlltlon and Raflaatlon operatona In a shell of given phy.,osl propartlsl. 

AI the equallon of hne tranafer describes the phYSical and geometrical properties of the medium In qUllllan. 
we shell rntagr.te thle equation with partial frequency red,etllbut,on. The equation of Ime Iranlfar fop a two 
level atom 10 sphenCdI symmetry la gIVen by 

, - P i'lIJX.;t! 1, 1 ?' III (~/' I' ~ k, IP I ¢ (x, I', r)J [S (x, /J, r) - I (x, II, r)] (41) 

end for the opposUBly directed beam, 

,:-~ _/JoT (x, - p, r'_ 1-p'~J (x,_:.&.E _ k..lP r ¢ (x, _p, rll [S (x, -/J, r) -I (x, -/J,r)] (4~) 
liP r Ill' 

where I ex, p, r) 1& the specifiC IntenbllV at en angle COS-III (W [0. III at the radial POint r andfl&quency 
K (- (I' -1'0' 16." 6., being some standard frequenoy Interval) The quantity fill the ratio k./k. of opaOIlV dpe 
to oonllnuous absorption per Unit Interval of l( to that In the line lha lourcelunctlon S (x,± p, r) II gIVen by 

) 

s (x, p, r) _cjU~ S, (x, p, r) ipS, (r) 
~ (x, p, r) + P 

(43) 
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and 

(44) 

S, and S. rafer to tha lource functlonl In the line and conllnuum respactlvely and 

5. (r) - p (r) B (v., T. (r) (46) 

where B IS the Plenck function for fraquancy Vo at temperature T. and both p and Bare aSlumed In advance, 
The line source lunctlon 5, la given by, 

and 

+00 11 

5, (x, P, r) - ",-(!..--f)--JdX'JR (x,p, x', p, r) I (x', p, r) dJI' + (B (r) 
'I' (x, p, r) 

_00 -1 

-too 11 

5, (x, - p, r) - ",_(1_: ~t __ r d x' r R (x, - p, x', II, r) T (x', p, r) dp' 
'I' (x, - JI, r) J 

'_0'3 -1 

~ c B (r) 

(46) 

(41) 

where R (x. p, x', II, r) repreaenta tha partial lrequency redlstrlbullon function and cP (x, p, r) I, tha profile 
luncllOn of tha Ima (88e sactlon 2) and 

r _ - ~ 

CII 
(48) 

II the probability per acatter that a photon will be deltroyod by coIII810nai da-excltatlon 

wo shall Intagrata tho equatlona (41) and (42) followmg Peralah end Grant (1973) ami Grant and Pelelah 
(1972), (horoaftor roforred to as PG and GP rospoctlvely) Wa hava to dlBoretlza 10 frequency, angle and Ipace 
coordinates ror frequency dlacretlzatlon, we ohooee the dlsorata pomta XI and welghtB e, so that, 

,00 

f cp (x) I (x) dx,::. ~ a, f (x,), ~ el ~ 1 
I--I l~-I 

_00 

and lor tho angular dlacratlzatlon, wa ohoolB {II,} and welghll {el} lIuoh that 

1 

ff (p) dp:::. ~ bll (JII), ~ bJ ~ 1 
J-1 J-1 

o 
and 

B' (v .. T. (r») ~ 4'ITbl B (vo, T. (r)) 

(49) 

(60) 

(111) 

FollowlngCarlaon (1963) and Lathrop and Ca~lon (1967) wa Ihall Integrate the tranllar equatlona (41 and 
42) by uSing tha 80 callad "oell" mathod One mtagrate. over an Intervel [r., r.,I] x [11'_1' Ill,.] defmed on 
S two dlmanalonal grid We ahall dlsQUBI tha chOice of tho aat {r.} Ihortlv By ohoollng the roots III and 
walghts CJ of Gausa Legandre quadrature formula of order J ovor (0. 1), we calculato the sot JlJ II al given by 

I 
PI I I - E C~, J - 1, 2, 

k~t 
, J. 

we Ihall define tha boundary PI - 0. It II obVIOUS that P,_I .. Pf .. Plol' 

(62) 
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We shaliitart With the angle Integration of equations (41) snd (42) This gives us. 

C,Jl, au'~~ 1(1) I ~ {(1-11'"I) U".',I (r) - (1-Il"_I) U'" 1_' (r) I C, K, (r)} {p I CP'", (r)}u'" J (r) ~ 

C,K, (T) {[pfi f cp',,(r)]o'(r) I ~(1-()J'~lR"" •• ,.,'(r)c,.u" •• ,'(r) I R·-..... .,·,.(r)C,·u-" .. (rn} (63) 

and 

- C, /I, au~~ I(r) - ~ {(I 1l~'.I) U-I. hi (r) - (1 - 11',_1) U-,. I_I (r)} I C, K, (r) {p I cp-",(r)} U-b I(r) -

C, K. (r) {(pP f- cpo"~ (r) B' (I) I 1(1 - ,) } 1 [R-'" ... ,.,' (r) C,' U+", (r) , R- " ... , ... (r) C,' U-I',j' (r)]} (64) 

where 

±: 

U'" ,(r) - U(XI.II,. r) 

U-" ,(T) - U (x" - fl,. r) 

R"'\, I', JI J' (r) - R (x .. JIJI XI', Ill, r) 

A-+ I, "'11 {(r) .. R (XI. -#J, XI', Jl/, r) 

cp '" I (r) - cP (x" Ill. r) 

cp -" , (r) ~ cJ> (x" -I'" r) 

We aha II define U" I by defining. 

"" UI •• 

and U'I - U-1 bV interpolation. 

By writing 

and 

U (x" PI. rn) 

U (XI. p •• In) 

U (XI. pm. r.) 

put, U-1r n -

U (XI. - PI. r.) 

U (XI. - I'" T.) 

U (X,. - I' ... Tn) 

I/> (Xl. I'I. I) 

l/>eXI. II •• I) 
¢ 'j ... er) - and cP -" .. eT) -

I/>(x" - I'I. r) 

cP (XI. - II •• r) 

L I/> (XI. p" .. 1)_ cP (x" - pm. r) 

(65) 

• J - 1 (B8) 

(G7) 

(68) 
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R (x" /1" x,', /1" I) 

R (x" /II, IC,', /I" I) 

R (x" /1 .. , xl', III, r) 

R (XI. I'ru. XI', P.1al. r) 

R (x, - /l" x,', PI, I) 

R (x" - /l" x,', /1" I) 

We can rewI,te the equations (63) snd (64) fOI the sat of anglas (PI} ovellO, 11 aa 

1(1 -) [R"" I' (I) a"i' (I) C,. U',' (I) I R'-",' (I) a'-,' (r) C., U-,' (Ill} 

Similarly fol the oppositely dlieLted beam 

129 

(159) 

(80) 

- Min aU~'1 (I) _ ~ [ /\' .. U ,(I) I /\ - '" U' ,(1)] I kL (I) t P I I/> " .. (I) } U ,(I) - k. (I) { (p/1 I cp -~"' (I) B' (r) 

I I (1 • r) [R -I, " (I) a- " (r) Cm U ,'(I) I R-'",' (I) a-',' C .. U+" (1)]1 (81) 

where/\' ~ and /\ - .. ale squale J J metrlCeB daflned by 

1I"k - L~f:ll.l1!Jtl )-11
') , k - J I 1, J - 1,2, ,J-1. 

CI .... 11.' • I" 

_ (1 - /lII,I) (/"" -/'" I) _ (~:- J,I,-sUE' l _I'I-!l k ~ J, J _ 1, 2, ,J - 1,J. 
C, (/1/, - II,) C, (PJ - JII ,) 

(82) 

and 
1 

- 2c, t'JI' ,CJk I (63) 

Tha matrlcas /\. and /\- ora called curvature scattormg matrical 

Tha integration ovel {I., ,.,,} 01 equations (80) and (61) give, us, 

M .. \U· ... "-U .. 'n) I pd,,' .. U· ••• I I /\-'"U ,,11.1) I 1"n.d/l1 ,',.,J U'"II,I ~T •• I(PP I cpt' .. J •• I B",I 

I l"a+1 (1 - ,) (R++" .', R+l a+\, .... 1 C U+/, .... ' R"'-I, .',0 .. 1 a+-I', .. +. C U-I', n+.) (64) 
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and 

M..(U-, •• -U-"n,I)-P,(A' .. U-"',1 I A-.. U'".,,)I "",ICfJ I 1/>-.,)U""I~'n'I(PPII/l-.. ,IB"'1 

I- 1 or_.] (1 - ,) (R-"' I, ,', ... ~ .-.(, .... ) C U-., ft+1 I R- I, .', n.,.J a -.', ft+J C U-/, Dt') (86) 

where p. II the curvature factor defmed a8 

(88) 

Hare the subscript n. n + 1 Ind nil r.for to thequo"tltle08t ra. r,,1 end r',1 whore n I I ref.rlto the aVIna_ 
of tho par8melar over shell bounded by r. end r",1 

We 'hall deflna the weights. 

(¢' W,) - 8" .,1 C, (87) 

whare the subSCript k 18 defined a8 

(I, J) --= k .. J I (I - 1) J, 1 .. k .. K - I J 

whara I and J bOlng the numbar of frequency and engle polnta reepectlvoly end I, J Ihelr corresponding rUMlng 
Indlceo We shell dohne .0 at a lallr alago 

By letting 

U· 2. n 

U' I. n 

andB'n~l- [pp j-(~kJnll B'llelOkk 

W. rawrrle aquatlons [M] and [86J 10 Include ell Ihe frequency pOlnta 8e follows-

M[U'n-l1-U-n] tpc[,,'U'nl/IA-U nil] I "'nll(/!'nIIU'nll-'TnIIB'n-t1 ~1[1-'J'nll ([R" 

(88) 

and 

M [U-n-U-n-l IJ - pc [A' U-n II I A- U'n II] I 'Tn II dln II U-nH ~ 'Tn II 8-n11 1[1-0) 'TnH [R-' W-' 

U' + R - W-- U-) 0-1 • (69) 

whale 

M", 

M-
M. 

M .. 
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We h.~e to replnce the overage Intensities U'n Illn the .. bove equQtlon. For thl. purpotIa, we ,~JI u ... ttr. 
diamond Icheme [GP equation 2 23] giVen by, 

[1_Xnll] U'n 4 lin U'nil ~ U'.+I 

[I - Xn I I] U n I I + Xn4 • u-. - U-n f-j (70) 

with K • I I for diamond schema and 1 IS the Identity matrix By ullng [70], we con Wrlta equation. [68J and 
[69] a., 

[ 

M I 11 [t[l' - ~ R" W><] I II1o.A' - t R'- W'- I I P,I\-

-'Z R-' W-' -I (1<1\- M I i [(/)- ~ R-- W--] - • P</I' 
] [ ~::+I ]_ 

[ M - ; [d)' - ; R" W"] • P.II' 

~r R 'W-' I I P,fI M - 1 [Ill 
4 2 

where J - 1 -, 

1 [ ~::" H :: 1 (71) 

By comparing equation [11] With the prlnOlplo of '"talsctlon gl'lan In equation [15], WI Dblaln \111 tWo PIIIII of 
uanemlulon end reflactlon op.,aIOla 

With thB following auxIliary quantities 
G' - [I - g'- g-'] -I 

C3 '- [1 - 9 -, g'"] -I 

g' - ITA.'Y_ 

g'-I ... A.-Y. 

D _M-hZ_ 

A -- M - j ~ Z, 

6.' - [M hZ+]-1 

Z - </,i- - itS R-- W-- - peA'!· 

V+ - I" R-' W"' ~ p. fI-'~ 

V. -IJR'-W+ -peA-I' 

(72) 
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We can wrrte the tran,mlilion end reflection matrlcel 88, 

t [n+l, n] - 0'- [A' A + q'- q-'] 

t [n, n+1] - 0-' [A- 0 ~ 11-'11'-] 

r [n I I, n] - 0 -+ If + [I I A' A] 

r [n, n11] - Q'- g' [II A- OJ 

and the call lource vactora alO IINan by, 

E' - 0·- [A' S' ~ g'- A- S-]~ 

r - 0-+ [A- S- ~ g-' A' S'-]or 

(73) 

(74) 

We hava obtained the two palra 01 transmiSSion and rellactlon opera lars given In L 73) and the SDUrcO 
vectora given In [74) for a call of opllcal deplh ~ and cUlvatura factor p, Theae operators describe the radlL 
tlO/1 field In any medium Bither atatlc or moving In tho case of e ItstlC medium we need not caloulate alilho 
fOUl redistribution functions becauae of the Laee seatlon 2J aymmelry of theee functions For example In a 
etetlc medium, we hava 

R lx, + fl, x', + p'] - R lX, - /I, x', - I"]' RU R-

R [x, + p, x', - I"] ~ R [x, --I', x', I P'J, R'· R-' 

If tha medlm IS In mollon, than wo hava the frequency shifts due to Dopplor offect and, thoralole, the froquancy 
changes from x to " :I: IIV whe.e v II the VEHOClty of tha gab m unite of th •• mdl velocltv Consequentlv, ana 
has to compute all the four redlstllbutlon functions dl esch .adlal pOint In 8 movlnll medium 

, 
We mu&t choo&e" and p. the optical depth and the curvature factol m a cell 80 thai we obtam a .'able 

solution For thiS, con"dar the mstrrces A' end A-given In (72] To obtsm a POBlllve matlicBS, WI mull 
have a positIVe dl8gonally dominant and nagatlva off-dlsgonalslomenta of the matlloes of [A'r' and [A -P, 
Therefore, 

(75) 

for the dragonal elements and for the off-dlogonal elements, 

min [ mm I Let> JR •• Wkk' I ] 
[p.J ~.,d < k k - k±1 -,;:~~-,-- (76) 

The conditron [76] oan alwaye be asllafled, However, the oondilion [76] Imposes a severe restnotron on 
tha Irze of the curvature factor p, to be uaed In aach cell to obtarn a non-nagatrve t and r matllces, From [76] 
a,d [76]. It IS clear that one must divide the medium rnto s number of 'celie' to obtain the dlffuea rsdllilon field 
d8.crrbad In SectIon 6 FormallY, we divide the medium Into sevelsl ehells [thla number depends upon the 
oapaclty of the machine, g, Itorage space, lpeed etc,] and If the optical depth In each shell Tob.n>T '«ll' 
than we haYe to subdlvlda the shell and use the "Itar algorrthm" given In &ectron 4 for oalculatmg the r ond t 
operatols for the whole ahell. In auch an even!, we use the doubling proceas whIch Is faeter by choollng In 
extremefy .mall value fa. p ......... 11 80 thllt the ellOIl would be mrnlmlzed In compounding tha • and t oparato,. 
Howevar, one muat notloe that by chOOSing too amall a curvslure factor one can reduce the truncation erron 
but round-off allora would creata problems Thersfofe. one hae to Judge oneself how to chooae an optrmum 
p. If wa helvs the shell p tlmea, tha atar IIlgolithm II rep&alad p Ilmas and In thiS CBse the curvatur. factor p. 
and the optical depth' .... for the subehell or "cell" are gIven In terms of thosa for the shell (p. and ~.) 

(77) 
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and 
(78) 

and the square of the mean radius of the subshall IS glvan bV 

r' < R' {I - p. [K II] ~ 1 p,1 [K'll K I I} (79) 

where p .. corre8ponds to a 8ubbhell epproxlmetelv mldwav In the shell and p. 18 the cu rvalUre factor for Ihe 
whole shall dafmed as 

p. - to. r/tnu, (80) 

'T" tS derived on the assumpllon thet tho opttcel depth In tho shall II uniform R tS the outar radtua of the shall 
In lenns 01 Ihe tnnor radius of lito medium and K 2 I - 2- p The raldllone aet out In equations [77 79] lira 
denved on Ihe basts of equation [30J of Gront [19603] 

Ona of Ihe Important checks of the mothod 18 con8ervatlon of flux In d purelv scetterlng medium where 
anergy 11 neither emitted nor absorb~d, the Input onolCJY muet balanco Ihe output anatgv In the naxt section 
we sholl dellve conditions fOI the COIl,elVdllon o[ flux 

7. Flux Conservation 

In thiS secllon, wa shall dOllve certain not moltzauon condItions for the radl8tllbutlon functions For thl~ 
purpose, we conSider a medium which ,catterq end n811her croates nOI abbolbs enetgv In thl8 Dvellt, the S 

matrices LGrant and Hunt 1969 d, b] should give us 

II S (II, nil) II 1 I 0 ( ... ) 
or 

II I (n, nil) I r (n, n + 1) \I - 1 I 0 (.,.) 

In tenne of [4 11] of lGHa] Bnd equation [72] of the prevIous soellon we shall have, 

max I {max "!. l'" '" II t[n, n ~1], r [n, n 11] II· l. al k 1; 2'11'J/,C, <I'k - ('I'k Olm - IR++k "a, Ck 
nil J 1 JI, 

I ~1\JJ.'tk iR.-+"nO,Ck I ~I\o Ik J2;"~kC'B~} + 0[ ... ] 

where we have put r - 0 

BV vlrlua of tha Identity [4.3] of [Perolah Bnd Giani 1973] the above equation bacomes 

II t [n, n I 1] I r [n, n -+ 1]11 1 ~... f <pk 
JI, 

I ~ ~ [R+'k,., I R-+., loJ a, 01 + 0 [ ... ] m I } 

J 1 I 1 

However, tha dlacra\e form of aquatlon [3] of saotlon 2, glve& UI, 

or 
IIt[n,nn] +r[n,n~1]11-1 10[ ... ] 

(81) 

(82) 

(83) 

( 84) 

(8b) 

(86) 

which proves tha con,ervallon of radiation The normaliZing condition, therefore, for the redlltllbullon funcllon 
II given bv 899 Peraloh [1978). 

where 
a [ - _"'K.-:-A.::I..:.R~'S!L-_ 

1: R' Q A, CI 
P.Q-1 

(87) 

(88) 
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and 

A P ... I.h 

[P, Q] .. 1 ~ [I - I] J 

Simlldriv the normalizstlon on the curveture matllces la given by 

I 
E CI (,,-,. -"+Ikl - 0, k - 1,2 J 
I-I 

(89) 

(90) 

It la very Important thet the normalization of the redlstllbutlon function and the Identity [90] are satisfied 10 
the full mdchlne accuracy. The programme hes basn checked for < - 0 and It was found that the flux II conni
ved to 10-14 double preciSIOn of IBM 370 machine 

8 Diaouilion of the Reaul II 

We have selacted a few represenlatlva paremetell to bring out ths Important differences belwesn the Ilnlll 
formed by redlslllbution funotlons with ISOtrOPIC Boallellng and dipole acatterlng Tha ratios of outer to Innar 
radII (B/A. see Figure 2) are tskan to be 1, for plans parallel stratification and 10 and 100 for spherically' 
symmetric madla Tha mstter In the atmosphere 1& aasumad to be axpandlng With a valoCity proporllonllto 
the radius ('lee Pelalah and Wehlaa 1978, Wehrse and Paralah 1979) according to tha ralstlon 

V.~V"+(N-n H)AV 

wherl v's ere the valooltlas of tha gas In maan tharmal Unltl and v. IS tha velOCity of the gaa In the n .. Ihell, v, 
II the velOCity at the Inner surface of the etmoaphara (we heva set v. - 0 In ell cases end n 1 correapDJlds 
to outarmol! Ihall and n ' N to that of tha Innermost Ihall) and 

Av - (VI - v.IIN 

where N II the totel number of ahalll The quantity lis Introduced becausa wa conaldal tha valoolty It the 
oentra of the shell. The atmolphare IS diVided Into 10 shalls (N - 10) each of equal radlel thick nell but of 
Ullequel optical thickness and wa hsve 1st V,O ~ 0 In ell ClIBas and V, ~ 0, 1 and 2 thsrmal unite. To ba con
IIstant with equation of conaervatlon of meas, wa hava set ths danalty varying as r-' Tha varlallon of the 
optical depth With raapaot 10 tha shall numbar la gIVen In Fillura 3 The tOlal opllcal daplh TL lelakan to be 10' 

Tha boundary conditions are U'I (X .. 'T - 0, pJI - 0 end U-. II (X .. 'T - T, PI) - 0, (las Figura 2) Ihsll •• 
no radiation IS Inoldant on Blthar slda of tha madlum. Tha Plsnck function B la eat aqual to 1 In all CBII' 

The frequancy dependanl moan m18nlll18e J. (X,), tolel mesn mtenlltle8 J, total source funatlon. S and \hI 
monoohromallc emergenl flux F lX,) ara calculated by the follOWing lalallone 

and 

I 
J. (X,) - I 1. CI [U'n (X" PI) I U-. (X .. PI)] 

J-t 

I 
J. - E J (XI, n) AI 

I-I 

F (XI) - (~)I 1: U-, (XI, PI' 'T - 0) C, PI 
l-t 

We have employed 20 frequency pointe and 4 anglaa (\ - 20, J - 4) The codmg he. been oh80ked fOt 
flux coneervllllon (le8 Perslah 1978) bV putting c - p - 0 and giVing mOlden! radlstlon al n - N. This .. 
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Important bscause It will automatically check thE' programme for non-phYSical errora also We have perlonned 
calculations for two phYSical situations 

Case (1) c - 1 O-s and p - 0 

Ceae (2) c - P - 10-' 

For each aet of parameters BfA. V,. rand p. the quantltlas S. J. J (X" n - 10). J (X" n - 6). J (X,. n - 1) 
and F (X;) ara presanted III Flguras (4-21) for complelo redistribution (CRD). angle evereged redlalrlbullon 
funcnon With IsolioPIL QCdtteFlnq (R, AlSO). of englo dependont funcnon with IsotroplL acatterlllg (R, AD'SO) and 
anyla dependent funcnon w,th dipole scattering (R, ADOI.) As tha ,esults for dipole acatlenng wllh angle 
averaged and engle dependent functions are graphically unrebolvable only thoao re~ulta for angle dependent 
funcllons for dipole sCdttsrlllg ere ,hown Wo shall hereafter refer to various curvea by their corresponding 
IImpllfiod namsq such d. CRD. R, AlSO etc 

Each of Figures [4-11J. [13J. [16]. [17], [19] and [20] conllllns6 pertl a. b. c, d. eendl In pelta [a] 
and [b]. ths tolal BOUlca funLtlon and tha tolal me en Inten811188 ilIa plottad IIgamat the optical dapth. and In 

pIlrts [c]. [d] ond Ls]. the run of frequenoy dependent mea., intensities o.e given for ahells10. 6 ond 1 rDepec
tlYBlv These IIgules doacFlbe the mean Intensilies correspond.ng to total optical depths 10'. 66 and 0 m the 
msdlum respscllvely We hava plotted monoohromstlc amergant flUMes F [X.] venus X, In part [f) In F,guna 
12.14. 16. 1~. 20. ths mtsrmedldto masn IIltsnslties 010 nol plOllod 

The total sourca funcllon •• mean mten8111es and amergant monochromatlo fluxas ara presented for a 
stationary. plane parallel modlum In rlgurea [4] ~nd [6] for caBe L 1] and case [2] respectlvaly The CRD values 
sre largol thon th089 of tha I'flD velues Tha BourLO fUnLtlonb or CRD. R, A"O bBLoma maximum at about log 
c - 2 5 whars dS thiS m IMlmum leducos In tho CdSO of I; c.orrospondlna R, ADI90. tha SOUICO funLtlon of ~POI. 
II almost IIdt In cala L1J The totdl maan Intensl\lo~ leneot the source funcllona In both the caseB The 
monochromatic moan Inton~IUO. J. [X.] at n ' 10. 6. 1 for tho two coaoa oro markauly dlfforent In tha fllBt case, 
we 8ee eml~Blon IInos wllh ulf obSOlptlon [therll 18 onlv IImlSSlon for R, ADISO dnd R, .... oo,. and for all tYPIIS of 
redlstllbullons for the ahall 6] whore DB In tho second caso obliorption 18 mOlo promlnont except 10 the cOle of 
J [X,) for n - 6. A very IIIteleBllnq feature In 08sa 2 la that Ihe maan Intenalty J [XI] for CRD and RI AlID 
IB In abaorpllon at n L 10. and appool m emlaSlon at the Intermodlate pOint n - 6 and emergas In absorption 
81 n - 1 Thla can bo undaratood from the facl thot Iho Bource fUncllon 101 CAD and RI AlSO bacomes maximum 
at n - 6 whareaB tha source function for RI ADIIO and Ai ADOI. IS almost flat. 

In Figures L6-9J. the roaults for dlrlelonllallv expanding media ara glvon Ono csn Immedlalely 89a tha 
asymmetry In the omer[Jsnt flu M prorlloa and In the frequency dependent mean Intensllies a\ mlormedlalll pomta 
In the nlmoapholo Howavor. tho mOdn mtenailies dt n • 10 Ihow almoal no asymmetry whereaa thaaa at 
n r 6 and n - 1 show e gl adual incroaae In tha asymmslry The emergent flux profiles show maximum 
nymmetry The rod emlaSlon and blua absorption Inoreaae as the veloolty .. Inoreased from v ~ 1 to v - 2 
thermal Units and a almllallty to that of a P Cygnl typa profila oan bs nolload particularly In 08se [2] (J fI J 
• - p - 10· 

We ahall now conaldar the rasults In spharlcally symmetric medle In flgurea [10] and [11]. wa prllsllnt 
rssulta for parametsrs BfA 10 and V 0 fOI caas [1] and cue [2] raspectlvely The Important dlfleranoa 
batween tha plana parallel and aphslloally symmetllc sltuatlone In case [2] IS that thera IS strong emll8lon In 
the wlnga which la cleRlly the affact of SphSllcltV Mean mlon8111es J [X,) In Caae 2. fOI CRD and R ..... lla show 
Itrong cantrol abSolptlon at n - 10. total amlsalon at n - 6 and n ~ 1. The mean intensIties for RI ... OIID and 
R, AOOI. ahow exaclly the opposite behaViour The emergent flux prof ties [Figure 11] ahow BIllIUlon In the 
winge and absorption at the cenll e of the hna In the 01198 of CRD and R, .... ,IO and a totally absolptlon hne In tha eeee 
of R'ADIIO and R, ADOI. II obtained In Flgules [12-16]. tha resulllI are glvan for II aphallcsl mamum eMpandmg 
wllh 9aa velOCity v - 1 and where tha latlo 01 outar to mner radII IS 10. The mean lntensilies J [X.) for oaae 
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[2] at n - 10 show conal(jerabla amount of sslf ebsorptlon with a pronounced emission In the wmge for CRD 
and R,A,.D. where as for R,,",o,,o and R, AOOI', the mean Intensltle. show mora smlsslon than absorption At 
shell n 6 whera the vsloclty la nusrly I umt of 8 mssn thermsl valoclty ws notlclI that the Imas not only ara 
shifted but al80 bacom8 asymmetric about thslr centrss Ths emargent monochlomallc fluxes F [X,] 10 Flguro 
[131] claertv devalop Into tha P Cygm typa profllas particularly 10 tha CBBe of CRD and R'-A'ID where os prof~88 
oalClulated by the functlonl R, AIDSO and R, ADD'P show VItIY httle changs except that their cantrss als shifted A 
similar trend Cdn be notlcad when the valo~lty of tha gss II. Inclaassd to 2 maan thermal umts [,ee Flgurs16] 

In Flguree [16-21]. tha raaults are praBBnted for B/A a 100. V - O. 1 and 2 for the two cal8S Thase 
results show similar chsractarlstlcs as bhown by the rssults glvan 10 Flguraa [10-16] However the smergent 
profllss bscome much broader end the hSlghts of emiSSion peskl ars consldslably larger than thosa formed 10 

other Sltustlons In Tsbla 1, we glva tha rallo of halght of amlSSlon to ths depth of absorption for csse [2] {I ! } 

• - p - 10-1• for V· O. 1 and 2 and BIA ~ 1. 10, snd 100 for tha profllaa calculdtad with CRD 

Tlble I RlltiO' of .ml.lon height! to lbaorpllan deplh 

8/A 
V 1 10 100 

0 104 287 500 
1 1S0 743 1032 
2 187 880 .838 

From Table 1, wa can lea thet for a glvrn velocity, 88 tha psramater B/A InOrS8.SS, ths sml.llon al80 
Inoreasea However when veloolty morS8SSS for a glvsn valua of B/A tha emiSSion doas not Incr88la propo
tlonel to tha velOCity Thll la perhaps due to the faot that tha Ilna becomas broads I when the gas moves wnh 
larger velOCitieS 
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A substenllal portion of th'l work has baen psrformsd as part of tho Sonderfolschunglbareloh 132 
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