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SOLUTION OF RADIATIVE TRANSFER EQUATICN [N SPHERICALLY SYMMETRIC
MEDIA WITH SPHERICAL HARMONIC APPROXIMATION

A. PERAIAH

ABOTRACT

A numerioal method for obtalning solutian of radistive ransfer aqusiion In spherically symmetrio madia with
apharloal harmenlo sppraximation [s presented. The angle darlvetive |u approximalad by an orthonormsl polynomial
snd thiz |s rsprassnted by & melrlx called curvaiurs malrlx, for a glven bsam of reye. An ano! analysis ol thp
gurvature matlx snd resulls using the safutlon for few rapraventativa oases have bean preasniod,

Kay words® spherloal symmatry—radiativa Lranster equation—sphariosl harmonic approximatlon

1. Introduotion

Recently, savaral techniguas for getting solutlon of redlative transfer in apharically symmetrlc madia hava
appearad In tha llteratura (see Hummer and RyBlck! 1871, Peralah and Grant 1973 end others). Howover,
each techniqua has lta own advantage and dlasdvantega. Morsaver, Lthese tachnilques have te ba maodifiod
acoording 1o the glvan physlcal alwatlon. In this raspact, the dlscrete space theory (Paeralah and Grant 1973)
Is one method which needs the [past modiflcation. The averags spaclfic intonsitles in the "cell'' are approxt.
matad by the ""dlameond’’ scheme which proved to be the hest cholce {Wiscombs 18978). The transmlsgion
and raflaction characterletics of the madlum ere direclly depandant on Ita physlcs. Thaeso ara lroatad as
operatars subjected to numerical analysls, The maln conditlon for theae oporators Is thet they should bo nen-
negative. For thla conditlon to ba satistled In apherlcal geomatry, we havoe to aslact a amall “'cell’’ crltical
thicknesa becausa of the fact that the two curvaiure matrlces are agymmetric and large In their chsolute values.
To avold this difflculty, we have trled to obtaln the curvature matrix by the apharlca! harmonic mathod.

2. Davelopmant of tha Mathaod

2.1 Derivatian of Transmission and Reflaction Oparstors

The squation of radlative tranefar In apher(cal eyrametry |e written Ba,
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whara K (r) la tha abiorption cosfflolent and K (1) = 0 and |
0« () =1, I{r u)lsthe monoochromatic spsclfic Intenait
redlus vector et the radlal point r, B (r) !s the Planck function
wo shall chooga phase functlon {or isatroply gcattering In these
thet0 < g, < i3 < .. < in 1. Wo ghal| wilte,

he w {r) Is the albedo for single acallering
y of the ray making an angle cos™' s with the
atrand P (r, 4, &) le the phase function and
calculstions, The angles are dlscretized such
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Y0 = T ) 17 () = 1 =) (2)
and
M = [ dy] (3)

) (M
We have lo approxlmala—g:i within this discretlzation of the angular coordinate z. Let P (i), ,u;.' Ci bhe

orthonormal polynomials, sbscissae and welghls associated with Mth orcder Gauss rule on [0, 1]. Wa shall
expand 1 {y1) as,

M
I(.lu) = ¥ agPg (ﬂ) (4)
m=0

and the (m+ 1) coefflcients ere chosen so that
M
I (”’) - E In PII1 (!ll)ﬁl - 0l 1]!'"5 M (E)
m=0

Since, tha P.. (1) sre assumed orthonormel

M
l2.‘0P. (1) Pa (1) € = Orm (8)

From equatlon (6), we have

M
U = ]EO Pw (f11,) Cp T (1) {7)

{see Abramowltz and Stegun, 1964),

From equation (4), we have,

M
I'(0) # & dm Pu’ (1)
m= 0

wiare the primos represant the derivetives with respect to 4. Therefora from equatlons {6) and (7), we
obtain,
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or
dI
d—fl_DI
M . @
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Cansequently,
d1* {r,
R [ R R R e i s (0)

Wa shall Intraduce & matrix operator A called the *‘curvsture scattering matrix* glven by
A = [Aw] (10)

o Ay = iy 8y, — & (I—ust) Dy {11)
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Now, aquatlon (8) can be rewrittsn as,
a2fo-mr el -2 a1 e (12)
Py
H=p)
or alternatively,

M
LI R T -4 2 [-uh P,
2 - e | zoa{ b2 104 Pa ()]

i M=
80 that
M
Y » -;dﬂm—;ﬂ) Pu 1] Ch P (1) (13)
m=0 94 IR

For computatlonal purposes, we shall use the expresslon (11) Instead of (13).

The equation of radlative trensiar equation (eq 1) for & glven beam of radlation ls glven by

1 2 {ru* (r)} -%M* M +KOT @ ~ K {[1—m (MNB* (N « parln) [P (N CI* ()

™ r
+ P (N C{nl}
and for thy oppoaitely directed baam,

. alr{" I- (r)} - f—nr (D rKET@E) -~ KD {[-w(N]B (1)
13 () [P*@MCI () + P (N C1 (]} (14)
We shall deflne

U)=A(@E1{(x)

A (1) = 470,

b (r) = A (r) B£ (1) (16)
By Introducing (16} Into (14}, we obtain,

duU (n
M drr +K(I') U' (r) - K(r) [1—m (I')] b* (l') E [*K(l’) m(r) P+l-c +'_3_ A]Ul (r)

FEK (@) w () P C U ()
and

dU~(r) )
MT KOV - KO O-e M1 () + iKMo () P cu* (7

HHK@oO P e~ - (16)

Discretlzatlon In the radlal coordinate gives us,
MUV -] + 7, U, - i L ~ay) by 4 @vy,Un,, + @, Uil (17
and

MU= 0%l + gy Uiy = gy [0 - ) by + Q7 U%,, + aryy Uy, (18)
where

Tt = Kigp {1 = 1) 19)
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Q.”|,| ™ *wm P‘”|+| C4 2 i‘ A
Tiel
Q7 iy =~ b, P, C ~ 2 £ A
+ + Tiod
Q‘_IH - }mm P'—[” C (20)

0-"“ - iwhl thl c

i

whare ¢ |s the curvature factor given by
p = Aifr

b b UL F U

Subetituting the last squation (20) In {(17) and {18) and then wrlting thaaa difference equetions In the form
of the Interaclion princlple (see Peralah and Grant 1873) would glve us,

M+ Lr,y (I - Q%) - 37 Qi U, b*i,;
+ 71,1 (1-m1,y) +
=& iy Q™' M1 fr, (I-Q77)yy u-, bi,
M~ jny (- Q%) f 10 Q7 Ut 1)
t T Q70 M —§ 7y (T - Q77) U,
Hare I Iy the Idantity matrix.
Therelorae, the cutput Intensities can be rewrtitan |n terms of the input Intensities as,
U*,, b*i,; M- jrm,y (I-0Q*,) RN AN
* ~ K mg (1= o) Yol + ko * ’ B
U b™*%; b7, Q70 M—fm 0--Q77)
U4
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U,
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= Ima QM M+ {7, T-077y)
and ;_
I-r " A A B A
K™ = ( ) . (24)
(I =r*r) e A (T—r*r)y A7
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A" = [M+ }n,; -0, )1
M o= g A QY (28}

7t - i"rlfl A” 0'.-+|+l
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sompere squation (22) wlth the local Interaction principle

Ut L) e, ie1) U
TR B PP O S S (R P v |
and tetting
At = M—ym,, (I-0%"))
A7 = M-, (1-Q771,)
B = §mia Q"
B™ = §n, Q7N

We obtaln the transmlaslon and reflectlon oparators In the baalc ‘'gall’’ and they are given by,

t{+1, 1) =R (AT A 40" AT BT
t(Lit]) =R *"[AA™ + r* A*B*]
r{r1, ) =R [A"B™ + 17t AT AT
r{, l+1) =R [A*B* +r'" A" A™"]
And the source vectors are glven by,
Tt mb {(1-ank) R [AT R 1 " A" b))
Edy=n+ i (1-ant JR[AT D™ + r* A* b
whare
R*™ = [[-r*"r*]!
R = [I-17* r* ]
Equations (28) to {30) wlll give us ths operatora In a *‘cell .
2.2 Accuracy of the Orthopormal Approximation

In the previous sub-sectlon, we have approximatad,

D
A (- ix(rn ) | ~
o H=u
M *
1{1 Al (. =1, .....m

Let
f - 30
() ibﬂ{(l #)I(ﬂ)}|

a=y
So, we must aalculate the srror E involved

E = {f(m) —fa\u.l(ﬂdn) I

Let us make use of a simple expanslon for the spaclflo [ntenalty as soma power of / glven by,

I{g) =u* , n=0,1,2,...., N

(26)

27)

(28}

(28)

(30)

(32)

(33}

(34)
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Substituting (34) Into (32) and (33) we obtaln,
(h+2) n+1 n—1
N+2) i) —ng n

Tf?a A ), are evaluated by using the zeras and weighta of Gauss-Legendre quadrature formule over (0.1) for
jU'" and C**, Wa have consldered ], '=1,...J, J=8. The orthonorms! shifted Legendre polynomials arae
calculsted by the racurrence raiatlon

2m- 3 m-2
Pt (e "oy @u=1) Pa=e () — ——< Pu—s (). m~34,.... M (38)

with
Po () = 1. and Py () = (24-1)

The arthonormal condiltion requires that
Pa_t f)) = +/Zm =1 Pu.r (i) (37)

One can gaslly wrlte the der|vatives S (#4) from the relation (38) and (37) The polynomials and thalr
darilvalives for J 8 are given in tablas 1 and 2, The A mairices have been caiculated for 4 snd 8 anglas,
Theeo ara given In Tables 3 and 8. By meking use of theee, we evaluate E In equation (36) and ls giveu by

<10 forn @M -1

n
E -If(ﬂj)"-l?-? A H)

and for n = M, E Increases gradually. For n> 8, we have plotted the srror in flgure 1. For n<B8, the results
saem lo be almost exaot.

X10

Fig.1 The srrors defined in aquation (36) are plotisd sgalnat n. Fora=1 107, E=0 [104).
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Tabla 1, Orthonormal Polynomiale for J~8
m l q 2 3 4 o 5 L _a____ 7 _a_ .
° 1.0000 - 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
p _1_'“32 —1.3788 — 5102 — 77 A1 .8102 1.3768 1.8832
2 1.6748 10107  — 4Bl —1.0061  —1.0081  — .{p1e 10107 19749
3 —2.04682 — 1827 1.11268 8871 — 0871 —1.1268 1827 20482
A 19118 — 2281 — 5308 7813 7613 -~ .8809 — .7281 1.6118
B —1.8014 1.3378 — 1028 —.B870 8879 1028 —1.3376 1.8014
s 5.1801 —1.2048 1.0802 —.A08B — .4089 1.0802 —1.38448 1.1804
7 — .8003 8776 —1.0080 11178 —1.9178 10388  — .8778 003
Tabls 2. Darlvatlvas of the orthonosmal polynomisls glvan in Table 4
m 1 2 3 4 B [ 7 8
0 0 0 0 0 0 0 0 0
1 3.4841 3.4841 3 4841 3 4041 J3.4841 3.4841 3.4841 2.4841
2 ~12.9838 ~10.8884 — 7.0507 —~2.4810 2.4810 7.0807 10.0884 12,6836
3 18.8597 17.2607 3.0234 —5 8018 ——8.8018 3.0234 17.2607 28,0697
4 —149.7884 ~—17.2407 B 4088 7.0084 —7.8084 —B.4088 17.2407 49,7684
8 73.06728 7.1348 —1B 7300 8.6741 6.8741 ---16.7300 7.1348 73,8728
8 —B8,1147 11.2711 7.0463 —13.6858 13.806§ -~ 7.6436 —11.2711 B8.1147
Teble 3. Curvsiure sostiaring matrioes Ajj, for J—4
3.3963 —4.8367 20776 —0.6778
0.8760 0.8728 —1.8106 0.2828
—0.1811 0.8108 0.4881 —0.4174
00778 —~0 2826 0.8514 0.4830
Table 4. Correctad Ay, for Je=d
2,2880 —4.2519 1.7848 —0.4860
0.0887 0.8844 —1.4613 03388
—0 7684 1124 0.3073 ~0.3738
—1 0164 0.3020 0.3887 0.6868
Table B. Correatlon matrix g, for Jmd
1.0872 —0.6847 0.2827 -~0.0819
0.66882 —0.3118 0.1808 -~0 0438
0.5852 —0.3118 0.1608 —0.0436
1.0872 —0.56847 0.2827 ~0.0818
Table 8. Mutrlx lor J=B
12.3611 —16.8168 12.2422 ~0 6814 5 8287 ~3.6144 1.5288 0.6204
1.8837 2.2608 -8.1022 3.3620 ~2.0873 1.2613 ~0.6211 0.1784
—0.4043 2.0818 098224 —3.4272 1.8837 --0.8078 0.4209 01183
0.1608 —08642 1 9808 0.6p84 --2.2714 o 8480 --0.4083 a. 1082
—0,0862 0.3182 —0 7378 1.77114 —0.4083 --1.6280 0.5102 0.1284
0 0B24 —0 1834 03678 —0.7328 1.6187 0.4681 -0.0228 0.1781
_g.co’:;‘? 2.1211 —0 2440 04090 ~0.6638 1.1800 0.4774 03873
j —0.0718 0.1420 ~0.2292 0.3376 —0.4854 0.7716 0.4881
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2.3 Consarvation of flux and fnon negetivity of transmission and reflection matricas.

Any madivm which reliher cresies nor abeorbs radlatlon, must conserve flux. We ahall apply thie condi-
tion (see Grant and Hunt 1968 8, b) and arrlve at the Identlty that

J
& Cian =20
[=1 (38)

Howevar, whan we apply (38) 10 the A matrices glven In Tables (3) and (8). we find that thia Idantily is not
satiefiad.  Wo shall, therefore, derlve correctiona 1o the curvature matrices 8o that they aiways satlety the
fiux condilion, Lay

J

2 CiAp = 'y k=1, ,J)

=1 (39)
ar

J

I C(An—ei) =0

=1 (o} {40)
Let
and

Nih = A — < (41)

then, wa have

J
L GAp=01"=1,.J
o1 i A (42)

The matrices ' and A' ere glven In Tables 6 end 8 and 4 and 7 forJ — & end 8 respeclively.

To obtaln non-negetlve tranmleslon and reflactlon operatars, we must hava the cflticel thickness in the
‘*cell’ glven by (for positlve A' and A~ matrlces)

Mt ¢ A (43)
Terit MmN | T BT G

Rosults for few almple cases heve been presented in the next sactlon.

3. Results

lea In two cagses., We have used.J =~ 4 and

d the methad 1o caloulate the emargent intenslt

B/A W91h;"92 lJ:nﬂd 26andm 1andT ~ 10 and 100 the tctal optlcal depth, whare B and A are tha oyter

and fnnarl r'adll of the atmoaphere. In figuras 2 end 3, we have glven the angular diutrlbutlzl:m of t::la amn;g‘:nt
lce thai s B/A Increesss, the emsrgant Intensities reduce.

rediation1 (0, ;&) (- U (0, V) /4wB?). We not o joduce.

ttaring. When the optical dep
ut the dllutlon due to axlendsdness and curvatura sca
;T:e::u::tfl:]c;‘ngl 1b0 to 100, we notlos a considarable fall 1n the emergent Inteneltles which ia quite obvious on

the physical grounds,
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Flg. 2 Angular dlevlbutlon of the emergant iadiatlon for v =i 10.
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Flg. 3 Anguier dlsulbusion of (he wmergent rediailon for v va 100,
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Table 7, Corrected || for J==8

10.3886 - 18.3928 11.4887 —7.5400 5.3920 —3.3387 1.8885 —0.4800
0.9862 2 8166 — 8.6006 3 4308 —2.2960 1.3764 —0.8840 0.1834
-~10324 2.4787 0.8369 —3.2211 1.6128 --0.8088 0.3823 - 0.1088
—0.3842 0.2128 1.7163 0.7428 —2.3933 1.0221 —0.4478 0,1202
—0.8302 0.6606 ~-0.9821 1.8478 0.3464 f.4520 0.4718 --0.1144
—0.6777 0.2067 0.1163 -0.62087 1.3778 0 B471 -0 8871 0.1019
-0.9227 0.8778 —~0.0424 0.a888 -0.8623 1.3144 04148 - 0,3483
—1.8322 1 1615 --0.7368 0.4032 —0.0092 --0,2127 0.6332 0 8348

Tablw 8. Correotlon maulix ) for J=—8

1.9626 —1.2233 0.8766 ~0.6324 0.43a7 --0.2727 0.1383 --0 0306
0.9686 --0.6687 0 3964 —-0.2878 0.1887 - 01241 0.0829 —0.0180
0.6301 0.3p48 0.2826 —0.2041 0.1400 —0.0880 00448 - 00128
0.6460 - 03414 0.2443 ~-0.1766 0.1218 -0 0781 0.0388 -~-00110
0.64B0 0 3414 0.2443 --0,1786 0.1218 --0 0781 0.0388 —0.0110
0.8301 —0.3848 0.2826 —-0.2041 0.1408 -0 0380 00448 - 0.01:8
0.8086 - 0.b667 0.3884 —-0.2878 0.1887 - 01241 0.0029 —0.0180
1.0620 -12238 0.876b —0.8324 0.4307 -0.2727 0.1383 — 0.0396

M S Racelved on 23rd March, 1880,
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