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SOLUTION OF RADIATIVE TRANSFER EQUATION IN SPHERICALLY SYMMETRIC 
MEDIA WITH SPHERICAL HARMONIC APPROXIMATION 

A. PERAIAH 

UITRACT 

A num.rto.llMlhod 'or oblllnln; aolullCln 01 r.dl.tlvil lr.ntfer .quilion In .phlrlc.lI., .",",maulo medl. with 
.phlrlOII hlrmonlo IPproxlmatlon r. pr.lllnt.d. The lingle der1Y'11Vi I • • ~proJClmllltd by an onhonorm51 polvnamlill 
.nd .hl. ,. IIpr.llnl.d by I mlllrix NlII.d GUrY.IUrI m.trlx, for II glvln balm 01 r.y.. An ,"or anllly." 0' Iho 
aurv.lurl maulJ: and ' •• L1IL1 1I.lng Ihl .olullo .. fOi lew reprl.enutlve oal •• hay, bl.n lJ"un.led, 

Kay word.: Iphtrlo.llYmm.tlY-r.dl.llve I,.n.r,r .qu.tlon-.poorloal h.nnonlo .pproxlm'llon 

1. Introduotlon 

Racently, &<Iveral t.oonlqua. for getting aolutlon of radlatlva tranafar In apharlcally aymmotrlc media have 
appearad In Ina IItarotura ( ••• Hummer and RyIllckl 1971, Peralen and Grant 1973 and othara). H ... wovar, 
.och lechnlque has It. own adv.ntago .nd dl.advanlags. Moreover, the •• toehnlqua. hav. to bo modlllnd 
accordIng 10 the glvan physlcol.ltuatlon. In this raspect, the dl.crate spaca theory (Peralah ond Grftllt 1973\ 
18 ono method which naeds the least modification. The average specific Intonaltles in the "c:ell" nre approxl. 
mated by tha "diamond" schema which provad to be the bOlt cholco (Wlscomba 1976). The transmission 
and raflactlon charactarlatlco 01 tha medium sr. directly dependant on Its physics. Thou aro tronted o~ 
operata," Bubjeclad 10 numorlcal anolyelo. The main condition lor theBe operators Is til at they should bo nOli

negallve. For Ihl. condition to be nnotled In opherlcal geomalry, we havo to aeloct • am8J1 ·'cell'· c,ltlclIl 
Ihlckna .. baC&ua. of Ihe loct that tho two curvatur. matrleea are asymmetric and large In thalr nbsolut& vlluCl8. 
To avoid !hlo difficulty, wa hova triad to oblsln the curvatura matrix by the o"herleol I,armonle n'Blhod. 

2, Developmant of the Method 

2.1 Derivation 01 TTlnsm/~8lDn and Reflection 0/381110" 

Tho oquatlon of radiative Iranof.r In apherlcal ovmmetry Is written 08, 

~ :; {rll (r'II)} + ~ ~~ {(1-III
) I (r,JI)} + K (r) I (r"I) '. K (r) { [1 - w(r) 1 B (rl 

~ 1 

+ i Q) (rlJ P (r, II, II') I (r, JI') dJI' } 

-\ 

(1) 

where K (r) I. tho oblorptlon noaftlolenl and K (r) to 0 and tha co Ir) Is the olbado for alnglll sClIlIerlng 
o "IIi ro (r) .. 1. I (r, II) 10 the monoohromatlc .peclllc Inten.lty of ths ray making en angle C05··'/1 wl,h tile 
radius vector at the radial point r, B (r) II tha Planck function at r ond P (r, /1, II') I. the phoso function and 
wa ohall choolO phaso function for Isotropic scetlarlog In thue calculatlona. The Gnglu are dllcr.Uzld lueh 
Ihat 0 < II, < III < .... < II .. ~ 1. W •• hall write, 
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I)'(r) - I(r.II).I")(r) - I (r.-pil (2) 

and 
(3) 

III IH, 'It) 
Wo hava to BPproKlmata-~/i within this discretization of the angular coordinate Il. Let Pm VI). Ill. c, b, 

orthonormal polynomial I, absclBBae and walghts Bnocl.ted with M,h order Geull rule on [0. 1]. Wa aha[[ 
oxpand I (/I) 81, 

M 
I (p) - 2; am Pm (p) 

m-O 

end the (m + 1) coafficlenll are choun ~o that 

M 
T (/1) - ~ Un Pm (/II). 1- o. 1 ...... M 

m-O 

Since, tho \,,,, (/1) are allumad orthonormal 

M 
l: P. (PI) Pm (/I) C) - .5., .. 
)-0 

From equation (6). wa have 

(.ao Abr.mowltz and Stagun. 1964). 

From aquation (4), we hava. 

M 
am - E p .. (/1),) C). T (/I).) 

)-0 

l' (,,) 
M 

.. r am p,; (/1) 
m-O 

(4) 

(6) 

(6) 

(7) 

where the prlmoa repralsnt the derivative. wlth re.pecl to I~' Therafora from equa\lon. (6) and (7), we 
obtain, 

or 

Conaequently, 

M 
l' (/1) .. L' 

J' -0 

M-l 
1: Pm' (/11) Cj, Pm (PI,) T Cill,) 
m~O 

M 

dI 
--01 
dll 

OjJ, - 1: Pm' (/Ii) CI, Pm (/I),) 
m-O 

{ 11 
d I' (r./d) 

-~ :Il (I'-Ill) 1+ (1,/1) p-PI - III I' (r.llI) -1{1-pll) dp 

We shall Introduoe a matllx operator 1\ called the "curvetula Icatterlng metrlx" glvan by 

1\ - [AU.] 

Bnd 
An - /ljljU, - 1 (I-/l~) OU. 

(8) 

(9) 

(10) 

(11 ) 
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Now, aquatlon (9) can ba rewrlltan as, 

( 12) 

or alternatively, 

-l~{ (I-I")" (',I') l "" ~ an{-t ~ [(I-Jl') Pm (/1)] 
al' J m-O aJl 

10 that 

M d I 
An, - E -l -d [(I-Jl') P" (I')] CI, Pm (JlI,) 

m-O JI JI-/'I 
(13) 

For computational purposas, wa ahall use the exprasalon (11) Instaad of (13). 

The equation of radiative trmaler equation (eq- 1) for a given beem of redlation I. given by 

M ~ ~ J,'" (r)} - ~ /\1' (,) + K (r) I' (,) - K (r) { [I-OJ (,)] B' (r) I i /1/ (r) [P" (,) C ,. (r) 
, ar 1 r 

+ P'- (,) c - (,)]} 
and for th3 oppoaltely dl,ected b3am, 

- M -:. a~ {" r (r)} - -?-/\ 1- (r) f K (r) ,- (r) •• K (r) ( [1 - to (,)] B (,) 

-I I co (r) [PO, (r) C I' (r) + P- (r) C 1- (r)]) 

We shell daflne 

U (,) - A (r) , (r) 

A (r) - 4111', 

b:l:: (r) - A (r) B:I:: (r) 

By Introducing (16) Into (14), we obtain, 

end 

M dUd.") + K (r) U' (r) - K (,) [1-ru (,)] b' (r) 

t 1 K (r) to (r) P'- C U- (r) 

I- [i K (r) (I) (r) P" C + .2_ /\] u· (,) 
r 

d U-(r) 
-M dr + K (,) U- (r) - K (r) [1-00 (r)] b' (,) + l K (r) (JJ (r) P-' C U' (r) 

+ [1 K (r) 00 (r) P-- C - 1. /\] U- (,) 
r 

Dlscratlzatlon In the radial coordinate glv81 us, 

M [U'", - U,'j + T',I U",I - "",1 [ (1-001 I) b'l I + 0", I U' 
. " • 1.1 + 0'-/.1 U-I• I ] 

and 

M (Ut - U-I,I] + T',I U-'.I - TI.I [(1-00,.1) b-I,I 0' • + - 1,1 U 1.1 + 0-/-. 1 U-I. I where 

TI,I - Kt.1 (rl.' - rl) 

(14) 

(16) 

(16) 

(17) 

(18) 

18) 



0'-',1 - } m',1 P'-',I C 

0-",1 - i 00',1 P-",I C 

- ~ " 
U',I .• I (Ui, " Ui) 

where" I. the cUIVnture fector given bV 
p - hIlI 
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(20) 

Subatitutlng the laat equation (20) In (17) and (18) and then writing then difference equations In the form 
01 the Interaction principle (eee Peralah and Grant 11173) would give ue, 

Here I I, the ldentltv metrlx. 

Therelore, the output Intenlltl81 can be rewrttten In terma Of the Input InteneltlBl 8a, 

[ 
U'", 1 
U-, 

where, 

K-I 

where 

[

(I - r'- r- ')-1 I:J.' 

- (I - r-' r'-r' r-' h + 

h' - [M + 1"",1 (I-O"',I)r l 

h- - [M + i -rt,1 (I-O--I,I)P 

r'- - i "'1,1 h' 0:'-1.1 
r-+ - t "'1.1 h- 0-',.1 

(21) 

(24) 

(26) 



aompara equation (22) with the local Interaction principle 

[ u".']_ [t(l+l.l) 
U-, r(l+l.l) 

r(I.~"I)] 
t (I. , ~ 1 ) 

end letting 

A" - M-i T'.I (1-0",.1) 

A-- - M-iT,.1 (1-0--,.1) 

S'- - l T',I 0'-,.1 

B-+ ... 1 TI ... a·+I+. 

We obtain the tranemlaalon and rallectlon operatoreln the ballc "oell" Ind thay arB given by. 

t (I + 1. I) - R'- IA' A" fr'- A - S-'j 

t (I. I ~1) - R-' IA- A-- + r-' A' S'-] 

r (I fl. I) - R-' IA- B-' + r" 1;.' AU] 

r (1 .. 1+1) - R'- lA' B'- + r'- A- A--] 

And the source vel:tors are glvsn by. 

whers 

~', ci - T, ci (l-w,·cl) R'- [A' b' I r'- A- b-] 

E',+\ - T'+I (I-OJ,II) R-' IA- b- + r" A' b'] 

Equlflona (28) to (30) will glvs us the operstors In a "cell", 

2,2 Accuracy of the Orthonofm" Approximation 

In the previous sub-Bectlon. we have Ipproxlmatad, 

Let 

M :!: 
E AJI.I~ (r).]· -1. ,," ,m 
I-I 

So. Wfl mUlt oalculltl the error E Involved 

E -I I (PI) - 1. An. l(1lI.) I 
Lit us make usa 01 a simple expsnelan lor the speclflo Inlenllty II soml power 01 p giVen by. 

I (p) - P' • n - O. 1.2. , , , , , N 

(16) 

(27) 

(28) 

(2i) 

(30) 

(32) 

(33) 

(34) 
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Substituting (34) Into (32) and (33) Wlobtlln, 

n+l n-l 
(H 2) PI - n/ll n 

2 E "y, PI, 
I. 

E - (36) 

The "II, are evaluated by ualng thl zeros snd Weights 01 Geuaa-Legendre quadrature larmula aver (0,1) for 
II"~ and C". We have conslderad J, J' -I, ... J, J - 8. The orthonormal ahlftad Lagendre polynomial, are 
calculated by the recurrence relltlon 

(38) 

with 

The orthonormal condition requlras that 

(37J 

One GIIn eeally write the derlvatlvaa Pm - I (//1) Irom tha relation (36) and (37) The polynomials Ind their 
darlvlltlvea (or J 8 ore given In tables 1 and 2. The A matrlcas hive baan celculatad (ar 4 end 8 angles. 
These ore given In Tables 3 and 8. By making usa of thass, we avaluata E In equstlon (36) and I. glv8u by 

E -I I (PI) - f "u, P~ I < 10-' for n .. M -1 

and for n ~ M, E Inorelaee gredually. For n> 8, we haya plotted the arror In figure 1. For n<8, the resulta 
181m to be almost eXlat. 

X 1o-2..--________ --:1 

6 
) =1 

6 

4 
E 

3 

2 

1 

~~~9~~10~~,1~~12~~-,~ 
n 

I I Forn_ll.7,E-Oll()o1l. PI,. 1 Tilo o .. or. dilinad In Iquollon (35) II. pI.nod III' no n. 
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T.bf, 1. Orthonorm.' polynam'," tar J-8 

m 1 2 3 4 6 8 

1.0000 
.9102 

- .1918 

7 

1.0000 
1.3798 
1.0107 
.1827 

----:--- ---:-::---:-=-::-:---:-::-::::-.- - ---.. -
1.0000 1.0000 1.0000 1.0000 1.0000 o 

1 
2 
3 
4 
8 
I 

7 

m 

o 
1 
2 
3 
4 
I 
8 

-1.8132 -1.3798 - .S102 - .3171 .3177 
1.9749 1.0107 - .1918 -1.00!il -1.0081 

-2.0482 - .1827 I.U68 .8871 - 8871 -1.1268 
1.9118 - .7281 - .9809 .7113 .7S13 

-1.8014 1.3871 - .1029 -.9870 .8170 
1.1101 -1.3948 1.0902 -.4089 - .4089 

.- .9809 
.1029 

1.0902 
10399 -.8003 .8775 -1.0399 1.11701 -1.1176 

o 
3.4141 

-12.8838 
28.8687 

-49.7884 
73.9728 

-98.1147 

Tlble 2. DlrlYlllve. 0' Ihi orthonorm.' polynomllli. Cllwn In T,bl. 1 

2 

o 
3.4&41 

-1D.8S84 
\7.2607 

-17.2407 
7.1341 

1 '.271 I 

3 

o 
SoC841 

- 7.0507 
3.0234 
84088 

-187300 
7.1413 

4 

o 
34a.41 

-2.4810 
--18018 

7.&oe-4-
1.8741 

-13.9859 

o 
3.4841 
2.4810 

-8.6018 
-7.8084 

8.8741 
13.9889 

o 
3.4a.41 
7.0807 
3.0234 

-8.4088 
.. ·15.7300 
-- 7.8435 

Tabl.3. CUrVIIUrllOlUl,lng matrloal AU, tot J ...... 4 

[ 

3.3963 
0.6760 

-0.1811 
00718 

[ 

2.2880 
0.0897 

-07884 
-10194 

[ 1.0972 
0.5882 
0.8852 
1.0972 

-4.8387 
0.8726 
0.8108 

-0282& 

20775 
-1.3106 

0.4881 
0.8614 

Tebl.4. Correol.d All. lor J .... 4 

-4.2819 
0.11844 
1.1224 
0.3020 

1.7948 
-1.4613 

0.3073 
0.3187 

-0.6178 
0.2929 

-0.4174 
0.4830 

-0,4859 
03368 

-0.3738 
0.8888 

Tlble II. ConlGlIon mllrl. '11. far J-4 

-0.8847 
-0.3119 
-0.3119 
-0.6847 

Tabl.8. 

0.2927 
0.1608 
0.1608 
0.2827 

M'UI, IDr J-8 

·~.0818 

--00438 
-0.0436 
-0.0818 

1 

1 

1 
12.3611 -19.8169 12.3422 -88814 58287 ·-3.6144 1.9837 2.2698 

- .7281 
-1.3378 
-1.3941 
- .8775 

7 

o 
3.4841 

10.8114 
".2607 
17.2407 
7.1348 

-11.2711 

1.8288 
-8.1022 3.3620 -2.OS73 1.2613 -0.4043 2.0819 -0.8211 

09224 -3.4272 1.8637 ·-0.8978 0.4288 0.1808 -08842 ! 9008 D.5884 ·-2·2714 09480 --0040113 -0.0862 0.3192 -07378 1.n14 -0.4883 --1.6290 0.6102 00824 -01891 03978 -0.73n 1.6187 0.4691 -0.9226 -0.0342 0.1211 -02440 04090 -0.0638 1.1800 0.0204 -0.0718 0.4174 0.1420 -0.2292 0.3376 -0.4854 0.1716 

8 

1.0000 
1.1832 
U749 
2.0482 
1.911. 
I.IOH 
1.1104 
.8003 

8 

o 
3.4841 

12.8838 
28.8887 
49.7884 
73.8728 
98.1147 

0.6204 
0.1764 
01183 
0.10112 
0.1284 
0.1781 
03873 
0.49111 
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2.3 Conssf'l8lion of ffux snd non nsgBtlvlty OllrBnSml6slon and rtJnect/on mstrlcss, 

. A( ny ~ adium which ralthar cr.btu nor absorb. radilltion, must consalVo flux 
tron eeo rant and Hunt 1969 0, b) and arrlvo at the IdllntllY that ' We ahallapplv thla condl, 

J 
l' Cj AJ, - 0 
J-l 

(38) 

However, when we epply (38) to the A matrical given In Tables (3) lind (6), we lind thallhla ldantil I 
;I:~·!~:dhi:~ .I~~:, therafore, rlerlve correttions to the Curvature metrlCilI so that Ihev alweys astrl; ~hO~ 

Dr 

Let 

and 

then, we heve 

J 
1.' Cj A", - .', 

1-1 (k - 1, . J) 

J 
1; Cj (A]. - .") - 0 

1-1 -C, 

A' u. - AJI. - 'u. 

J 
I Cl A'u, - 0, J' - 1, ... J 
1"1 

The malrlcn " ond /I' ere given In Teblll 6 end 8 end 4 and 7 for J - 4 and 8 respecllvely. 

(39) 

(40) 

(41) 

(42) 

To oblaln non,negallve tranmlaslon end reflection operalors, we must hove the crllicel thltkneu In the 
"uell" (liven by (for pOlltlve A' end 8- malrlcee) 

(43) 

ROlulte fa r law elmple CIIII have been pre.ented In tha next •• ctlon. 

3. Relultl 

We have usod the method to caloulale the emergsnt Inleneltlaa In two C88I1. We have used J - 4 and 
B1A 1.15, 2 snd 2.6 and nJ ,,1 and T - 10 and 100 the tala I optlcel d.pth, where B and A .r. the outer 
and Innar radii of the elmolphere. In figures 2 and 3. we hava given the .ng~ler dletrlbullon of the emergent 
radiation) (0. /1) (., U (O, U) /4"B'). Wa notice that 8a BfA Increao •• , tho "morgant Inlenohlo. reduca. 
Thle Is nOlhlng but the dllullon due 10 eXlendednaas and curvature leallerlng. When the oplicl' depth fa 
Increaeed from IOta 10Q, we notloa a considerable fall In tho emergent Intenalll86 which 1. quite obvlOtJI on 
the phYelcal grounds, 
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1.0 

0 .-
)( ...... 
::z. 0.5 
• 

0 ..... 
1'=10 -

o .g.LO ---;O~.5;---U1.0 
}J. 

~IV. 2 A.~gullr dlltrlbut!an orlh. em,rgClnlllldllltlon for '1 "-'10. 

N 
o .-
)( 

1.5 

~ 1.0 
. 

o 
"" -

r=100 

0.4 UU-___ --'-___ ...... 

0.0 0·5 1.0 
}J. 

Fig, 3 All!iilullir dl,Ulbullon (lIth. IlllIrginl r.dl.,lon for" .. 100. 
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T,bl. 7. CorrBatBcI U for Jc..a9 

10.399B - 19.3928 11.4BB7 -7.9490 &.3920 -3.3S87 
0.9962 28166 -6.6OOCI 36398 -2.2960 1.3764 

--1 0334 2.4767 0.6399 -3.2231 1.&128 -- 0.80118 
-0.3842 0.3128 1.7193 0.7429 -2.3933 1_0221 
-0.9302 0.6606 -0.9821 1.11478 0.3464 f.41i20 
-0.6777 0.2067 0.1163 -0.6287 1.3778 o ~71 
-0.9227 0_8778 -0.6424 0.8968 -0.8623 1.3141 

-1.9322 1 1615 --0.7366 0.4032 -0.0092 --0.2127 

Tab119. Carreotlon mlllrlJCJJ fOI J"",8 

1.9626 -1.2233 0.8766 -0.6324 0.4387 --0.2727 
0.8886 --0.6667 03984 -0.2878 0.1987 . 0.1241 
0.6301 0.39418 0.2825 -0.2041 0.1409 -0.0880 
0.6460 0- 03414 0.2443 '-0.1766 0.1219 ·-00781 
0.6460 03414 0.2443 --0.1786 0.1219 -00761 
0.6301 -0.3948 0.2826 -0.2041 0.1409 -00880 
0.8886 . 0.6687 0.3884 -0.2878 0.1987 . 0.1241 
1.D628 --1 2233 0.8766 -0.8324 0,4367 -0.2727 

M 5 Received on 23rd M8rch, 19BO. 
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1.8886 -0.4809 
-0.l1li40 0.1934 

0.3823 - 0.1068 
-0.4479 0.1202 

0.4716 --0.1144 
-09871 0.1019 

04146 - 0.3493 
0.8332 08346 

0.1383 ·-00396 
0.0620 -0.0180 
00448 . 00120 
0·0386 --00110 
0.0386 -0.0110 
00446 - 0.01,8 
0.0829 -0.0180 
0.1383 -0.0396 
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