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COMOVING FRAME CALCULATIONS WITH LORENTZ PROFILES IN RADIAI.LV 
EXPANDING MEDIA 

A. PER-AlAR and G. RAGHUNATH 

ABSTRACT 

A oom 10010noily Ilmpla mothod fa. IIOMn; tho lin. tt.lllfo. In aamovlng Iramo hOI boon dDsorlbod lor 
rodlolly .. pe::lng 1"" •• 1001 medium. Wo hove .umad • radlolly InoraDllng .... 100111' dlBulbuUDn Dnd 0 non 1.16 
two 10 .... 1 Itom. In dllo,oto opooo thoory.lho Dornovlng terml 

{ ~ I ~} ~T (r,p,~) 
1 (1 - pi) r + P dr iI~ 

(who •• V (.) IIlho ... Ioolty 01 thl rodlll polnl r In moon Iharmal unlta. Coo·l ~ 10 tha onglo modo by Iho roy with 
I""olflo Intenalty I ( •. ~,.) 01 Iraquonoy., wllh tho rldlua ""oIor.1 r) will raduoa 10. Iinglo Irllllugonal m'UriM. 
The boundary condllloRl for tho Irequanoy derivative oen bEl Introduoed through tho olomanta 0' tho Ilrlt anI.! tho 
1 .. 1 rOWl. Tho melhod II quite .tabl. for ony .oloclty low .nd lOY typo 01 Inhomogonooul modlD. Wu hovD 
oonlldlrld Ih. Lor.nll proHl .. for Ylrioul mlJtlmum .. looIU .. v .... - O. 10, 30 and 60. ~In. ptotil •• ,rono
formed tn\o the ablerv.'"a IIn8 ot etgl\t hive bun Pl'euntad. 

Koy Word.: oomovlng frorna-Lorentz prom • .-pendlng modll 

1. Introduatlon 

II I. 8 wall known 'act thot tho mottor In Iho outer layaro of Wolf-Illvot ater., quuora, novao, P eVllnl elar. 
II flowing radlallv outwlrda with high velocities. Thoro hava baen lovarel eUompte to compute apsclral IIn08 
In such modll. kunasz and Hummer (1974), Peralsh and Wehrsa (1978) end othera have nltemplod at solving 
fine tranolar In axpendlng apherlcally Ivmmetrlc medle. However, afllhase techniques usa the alol"a rOIl frome 
and ona alnnol conaldar bovond 2 or 3 maan tharmal unit. of ths gao velocity ag Ihe froquuncv-orrolo mesh he
comal unmsnsgBebly Ilrga. Th8 olternatlva approach to computing flnaa In rapidly 8Mpondlng modln Is to 
work In comovlng frlme. In thla frame the oblarvor move. with gas end, therefore, nOilcOl no Dopplor .hllia 
Which directly lIffect the absorption coallielant and one oen uae the profile functions corresponding 10 those of 
01011" media. Thll will ba quite helplul particularly when wa conaldor angle depondanl partial froquenoy redial. 
rlbutlon. Simmone8u (1973) worked on Ihe problam 01 comovlng frlma but It has restrloted utllllY consldorlng 
Iha few velocity lawl for whloh the mathod Is valid. Rlcently, Mlhalss 818/. (1976) developed aolutlon of line 
Irsnlfer In comovlng Irama. Thla mathod aaeme 10 be quite versatlla In many respeota. Howevor. ons hOI 
to make adlustment. whan one trlls to use different kinde of velocity lawe. 

Wa shall pra.ent a method of calculating the lolutlon of line Iran.fer In comovlng frame which con accept 
arbitrary vllocltv lawl In spherical medium. Here, wa aha II 8B8Ume Lorontz profllsa malnlV to find out how 
photonl dlffuae Into tha outar layer. of the alellar 8tmolpheraa In motion though the IIno wings. We ahall 
davelop the Bolullon on tho flnoa 01 Grant snd Plralah (1972) by InVOking tha flUK conBervatlon coridltlon In a 
oonlarYBtlv@ Ol.e, lor the Inlogredon of the cPfllovlng term •. 
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2. Solution of Line Trllnsfer In the Comovlng Fr.me 

We ehell consider the formation of apectreiline with Non·LTE two level stom approximation. In a spherloal 
medium expending with velocity 

V.-V. 
V (r) - V.+ B-A (r-A) (I ) 

where V •• V. and V (r) are the velocltlea at the Inner radlua A. outer radius B and lit the radial point r. 
respectlvelv In units of mean thermel velocity of the gaa. We shall measure the line fraquancy point. In term. 
of aome atandard frequency Interval As by defining the quantity 

X ~ 1- Aa (2) 

where va II tha central frequlncy of the line. We .hall aelaot the Lorentz profile function glvan by 

I I 
• (x) - -:;;: I + )(1 (3) 

which I. normellzed luch that 

+00 

f • (x) dx - 1 (4) 

-DO 

We .hall oonaldsr a beem of radiation with Intenaltles [ (r. IlJo x) where Ill" ere the engl88 made by the raYI 
with the radius vaotor at the rsdlal point r. We axpre81 this In the form of a vaotor 

I (r. Ill. x) 

I (r. Il •• x) 

[ (r. Il,. x) 

(6) 

where PI. PI-' • p, ara the roota and walghm of a polynomial lulteble for 8Valuatlng the Integrals. SimilarlY. 
an opposItely dlreoted beem will have the Intanalty vector 

I (r. -Ill. x) 

I (r. -II', x) 

1 (r. -11,. x) 

(8) 

J baIng the total numbar of rays In the beam. SImilarly. If We are conllderlng a polychromallo problem. then 
for eeoh fraqusnoy we ahall have to attribute a ballJ1'l of radlatlon with Intanaltlel glvan by 
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1 (r, jJl, XI) 

1 (r, JJI, XI) 

1 (r, jJj, XI) 

(7) 

1 (r, jJl' x,) 

I (r, fll,l, x~ 

[ (r, Jjj, x,) 

Therefore, the total number of rays will be JxI where I 18 the total number of fr&quency points. In poJy. 

chromatiD problems, we have to consider the 80atterlng Integral 

+1 +00 

i J f cP (x) J (x, jJ, r) djJ dx 

-1 .- "'" 

(B) 

bscause this will contribute photons differently Into dfffsrent frequenoles. Now, write the equation of 
transfer In spharioal symmatry for a two·level atom In comovlng frame ae 

ill (x. jJ, r) 1 - Jj2 ~I (x, jJ. I) () 
1/ + -- Il - -k. (r) I (x. fl. r) P+ cP (x) ilr r Jj 

+1+~ 

~ l (1 -.) ." (x) J J I/l (x) I (x. fl, r) dx djJ + ~ (x) oB (r) + P I/l (x) p (r) e (r) 

-1 -:, 

+ [ (1 _ jJ2) V:r) + jJ" ":.r(r} ] III x~ 

and for the oppositely dlrsctad baam of radlallon, 

_ fl ill (x, /l·r· Jj. r) _ 1 ~ jJl ill (X'Il: p, r) _ k,. (r) I (x. _II. r) (p + I/l (x) ) 

+1 +"" 

(9) 

+ I (1 -.) cj> (x) f J cP (r) I (x. -p. r) dx. dJj + c/J (x) ,B (r) + P cj> (x) p (r) B (r) (10) 

-1-00 

+ [ (1 _ JJI) V (r) + Il'dv (r) ] ill (x. ~ 
r dr i!X 

Hera K. (r) Is the absorption coafflclant given by 

K. (r) - h Va (NI e'l - Nt e,,) 
4,"4- (11 ) 
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N, and NI being the population densities of levell 1 and 2 and B'e are the Elnltlan coofllclenl8. We shl111 
apellify the abeorptlon coefllclent In terme of the optical depth... The quantity P II the ratio KaJKL 01 oblorp
tlon per unit frequency Interval. In the continuum to that In tha cantra of the line. B (r) lithe Planck function 
Dt tho radio I point r. The quentlty. II the probability per ecatler that a photon I, deltroyed by cO\lIllonl11 
de-excitation. We Iholl specify •• B. p and p (r) variation of Planck function. will be epaclned In advence. 
Equations (9) ond (10) can be solved by Integration as delcrlbed In Grant and Paralah (1972). The Integre'l 
IIro replocad by tho approprlote quadrature formulae and the dlfferentlels by the welghtad dlffarences. For 
example wa wrltA for frequency discretization 

+00 

J q, (x) f (x) d x '" 

_00 

and a,,- tfJ I AI / ~ AI q, I 
1- -1 

1 
l: 801 (~I). I a, - 1 

1=-1 1--1 
(12) 

(13) 

wharo X, lind AI ora the roote and welghte of a sultabla quadratura formula on [-1. +1]. Simllarty. the 
anglo dlacrotlzatlon Is dona by writing 

1 

Jf (II) dll '" T· hJ f (/I). 'l: b) - 1 
1,,1 1-1 

(14) 

o 

I
I" and b" being the oblclsese and walghts of a quadrature formule on [0. 1]. Wa have to solve a larga 

. f I d 21 umbar of fr"nuan"" pointe. We shan define avalom of equatlona corresponding to J numbar 0 ang el I1n n .....-, 

b " [b) "Ill, M .. - [/I) "Ill 
Bnd 

I (,. •. /II. XI) 

• 4-rl 1 ( .... /II' XI) U lIn 1'1'1 II 1:1 

Bnd 

T reprasanlR tha transp08a. 

snd B' (r) - 4"r.1 B (r) 

(15) 

(16) 

(17) 

8 (r) being the Planck funotlon at r. 
11 (9) and (10) and writs their correlpondlng dllcrata 

With thess dsflnltlons, we shall Integrate aqua ons 

equivalents ai, , 8' + 1 (1 -0) 
- - 1 + ... ' 1 U • I - "',1 ". T M [U'.,,-U'.l + p, [1\' U',.I + /I. U "I ,. .. 1..... , 

1'.,1 [~~T WJ [U'+U-l',1 + M, d U",I 
(18) 
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and 

A. Plr.llh lind G. Raghunlth 

M [U-.-U-,.,l - p. [1\' U-'" + A- U',.ll + '1" •• 1 <1'>-•• 1 U-,.I - '1" •• 1 S-,.I + 1 (1 -0) 

" •• 1 [<I'><I'>TWl [U'+U-l •• 1 t M, dU-•• 1 (19) 

Hera ths quantltlel with the subscript n + j reptesentl the average velue of the quentlty over the call bounded 
by radII r. end r •• " And define 

dl7.1 - [<1'> • ..]..1 - [p t <p~]~::' 
k - J + (1-1) J, 1 .. K ... K - IJ 

± 
<P' - </l (x., ±/lj, r ••• ) 

S!I - ~ P + • t.) B',.I .!,,' 

IP'W, - a, CI 

with 8, baing datlned Blln equation (13), and C's are tha weights of tha angla quadrature, end 

M - [M. Jul 

M .. - [PI J,i) 

± ± 

'" 
A - IA. Jul 

whare A .. ara tha curvature matrlcel defined In Pel'llieh (19781), 

The curvature fnetor p.la defined aa 

p. - fl.r/r •• 1 

·and 

fl.r being tho geometrical thlckneaa of the cell. 

(21) 

(22) 

(23) 

The leat terma on the R, H, S. In equatlona (18) and (19) ere the dlscretized equivalents of the comovlng 
tlrma appelrlng In the equatlone (9) and (10). The quantities M, and d arB given by 

M, - [M' fl. V •• l + Ml p. V •• I 1 (24) 

M' - (26) 

(26) 
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MI .. - [J4J' "10] 
••• i.k-l.2. J 
oyr. - [(l--Jl)I) J,.] 

I> Vo,! - (V" ,-V.) 

and Vo,. Is the average veloolty 01 the .hell bOUnded by redll r snd r 
Appendix I) from the oondltlon of flux conservation snd I. glve~ by ,.1. 

d-

<1,_, 

where 
d, - (X",-XU)-I lorl-2.3 •..• (-1 

d, •• (XI-X,)"' and dl - (XI-X,_,)" 
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(27) 

(28) 

The matrix d I. det.rmlned (aee. 

(28) 

(30) 

We shell dlecuBB the boundary condillone for frequency end radiation field In the next section. 

Tho average Inteneltles U •• I 8re approximated by ths diamond scheme given by (eee WI.combe 1876) 

(1-1,.1) U'a+ I ••• U'o,,-U'.,i 

(I-I".) U-n,1 + ta,! U-. - U-.,I 

Wlacombe hoe allown that dlemond acheme given bV 

I.,' - H 
glvo. Iha bait approximation. 

(31) 

(32)' 

On substituting equations (31) Bnd (32) Into equations (18) Bnd (19) snd by comperlng Ih ... with til", 
CAllomloal oQuatlanB of the Interaotlon prlnolple (Eq. 2.24 of Grent end Pereleh 1972). we oblaln the exprll
elone for Ihe raflsct/on and transmlaslon operators lor the "cs/l'·. Thue are given In Appendix II. 

We eholl now tum our ollentlon to atudv the Itep elza problema. Conalder the matrlcBI 1>' end 1>- we 
mual havo thull metrloea with non-negative eiamenll. Thle rEqulraB th811he dlagoNlI eiemenll of (1):10)-' 
should be positive end the off-diagonal alemenlll ahould be negative. We ,h,,, meke un of thIn condit/onB 
10 oblaln the crltlcsl optloel depth for (he """/I". Th.r.lor •• for tho diagonal elemente. we must have 

(33) 

and In the oaBe 01 otl-dlagonal eillmants. we heye 

lor the upper dlegonal elamenta and 
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"\<+1.'< 
p. ~ +.+1,. + 2d.+1 {p'.+. A v + (1 - P'.+I • ) p, V.+I}I 

(1 .) (4) 4> TWh+I .• 

for lower diagonal elements. 

""I, - min { ......... HI. "'+1,. } 

Therafore, .. "" II given by the equations (33), (34) and (36), 

(35) 

(35) 

It Is Intareatlng to notice that the atep slza Ie determined not only by tho engles /I'S, curveture foctor and 
curvature matrical, but slso by the elements of the frequency derivative matrix d and the valoclty of tho 
medium. The computational a.pacta are disculsed In the next asctlon. 

3. Computational PrOCBdure end DllIOuaalon of the Reeulta 

By calculating ths rand t opsrato's (ssa Appandlx II) In esch "call" subjsctad to tho restriction (36), ann 
can calculate the Internel radiation flald (see Paralah 1978a) In tha comovlng frame, We have to Iransform 
this rsdlatlon field into those of ater'. ra.t frama and oblerver's frame at earth so thsl a compnrluon with 
observations csn be made. In this paper, we have presented results In Ihe observer's framo. Tho proceduro 
II descrlbad In Pereleh (1978b) (see also Fig, 14.7 of Mlhalas 1978). We aha II now dlsCURS tho ungle
frequency mesh to be amploysd In comovlng frame caloulatlons. Since In a comovlng froma of roferenco 
there ere no relative velocities between the observer end the moving ge9, one cen employ the profile fUlictioll 
correspondIng to that of a atatlc medium. In Buch a situation, we cen afford to emplov a considerably small 
number of angle-fraquency pointe, whereas In Ihe sta,'s rest frame calculatlona, we neod 10 employ a laron 
number of frequency-sngle points Ws have tested the program with BDvsral sots of frequency [1011lt8, tho 
tOlel number of frequency points being 9, 11,13,16 and 19 end odd number of frequenoy pointe mil cho.en 
ao thet tha centre of the line II alway. InCluded at x - 0 by chooalng the traplzoldal equally Bllocod polnls, 
The frequency Independent source function (Sg for 9 points and S" eto,) for varioul 80ta of frequoncy flolnte 
have been oompared. Very Interestingly, only S,dlffers from othera In 4th plalle Bnd ell othera Dgrsa wllhlll 
6th and 8th pisces. ana muat caution, however, thet for substantlelly large velocltlea of tho ordnr of 90 or 
lOa mlNln thermal units the differences would occur aYan In 4th piece for S'I 10 S,I. This sgoln can bn 
CDrracted elthat by IncrlNlslng the number of frequency polnta or reducing the step-al2a T"" and correRpondlngly 
the valoclty In each "cell" and than emplovlng tha doubling algorithm (Peralah 1978), We hnvu solecteel 
four angle polnta and wa have uaed a Lorentz profile function given In equation (3). 

We have treated two different physical situations; (1)' - 10-s, II - Oend (2) 0 - II" 10-1, tha /I.SI 
case repr8lanta media with line emllslon and the sacond caBe reprasanta media with both line and continuum 
.mlaslon. Tha tote I optical depth 1110'. 

The problam la constrained to two kinde of boundary conditions given by ; 

1) the radletlon Incldant on either aida of the atm08phere and 

aI 
2) the frequency darlvatlve ~x· sppaarlng In the comovlng terma. 

Ae thare II already emlaalon In the msdlum either IIna or line plua continuum, we have not glvan any 
extarnal radiation Incldant on elthar aida of the medium to aaa how the madlum eff90te IIna formation. In Ihlll 
CBBe, We have the boundary condition for the radiation field given by 

U-•• ' (XI, T - T, PI) - 0 
U,+ (XI,T - 0, PI) - a 

And In the caa. of the frequency darlvatlvs, wa Ihallael that In tha contlnuum~ _ 0 or 
iIX " 

[d u~d -0 

(37) 

for I - 1 and I 
(38) 
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Fig. 1 Froquonay Inll!l(J,alad lauroll funallan' lUI plou~ with I'8Ipeal to apUOIII depth for ._1~. ,,-0 lind B/A-3. 
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Pig. 2. Frllqulnoy Intlgl.ted m .. n Inllnlltll •• Ire glvln far .-1Q-!. fJ-O and B/A.,S. 
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Equatlonl (37) and (38) will splolfy our problam. In addition to lhasa boundary conditions, we hlva to 
choo81 a velocity law. This Is given In equation (1). We have lit v (R) - 0, 20, 30 and 60, and tha ratio 
of outer to Inner radII 8/A aqual to 3 and 9 and e IInaar valoclty law has bean used given by equation (1). 

We hlva pr .. lnted the rBlults In Figures 1 -6. Tha frsquancy Integrated sou roe functions 

S - 1: AI 1: S (XI, /-1/, ~,) C, 

10 

8 

5 I £.10..1,8.0 
B /A.a 

4 

2 

O~~~~--~--tJ 2 3 

LOG 
FIg. I. 81"" u In Fig. 1 wllh B/A.g. 

103., _________ .....,.:""---. 

J 

l~r----i------~---~~---~ '0 2 3 4 

LOG 

PIg. 4. a."" II In ,.",. 2 wllh B/A.a. 
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Bra plotted In FIg. 1 for. - 10-', P - 0 and B/A - 3. WI hIVe u8ed V •• 0, 10, 20, 30, eo. The correB
pondlng tolal meen Intens~le. er. plaited In FIg. 2. As ther. I. no Incident radiation on either elda ot the 
medium, we notice sharp drops a' • 0 .nd • - ,..", .. , Both the sou res functions and mean Intansltles reach 
maximum Inelde the medium 8. thare Is million In Iheline, Sand J for B/A - 9 show similar landenclea. 
LIne profllea at tho observer'l point. corresponding to Ihe aOUrce function. given In I'lg, lind 3 .re pre .. nlad 
In I'lg. 6 and 6. Hare Q(X) - Flux (X) /Flux (XmllJl) On. notlcss p!Jraly amlnlon IInel and the8<l ara vary 
similar to thoBe obaerved In quaml (eea Baldwin 1876, Baldwin and ~elzer 1978), 

4 

F 3 

2 

lo -0-8 -0-8 -OJ 42 

Flg. &. Un. prom •• II obHrwr'. palnl GOrroliponalng 10 ,h'-'liJu~ lunotlon.l '' ....... In Pta. 1. t\ .... Q-FIIII lX)fPl'IIK tXmlQ,) 

F 

2,8..----------.....c:~ 

2'0 

o:~o() -008 _~ -001 -0-2 0·0 
Q, 

Ple. e. SImi .,'n fig. I. but with IOIua8 IIII1DUona 1II'VItI In PIlI. S. 

4. Conolualonl 

A ,tabla 80Iutian lor Ihellne Irenafer In comovlng freme hBi bien prauntcd. 
lor Bny klnd otlrbltrary Vlloolty Isw and phyaloel Inhomogeneltlls. 

'Thll rrethod can be u,ed 
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Appandlx I 

In a puralv 80allarlng madia, radiation la nelthar created nor deatroyed. Thla condition can bo used to 
calculata tha d matrix of tha fraquancv derlvatlva sppearlng In aquliloni (18) Ind (19). We follow Granl 
and Hunt (19891, b) In deriving thl natura ot d mltrlx. In t.rma of the Infinitesimal glnaraloll, wa obtnln 
tho rand t oparBlora aa, 

t (n+1. n) I-~ y" -1-TM-{I11- ia ("T W) oj P.~A+ - ~Id ] I'O(~) 

r (n+l. n) - ~ y-' - TM-{ la(f,T w) + P.~ --='] 1" OCT) 

whare a - 1-. 

For a oonsarvatlva C8le. we muat hive, 

lit (p.t1. p) +r (p+ 1, p) II - 1 +0( .. ) 

where 11.11 la the radlometrlo flux nann deflnad (aaa Grlnt and Hunt 1869b). 

I;A 11- ~~ f 1 DAD-I k 
where 0 - 27rMw. From (AI). (A2) and (A3). we obtain for the nux norm, 

II t (n+l, nJ ;. r (n+1. n) II _ 

~~\~112"MW {I-TM-I [III - a(cp,T w) + ~ (A'- A-) - _'J.I'!!!'} (2" MW)-I 
~ kk' 

For a coneeTVatlva OBn a - 1. III - cpo FiJrthanno18 thl nOl111llllZlllon of Ih. IIn8 profile II given bV 

+"" 

J CP(x)dx-l 

- "" 
or In Ita d/aoret. form. W8 heVI x,. W1r - 1 

(A1) 

(A2) 

(A3) 

(M) 

(AB) 

(AB) 
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The curvllture laclors ,,: IIItllfy the Inequality (P,ralah lind Grant 1.73) 

J 
I C1 (" +11 - ". 11) ~ o. I - 1. 2. 

J-l 
.J (A7) 

This ldentltv 8l1U,fles for Ivery frequency point in the line. By mlklng u .. of (A8) and (A7). the relation 
(A4) Ie ,Implilled Into. 

II t (p"" 1. p) + r (p ~ 1. p) II - 1 + 1: ct. SI - 0(,.) 

where II OJ - 1/>. w. 

For the conaervatlon thIn. we mUlt have 

IdlSI - 0 

or the weighted column Bum. of the d metrlx Ihould Idlntloally b. squill to zero. 

Appendix II 

t (n, 1. n) ,. fl'· [60+ r++fI'- pool 

t (11. n+l) - U-+ [60- r- "p.' P+l 
r (0+ 1. nl - a-'p·' [1+ ;l,'r'] 

r (n. n+1) - a'·p·· [I+;l,-r-] 

lind the cell oou roe vecton lire given by 

I' 
1:..1 - '!"a+- [.J.·S++ P+-;l,-S-] 

where. 
fl'· - [J-p'·p·']"I.p'- - ';l,+Y

(slmllarlv a-' snd fI-+ ere dsflned) 
oj: :I: 

A - [M+t'!"Z:IJ-I , r - [M-i"Z±] 

P.II + Mid 
Z - ~-Y, Z.-Z+----1" ,. 

rD - <P ± III we Ire oonllderlng I BIItlo profile funation. 

(A8) 

(AS) 

(33) 

(34) 

(315) 
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