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MOTION OF A PARTICLE IN THE BACKGROUND OF A WHITE HOLE 

RAMESH CHANDER KAPOOR 

ABI'I'RACT 

A atudy Me. been made of till motion of I tBlt particle In tho!! bllOkground or I while hoi a plrtloulnr1v hom 
Ihe vieW polnl of III vl,lbUlly 10 an abaa"",r al Inllnlly. It II .hawn Ihal radial al woll o. nOIl·rodlal pholan. 
from such a perllcle can laak Ihroll\lh lho Sohwaruehlld radllll oven when tho porllelo o",llho wllilo holo 
bound. IV ""va nal yet bUill Ihrough. ImpllcaUona of lho raaulll when appllad to tho 0"10 01 a urllY halo aro olao 
dllcuued. 

KIY word., g.neral ralallVlty- whit. hola - glodaala moll on 

1. Introduotlon 

The concept of the white hole hal been with UI for the past fifteen yeers (Novlkov 19]5; Ne'eman 
19(6). A white hole Ie e syatEm In which mess-erergy gu.h out from s highly de".o Iiole. To 
Itart with, the sYltem Ie wall Inside lIa event horizon, ~Ithough an obeerver .1 Inflnlly cun ,"celvo ph~ton. Dr 
.Iower then light signals emitted from lIB surface. The svent Ie wltnassad a8 an oMploalon rolanslnll 
tremendous amount of anergy. The white hole la grey when meller shot oulof Ihe slnglllerity lacks eufflclelll 
enargy to emerge from the horizon Into the external universe. In Wh81 follows, wo etudy Ihe motion of 0 

particle In the back-ground of a whlls hole particularly froll the view polnl of Ita Visibility 10 an observer III 
Inflnlly. 

2. Model of the White Hole 

The cenonlcal white hal. we .hell be concerned with hsre Is a spherical object of uniform danslly p (I) 
end zero pre88ure In the frame of referenes comovlng with ths outward moving partlclos (Norllkar and 
Apparao 1976). The Interior of tha whits hole II aB8umsd to bs Frledmennlal1 eMcapl rur Imall don,lty 
fluctuations lupsrposed thereupon. The object emergel from a 6inguler stale ond subsequenlly oboys 
Einetoln·. field squetlons. A dust modal ensurss Qsodaalo mOl ion of all the particles, whloh enn Iw Inferred 
from the Friedmann mstrlo that dasorlbss the while hole Interior In terma of Iha Dona lin I. uomovlng co
ordinate. (r, 8. </» of a comovlng partl~ls: 

[ dr' ] dsl-c1dtl-S1(1) _-+II (dOl+slnIOdA.l) 
1 -art 'f' I 

r~rb. 

Here. t I. th. proper tlma of a comovfng obsarver snd S (t) the acals factor. At Ihe boundary r •• rb, adult 
modsl enaures zaro prsssura 10 thel tha matrla malchs. perfeotly whh an exterior Sch ..... ar.lachlld melrlo : 

.rnf 2GM) dRI dtI1_Cl~. \1- RCr - ( 2GM)-HO (d(lJulnl 0 d</>I) 
1- Ro' 

(1 b) 
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In cosmology. r-O refers to any assigned pertlcle. but In the present cese. r Is defined such that the scsle 
factor S -1 When thR expenslon of the whits hole Is complete. Then. r _ 0 refers to Ihe centre of the ob,eCI. 
Tho scele fector S (I) vorles with time eccordlr g to 

dS (BWGp )' 
dt - ± -3-SI - ac' • 

whero + sign rofers to explosion. snd p. the metter density. i. time dspendent. evolving according 10 

po 
p - 5" • 

(2) 

(3) 

1' .. helng the density corresponding to the epoch when expansion Is complete (S ~ 1). The parameter a, a 
constant. Is givon by 

a-

Eq. 2 con be Intsgrated to give 

t- c~i [ sin-I 91 - SI (1-5)1 ] 

Th e proper time for explosion from S - 0 to 5 - 1 I. 

1 

to - J (d~~dt) 
U 

The white halo boundary croSlss ths event horizon at an epoch 

5 (t.) - ~ rb' - sln'1: (say). 

Irom eq 4. The mass of Ihs whits hols can bs wrillen ss 

a rble' to sin" E cl 
M - --- ;:":":"--=:"":'" 

2G wG 

(4) 

(6) 

(6) 

(7) 

(8) 

In the following 80ctlon. we study the radial time-like !taJectorles of pertlclee and frequancy shlfte /n their 
rll<.liHlion. Ilertlculorly from the Instonl olthelr leevlng Ihe while hole boundsry onwards for the aake of 
camplalelloss. we shall briefly sludy the radlel gaodeslcs of. psrtlcle of nonzero reet mess In peculiar motion 
Insldo thu white hole as w.lI. which may ba of Interest from the cosmic rev physics point of view. 

3. Radial Tlme-flke TreJeotorl. 

The mOllan of 0 particle can be etudlsd by solving equstlons of gsodeslc motion for the Interior Friedmann 
melrlc (1 a) nnd for the .xterlor Schwarzachlld mstrlc (1 b) matching them at the boundary of [he white hole. 
II,. The Schwarzschild coordinates Rand Tare r.laled to the comovlng coordinates rend [ Ihrough (Narllkar 

o nd Appsrso 1976) : 

I Ib 

R-r 5(t). T-dl (A); A-

J c'dl +f rdr 
5 (dS/dl) I-ar' 

(9) 

tb r 

~uch thet the eq. (10) I. 

(10) 
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where 
5' (dS/dtP (1 -ar') , d(/l 

e' - ( r' (d5/cIIP ) , a\ - ( r' (d5/dtp ) , 1), - cIA 
<Il" c' 1 -ar'- c' 1 -ar' c' 

In what follows, we IIstrict ourselvea to a study of redial geodealce. The equetion of motion 

,dt' 5 (d5/dtl(dr)' -0, 
c de'+ (l-ar') ds 

solvea, in view of the metric (Ie), to give 

c cII _ (1+ ~)I 
de 52, 

(lOb) 

(11 ) 

(12) 

k being e conalent, 8 mealure of energy of the pertlcle with respect to the comovlng frame of referance, and 
5 !I 5" where 5, la tha epoch of the commencement of the peculler motion. Hence, eq. (la) suggesU 

dr k (l-ar') 1 
as- ± 5' . 

(13) 

The three·veloclty 01 a panicle, according to en observer whose Instentaneous position coincides with 
thet 01 the particle at (r, t), Is 

I dr/da kc 
vet) - (-gil) 'dtidB- ::I: (k'+52)1 (14) 

This shows thst v decreassa from 0 et 5- 0 to kc (1 + k')-I et 5 -1. For very amall k (ond k < < 5, elso) 
v (t) '" kc/S. Solving sq. (14) for k, we have 

5 (vic) 
k - (1 -v'/c1Jl (16) 

For k to be> I, v (1 +5')1 >c. The linear momentum per unit maas Is given a8 

v kc 
P (8)- (1. v'/c')I-S' (16) 

which dsoresses with expanllon. Eq. (2) and (13) togethar anable one to study the redl.1 motion 01 0 partlclu 
while Inside the white hole. As long es the expansion procaede, eq (13) can ba ulod In the form: 

r' 1;' 

E'-J a1dr - kf d5 (l-ar2)1 [5 (1 -5) (k'+5')]I' 
(17) 

r, 5, 

while the particle Is In motion between the epochs 5, and 5,. For the seke of convenlenoe, one mey choole 
r,-O end r,- r. 10 that 

1:,-1:- sin-I (ar.')I- canst 

The upper limit on the Integral on the right hand Iida of the eq. (17) would then reler to the epoch 01 
emergence, I.e., one of reechlng Ihe white hole boundary. By fixing conetant valuea for 5" E and k, one 
can find 5, by Iteration. If 5, '" 1. the panicle reachas tha white hole surface when the expansion .11 Juat 
completa. It can be saen from the eq. (1 8) that the particle continues to move along a geodeslo even alter 
the expanllon Is oomplete once It Is set Into peoullar motion Inside the white hole. unlell brought to reat by 
Irregular forcis like gravltatlonel acstlerlng etc. Eq. (17) oan be rewritten In terms of tha transformation 

5 - ,In' n. (0 ~ n ~ w/2) 
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n, 

r - 2kJ dn._ 
(k' T sln+ nJi 

n, 

We find that the epproxlmatlons to sq. (17') In Ihe limits k> > 1 end k < < 5, sre 

end 

n, 
r", [2n - ~, (3sn -fBin ncos n - lsln> n cos n) ] I 

n, 

2k eln (n.-n,) 
1:- - ---

- sin n, lin n, 

respeotlvely. As k-->a> (v ..... c). r-->2 (n,-n,). or. 

r + 2n, 
nll-+ 2 

255 

(17') 

(1 Se) 

(lSb) 

(19) 

• Thua when n, < y. the particle reschea the boundary of the white hols before the letter croa8es the event 
horizon (at the epoch S (t.) - sin' E). In the extreme case. i.e .. I -fr/2 (sxpanslon complete at the event 
horizon. ths white hole la grey). for n, to be 1!C'Tt/2. n, Ihould ba Q .. /4. Ths sign of equelity rafers to the 
ceea when the particles snd the white hole boundary raach the event horizon slmultaneoualy. 

For k < <sin' n,. i.a .• for e slowly moving particle. n, would be quite larger than n, and eq (1Sb) 
ouggealo 

1: '" 2k cot n,; n, '" .. /2. (20) 

For Inalance. If r·· 'Tt/l 00 and k '" 0.006. n, '" 1 S'. 

In case a partlcla Bat Into pacullar motion at an Inltent when the whits hole expansion Is nearing com
platlon, or, a slowly moving particle, raachea the boundary of the white hols at apache leter than n,-,,/2, sq. 
(17) ahould rether be raplacad by 

.. /2 

f 2kdn 
I - (k'Taln+n)1 

n, 

t' 

.;. kC(_O )' f dt . 1 +k' 
(21) 

The aesond part hare arllee by Batting S - 1 In eq. (17) and It Ie presumad that the white hole remains Itable 
et laalt for s period t' auch that t. < t' :c:: t" where t, II not arbltrarllv larga. In the limit k> > 1 (which me en. 

thet n, '" n," .. /2), 

1:-+ 2 (t -n,) + cal (t' -t.) (22a) 

I.e. 
2t 2t. ( .. ) 

t'--> .. ' (I+2n,-7I'/2) """ ITT (22b) 

For tho case of e slowly moving partlcla (k < <aln' nIl , 

t' '" 2;" (I - 2k cot n, + ;). (23) 
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4. The Frequenay Shift of Radiation 

It has baan shown by N.rlik.r Bnd Apparao (1976) .nd N.rllksr a"d Kapoor (1 9,8) thot leekfl90 of rutllully 
end nonrsdi.Uy emilled photons re.pecuvely through Iha evant horizon 01 0 while holo i. pOB.lblo avon bolor. 
It. 8url8ce burate out of the horizon. Con I radilltlng particle ejected hom the boundary 01 lite whlli holo also 
be vl.lble belore It comee out of the ovent horizon? 

For this, let u. coneldar the situation when • porticle ejected with a peculiar apoed v in Iltll frema of 
rafora"". of en obaorv .. camovlng ",lth the outgoino white hole metter Instentaneouely 1'~lJpon. 10 bo at Ihe 
boundary of Ihe while hole. What I. the frequency ahllt of e photon r8dlated by Ihe pallicio III lh. rodlnl 
direction according to a distant oblerver 7 For radial omission, we focul our attention on on elotltoo 810nIJ 
the 8ight IIno through R#O toward U,e obEerver. Eq. (9) 8uggesle that for auch a parlicle 

dA j _ (~ (dSldt) dt_ + S dr ) I _ J [(k1 i- 5')1 r (dSlcIt) 1 k '1 "ar')1 ] j 
dB r-T. 0 dB d. r-r-. S c rO'r" 

(24) 

and 

(25) 

where 411 - ~~ and ~~ " ".[d.S/dll ref.r. to the while hole boundary.' 
formul. due 10 Schroedingsr (1850) 

Now, the frequency shill Is given by a 

1 +z _ ~_ ;; 1 source 

y .... -1 
u. p oba.rver 

(26) 

where v. 10 tho fraquency at the rime of emIB.lon, v that el r.capll~n and 

u· ••• ~(1.0.0,O). u •• ~".~(:, :.,0,0) 

p. _.( dr, dR 0 0) dT _ r' dR. . 2GM 
d). d)." ,c iiI' (1 -A.IA) , dI'-1, R. ~ of' (27) 

In thla equation • .lIs an affloe parameter end P. refors to the 4-mome"lum 01 the photon A 1/1110 .11l""rale 
manipulation lead. one to 

1 +z _ ~ 91n 0, _ A _ (k'+alnfn,)1 -k 
sin (nl+2') , slotl n, (28) 

For k - O. eq. (28) refer. to the flequeney shift of Ihe radl.lly emilled pholons from the White hole lurfuce 
(Narllksr and Apperso 1975). For klaln' n, < < 1 

1 + Z '" (1 - k COlac1 n.) _o!~n. 
aln (n,+L') , (280) 

While If klaln' n, > >1, A", aln' Ol/2k andths rasult II 

1 i"Z '" .In' n, 
2k sin (n. + L') (2gb) 

This luggelts a highly sevara frequency bluo ehitl [ (1 + z) "I] compsr8(jlo that fo adla I 
hole surfsce. Ills obvioul from eq (2B) Ihat at R II 2 r r 100 from Ihe while 
the "'hlta hole radiation. . b- .-2GMlo, (1 tZ)-1 II finite and lorger than Ihat for 
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Now we conllder the e/ectlon of the pertlcle In an arbltrery direction. There would elw&ys be photone 
with a oerteln VIIlue of Imp let psramster p to be able to reach Infinity. Tha 50hwlrzlchlld metric and 
equations of motion suggast thet for e nonrsdlslly emlttad photon, 

~ _7'e-(A+vl/2 F; F-F (R,~) - (1- ,e(p~1 

de/> h h a (dT dR de/» 
dl -fi2' P - 7' p - cIA' ell' 0, en- ' (30) 

whare h II the orbital angular momentum parameter for the photon; F-l10r radial end F-O for tangentially 
Imltted photons. Then, the frequency shift of a non radially emitted photon al according to eq. (26) Is 

1 +z _ [ 1 + k' l {(I-ar1)+ r (~/dt) F } + _k {r (~'dt) -F (l-ar')l}] (31) 

(5') (1 - R./R) 5 (1 - R./R) r _ '" 

which Is 1888 severe then thst wggested by eq. (21). For k - 0, this reduces to the result derived by Narllkar 
end Kap·oor (1978). Eq. 31 alao Ie well behaved et Rb-R •. To demonatrete this, we let Rb-+R .. I.e., F-+l
e. p1/2Rl.. 10 thet 

1 +z / A ..... A. -2 ~L' + p1;~~L'( A+ el~~n.) (32) 

whloh II finite. If k/lln1 nl > > 1. 

1 +z / _ k oat L' COle 0 L'p1 
Rb-+R. A.l (33a) 

In ordar that a null ray heve a blue ehlft, ths corresponding Impact petemet.r can be found out by the follow
Ing consldarstlons. We multiply eq. (31) by a feotor 

[(1+ .!')I {1-ar')l + k r (dS/dt) + F {(I + kl)l r (dS/cIt) + (l-arl)1 U]/ (33b) 
S' S 0 S' 0 S J r- r. 

In the numerator and denominator. Tha faotor (1 -AJRb) oanoals out. Th. reeul! I. 

1 + [H (1 + ~.Y' (dS:dt) + (l-al' )1 ~ r I 
1 + z (33c) - [ (1 + ~S (1 -ar')1 + ~ r (dS;dt) 4 F {( 1+ ~)' r (d;/dl) + (l-al')1 ~}] r-r. 

Now we let Rb->R.. Then (1 -ar't,)I-t- '" (dS/dt)fo Ind 1'->-1 ; cDnlequently, 

1 + [l- (1 -arb')1 { (1 + ;,.)' + ~} ] , 

l+z - - [( k' )1 k] 
2 (1 - arb') 1 . 1 + Sj' + s; 

For S< <1. 1 -ar.' I>! ar.'/S. Henoe, rsqulrlng (1 +Z)-I 1101 wa Ir.led to 

pl:;;;Skrb's.l(~ »1 ) 

(33d) 

(341) 
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Th I. i. conRlde rably smallir than that tor a nonradlal pholon from the wh Ite hole IUrlaOB (k - 0). For k. -::: < St, 
a .Imllar conalderatlon Iuds ua to 

p':I;; (1-~) r.'SI' (34b) 

1hl.la abouttha Barna aalhat for nooradlalphotons from the white hole eurfllce (p:;; r,.5). EqR. (34) apply 
only to spocha when the particle just leave. the Burface of the white hole. In the exterior 01 tho white hole, 
Schwarzchlld geometry govern. the propegatlon of photons. Photone .mllied e, an angle 

~ < clo- eln-' [ 3.~ It (1 - :: )'] (36) 

whln the particle Is at R - II, Irom the center of the while hole, ars ClIptured by the latta', Here f, -., rebrs \0 
a radlel photon golnllinto the white hole and J -0 for ana going outwards. Photon. emitted at the captura 
angle "-do I ..... one a wllh en Impect parameter -3.31 R.j2, contribute to the rlnB or emr •• lon formed round 
the while hole by the nonradlelly emitted photon. from tho latter' •• urfece. The ring peral,te till Ihe white hola 
bOundary occupies the raglan R - 3GM/cl • 

In the a~terlor of the white hole, the SchwerZ8chlld metrlo luggeRt. the frequency ohllt of rAdlalion from 
the particle to be 

(38) 

for eJeotion at an angle 0 with ro.pect to tho Iino of eight through A - O. Here y Is the energy 01 the perUcie 
per unit ralt maso QO mellSured at Inflnlly which can be evalualod with rafsrence to the position of the PArticlo 
whan Instantaneouslv coincident with me white hole boundBry, Comparing' the la&t equation wllh eq. (24), 
we have 

If klS, '" > 1, 

y (n.l ~ ----L. [eln ('" + L)] .... 1 
sin> nJ .In n. 

Eq. (38) would then Sugge.1 
(1 +z)-I "" l' (I ~co. 9) - conet 

and, from Llouvilla'a theorem, It can be aeon that il1lenllty anhancemont take. piece when 

co. 0 .. c; -1) 
"the plIrtlola la eJeoted at on epoch S, "', Or .'tor Ihe expenalon of the whlta hole I. complete, 

r G .. ) - (h k»' Gal E 
Hanoe, In general, 

f (n.) .. y (fr/2) 

Ii. The eBBS 011 Bray Hole 

In tha CSI. of a gray hola, the axpenslon I. completa at A. _ A .. eo thet 

ar.2-alnlL' - 1 

Th. frequency shift for a photon Ie given .1 

1+ ~[¥] 
1 +z - F [' ;8 r 

(370) 

(37b) 

(3B) 

(39) 

'''0) 

(41) 

(42) 

(43) 
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A radial photon Irom tha gray hole surlace. lor Instance. will be blue.hllted when rh (dS/cIt) ~ I or n 11111T/4. 

Tha radial photons Irom a particle In peculler motion auffer a Irequency shift emountlng to 

I ~ z ,. A tan nl 

AS acc~rdlng to eq. (28). For this particle. 

dR I 
da' r. ~ 

....~. ':\' ' 

r (dS/dt) (I ~ 1(' )11 
c 5' r-rh (44) 

Therelore. II the pertlcla reaches the gray holD boundary just when the expansion la complete. !!!!->o And -. ~ 

(I -, z) _"". I,a .. nalthar the particle nor the photons Ifsiiirt. can Issk through the 5chwarzschlld barrisI'. The 
photons and the particle leak through only when 5,<,1. a\Oca then tbe:sqa. (33c) and C4M suggaatthat 
Cl I 7) and dR/ds are Ilnlte, 

Our studlss heve baen besed on en Ideal white hole modal. However. It Is a crude approximatloh to the 
white hole explosions thet In genorsl would be enlaotropl£. the ex~analon mey be nonhomog'eJ180ua--and the 
exterior specallma may quite po.slbly be non-ampty. Can n\8t~r ejsctlo~. In the lorm ,!I high, on~rgv partlcl~a 
snd lumps 01 gasaoua masses. frem a whlre hole ba pDBalble? The poulblllty et least In prlnc)p/e exIsts, 
Although our results apply 10 test particles, they should aa well tis applicable to lumps of me8se~ n~gligible 
compared to that 01 the white hole In the first epproxlmatlon. Conlldsrlng e s!mple geomOIrY, the spud of 
sepsratlon between the parllcle snd the white hole can be shown to be r.ul1arlumlnsl for ~;(:'1 (see. 8:/l. Rosa 
1973), As k 19 positive deflnlto. tha Iraquancy shill In the rsdiatlon from the whlta hola and the ajacted 
partlcls would bs dlffarent, In principle. the valoclty 01 ejection of a particle from tha white hole surfsce 
should ho O~ v:S:; c; although the condit/on ~;(: 1 Is easllv mst lor sjsct/on dUring Iha axpansion phese of 
tha white hole. our analysla would not be edequate lor larga ejacta msssas. When electlon]s oat vlolanl and 
tha ejActum carrlaa an Inslgnlflcsnt fr~ction of ths whit. hal a ma ... Its .emargenc'9 from the white hllile 
boundary would appsar aa B lIara phenomenon, An snswar to ths question ,whalher a whlta hoi. can cIevelop 
into a mult/·component objeci wilh its component. (of comparable luminosity) 8aparatlng from each other iii 
nppreclabla apaeds and with dlilereni frsquency shlfta can. howevar. come from" many· body treatment of the 
problem only. 
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