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ABSTRACT

The coronal loop plasma is represented by a superposition
of the three lowest order ‘Chandrasekhar-Kendall modes.' The tem-
poral evolution of the velocity and magnetic field in each of
these mode is determined using ideal MHD equations under two
simplified cases wiz (i) allowing small departures from the equili-
brium and (ii) the pump approximation.

1. INTRODUCTION

The structure of the velocity and magnetic fields plays
a pivotal role in determining the heating, stability and evolution
of the plasma in coronal loops (Athay and Klimchuk, 1987; Priest
1982, Krishan 1983 and 1985). In earlier studies, the pressure
structure of the loop plasma was delineated using a Chandrasekhar-
Kendall (C-K) representation of the velocity and magnetic field
(Krishan 1983, 1985). This was done under the steady state assump-
tion and therefore no_ information on the temporal behaviour of
the fields and of the pressure could be derived. In this paper,
we study the dynamics of the velocity and magnetic fields using
ideal MHD equations and a Chandrasekhar-Kendall representation.
The complete dynamics is described by a set of infinite, coupled
nonlinear ordinary differential equations which are first order
in time for the expansion coefficients of the velocity and magnetic
field. Since obtaining the full solution of these equations
is a formidable task, we choose to represent loop behaviour by
a superposition of the three Tlowest order C-K functions, One
justification for doing so 1is that these functions represent
the largest spatial scales and therefore they may be the most
suitable states for comparison with observed phenomena, if at
all. This system reduces to a set of six equations, three for
velocity and three for magnetic field. Solving these equations
is again a formidable task without the help of a computer. However,
analytical progress can be made in two simplified cases:
(i) when the system is disturbed linearly from its state of equili-
brium and {ii) when one of the three modes has an amplitude much
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larger than the other two. This is known as the Pump approximation.
In the first case, one finds the disturbed fields undergoing
sinusoidal oscillations with a period which is a function of
the equ111br1um‘amplitudes of the three modes. This may be one
way of explaining the quasi-periodic oscillations observed in
x-ray, microwave and EUV emissions from coronal loops.

In the second case, for special values of the initial ampli~
tudes the sysﬁem exhibits sinusoidal oscillations. However,
under general intial conditions, the velocity and magnetic fields
go through periods of growth, reversal, decay and saturation.

In the most general case, with arbitrary initial conditions,
the set of.s1x equations can be solved numerically. The velocity
and magnetic field show a rather complex temporal structure,
the interpretation of which would sometimes be done more appropriate-
ly using the language and concepts of chaotic phenomena. Although
conservative systems display no attracting regions in phase space,
no attracting fixed points, no attracting limit cycles and no
strange attractors, nevertheless one also finds chaos: i.e. there
are strange or chaotic regions in phase space, but they are not
attractive and can be densely interweaved with regular regions.
In general one is interested in the long-time behaviour of conser-
vative systems in order to make use of the ergodic principle
for a system with finite degrees of freedom. In addition, the
motion in phase space is expected to be extremely complicated
and this may have important relationship with the variety of
observed sporadic phenomena.

2. NONLINEARLY INTERACTING MHD SYSTEM

The coupling of the velocity field Vand the magnetic field
B (in units of V) in a perfectly conducting incompressible fluid
can be described by the ideal MHD equations:

v, (V.9)V = ~Tp+(FxBIxB

it (1)
D - - =
38 - vx(Vx8) (2)
ot -> =
-l
Pv=0 ;, vB=? (3)
where P is the mechanical pressure in unjts of vz. In cylindrical
geometry, the boundary conditions on B and for a rigid and
perfectly conducting surface at r = R are:
v.=0atr =R
T (4)
B.=0atr= R
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We represent Vand é’by Chandrasekhar-Kendall functions ass:
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th\ is determined from the boundary conditions Eg.(4)
which becomes

R K, Vnm J.ml (Ynm R) "‘MAnm Ton (Voo R)=0 (7)

‘y\e mechanical pressure P can be expressed as a function of
and B by taking the divergence of Eq.(1) and using Eq.(3) as

vip = - V[ (V.97 +(FxBI*E ]
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The dynamics can be described by taking the inner products of
the Egs.(1) and (2) with A%,, . We do this here by including
only three modes (1,0), (0,1) and (1,1). The six complex, coupled

nonh’ngar ordinary‘differential equations describing the temporal
evolution of the triple-mode system are:

Y Ade (- A I[N L K]
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’}a - /\bl\g 1 [ﬂb r(_- ylc .fb]

ot 12
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where a = (1,1), be(1,0), C=(0,1)
AR = 3.11, AR = 4.12, AR = 3.83 (15)
* - -»
I =[ﬁa (B kAL dh
One has to use numerical techniques in order to solve Egs.(9)

to (14) in general. Before attempting that we discuss two simpli-
fied cases where some analytical progress can be made.

Case I

We disturb the system described by Egs.(9)-(14) linearly

from the equilibrium state ( ¥,,=%uo s ¥,,=1,,2" ¥, = T )
such that

M= ’)o+"l’(*) P .'Z"( M.
=ty , ¥k
° , St
for all modes. Let N(t) }.v e
¢ (¢
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Therefore we are studying the time evolution of small departures
from the equilibrium state. We find:

3 2
§ = 241 [ AL (hamdum 2 1 Tael S+ (AumAe-Aa) (1,02

/
-+ /\: (/\‘- /\‘—/\b)z '.7‘.,2] * (17)

Thus the system exhibits sinusoidal oscillations with a period
which depends upon the equilibrium values of the fields. This
result is also reproduced from the numerical scheme for solving
Eq.(9) to Eq.(14), as shown in Fig.(1). In this Figure and Figuretd)
we are using the notation

Y1 = Re"g, Y2 = Imﬂd, Y3 = ,
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It would be instructive to estimate the time period T = an/s.
NOV{ (‘)\"II ) ha;s dimension of a velocity, and so let us write
Aafa iZi* & Va~, the mean square velocity in the mode a. The
time period T is given by:

-5‘2

T = 27R [23-‘/2 Vaz-}- 795 Vbz-f' /14 ch] (18)

For v_ = VoV T= D'VFR. Thus, for example, for V10 km/sec,
and R = 10_3 km, one gets T~ 95 secs. Quasiperiodic oscillations
with a period of a minute or so have been observed in the microwave
emission from coronal loops. It is possible that some of these
oscillations result from such mode-mode interactions.
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Fig. 1. The sinusoidal oscillations exhibited by a triple-
mode system when disturbed linearly from its equilibrium
state, showing (a) Y, - Yis (b) g - Y3 and (c) Yi1-
Y5 as functions of tzme. '

Case II The Pump Approximation

Another case of analytical tractability is when one of the
three modes is more dominant than the other two. Here, it is
assumed that the time evolution of the two weaker modes does not
produce any significant change in the stronger mode, which is
identified as the pump. Let us take ag (1,1) to be the dominant
mode and therefore neglect all changes in (7‘, ¥. ). The system
of six equations reduces to four with additional assumption g
=¥, to the following simplified form:

) ‘
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One can easily reduce these equations to find:
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We observe from Egs.(23) and (24) that all the four fields (%
%0 M ¥. ) exhibit sinusoidal oscillations with a frequency
b’ e for spec1f1c initial
values of ('?b , jg,f and (M¢o, fg.) i.e. when Ib = 0 or when
Ny, =(Aa-2c) Fuo/ 2p and 7., = (Aa-2b) S hxe . T?)e oscillation
frequency found 'in the first case reduces to this under the approxi-

mation a }a »»? (ﬂb)ﬂ‘ ;"f‘. Pl Yg)
For I, ¥ 0 and Ic#z 0, the solution of Egs.(23) and (24)

is given as .
(t+ts) ! — In (4 %-;},g‘tgﬁ,
+% ) = (] ’
\/?;..273_ 7?b+ %3.4_# ,aa:_;;\&
and ,
/ — 1 Ao P ER
T P PV TN (28)

242



where t and t°
ﬂbo a”“o’lc =‘l:o'

are determined from the conditions t = 0, "lb =

A plot of (M, Ty, e, 30) vs T2t 1Mol *I1/* is shown in Figure (2)

fouj one set of initial conditions. The noticeable features of
this plot are:
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Fig. 2. The temporal evolution of the velocity and magnetic
field coefficients ( M, $,) and (M., ¥ ) under
the Pump approximation ("la”qb' ' M and 5.>> 9
‘ L]
The velocity and magnetic field in the mode bg (1,0) go through
zero at the same time.

The amplitudes M and 35 grow to a very large value before
the reversal. These features are reminiscent of the observed
simultaneous neutral lines of the velocity and magnetic field
discussed by Athay & Klimchuk (1987).

Asymptotically the magnetic field X settles to a value much
larger than its initial value. e velocity amplitude M
settles to a value which is negative of its initial value:
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4. The fields in the mode ¢ = (0,1) undergo growth, plateau
and decay.

5. Asymptotically, the fields ¥ and ‘?c attain back their initial
values. ¢

6. The large time gradients of the fields may help expalin
micro-and nanoflares since they correspond to impulsive
small scale release of energy.

Another quantity of interest in an ideal MHD system 1is the
correlation coefficient ¥ defined as:

o= [z_o_f ;_gd{t]/[fj(rz+az)d5e]
(29)

where time variations (Fig.3) are a measure of the error involved
in truncating the full system, for which % would be constant.
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Fig.3. Variation of the correlation coefficient ¥ with time.
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The spatial variation of the fields is given by Eq.(6).
It is interesting to note that the three-mode representation dis-
cussed here, reduces to only one mode b= (1,0) when averaged over
the angular coordinate & . This b € (1,0) mode is the one that
shows simultaneous reversal in the wvelocity and magnetic field
and may therefore be related to the observed fields.

We have made some preliminary attempts to solve the exact
set -of Eqs.(9)-(14) for general initial conditions. One expects
the fields to vary in a highly nonlinear manner. An example of
the temporal variation of the fields is presented in Fig.(4).
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It is quite clear that there is no simple way of interpreting
this bebahviour, which 1is caused by superposition of the separate
modes of oscillation. When more modes are added, it is possible
that the system may show chaotic behaviour. The total energy,
the magnetic helicity and the total cross helicity are found
to remain constant with time as one expects for an ideal MHD
system.
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