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SOLUTION OF RADIATIVE TRANSFER EQUATION WITH
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Abstract. We have solved the equation of radiative transfer in spherical symmetry with scattering and
absorbing medium. We have set the albedo for single scattering to be equal to 0.5. We have set the Planck
function constant throughout the medium in one case and in another case the Planck function has been set
to vary as r~ 2. The geometrical extension of the spherical shell has been taken as large as one stellar radius.
Two kinds of variations of the optical depth are employed (1) that remains constant with radius and (2) that
varies as r~2. In all these cases the internal source vectors and specific intensities change depending upon
the type of physics we have employed in each case.

1. Introduction

In another paper (Peraiah and Varghese, 1985, herafter referred to as Paper I) we have
solved equation of radiative transfer with spherical symmetry in a medium which
absorbs. In that paper we have introduced the internal sources which contribute mainly
to the outward going and inward going radiation field. We found that the internal
emission is maximum at y approximately equal to 0, where y 1s the cosine of the angle
made by the ray with the radius vector. We must find out how the pattern of the radiation
will change if we introduce scattering in addition to absorption. In this paper we have
assumed isotropic scattering with the albedo for single scattering to 0.5. The Planck
function has been assumed to be constant throughout atmospheres in one case and
varying as r~ 2 in another case. The method of solving equation of transfer has been
given in Paper I. We shall, however, give a brief account of how to solve the equation
radiative transfer in spherical symmetry when scattering and absorption are simul-
taneously present in the medium.

2. Solution of the Equation of Transfer

The equation of radiative transfer in spherical symmetry is given by (see Peraiah, 1984)

p OA(r,p) , 1= p2 l(r,p)

= K(r) [s(r, ) = I(r, W] (1)
or r

and

u oI(r, —y) 1 —p? 0l(r, —p)

= K(r) [s(r, —p) = I(r, )], 2
or r ou
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where I(r, u) is the specific intensity of the ray making an angle cos~' u with the radius
vector at r; K(r) is the absorption coefficient; and the quantity s(r, u) is the source
function given by

ﬂm0=ﬂ—@®M@#N{5®‘[P@MMVMMUWU €)

where @(r) is albedo for single scattering, b(r, 1) is the Planck function and P(r, u, 1")
is the phase function. In this paper we consider isotropic scattering and w(r) set equal
to 0.5.

We shall make the following substitution:

S(ra ,u)=4nr2s(r, H’)’ B(ra ﬂ)=4m’2b(’s#)§ (4)
and obtain
w00 L0 G 06, 0y = KO (560 - UGy, )
or r ou

e BB L2 a2y, - ) - KO (S0, - - UG, -}
or r ou

(6)

The integration of Equations (5) and (6) has been done as suggested in the earlier paper;
and the specific intensity has been expressed by the interpolation formula

U(r, ) = (Ugo + U &) + (U + Uy O, @)
where
r—r p—p
= , = , 8
J Ar[2 1 Ap/2 ®
72%("1‘"""1‘—1)’ ﬁ=%(:u'j+p’j—l)’ )
Ar=(r,-r_y), A,“=(.uj"'l‘j—1)- (10)

The interpolation coeflicients can be written in terms of the nodal values of the specific
intensity. The quantity S(r, u) is also expressed by an interpolation formula similar to
that given in Equation (7), and can be written as

S(r, 1) = Soo + Sp1& + S1on + 811 1. (11)

We substitute Equations (7) and (11) in Equations (5) and (6) and apply the operators
given by

X=— | ...du, (12)
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1 2
Y=— | ...4nr dr; (13)
14
Ar
where
=3n(r - 1)), (14)
to obtain
1 A4 11—PAA( IAr)]
i +p)+at| 1+ — ) - —\{1+-—]|U. .+
[H’ 2l +7) ( 6 A) 2 Ap A 6 7
i 1 A4 11—,?AA( 1Ar)‘
+ 1+p)+3 - =)+ = —|1+-—]|U,-
-1 +2) ( 6 A) 2 Ap 4 6 7)1 ¢
i 1 A4\ 11-pu2Ad 1 Ar\]
_.uj 1/2( q) — 37 6 4 2 Ay 4 6 7/
i 1 A4\ 11-p2Ad 1 Ar\]
s _1(_T)_- (L]
_“’ ) —ar{l= =)= Ap A 6 /] °
1 A4 1 A4
=lr[(1——f>(sa+8)+(1+f) S.+8 ] 15
2 s g b g ( ) (15)
1 A4\ 11-p2Ad 1 Ar
a1 —p)—1z ( +—T)—~ T(1+——)]UC—
[] v \"T6d) 2 Ay i 6 7
i 1 A4\ 11-p2Ad 1 Ar\]
-t .0 - 1( +-t>+— T(1+——)U+
_/v‘, 12 -p)—3 6 4 2 Ay 4 6 7 /] d
i 1 A4\ 11-u2Ad 1 Ar\]
+ (1 - +lr(1——7)+— T(l——~) U, +
| 2l =)+ 6 4) 2 Ay 4 6 7/
I 1 Ad 11—;FAA( 1Ar>‘
+ (1 +31|ll - — |-~ —\1l-=—)|U,=
- q)2< 6A)2Au 4 6 7)1 °
1 A4 1 A4
=%[(1—T> S, +S +(1+T> S. +S ], 16
2 . ( ») c (S.+S,) (16)
where
= o, (AP
2 _ 2 4 , 17
(B 5 (17)
.
A=, . 18
Ar (1%)
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AA = 4n(r? = r? )
and obtain

= KAr,

/Jj+—1/2=ﬁ(1+ )=;(2uj+uj_1),

_ - 1 Ap
Hj—1/2:H<1 - T)=§(“j+2‘“j—l)’
6 u

r AA 1 AAd
p=" - -2,
Ar A 2 A
1 A4 r AAd
q=2—*T"—f,
2 A Ar A
Ar
I=T=(ri_ri—1)/%(ri+ri—1);
r

and if 1 <€ 1, then

%4 =2t/(1 + 52) = 2,

AA

1+- —
A

O\ | =

prqr —t;

and
U(r, 1) = Upp + Upy + Ujp + Uy, = Uy,
U(ri_ 1, ) = Upg — Upy + Upg — Uy = Uy,
Ut io1) = Ugo + Upy = Uy = Uy = U,

U(ri—la,uj—l) =Uy—Upy — Ui+ U = U, .

By inverting Equations (29) we obtain
Upo =2(+ U, + U, + U, + Uy,),
Up =4(-U, - U, + U, + U,),
U =3(-U, + Uy = U, + Uy),
Uy =4(+U,-U,- U, +U,),

=l t3t+ )/ 7))~ 1+ 3,
3 12 12 3

(19)

(20)

21

(22)

(23)

(24)

25)

(26)

@7

(28)

(29)

(30)
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the quantities U,, U, U,, and U, and S,,, S, S,, and S, are replaced by U/~ |, U/,
U/_y,and Ujand S|, S/, S/_,, and S}, respectively. We thus obtain

M —p* 437" QU -v* DIV = [My +p~ -3 QU-y* *)]UL, =

=(1-®QB* +3t*Qy*~ U, +it7Qy*~ U, (3D
and
M, —p* =3t QU -y HIU7 +[M; +p~ +37 QU -y~ )U, =
=(1-®QB~ +3t"Qy " Ut +3t-Qy~* U/, (32)
where
1 A4 312+ 21y, + 17
Tit =Ti,_ 1+_ - =Tl-_ i i'i— i— , 33
2 1/2( 6 A4 ) " 22+ + 1) 9
1 A4 r? + 2rr,_, + 3r?
T =T pll—- = |=T%_1p — Pl izl 34
2 ”2< 6 A ) o0 417 ) oY
) ) 1 Ar
iyt =pip{ 1= T), (33)
6 r
pif1/2_1 1 —u? Ad =
i—1/2 — —_ =
T A 4
=|:1 _%(lujz-i—nujuuj—l +‘u'j2~l)}|: 3(rz‘2_ri2——l) :I (36)
2(p; — w— ) (rF+rr_y +r7y) ’
S"* =(1-w)B"** +iw[PF+ CU>* + P+~ CU" ], (37)
Simb+ = (1 _—a—)i—l)Bi_l’ N +%E)i—1[Pi+—T cur-t+ +P 7 cu-t -1,
(38)
P = Pr, + Uy, +Nj)a Pl =P(ri’+:uj’_.u'j)’ (39
Bi+ = B~ , Bi—l, + Bi—l, + , (40)
Uus* =U(r, i.uj); (41)
and

M =(10+pM, M, =(1-pM;

My =(1+¢gM, M, =(-¢gM; (42)
‘Iil_/z .u1+/2 |
Kl :uj+— 1/2
L o

© Kluwer Academic Publishers * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1985Ap%26SS.108...67P

&SS_ 108 ©.J67P

]

rTI8BA

72 A. PERAIAH AND B. A. VARGHESE
[ o, —pits ]
£ _ o
pt = P32 P32 (44)
pji—l/2 _pjt—l/2
- 0 —
11 ]
1 1
1 1
Q (45)
1 1
171
! L
and
'y++=%g)P++C, y"=%E)P“C,
7+*=%E)P+‘C, y‘+=%z—uP_+C, (46)
p.=Q 'p*,
M1=Q’1MP+, M2=Q_1MP_,
M3=Q*1Mq+, M4=Q‘1Mq_. 47

If we assume that U,* | and U, are the intensities of the incident radiation and U;* and

U~ , are output intensities then we can write

[M; —p* +517QU-y* MUY —[My +p~ — 517 QU -y M)V, =

=(1-w)QB* +31"Qy* " U7, +317Qy* ~ U, (48)
—[M; —p* =317 QU-y~ U7 +[My +p”~ +5317QU-y~ )V, =
=(1-®QB~ +3t"Qy~* U +31-Qy~ U (49)

Equations (48) and (49) can be re-written in the form of interaction principle given by

[ U+ ] _ [t(i, i-1) ri-1, i)] [U,.t 1] . [ h 1,2], (50)
U-, rGi-1 ti-1L,)]L U~ e

from which we obtain the quantities of transmission and reflection matrices and these
operators are used to calculate the internal radiation field by using the algorithm given

in Peraiah (1984). We calculate the solutions at the internal points by use of the following

formulae:
U i=x(Ln+ DU+ V. 1), U, =tn,n+ DU, | + V.12

(1)
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r(Ln+ D=r(r,n+ 1) +tln+ L, mr(}, )T, ,t(nn+1), (52)
Vipa=th+1,nV,  ,+Z m+1,n)+R,  ,,Z (n,n+1),
V., 1p=Hr+1, ”)V:+1/2+Tn+1/22_(n,n+ 1); (53)

with the initial conditions

Uvir=U"(4) (54)
and

r(1,1)=0, (55)

Vip=U"(B); (56)

where N represents the number of shells into which the medium is divided. For details
see Peraiah (1984).

3. Results and Discussion

We have presented the results in Figures 1 to 10. The boundary conditions are described
in the previous section and we have not given any incident radiation on either side of
the atmospheres. This means that U~ (4) = U™ (B) = 0, where 4 and B are the inner
and outer radii of the medium.

We have calculated the internal source vectors and the intensities at a different point
inside the medium. We have considered several types of atmospheres with the Planck
function changing as r~ 2 in one case and remaining constant in another case. Similar
variation of optical depth is assumed. The results of the spherical symmetry are compared
with those in plane-parallel symmetry.

In Figure 1 the angular distribution of the source vectors V' * and V'~ are described
at different points inside the atmospheres. The albedo for single scattering w is set equal
to 0.5. We notice that the radiation directed towards the centre of the sphere has a higher
value than that directed away from the centre. However, in the outermost layer the
outward- and inward-directed source vector are symmetric at u = 0. This is true both
in plane parallel and spherically-symmetric approximation. The peaking of the source
vectors is largest in the case of spherically-symmetric approximation in the internal
layers. In Figure 2 the angular distribution of the specific intensities corresponding to
the source vectors given in Figure 1 are described. These intensities show a variation
which is slightly similar to the variation shown by the corresponding internal source
vectors. However, we note one important feature: namely, that the intensities show a
maximum around p = 0 in the case of spherically-symmetric geometry at some of the
internal points. The differences between plane parallel and spherically symmetric cases
are not as large as expected. In Figure 3 the angular distribution of source vectors is
described for an atmosphere in which the optical depth is kept constant and the Planck
function is set to vary as r~ 2. In this case the differences between the plane parallel
geometry and spherically-symmetric geometry are very well brought out. The plane
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= v v*
- B(r) =1.0
—  w(r) =0.5 _—
B
» —— _——— — O 1
10-0 = A
— __ B 2
- A =
v -
B 1=0:25
1.0 =
B OUTWARD INWARD
0-1 L 1 '
-1.0 -0.5 0.0 0.5 1.0

W

Fig. 1. Angular distribution of source vectors ¥ * and ¥V ~ corresponding to B(r) = lw(r) = 0.5.

T TTT
c
c

10-0 &
u -
1.0 &
— OUTWARD INWARD
0.1 | 1 |
-100 -0-5 000 0'5 1'0
M
Fig. 2. Angular distribution of intensities U~ and U™* corresponding to source vectors are described in
Figure 1.
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‘[:2
w(r) = 0-5 =3,
10.0 5 __ELJL__f__'_i_

T
[09)
=
!
<
3
N
<
+

TTTTTT]

| OUTWARD INWARD
0.01 ] | 1
-1.0 -0.5 0.0 0.5 1.0
M

Fig. 3. Angular distribution of the source vectors for a medium with constant optical depth and the Planck
function changing as r=2.

parallel geometry exhibits the radiation field which is quite large compared to that of
spherically-symmetric geometry. The source vectors directed inwards have higher values
compared to those directed outwards, and those in the outer most layer are symmetric
about pu = 0.

In Figure 4 the angular distribution of the source vectors is described for a medium
in which the optical depth and Planck function are changing as r 2. The vectors show
a similar variation as shown by the vectors described in Figure 3. The outer most layer
shows a symmetric distribution of the vectors both in plane parallel and in spherically-
symmetric geometry. But, however, the vector which is directed towards the centre of
the sphere shows more radiation than the vector which is directed towards the outer
surface. In Figure 5 we have plotted the angular distribution of the specific intensities
corresponding to the vector given in Figure 4. These vectors show that the outward
radiation field is more than inward directed field as shown in Figure 2. Although the
corresponding source vectors given in Figure 4 show an exactly opposite trend. In
Figures 6 and 7, source vectors and their corresponding specific intensities are plotted
for an atmosphere in which the Planck function remain constant while the optical depth
changes as r~ 2. The source vectors show the usual trend that the inward radiation is
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Bri~Y.2 v v*
10.
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T TTTTT]

1.0

T T TTTIT]

1=0.638
.27 ) OUTWARD | INWARD
1.0 0-5 0-0 0.5 1.0
M

Fig. 4. Angular distribution of the source vectors ¥+ and ¥V ~ for a medium in which the Planck function
and the optical depth change as r=2.

u- ut
OUTWARD INWARD

10.0 1=0.638
T=6.21
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L =13 1=2.76
u e e . Crlay (et S

B
A
8B
0.1 A _| | 1 |
-1.0 -0.5 0.0 0.5 1.0
M
Fig. 5. Angular distribution of the specific intensities U~ and U+ to the parameters shown in the
figure.
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V™ vt
B T1=2.96
B(r)=1 T=6.21
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H

Fig. 6. Angular distribution of the source vectors corresponding to the parameters shown in the figure.
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Fig. 7. Angular distribution of the intensities corresponding to the parameters shown in the figure.
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larger than the outward radiation while the specific intensities show that at least in the
outermost layer the inward radiation is less than the radiation directed outward.
However, at some of the internal points the intensities remain almost constant with
respect to angle variable.

Fig. 8. Radial distribution of the specific intensities U~ corresponding to the angles y;, p,, p5, and puy.

In Figure 8 the radial distribution of the specific intensities directed outwards is
described for an atmosphere in which the optical depth remain constant and the Planck
function changes as r ~ 2. We have considered four angles in each quarter and these are
Ui, oy U3, and g1, taken as the roots of the Gauss—Legendre polynomial. The intensity
corresponding to these four angles increase from the minimum value at 7= 7., to a
maximum value at about 7 slightly less than 7. ,, and then start falling towards the = = 0.
In Figure 9 the radial distribution of intensities directed outwards are described for the
four angles for an atmosphere with a constant Planck function and a constant optical
depth. The intensities remain almost constant throughout the medium but they have a
minimum at 7 = 1., and this is because no radiation was incident from outside at
T= Tpax-

In Figure 10 we have plotted the radiation distribution of intensities directed outward
for the angles u,, 1y, s, and u, with the constant Planck function and optical depth
change as r~2. The intensities corresponding to the four angles cannot be graphically

resolved. The change in this case is not similar to the change in the intensities described
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@©
-

|

Fig. 9. Radial distribution of the specific intensities U ~ corresponding to the angles y,, u,, i3, and u, for
the parameters shown in the figure.

7
6 +
5 -
P']' IJ'ZIP':;' IJ'[.
4L
u-
3 | B(r) =1
'E(r)m'l/r’

» B .
2 A =2
1 wW(r)xnw0.5
0 J 1 1 1

0] 5 10 15 20 25

T

Fig. 10. Angular distribution of the intensities U~ for the parameters shown in the figure.
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in Figures 8 and 9 at T = 0. They have maximum intensities while the intensities described
in Figure 8 have minimum values at both t = 7, and 7 = 0 and the intensities described
in Figure 9 vary in a dissimilar way to those described in Figure 10.

In conclusion, we notice that there is more of back-scattered radiation in the case of
spherical symmetry than in plane-parallel geometry. This aspect should be taken into
account in the calculation of blanketed models.
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