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RADIO FREQUENCY EMISSION IN ELECTRON
BEAM-PLASMA AND BEAM-BEAM INTERACTION
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Abstract. A linear excitation of electromagnetic modes at frequencies ~(n + $)w,., in a plasma
through which two electron beams are contra-streaming along the magnetic field is investigated.
This may be a source of the observed $w,. emissions at auroral latitudes.

The stability of a beam—plasma (Young et al., 1973) system has been studied quite
extensively in various contexts and is well understood. But from the point of view of
space physics (Zhulin et al., 1972), the study of contra-streaming beams passing through
a low-density plasma in the presence of a magnetic field (taken along the z-axis)
becomes specially important. Recently, Bernstein et al. performed an experiment
(Bernstein et al., 1975) with counter-streaming beams by appropriately simulating
conditions prevalent in the magnetosphere. They observed radio-frequency emission
near (n + })w.., where n is an integer and w,, is the electron cyclotron frequency.
Their plasma system consists of (i) a low pressure gas in a uniform magnetic field,
and (ii) an energetic electron beam streaming through the gas along the magnetic field.
(This primary electron beam hits a negatively biased collector plate to produce a less
energetic and less dense contra-streaming secondary beam.)

In this note, we give a theory that explains some of the features of their experimental
findings. To simplify the physics and avoid the numerical solution of the dispersion
relation, we shall consider the two counter-streaming beams and the stationary plasma
as three independent subsystems and then find the normal electromagnetic modes of
each system. To see whether the total system as a whole is unstable or not, we search
for negative and positive energy modes in each independent subsystem. The growth
rate will then be given by interaction between one negative and one positive energy
mode if the energy for the two-mode coupling thus involved is conserved — i.e.

1 0 1 0

W=w3 =02

where i and j refer to any one of the subsystems, w; and w, are their normal modes,
such that w, and w, are the solutions of

. 2 C2
e(d, ) = L. )
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The dielectric function &g, w) has been calculated and is given by

2,2 2.q2
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where g, w are the wave vector and frequency of the mode; ¢, = Vg2 + ¢2; w2 =
(4mn; e*)/m is the plasma frequency (n; being the density); u;—; = uy, Ui—g = Ua,
u;—o = 0;5 = 0,1 and —1 respectively fori = 0, I and 2 corresponding to stationary
plasma, primary and secondary electron beams; Ve = (q.Vn)we < 1 1s the ratio
of the wavelength to the Larmor radius, V;, ; being the thermal velocity of the electrons.
The ion dynamics has been neglected as unimportant.

Since, in the experiment (Bernstein ez al., 1975), the modes (n + $)w,, disappear in
the absence of the secondary beam (i = 2, s = —1), the interaction of this beam with
the plasma as well as the contra-streaming beam seems to be the possible mechanism
of excitation of these modes. Therefore, let us first solve the equations

2,2

- c

oG w) = T, @
- 202

eo(d, @) = ‘fw—z, 5

to show that modes given by (4) can interact with those given by (5) via a two-mode
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coupling of negative and positive energy modes. Equation (4) gives the following roots
under the condition g, > ¢.:

wi1e = qlly T g + 8 = i + 8y, 6)
wgs = oty T 20, + 8y = o) + 3, @)
wgs = @l T 3w, + 83 = o) + 8, ®)
wes = QU T dwe + 8= o) + 84, )
wss = Gl * S0 + 85 = wf) + 85, 10)
wes = QU1 T 6w, + 8 = 0f2 + 8, (11)

where the &’s are small corrections to the frequency w and are given by

8 ohgf o
Wee B quw?e qzcz
S ohg? o
Wee 4q2wge q262
8 _  oPwpgf off
W 128wlq® g7c*
(12)
3, _ “3“)%14%“’2%2
wee 25 x 4l wZ,q%2c?’
s _ o*wp g il
wee 210 x 4lwZgig?
8 _ _  oPwhgiedl
we,e 2% x 5! wZq®q?c?
Similarly, the solution of Equation (4) gives the real roots
Ql:!: = —(qUy T we + 8l19 (13)
Q,, = —q:us * 2w, + 8’2, (14)
Qs. = —qaus + 3w, + 8, (15)
Q,, = —q.uz + 4w, + 84’1, (16)
Qsy = —qals + Swe, + 85, (17
QBi = —qzlUs t+ 6wce + 823’ (18)

with &”’s again being the small corrections and can be obtained from Equation (11) by
replacing w?; by w2,. Now the modes w; 4, wgy, wgy, wsy, ws, and wg, are negative
energy modes because, under the condition q.u;/w,, > 1 and ¢, < 0, it makes

Il
S

o [« .
F, %[%el(q,wﬂ < 0.
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Similarly, under the condition g,u,/w,, < 1, the modes Q, ., Qy,, Qs., Q,,, Qg
and Qg are positive energy modes for g, = 0. However, we shall have to take g, > 0,
as the momentum has also to be conserved in the two-mode coupling. As a result,
any frequency in the positive energy set can interact with any frequency in the negative
energy set, giving rise to various instabilities provided (1) is satisfied. The interaction
of the modes due to stream 7 = 1 as well as { = 2 with the stationary stream gives
usual integral haimonics. However, we shall not concentrate on this at present. We
shall return to it when we discuss the case u, = 0 as in the experiment. The growth
rate for each of the instabilities can te calculated by calculating the matrix elements
for two-wave coupling (Krishan and Krishan, 1975; Krishan and Ravindra, 1975).

In the following tables various instabilities obtained have been listed, together with
their magnitudes, under different value of u; and u, taken from the experimental
set-up, and also the expression for the growth rate of each instability is given to
facilitate the comparison of their relative magnitudes. From Tables I-1V we observe:

(i) In the absence of a second stream (u, = 0), we get the usual integral cyclotron
harmonics (see Table 1).

(i1) Landauer and Muller (1966) did an experiment under complete reflection of
the primary beam and observed w ~ ($n)w. modes. Now if we put u, = u;, for com-
plete reflection, we get w = (3n)w,, as listed in Table I1. To calculate the growth rates
of various modes in this situation we have put w2, ~ w2; since the densities of the
two beams, to a good approximation, are nearly equal. According to the experiment
of Bernstein et al., only modes w = nw,, are observed, starting with n = 2.

TABLE 1

Frequency spectrum and growth rates when
the secondary beam is absent, i.e. 4z = 0,

Wpa = 0
wcec‘lqi]
wlwce y[wgo Wpy
wz
1 3
% o
2 / 9 w
3 % w?
32 (2
: 1
81 2v3
of
5 — w?
284/3
82
6 . — w?
2915
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TABLE II

Frequency spectrum and growth rates under
complete reflection of secondary beam when

Uy = Uy
4 4

wfees Ead

Wpo Wp1
2up —up _ 1 @ g
up + Ug 2 32
3”1 — Ug _ Ay o
uy, + us =1 32 @
4wy —up _ 3 S
u; + ug 2 326
6u1 — Uz 5 ag’z all? 2
—— T — ——— pr— w
Uy + us 2 29 '\/15

(iii) When the primary beam is not reflected, Bernstein et al. observe modes with
w ~ (n + Hw,. At the time of complete reflection of the primary beam, its return
velocity in the spatial domain, where plasma interactions are observed, is a crucial
parameter. To enable our theoretical calculations to match their experiment, we took

TABLE III

Frequency spectrum and growth rates for
the value u; = tu,. For a; > 2 x 1072,
wl/ws, = 1.5 has the highest growth rate as
in the experiment of Bernstein et al. (1975)

s~ 066 o

o -t _ 13 Voras o5
27"11;—:: =15 A/% w?
o RS
3___% - ::) ~ 1.98 B2 W
H =233 = w?
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u, = +u;. The various modes thus excited are listed in Table 11l along with their
growth rates. The first few modes we obtain are w/w, = 0.66, 1.5, 1.33, 1.98, 2.16,
2.33. The modes with frequencies higher than these also exist, but they do not follow
any particular pattern and have much lower growth rates. From these modes, if
(I »)ay > 2 x 1072, then the mode w/w, = 1.5 has the maximum growth rate
whereas w/w,, = 1.98 has the least growth. Further, from the two modes w/w.,, =
2.16 and 2.33, located close to each other, the latter has a growth rate higher than the
former by a factor of 1/e,. Similarly, the mode w/w., = 1.33 will not be observable
as it is very close to the mode w/w,, = 1.5, which has the highest growth rate. Thus
the observable modes should be w/w., = 0.66, 1.5, 2.33, which are roughly given by
wlw, = (n + Pce.

In the above experiment another factor was observed which is in agreement with
our theory. Namely, if the collector voltage is made more negative, which increases u,,
the frequencies tend to decrease. One can see the same thing happening if we increase
u, in our calculations. This is true of all the modes whether the growth rate is small
or large. As an illustration, we have taken u; = tu, in Table 1V to stress this point.

TABLE 1V

Frequency spectrum and growth rates for
the value u; = }us. For g > 2 x 1072 the
mode w/w.. = 1.4 has the highest growth
rate. Comparing it with Table III, one can
notice a drop in the mode frequencies. This
phenomenon persists as 4, is increased, as
observed in the experiment of Bernstein ef

al. (1975)
¢ 4
w/wce y[ (zucec q-L ]
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